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An Electrostatic Problem Involving a Non-Linear Fluid Dielectric 


By R. CADE 


University College of the West Indies, Jamaica 


Communicated by R. Fiirth; MS. received 28th September 1954 


Abstract. An approximate calculation is made of the electrostatic couple on an 
anisotropic dielectric sphere influenced by a uniform field and immersed in a 
slightly non-linear fluid dielectric. The non-linearity is contained in a term in 
the dielectric constant proportional to the square of the field strength, and may 
arise from an intrinsic property of the dielectric or through electrostriction. 
These alternatives are discussed in the light of numerical values for the couple, 
and the possibility of experimental application is considered. The problem has 
paramagnetic and steady-current analogues, and the results are adapted to these 


problems. 


§ 1. INTRODUCTION 


ONSIDER an anisotropic non-conducting sphere influenced by a uniform 
electric field and immersed in a non-conducting fluid whose dielectric 
constant is given by 


C= ehdyie)<  -', a YW) Manca (1) 


where E is the electric intensity and «, and v are constants, the latter small. We 
shall calculate, to the first order in v, the couple on the sphere due to the applied 
field. The problem for the special case of a linear dielectric (v=() has been 
solved previously by the author (1953). The present problem is intrinsically 
interesting as an example of a non-linear electrostatic problem which has not so 
much symmetry as to make it more or less trivial. Moreover, an anisotropic 
sphere seems to be the only case of an immersed body for which the modification 
of the couple due to the non-linearity is mathematically tractable. ‘The existence 
of this modification lends the possibility of experimental application, which will 
be discussed later in relation to the physical occurrence of dielectrics which 
obey equation (1). 

By simple transformations, the results will be adapted to the analogous 
paramagnetic and steady-current problems. 

PROC. PHYS. SOC. LXVIII, I—B 


2 R. Cade 


§ 2. CALCULATION OF THE FIELD 


We assume provisionally that the anisotropic solid dielectric is linear and 
perfectly rigid, so that the dielectric tensor ¢,, is field-independent. Call the 
radius of the sphere a. Choose the centre of the sphere as the origin of Cartesian 
coordinates and the dielectric axes through the centre as left-hand coordinate 
axes. Define spherical polar coordinates (r, 6, 6) by 


x=rcos@, y=rsmicos¢?, 2=7sin0sing. 2222s (2) 


We shall suppose that the direction of the original uniform field, of strength F, 
is parallel to the xy plane, making an angle y say with the x-direction. The loss 
of generality through this special choice of the F-direction is trivial as regards 
the issues of mathematical interest and experimental application, but the saving 
of mathematical labour is great. 

It follows from our choice of axes that the dielectric tensor has the diagonal 
form 


fie, 0 0 
Sig Ey 0 pee Br (3) 
t a 
the non-zero components being the principal values. We define the tensor 
Ki. =egege 9 i See ee ee (4) 


having the same principal axes as ¢,, and principal values K,, K,, and K,,. 


(i) The External Field 
Outside the sphere the potential satisfies the equation 
div.(e grad )) =09 = a) 1 9) Pee ore (5) 
We treat this by a perturbation method, and attempt to calculate the second 
term in a series of the form 
VW voy Os ee (6) 


where Vy is the value of V for the linear problem and is given by 


Vo=—Fr {{1 Gee ) = | cos y P,(cos @) 


K,71 ales 1 H< 
eg Ke < |sinyP, (cos#) cos aaa (7) 


(Cade 1953). From equations (5) and (6), working only to the first power of v 
and putting vv,=A, we obtain 

VAA=7(E,, orad #3) 0 in ee eee (8) 
where Es = gtad Zi = 0h oe ait ee (9) 


Equation (8) can be solved by a method basically equivalent to that of the 
Legendre transform (Tranter 1950). When the second term is evaluated in 
terms of equation (7), we find that the result can be rearranged as a polynomial 
in the surface harmonics P,"(cos 4) cos m (m=0, 1), P3"(cos @) cosmdé (m=0,...3). 
If we now express A as a Laplace series, 


es Sie Lnm(7) cos md + B,,,(7) sin md)P,™(cos@), ...... (10) 


rn=0 m=O0 
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the orthogonality of surface harmonics allows us to extract from (8) a set of 
ordinary differential equations for the «,,,, and 8,,,,, which are as follows: 


ie A Sines ne a 
Sm 1 Coin te )O nam = VE ive T Sum 3 tna 


(Ce PS On Rees) ke ee ge ea (11) 
PP et ig he age 0 ES SB ee (12) 
DF Os Dag Re ee eal) ae (13) 


where D=rd/dr 
and fins rm and h,,,, are known functions of the K’s and y. 
The function Ar"+B/r"*1, where A and B are arbitrary constants, is the 
solution of all equations (12) and (13) and is the complementary function of (11). 
To satisfy conditions at infinity we must always have d=0. Guided by the 
simpler, linear problem, we shall tentatively take B=0 for equations (12) and 
(13), although not for (11), where we anticipate that the solution may be influenced 
by the boundary conditions. We then find, when the particular integrals of 
(11) are evaluated, that 
fg ul 
A=vF°8 4 > (<, = + din ; 
as 


, ee 5 gt eee Ee | : 
+ > heer T €3m — + dam = =e yt Pe cos md > , sijetie! «lee (15) 
7 
J 


} 


a 


at 
= <u) Py” cos md 


Gadd, are related. to the 7,.,.2%4,, and # 


nm? nm nm 


where the 5 nm and are known 
functions of the K’s and y, while the e,,,,, are the undetermined constants. We 
shall not quote the values of the 5,,,, c,,, and d,,,, here as the expressions are 


cumbersome and are of little interest in themselves. 
(11) The Internal Field 
The potential inside the sphere satisfies the equation 
e?U Gi} Ui C2 
Te) i Satara ey =. abut pees (16) 
and the tentative step above can only be justified and the e,,,, fixed if a solution 
of equation (16) can be found which, in conjunction with equation (15), satisfies 
the boundary conditions at the surface of the sphere. ‘These conditions, derived 
from the respective physical assumptions that the boundary has no double layert 
and no surface charge, are 


LES ae LER” Peay eganl eye (17) 
OV Cu Ho. dU 
Ga (ite Tite gk) (=a), ayereensie (18) 


where i, j and k are unit vectors in the respective Cartesian coordinate directions 
and n is a unit outward normal at the surface of the sphere. 
The value of U in the linear case is 
— —3Fr| oe P, (cos @)+ TK, Pilcos 0) cos ee (19) 
(Cade 1953), and our problem now is to add to Uy a solution of equation (16), 
u say, of order v, such that, to the first power of v, equations (17) and (18) can 
be satisfied for appropriate values of arbitrary constants. 


+ The significance of the double layer in the formulation of the boundary condition 
for the potential is frequently overlooked in purely ‘ classical’ electrostatics. 
A-2 
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By the transformation 


aie AUty, pm tty, Ce 2, re (20) 


equation (16), now applied to y, becomes Laplace’s equation in the new 
variables : 


26) fal eae (21) 


Formal solution of this equation could be carried out, but is rendered difficult 
by the fact that equation (20) transforms the spherical boundary to an ellipsoidal 
one, so that the solution is in ellipsoidal harmonics. A simpler and more elegant 
route to the solution is provided by the use of rational integral harmonics (Jeans 
1943). Our guide in trying to find suitable ones is that, in the ultimate trans- 
formation to (r, 6, d), the solution has, through equation (17), to be matched to 
equation (15), so that (@) we require six and no more independent ones, (0) in 
Erm ls, p+q+s=1 or 3, and (c) no combination of €, 7 and ¢ is allowable which 
leads to sind, sin2¢ or sin3f. ‘The six harmonics are easily found to be 


é, 1, &=3éq?, 7-38, Een, 7P-n® oe, (22) 


and we obtain » by multiplying them by arbitrary constants and forming their 
sum. Clearly this solution satisfies the requirements of remaining finite at the 
origin. By equations (20) and (2) it can be transformed to (x,y,z) and 
(7, 0,6) as required. 

The application of equations (17) and (18), to the first order in v, provides 
twelve linear equations in the six above-mentioned constants and the six e,,,,,. 
With their solution, therefore, the potential problem is solved. Again, we shall 
not quote the expressions for the constants as they are extremely cumbersome 
and are of little direct interest. We note in passing, however, that the evaluation 
of é,) and e,, is relatively simple, and these happen to be the only members of 
the set that are required in the calculation of the couple. 


(iii) Uniqueness of Solution 


That the solution in the case v=0 is the only solution is guaranteed by the 
uniqueness theorem.* If v0, € varies spatially. ‘The uniqueness theorem 
still holds for ¢ a function of (x, y, 2) provided the functional dependence is given, + 
but in the present case the situation is more subtle as the distribution of ¢ is not 
given but is determined by the field itself. With our perturbation procedure, 
however, the distribution at every stage in the perturbation series is given in terms 
of the field as calculated ai the preceding stage, so that, by an inductive argument, 
the theorem is applicable provided the perturbation method is valid. The 
problem of uniqueness therefore belongs to the broader and more difficult 
question of the convergence of perturbation series, and we may conclude that 
provided our solution is correct, it is the only correct solution of this order. 


* The field includes a region in which the dielectric is anisotropic, and the uniqueness 
theorem is not proved in the textbooks for anisotropic dielectrics. However, the 
generalization is easily carried out provided ¢,, €, and e, are positive quantities, which seems 
always to be the case in practice. 

t+ Again, the theorem is not proved for non-uniform dielectrics, The generalization 
in this case is simple and offers no new features. 
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§ 3. CALCULATION OF THE COUPLE 


The theory of mechanical action on immersed bodies, a long-controversial 
subject in electrostatic theory, has recently been re-examined and put ona rigorous 
footing by Brown (1951). The primary or direct electrical action on the body is 
given by Livens’ stress tensor, 

Je ee cEE 


R See etC ed one nee (23) 


iB 4S 


Ot 


to which must be added a tensor representing a secondary, hydrostatic effect 
due to the electrical forces in the fluid itself. ‘The fact that there is no double 
layer means that certain amendments to Brown’s theory proposed by the author 
(1954) have a null effect. 

The secondary stress tensor depends critically upon the nature of the fluid 
dielectric, but under static conditions it is always a multiple of the fundamental 
second-rank tensor, that is, it can only provide normal stresses. By consideration 
of the forms that the secondary stress tensor can take under the different circum- 
stances (to be discussed later) in which equation (1) is satisfied, the mechanical 
action on the sphere can, by symmetry, only be a couple. Normal stresses do 
not enter the calculation of the couple on a sphere, so that if we resolve vectors 
in the r, 6 and ¢ directions, we only need the non-diagonal components of 
Livens’ tensor which act on a surface-element facing the r-direction, that is, 
eE,E,/47 and «E,E,/47. 

The couple, which by symmetry is about the z-axis, is 

2 “Tt 
—— a | | cE,(E,cos$—E,cosOsing)a*sinbdédi, ...... (24) 


4m, g=0/ 6=0 


and evaluating the integral to the first power of v, we obtain 


Ge— 5 «oF Pa sin 2y Go ~ Kk) 
ered < (cost) OVGK E24 Ke SIR ek ee) 
ae ign ee Ea (Oakey earkay Eee 
A Se (fee oe | 
cas, Zak, No KR, Zak, 
sin?y (27(3K,2+2\(4—K,Kz)  3(13K,2+28K,+22) 
Tee | (eK ORKS) DNS 
BRR Ry Ko 8). 20K 1) = oe aa 05) 
ZK, DI AND I ee 


The first term in the outer curly brackets represents the couple previously 
obtained (Cade 1953) for the linear case,{ while the remainder is the effect of 
the non-linearity. 
§ 4. ANALOGOUS PROBLEMS 

The problem has a paramagnetic analogue. Giving the symbols their 
corresponding paramagnetic significance, the whole of the preceding theory 
applies to this problem. 

+ Livens (1926) appears to have first given it, although he misunderstood its significance. 


{ The result in the paper cited has the opposite sign. This is due to the implicit use 
there of right-hand coordinates. 
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There is also a steady-current analogue. We suppose that, in addition to 
dielectric non-linearity, the fluid has conductive non-linearity, the conductivity 
obeying the equation 

o= oo(1 + EES) sfensXohere (26) 
while the sphere is a linear anisotropic conductor with conductivity tensor ¢,,,. 
The specification is the same as with the dielectric problem, except that we choose 
the coordinate axes to be parallel to the principal axes of o,,, rather than of «,,, 
so that a,,, has the diagonal form 


ee 0 Om 
| | 
Oe | Oy 0 | eSoltpeb ones (27) 
| | 
~ . . U Cn J 
We define the quantities 
Te =Oz10p, Ty =Cy/Co, Te Oost ee (28) 


corresponding to the K,, K, and K, that we have used previously. 
Using the boundary condition (17) and the condition 


OV oU oU aU 
—= — fa ee = 29 
om (<. An lo, a ja. cs Ae k, n) (1 = 2), eee (29) 


in place of (18), we find that the formulae for the field are exactly the same as 
with the dielectric case except that «,, €,, €,, €) and v are replaced by a,, a,, o,, 
oy and v’, respectively. 

A subtle point arises in regard to the calculation of the couple. We use 
Livens’ tensor, as before, and find that dielectric non-linearity as well as conductive 
non-linearity is involved, since this tensor contains «. ‘Taking this into account 
in equation (24), the couple is found to be 


G,’/=G eee ') F4q3 sin 2 eas : 
2 = GT ay Typ Tos ¥') + Toa? pe Vga a Bae ae 
c 


x | cos? Shee + sin? Seog are (30 
ae (2+7,)? sin” y (2+7,) re. © Oe etc. {J ) 


where G,(7,,...v’) is (25) with 7,, ,, 7, and v’ replacing K,, K,, K, and v. 

We may mention incidentally other features of the steady-current problem 
that are of interest. The quantitative difference between the two types of non- 
linearity that must exist in general implies the existence of space charge, a formula 
for which in terms of v—v’ and E, is readily obtainable by consideration of the 
equation of continuity and Poisson’s equation. In the limit 7,+7,—7,—+ 0, 
the problem degenerates to the non-linear analogue of that of an insulated 
conducting sphere, or conducting plate with a hemispherical boss, influenced 
by a uniform field (Jeans 1943). There is, of course, no couple in this case. 


§ 5. Discussion 


We shall focus our attention upon the solution of the main problem. Similar 
comments will apply to the solutions of the analogous problems. 

The most significant feature of the couple (25) is that, as one would expect, 
the amendment due to the non-linearity is proportional to F*, so that there is a 
relatively larger effect the larger the applied field. The fact that only even powers 
of F occur shows that the results hold for an alternating applied field provided 
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the frequency is not so high as to require the problem to be treated on an electro- 
magnetic basis. A rough criterion is that the wavelength should be much greater 
than a. ‘The couple is proportional to the volume of the sphere as in the linear 
case, a fact which is less obvious a priori since, other things being equal, one 
might have anticipated a relatively larger non-linear effect for a smaller sphere, 
the gradient of E, close to the sphere being greater in that case. Finally, we 
observe that the dependence upon y is more complicated than in the linear case. 
It is evident that the maximum value of the couple is no longer when y=7/4, 
although the deviation is small.. 

A dielectric may obey equation (1) through intrinsic non-linearity or through 
electrostriction. An intrinsically non-linear dielectric is one in which « is an 
explicit function of E. It is well known that polar liquids have small but 
appreciable non-linearity of this type. . In the case of electrostriction, the density 
is a function of £, and « is a function of E because it is a function of density. 

In the case of intrinsic non-linearity equation (1) is obtained in a straight- 
forward manner. It is assumed, either fundamentally or on the basis of molecular 
theory, that it is a good approximation to the correct relationship between « 
and £. ‘To establish (1) for an electrostrictive dielectric is less simple. A new 
and rigorous theory of fluid electrostriction has been given by Brown (1951), and 
the fundamental result, eat when the only external forces are electrostatic, is 

pe) ee 2 (5) -23 (3) eo hee (31) 

J ~ 8a [ dw }> dw /, J 
where w is the density, p the pressure that would exist with the same distribution 
of w but no field, and the suffixes | and 2 signify any two points in the electrostatic 
field. ‘The evaluation of w requires a knowledge of the function of state of the 
fluid, which varies from case to case, but since we are assuming that the electro- 
striction is small, all cases may be handled in terms of the bulk modulus &, 
defined by 

ied 4 (7/500) i nn Mb ere. (32) 

although, of course, k itself depends upon the nature of the change of state 
associated with the increment dw. 

We shall suppose that 1 is a place where #=0 and 2 any other place, and 
shall drop the suffix 2. Working to the first power of w—w,, we find from 
equations (31) and (32) that 

| NTE Pie Oe 
WO=W,+ ae An ° 


If w, is the density with no field, w, is determined in terms of w,) by the condition 
of mass conservation, 


| ‘sae | Suitiel ». =ihl ane (34) 


where v is the volume of fluid enclosed. For an open system (v= ©), we easily 
find, since for large distances R, E=O(R~®), that equation (34) leads to 


pies Ve 8 ae (35) 


The change in e due to the change of density is, to the first power of w—ap, 


ra) ‘ 
€— = 5 (wy); Poco lE® 
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and with the use of equations (33) and (35), this becomes 


1 wy? [de \? é Fe 
= SS ee, —s—~—sés— ww 37 
: co(1+ 592 (55) B) (4) 


which is the same as equation (1), and gives the value of v. In particular cases, 
de/dw may be calculated from the Mosotti equation, 


oO (38) 


«+2 
where A is a constant. 

Specimen calculations have been made for polar liquids, using values of v 
obtained experimentally by Malsch (1928), and for non-polar fluids subject to 
electrostriction but assumed to be otherwise linear, using values of A quoted by 
Frohlich (1949). It is found that the intrinsic non-linearity of polar liquids 
modifies the couple by amounts larger than electrostriction by factors of the 
order 10° or 107. The modifications are, in fact, of the same order as the modifi- 
cations of electrostatic capacity in Malsch’s experiments, and are probably 
measurable. It seems most unlikely, however, that the effect of electrostriction 
could ever be detected, much less confused with that of intrinsic non-linearity. 

We shall now examine our initial assumptions that the solid dielectric is 
perfectly linear and rigid. If it was non-linear and rigid, we could apply a 
perturbation process to the equation for the potential (which reduces to equation 
(16) in the linear case) and spatial derivations of the field strength would occur 
in the perturbation term. But these would be zero since the zero-order field is 
uniform, and it follows that the first-order perturbation would be zero. If the 
solid was non-rigid, there might be a first-order effect, as the shape of the dielectric 
boundary would be altered through solid electrostriction, with implications both 
to the potential problem and to the calculation of the mechanical action. It 
seems safe to assume, however, that the effect of solid electrostriction would be 
of similar order to the effect of fluid electrostriction, and this has already been 
found to be negligible. Our general inference, therefore, is that there is no 
likelihood of the limitations imposed by the assumptions affecting the practical 
significance of our results, provided non-linearity of the solid is not so large that 
the second-order perturbation of the internal field is comparable with the first- 
order perturbation of the external field. 

On the basis of the foregoing discussion it seems reasonable to suggest that our 
results could be used as the basis of an experimental method for determining v 
for polar liquids. In his condenser method, Malsch used fields of 250 kv em-2 
and found modifications of capacity of the order of 1%. As already indicated, 
there would be a modification of couple of the same order if such a field was used 
in the method we propose. Such a modification should certainly be measurable, 
and the relative value of our method would probably depend on the degree of 
accuracy that could be attained. 

There is, however, a theoretical difficulty. Our calculation of the field and 
couple assumes that there is no double layer. In practice a double layer would 
almost certainly be present, and its strength would probably depend upon that 
of the applied field. It is therefore to be expected that a non-linear effect would 
occur from this cause, and there is nothing upon which to judge its magnitude. 
The same difficulty, however, is inherent in Malsch’s method, for the presence 
of a double layer will also give non-linearity of capacity. We may in fact note 
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that agreement between Malsch’s results and the predictions of molecular theory 
(O’Dwyer 1951) is hardly better than of order of magnitude. Molecular theory, 
of course, has its own difficulties, and it is not easy to locate the source of discre- 
pancies. In view, however, of the difficulties that face the subject generally, a 
new experimental method such as we suggest should be welcome notwithstanding 
its drawbacks. 

In the case of the analogous paramagnetic experiment, the difficulty of the 
double layer does not occur. With the steady-current experiment, however, 
there would be the additional difficulty of Joule heating, and convection would 
probably render the experiment useless. 
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Modulation of the Surface Conductance of Germanium and Silicon 
by External Electric Fields 


BY Ga.G below, 


Department of Physics, University of Reading 
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Abstract. A method is described which enables the modulation of surface 
conductance by capacitively applied electric fields to be investigated on single 
crystal specimens. Experimental results are given for n-type and p-type 
germanium and for p-type silicon. ‘The observed conductance changes and 
their time dependence provide information concerning the surface barrier and 
the relaxation phenomena associated with departures from electronic and ionic 
equilibrium. 


§ 1. INTRODUCTION 


HE effect of external electric fields on the conductance of thin films of 
germanium and other semiconducting materials has been examined by 
Shockley and Pearson (1948). In their experiments the electric field 
was applied between the film and a metal electrode which together formed a 
parallel plate condenser (figure 1(a@)). In this way charge carriers could be 
induced in the semiconductor and: these were expected to take part in longi- 
tudinal conduction. ‘lhe experiments showed, however, that the change in 


Load 


Film of 
Semiconductor 


(a) = (b) 


Figure 1. (a) Shockley and Pearson’s method for measuring the modulation of surface 
conductance by capacitively applied electric fields (Shockley 1950), and (6) the 
method described in the present paper. ; 

conductance of the film was much less than that which would be expected if all 
the induced charge possessed a mobility equal to that of carriers in the bulk of the 
film. ‘This discrepancy was interpreted as being a consequence of surface states 
which render most of the induced charge immobile. Experiments of this kind 
can thus yield information concerning the surface states. he films examined 
by Shockley and Pearson were produced by evaporation in vacuum. Large 
single crystals cf germanium and silicon are now available, and in view of the 
general interest in their surface properties, it is desirable to perform similar 
surface conductance experiments on such crystals. In the present paper a method 
is described which enables this to be done without the preparation of very thin 
specimens. Measurements have been carried out on germanium and silicon. 
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§ 2. EXPERIMENTAL METHOD 


For specimens thick enough to be handled conveniently, only small fractional 
changes in conductance occur even when high external fields are applied. ‘The 
difficulty of measuring such small changes is increased by drifts of specimen 
conductance arising from temperature variations. ‘The method used during 
the present experiments is shown diagrammatically in figure 1 (b). Square 
voltage pulses are applied between the external plate and earth. Initially, 
in the absence of a sweeping current, R, and R, are adjusted until no signal 
appears on the oscilloscope. ‘This corresponds to balancing a bridge circuit of 
which the two halves of the specimen form two arms. In the presence of a 
sweeping current, a standing e.m.f. exists between the ends of the specimen. 
This e.m.f. is, of course, a function of the conductance of the specimen but the 
response of the oscilloscope amplifiers-is such that slow drifts in conductance 
are not recorded. However, when a pulse is applied to the external plate the 
conductance of the specimen and consequently the e.m.f. across it changes rapidly. 
This change 5V is recorded by the oscilloscope as a function of time. The 
corresponding change of specimen conductance is then given by 
R+R,+R, 
IR*(R, + Re) 
where R is the resistance of the specimen and J is the sweeping current. ‘The 
capacitance between plate and specimen is known and the induced charge can 
thus be calculated. As the time constant for the charging up of this system is 
much less than 1 psec, the transients occupy only a negligible fraction of the 
250 usec period observed on the oscilloscope. In view of this, the balance 
settings of R, and R, are not critical. 

For the experiments described, R, and R, were about 1000 ohms and EF 
was adjusted to give a sweeping current of about 5 ma. ‘The specimens were 
in the form of filaments approximately 2 cm long and 0-05 x 0-2 cm cross section, 
their resistance being about 2000 ohms. ‘The soldered end contacts had negli- 
gible resistances and were tested for the absence of carrier injection by means of 
a Many bridge (Many 1954). A mica insulating spacer (about 10, thick) was 
placed between the external plate and the specimen. ‘The use of such a spacer 
made it possible to induce much greater surface charges than could be obtained 
with air as an insulator. Experiments without the spacer were also carried out 
and surface charges up to the limit imposed by the dielectric strength of air were 
induced. ‘These measurements showed that the conductance changes described 
below are not associated with the mica itself. "The external plate did not extend 
to the ends of the filament, as it was desired to avoid effects due to less thoroughly 
etched areas of the specimen near the soldered contacts. Because of this a 
correction involving the ratio of the length of the specimen to the length of the 
plate had to be applied. ‘The measurements were carried out in darkness and the 
ambient atmosphere was dried with P,O,. 


6G=— oV 


§ 3, RESULTS 
The results obtained for etched surfaces on n-type and p-type germanium 
will be described first. ‘The application of a voltage pulse to the external plate 
results in an almost instantaneous change of conductance of the specimen. During 
the next 100 to 200 microseconds this change decays to a quasi-stable value. 
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The decay is approximately exponential with a time constant, on the specimens 
examined, of between 10 and 50psec. It was observed by another method 
(described below) that this quasi-stable value eventually decays to zero, or nearly 
zero, with a time constant of the order of seconds. ‘Typical results are shown in 
figure 2. ‘The ordinates represent conductance changes in reciprocal ohms 
relating to asquare of surface. ‘The circles refer to the initial conductance changes 
and the dots to the quasi-stable values. ‘The corresponding induced charge 
densities are plotted as abscissae. ‘Three n-type and two p-type specimens 
with resistivities from 7 to 15 ohm cm were examined and gave results similar 
to those shown. It can be seen that n-type and p-type germanium do not behave 
ina complementary manner. Figure 3 shows details of the conductance changes 
observed near the origin on one of the n-type specimens. All measurements. 
were carried out within one hour of treating the surface under examination with 
CP4 etch: 
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The effect of temperature on the initial conductance changes and on the 
quasi-stable values was examined for an n-type germanium specimen. Both 
these quantities decrease with increasing temperature which indicates that surface 
conduction by ions does not play any important part. The interpretations below 
are therefore based on electronic models. 

Figure 4 shows results obtained for sand-blasted surfaces on n-type and 
p-type germanium. For such surfaces no decay from an initial conductance 
change to a quasi-stable value is observed, i.e. the conductance change remains 
approximately constant throughout the application of a pulse. Similar behaviour 
is found for low lifetime silicon surfaces (7 ohm cm, p-type material). The 
results obtained for these surfaces are plotted in figure 5. The changes of 
conductance on these low lifetime surfaces show slow decays to zero, or nearly 
zero, similar to those found in the case of etched germanium surfaces. 

As the slow decays of conductance take place with time constants of the order 
of seconds, they cannot be investigated by the method described above. An 
ordinary Wheatstone bridge was used and, as drifts of specimen conductance 
due to temperature variations affected the balance of the circuit, the results obtained 
by this method were of a lower accuracy. These slow decays were found to 
depend on the nature of the surrounding atmosphere. In the case of one etched 
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n-type germanium specimen, for example, removal of the drying agent from 
the specimen container increased the rate of the decay by a factor of about five, 
whilst changing the ambient of the specimen from dry air to a rough vacuum 
decreased the rate by approximately the same factor. 
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$4. DiIscussION 
The observations described above may be interpreted in the following manner: 


4.1. The Initial Conductance Changes Observed on Etched Germanium Surfaces 


The application of a voltage pulse to the external plate gives rise to an electric 
field which is propagated through the semiconducting specimen. ‘This results 
in a charge transfer towards the surface mainly by means of majority carriers 
since, in the specimens used, the minority carriers are of almost negligible im- 
portance in bulk conduction. ‘This conduction process is governed by the time 
constant involved in charging up the capacitance of the system. Thus, after 
a period of the order of 0-1 sec the bulk of the semiconductor is screened by 
charge near its surface, and no electric field exists in the interior. Near the 
semiconductor surface, however, the concentrations of electrons in the conduction 
band, the valence band and the surface states are not in mutual equilibrium. 

The change in the number of majority carriers near the surface, resulting 
from the charge transfer described above, gives rise to an initial change of 
conductance. In the case of n-type germanium the initial changes observed 
(figure 2(a)) are consistent with the above arguments in that their directions 
correspond to an induced charge provided by electrons. Similarly, except for 
large negative induced charges, p-type germanium shows initial conductance 
changes which correspond to an induced charge provided by holes (figure 2 (4)). 
The discrepancy observed for large negative induced charges will be discussed 
in the following section. ‘The above arguments do not depend on any specific 
assumptions concerning the potential energy profile near the surface. 

On the basis of this mechanism it is to be expected that the ratio of the initial 
conductance change to the induced charge should yield a value for majority 
carrier mobility. This is in approximate agreement with experiment. For small 
induced charges on n-type germanium the ratio observed is approximately 
3500 cm? volt~! sec~! (figure 3), while in the case of p-type germanium a value of 
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roughly 1900 cm? volt! sec“! is found (figure 2(d)). Even apart from experi- 
mental errors, complete agreement with the accepted mobility values is not 
expected since the mobility of charge carriers near a surface is probably less than 
that of carriers in the bulk. Furthermore, a breakdown of the assumption that 
the entire initial charge transfer is by means of majority carrier conduction would 
also lead to a decrease in the magnitude of the conductance changes observed. 
There is also a possibility that the effective mobility of the minority carriers in 
the inversion layer (‘channel’) is dependent on the barrier profile and is thus 
affected by the applied pulse. This mechanism would tend to increase the 
apparent mobility as evaluated from the above experiment. 


4.2. The Quasi-stable Conductance Values 


As described above, the application of a pulse to the external plate gives rise, 
near the surface, to non-equilibrium between the concentrations of electrons in 
the conduction band, the valence band and the surface states. The decay of 
the initial conductance changes to the quasi-stable values is believed to be asso- 
ciated with the restoration of equilibrium. It is to be expected that the time 
constant of these decays should be dependent on the recombination velocity 
at the surface. ‘This was confirmed by a series of experiments during which the 
recombination velocity of a specimen was varied by different chemical surface 
treatments. 

A quantitative consideration of the quasi-stable conductance values observed 
on n-type germanium indicates that the potential energy profile at a germanium 
surface in contact with mica differs from that which is encountered at a free surface. 
This can best be understood by first postulating that a surface barrier of the 
normal type exists and then showing that such a barrier fails to account for the 
experimental results. Positive charge induced on an n-type specimen would 
lead to a higher and thicker barrier. In principle, the consequent conductance 
change could be either a decrease or an increase depending on the relative im- 
portance of (a) the decrease in the number of conduction electrons due to the 
thicker barrier, and (5) the increase in the number of holes in the inversion layer 
(if such a layer exists). Experiment shows that for induced positive charge 
on n-type germanium the quasi-stable conductance change is a decrease 
(figure 2(a)). It is concluded, therefore, that the loss of electrons predominates. 
However, for large induced charges, this decrease is greater than can be under- 
stood on the basis of the normal barrier postulated above. By inducing positive 
charge the barrier height may be raised from the assumed normal position 
(figure 6 (a)) to a maximum limited by the close approach of the valence band at 


Figure 6. (a) Normal barrier assumed to exist at the free surface of n-type germanium 
oe . . . Ld 
(b) position of maximum barrier height, and (c) suggested potential energy profile 

at the surface of n-type germanium when in contact with mica. 


the surface to the Fermi level (figure 6(b)). The corresponding decrease in con- 
ductance can be calculated. Neglecting the change in the number of holes in the 
inversion layer (which would increase the conductance) and assuming an initial 
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barrier height of only 0-2 ev and an electron mobility of 3500 cm? volt! sec}, 
the calculated maximum conductance decrease is some seven times less 
than the largest of the quasi-stable values observed experimentally. This 
difficulty may be resolved by assuming that the surface, when in contact with 
mica, is initially in the condition shown in figure 6 (c), i.e. that the concentration of 
conduction electrons is greater near the surface than in the bulk of the specimen.+ 
Some further evidence for this tentative assumption was obtained by testing for 
a change of steady state conductance when mica was placed in contact with a 
specimen. Such a change was found. An increase in conductance was in 
fact observed, as would be expected from the present model, if the inversion layer 
at the free surface is not too pronounced. Experiments of this kind will be more 
fully discussed in another paper. 

The present tentative model is consistent with the results obtained for p-type 
germanium in contact with mica. In this case the mica is expected to increase 
the height of the p-type barrier and thus to enhance the importance of the inversion 
layer. Consequently, the quasi-stable conductance values should be controlled 
by changes in the number of electrons within this layer, in agreement with the 
results shown 1n figure 2 (d). 

The anomalous behaviour of the initial conductance changes observed on 
p-type germanium for large negative induced charges calls for further discussion. 
Such induced charges correspond to increases in p-type barrier height. It is 
possible that, for large barrier distortions, some form of break-down through the 
barrier occurs almost at once and a partial return to equilibrium is brought about 
very rapidly. ‘Thus, the initial conductance changes observed on the oscilloscope 
would not differ much from the quasi-stable values. ‘The absence of a similar 
effect for large positive induced charges on n-type germanium may be attributed 
to the different initial condition of these surfaces when in contact with mica 
(figure 6(c)). In accordance with the present model the n-type barrier would 
suffer a much smaller distortion than the p-type barrier. 


4.3. Silicon and Sand-blasted Germanium Surfaces 


The conductance changes observed on low lifetime silicon surfaces (figure 5) 
and sand-blasted germanium surfaces (figure 4) have a common feature in that 
they remain practically constant throughout the duration of the pulse. This 
is to be expected as the low lifetimes of minority carriers near the surfaces of these 
specimens would prevent significant departure from equilibrium in the distribu- 
tion of electrons in the conduction band, the valence band and the surface states. 
The changes of conductance of both sand-blasted n-type and sand-blasted p-type 
germanium are alike in sign and magnitude; the sign corresponding to an induced 
charge provided by holes. ‘This suggests that the properties of these surfaces 
are no longer governed by the impurity content of the bulk material but are 
primarily determined by the disorder arising from the sand-blasting. ‘The 
direction of the conductance changes observed on p-type silicon indicates that 
adjustments in the number of holes near the surface predominate, i.e. that there is 
no pronounced inversion layer in this case. 


+ The author is indebted to Professor J. Bardeen for drawing his attention to this 
possibility. 
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4.4. The Slow Decay of the Quasi-stable Conductance Values 


A tentative explanation of the decay of the quasi-stable conductance values to 
zero is as follows. ‘The conductance measurements described above imply that 
the potential energy profile at the surface of germanium is disturbed by the 
application of an electric field. A change in this profile will vary the effective 
work function of the surface. Brattain and Bardeen (1953) found that the work 
function is dependent upon the surrounding gas atmosphere. Consequently, 
any change in the work function should result in a disturbance of the equilibrium 
between the surface and the gas. It is suggested that, after the application of an 
external field, this equilibrium is restored by a change in the number of ions on 
the surface. If the applied field is in such a direction as to make the surface 
positive an increase in the number of negative ions (or a loss of positive ions) 
would result. In consequence, the semiconductor would be screened from the 
disturbing field and the surface barrier would return to its original condition. 
Hence, the conductance changes should decay to zero with a relaxation time 
dependent on the rate of loss or gain of surface ions. ‘The observation that the 
slow decay process is sensitive to the ambient atmosphere provides some support 
for this. 


§ 5. SUMMARY AND CONCLUSIONS 


The sudden application of an external field to an etched germanium surface 
produces an almost instantaneous change of surface conductance. For small 
fields these changes are in a direction which corresponds to an induced charge 
provided by majority carriers. The initial conductance changes decay to quasi- 
stable values with time constants dependent on the surface recombination velocities 
of the specimens, and further to zero with time constants of the order of seconds. 
The first of these relaxation phenomena results from the re-establishment of 
electronic equilibrium at the surface. The second is due to ionic processes 
which remain to be investigated in detail. From the magnitude of the quasi- 
stable conductance values observed it is possible to infer that the potential energy 
profile at the surface of n-type germanium, when in contact with mica, differs 
materially from the configuration encountered at a free surface. The application 
of a pulse to low lifetime silicon surfaces or to sand-blasted germanium surfaces 
produces changes of conductance which remain approximately constant through- 
out the duration of the pulse. ‘The absence of the fast decay is interpreted as 
being a consequence of the low surface lifetimes. 
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Abstract, Measurements are reported of injection ratio y on various specimens 
of n-type germanium, y was found to be insensitive to the nature of the contact 
material, to the contact thrust, and to the carrier concentration of the germanium 
over the limited range investigated. In all cases measured, y decreased with 
increasing emitter current over the range 0-5 to 30 ma. A slight decrease of y 
with increasing humidity of the ambient air was also observed. 


§ 1. INTRODUCTION 


HE forward current across a rectifying contact on the surface of n-type 

germanium may be carried by both holes and electrons. The injection 

ratio y is defined as the ratio of the hole current to the total current 
across the contact. Measurements of y have been reported by Shockley, Pearson 
and Haynes (1949), who obtained a value of unity. The evaluation of y involves 
the ratio 6 of the mobilities of electrons and holes, for which these authors took 
the value 1-5. The value now accepted for germanium at room temperature 
is 2:1, which reduces the injection ratio observed by them from unity to 0-8. 
Hogarth (1953) has reported values of y from about 0:65 to unity. Further 
measurements on n-type germanium will now be described. 


§ 2, EXPERIMENTAL METHOD 


The method employed was that of Shockley, Pearson and Haynes in which 
the emitting contact is applied to the side of a filamentary specimen. By the 
application of a longitudinal electric field, the holes injected from this contact 
are swept along the filament into a region where the change in local conductivity 
due to their presence is measured. ‘To make allowance for decay the transit time is 
varied by altering the sweeping current and an extrapolation is made to zero 
transit time. 

In the analysis for the evaluation of y, it is assumed that longitudinal diffusion 
currents may be neglected. ‘Therefore the emitter current 7, must be small 
compared with the sweeping current /,. The further assumption is made that 
the injected carriers are uniformly distributed over the cross section of the filament. 
This would appear to require that the transit time should be large compared with 
the time taken for the carriers to move across the filament, largely by diffusion, 
thus imposing an upper limit on J, in given circumstances. In a real filament, 
however, the cross sectional distribution of added holes will never be uniform 
owing to surface recombination. Nevertheless, provided that /, < /,, the measured 
change in conductance should to a first approximation be independent of this 
transverse distribution. It was verified from the experimental results that no 
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correlation could be detected between observed values of y and the size or shape 
of the specimens used. Ry 

The determination of y requires the measurement of local conductivity and 
of transit time. ‘The former involves the measurement of the voltage between 
two potential probes. To eliminate the error arising here due to the presence ot 
floating potentials at the contacts, the probes were soldered to the germanium by 
a condenser discharge method, as described by Mitchell (1954). “The measure- 
ment of the transit time requires a knowledge of the voltage drop in the filamen 
between the emitter and the conductivity probes. A direct measurement of this 
voltage will be in error by an amount equal to the voltage across the injecting 
barrier. However, in the condition /,</, the transit time may be taken to be 
inversely proportional to /,. In practice, an exponential decay law was observed 
and extrapolation to zero transit time could be made with accuracy, as is seen 
from the example given in figure 1. 


Measured Hole Current 
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Figure 1. Measurements showing Figure 2. The variation of injection ratio 


extrapolations for determination with emitter current (tungsten contact 
of y (taken from observations of on n-type germanium). 
at with Te). 


End contacts were applied to the filament by direct soldering and covered with 
a protective film of polystyrene. The crystal was then etched in CP4 immediately 
before the application of the point contacts. The assembly was placed in a 
dark container to eliminate photo-effects. This arrangement also enabled the 
humidity of the ambient air to be varied. Generally, the experiment was per- 
formed using d.c. supplies. For one part of the investigation, however, 
involving an extended range of emitter currents, it was necessary to use pulse 
methods, which will be discussed in the appropriate section. 


§ 3, RESULTS AND DIscussION 
3.1. General Remarks 


In the course of these experiments many observations of y have been made, 
and values have been measured ranging from 0-1 to 1-0. By precautions in 
preparation on any one filament the scatter can be reduced to a much smaller range. 
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With these precautions, systematically different results were obtained for different 
surfaces which had been given apparently the same treatment. These differences 
did not appear to be related to the normal carrier concentration of the specimens 
which varied from 1 x 10! cm? to 7 x 10! cm-%, nor to the crystal orientation 
of the face on which the contact was made. High and low values of y could not 
be systematically associated with ‘clean’ and ‘dirty’ surfaces respectively ; 
for example in one test a surface giving values of y of the order of 0-75 immediately 
after mounting, gave values of the order of 0-98 after exposure to laboratory air 
for several weeks. No unique value of y for n-type germanium can be quoted, 
though the value obtained in these experiments normally lay between 0-7 and 1-0. 


3.2. Variation of y with Contact Thrust 

Since the normal method of applying the emitter gave no accurate control 
of contact thrust, it was necessary to carry out an experiment to determine the 
Variation in y over the range of thrusts likely to be applied. For a given contact 
no change in y was observed for contact thrusts up to 10 grammes. By the 
continuous observation of the voltage AV between the conductivity probes for 
a single value of sweeping current /, it would have been possible to detect a change 
of 1% in-y: 


3.3. Variation of y with Contact Material 


The electrical properties of a metal-germanium contact are known to be 
generally insensitive to the work function of the metal. This can be accounted 
for by the postulated existence of surface states of such a density that the 
dependence of barrier height on the metal work function is much reduced. For 
any finite density of surface states, however, some dependence of barrier height 
on the metal must remain. Now it is to be expected on the basis of the barrier 
model that for a given n-type germanium specimen the hole current will be 
approximately independent of the equilibrium barrier height while the electron 
current should be exponentially dependent on it. ‘Thus, in the case of contacts 
for which y is appreciably different from 0 or 1, y would be expected to be particu- 
larly sensitive to the barrier height and so possibly to changes of work function 
of the metal. Measurements were carried out to test for systematic differences 
for different metal contacts. 

In one test a comparison was made of the injection at /=0-5 ma for platinum 
and freshly pointed tungsten contacts. Measurements were taken on twenty 
contacts for each metal, made near the same point on a filament. Medians 
corresponding to y~=0-96 for platinum and 0-93 for tungsten were obtained. 
The difference was less than the estimated standard error for this difference 
and cannot be regarded as significant. On another specimen determinations of 
y were carried out for tungsten, graphite and n-type germanium contacts. ‘The 
values of y obtained were of order 0-35, the differences for different materials 
being again not greater than the differences observed between various contacts 
of tungsten. 

In the particular case of a Ge-Ge emitting contact, it is possible to alter the 
energy distribution of electrons in the emitter continuously without introducing 
changes of y associated with a change of contact position. ‘This may be done 
by using a subsidiary process of injection into the emitter near the contact. A test 
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was carried out using as emitter a well-etched specimen of material with a diffusion 
range of the order of 0:5 mm which was greater than the spacing between the 
secondary emitter and the Ge-Ge contact. Using an emitter current of 1 ma 
and a subsidiary injected current of 3 ma no change in y (~0-6) could be observed, 
heating effects having been eliminated. This negative result indicates that 
the Ge-Ge contact in question had no detectable transmission to added carriers. 


3.4. Variation of y with Forward Emitter Current 


Measurements were made to determine the variation of injection ratio with 
total current. It is a requirement of the method that the emitter current must 
be small compared with the sweep current, as mentioned in §2. ‘Thus, in the 
case of emitter currents which are not small, large sweeping currents must be 
used. To eliminate heating effects the duty cycle was reduced by suitably timed 
mechanical switching of the current supplies and the potentiometer circuit. 
(Repetition frequency 1 c/s; on-off ratio 1:10; galvanometer switching delayed 
and advanced 1/100 sec from beginning and end respectively of the supply pulse.) 
It was found possible, by the use of this method to extend the range of emitter 
currents to smaller as well as larger values. 

The value of y was found to decrease with increasing emitter current. 
Characteristics obtained for five point contacts are shown in figure 2. 

This decrease in y with increasing current may be accounted for in the following 
way. An increase in emitter current causes an increase in the local hole con- 
centration, and as a consequence of the neutrality condition the electron 
concentration also increases, thus enhancing the flow of electrons to the metal. 
Bardeen and Brattain (1949) have pointed out that this gives a condition in which 
the electron current increases more rapidly than the hole current with applied 
voltage, and hence y will decrease as the emitter current is raised. ‘They predicted 
an upper limit of approximately 10 ma for the current at which this fall of y 
should become appreciable. It can be estimated (Banbury 1952) that if the 
lowering of effective barrier height due to hole space charge in the barrier near 
the metal is taken into account, the fall in y with emitter current should in all 
cases be appreciable for currents of less than 1 ma. It will be seen from figure 2 
that under the conditions of measurement here y is decreasing with increasing 
current in all cases over the whole of the measured range, down to 0:5 ma. 


3.5. The Variation of y with Humidity of Ambient Air 


The effect of humidity of the ambient air was observed for contacts on two 
specimens, one set with good and the other with poor injecting properties. In 
both cases a decrease in y was observed as the humidity increased. On the more 
highly injecting surface (y~0-8) no systematic change in filament conductance 
with ambient was observed. Conductance changes (~5°%,) accompanied 
y changes (~40%) on the poorly injecting surface (y~0-3). In the second 
case, therefore, part of the change in y with humidity might be accounted for by 
the flow of the emitter current over the surface of the filament and not through 
the injecting barrier to the bulk, but this process cannot account for the ana 
of the change in y. If a reduction of y is attributed to a lowering of the barrier 
height, it might be supposed that the water vapour gives rise to the formation of 
a surface layer of positive ions resulting in a dipole which tends to lower the barrier. 
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‘This would be consistent with observations in this laboratory, on similar specimens, 
that the presence of water vapour and the application of a positive field normal 
to the surface are also equivalent in their influence on surface recombination 
(Henisch, Reynolds and Tipple 1955). 
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Abstract. ‘The experimental procedure and results are described for measure- 
ments of the Hall coefficient and electrical conductivity of single crystals and 
natural specimens of PbS, PbSe and PbTe over the temperature range 
77-1000°K, Some measurements at 20°K are also described. ‘The magneto- 
resistance effect was also measured on some specimens at a number of 
temperatures between 20°K and 300°K. 

At high temperatures all specimens show intrinsic behaviour, ‘This will be 
discussed in detail in a subsequent paper but the behaviour in the extrinsic 
range, the temperature dependence of the mobility and irreversible effects 
found at high temperatures are discussed. It is concluded that the general 
behaviour of the effects considered can be accounted for by the usual semi- 
conductor model. 


§$ 1. INTRODUCTION 


EASUREMENTS of the Hall coefficient and electrical conductivity 
have been made on a number of specimens of the compounds PbS, 
PbSe and PbTe over the temperature range 77°-1000°K. Some 
measurements were also made at 20°K and for some specimens the magneto- 
resistance effect and the variation of the Hall coefficient with magnetic induction 
were measured at a number of temperatures between room temperature and 20°K. 

In this paper the experimental techniques and the results obtained will be 
described and some aspects of the results will be discussed. Summaries of some 
of the conclusions reached for these experiments have already been published 
(Putley and Arthur 1951, Putley 1952a,c). Measurements of thermoelectric 
and thermomagnetic effects have been made on some specimens. ‘These effects 
are discussed in a separate paper (Putley 1954). 

The majority of the measurements were made on single crystals prepared 
in these laboratories (ILawson 1951, 1952) but some measurements were also 
made on specimens of natural PbS, galena, and PbSe, clausthalite. There has 
already been a considerable amount of work published on the properties of these 
compounds, but until recently few measurements have been made on single 
crystals. By studying single crystals it has been possible to build up a more 
complete and consistent picture of the electrical properties of these compounds 
than previously had been obtained. 


§ 2. EXPERIMENTAL PROCEDURE 
The crystals were cleaved into rectangular blocks of approximate dimensions 
10x 0-25 x0-lcm. ‘The edges of these blocks were always parallel to the 
(100) direction for this is the direction in which the crystals readily cleave. The — 
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prepared crystals were mounted in a holder as illustrated in figure 1. Current 
and potential leads and nickel-chromium-—nickel-aiuminium thermocouples for 
measuring the temperature were welded to the crystals using techniques described 
by Mitchell (1954). ‘The connections made in this way provided low resistance 
ohmic contacts which were satisfactory over the entire temperature range studied 
(20°—1000°K). Platinum wire 0-008 in. in diameter was used for the current 
leads, while 0-002 in. diameter platinum wire was used for the potential probes 
and 0-002 in. diameter ‘I’, and 'T, alloys (similar in their properties to ‘Chromel’ 
and ‘ Alumel’ respectively) were used for the thermocouples. In the holder two 
pairs of potential leads were fitted, one pair for Hall effect and the other for 
conductivity measurements, and a thermocouple was attached for temperature 
measurement. 

All measurements were made using direct current. All potentials were 
measured by means of a precision potentiometer of which the smallest sub- 
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Figure 1 8-pin crystal holder. Figure 2. Low temperature apparatus. 


division was one microvolt. When a higher sensitivity was required a galvano- 
meter was used to interpolate between the potentiometer settings. By this means 
potential differences could be measured to a tenth of a microvolt when required. 

For measurements above room temperature the crystal holder was placed 
inside a furnace made by winding a heater on a silica tube. ‘This was placed 
between the poles of an electromagnet. A stream of argon was passed over 
the specimen to reduce irreversible effects, but it was not possible completely 
to eliminate irreversible changes at very high temperatures. Below room 
temperature the holder was placed inside a Dewar flask. For studying the 
magneto-resistance effect or other experiments at fixed temperatures tailed 
Dewars were used, but for measurement between 77°k and room temperature 
the arrangement shown in figure 2 was found satisfactory. ‘he temperature 
of the specimen was reduced by means of a metal rod attached to the holder 
and dipping into liquid nitrogen and the temperature could be raised to room 
temperature by means of the heater wound round the specimen holder. ‘Thus, 
by suitable adjustment, measurements could be made atintermediate temperatures. 
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The electromagnet enabled a magnetic induction up to about 10000 gauss 
to be used. Hall coefficient measurements were usually made with inductions 
of about 8000 gauss, but the magneto-resistance effect was studied with variable 
induction. Some measurements were made on the variation of Hall coefficient 
with magnetic induction. 

In making measurements the usual precautions of reversing currents and 
magnetic fields were observed. ‘This procedure can eliminate all spurious 
voltages in Hall effect measurement except any associated with the Ettingshausen— 
Seebeck effect. This source of error was investigated experimentally and 
found to be negligible (Putley 1952b). It is considered that the relative accuracy 
of these measurements should be within 5%. Currents and potential could 
normally be measured to better than 1°, and magnetic induction to about 2%. 
It is difficult to set a figure on the absolute accuracy because this depends on the 
homogeneity and the uniformity of the dimensions of the specimen. Attempts 
were made to select the best available specimens by checking their uniformity 
using a moving probe to search for any variation of resistance along the length. 
The specimens selected were usually uniform to within 10-20%, so that the 
absolute accuracy cannot be better than this. 


§ 3. RESULTS 


The Hall coefficient R and the conductivity o, are plotted as log R or log 
against 1/7 in figures 3 and 4 for PbS, in figures 5 and 6 for PbSe and in figures 
7 and 8 for PbTe. ‘The behaviour of the product Ro, which gives the mobility 
in the extrinsic range is shown in figures 9, 10 and 11 for PbS, PbSe and PbTe 
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respectively. ‘Table 1 gives results of measurements at 20°K with data at room 
temperature and 77°k for comparison. Figures 12 to 15 illustrate some measure- 
ments of the magneto-resistance effect in PbSe and PbTe crystals and the variation 
of Hall effect with magnetic field for a Pb'Te crystal is shown in figure 16. 


Tabie 1. Hall Effect and Conductivity at 20°x, 77°k and Room ‘Temperature 


20°K = <= Voi ats + <—— 29) K —— > 

Specimen R o Ro R o Ro R Go  URe 
PbS S4A — 9-16 15000 140000 — 8:28 2390 19000 — 8:25 73:1 603 
PbS S3A) = OOD ee ORT SO00 MN ms. or 786 3120 + 4:26 165 703 
PbSe SXA — 2:87 35200 101000 —-2°87 7150 20500 — 2:99 394 1180 
PbSe S6C + 1°32 61500 81200 — 1-31 12050 15790 + 1-58 884 1396 
PbTe $21B” — 8-7 10100 87800 —13:5 2130 28800 —12-:7 120 1520 
Bb s20 Ds = 232 les 3480 +1158 5-56 6440 —99-1 15 1490 
PbTeS27B +21-2 10760 228000 +18°8 977 23400 +196 40:5 794 
PbTe SXE") —17:3 65°38 1130 + 0-3 5-68 Ley + 4:98 179 893 
PbTe S28B™ —1077 94-4 102000 —1080 13:7 14820 2175) 5:5. 8195 


Ris in cm? coulomb, o in ohm-1cm-, Ro in cm? v—! sec7!. 
| Mixed conductor at room temperature. 
“) Note change of sign of R below 77°K. 


“) Mobility less than normal—possibly some form of impurity scattering present. 


‘The measurements on PbSe and PbTe were made on single crystals but 
the majority of the measurements on PbS were made on natural specimens of 
galena. Many natural specimens were examined before suitable ones were 
found. ‘The results of measurements on natural specimens are summarized in 
table 2. PbSe and Pb’le also occur in nature as the minerals clausthalite and 
altaite respectively but they are rare and do not occur in suitable form for these 
measurements. One specimen of clausthalite was examined. It was found to 
be very impure and the results are included in table 2. 


‘Cable 2. Hall Coefficients and Conductivity of Natural Specimens 
at Room ‘Temperature 


Galena 

No. R o Ro Source 

Ci + 219 0-94 206 ) 

C30 == 94-5 0-96 91 

@3i = 4 30°9 152 t Sardinian galena 

32 — 1-16 202 234 

A2 — 23-5 6:28 148 | 

hs Sire re te b Wisconsin galena 

Js +154 SST 550 

j4 + 4:49 59-7 2608 } Joplin galena 

J6 OZ. 6:58 413 
Urals —147 32-0 470 | 
Lead Hills — 4-2 208 874 | Source in opposite 
Cornwall = 397) 164 607 | column 
Saxony ao 2: (Sei 803 

Clausthalite 

Hartz 

\lountains a= WOoS 70 45 


PPI: Pe = s = = : : 
R is in cm? coulomb~!, ¢o in ohm! cm-!, Ro in cm? v— sec, 
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Figure 16. PbTe, S28B. Variation of Hall coefficient with magnetic field 
at various temperatures. 


3.1. Hall Effect, Conductivity and Magneto-Resistance Effect 


Examination of figures 3 to 8 show that the following remarks apply to all 
three compounds. At high temperatures both the Hall coefficient and con- 
ductivity vary approximately exponentially with temperature, in a similar way 
for all specimens, but for every specimen a temperature is reached below which 
the behaviour of the Hall coefficient is characteristic of the specimen and in the 
majority of specimens is practically constant. In these specimens the behaviour 
of the conductivity at low temperatures is determined by that of the mobility 
which generally rises rapidly as the temperature falls. Thus the conductivity 
passes through a minimum near the temperature at which the specimens change 
over from the high to the low temperature type of behaviour. For most specimens 
the change-over takes place between 400 and 500°k, but it takes place below 
room temperature for the purest Pb'Te specimens. At high temperatures the 
Hall coefficient is always negative, but at low temperatures it may be positive 
or negative. At high temperatures the behaviour of all specimens is so similar 
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that it can be described as ‘intrinsic’ in the sense that it is characteristic of the 
substance and not of particular specimens. At low temperatures the conductivity 
and Hall coefficient may vary by several orders of magnitude between different 
specimens of the same compound at the same temperature. The behaviour of 
each specimen is then determined by its residual impurity content. The term 
‘impurity’ is taken to embrace foreign atoms, departure from stoichiometric 
composition, and effects associated with the presence of disorder. The behaviour 
of the majority of specimens indicates a negligible impurity activation energy. 
Some PbTe specimens show evidence of impurity levels situated about 0-1 ev 
from either band. Some of these are p-type at room temperature and show an 
anomalous reversal of the Hall coefficient below 150°k. This behaviour will be 
discussed more fully later. 

Figures 12 to 15 illustrate the behaviour of the magneto-resistance effect. 
Figure 12 shows the behaviour of the transverse effect in some typical PbSe 
specimens at 77°K. Figures 13 and 14 show both the transverse and longitudinal 
effects for a specimen of PbTe, No. S28B, at the temperatures 20, 77, 170, 195 
and 290°K for inductions up to 10000 gauss. Down to 170°K the change in 
resistance is proportional to H? but at lower temperatures this law is no longer 
obeyed at the maximum inductions. Figure 15 shows some results, also on 
PbTe specimen No. S28B measured with much weaker inductions at 20° and 
77K which show that the H? law is still obeyed provided that the change in 
conductivity is not greater than a few percent. At 20°K the maximum induction 
at which the H? law is obeyed is about 200 gauss. Comparing the longitudinal 
and transverse effects it is seen that at low fields the longitudinal effect is slightly 
greater than the transverse but at higher fields the longitudinal effect did not 
increase so rapidly as the transverse effect. Figure 16 shows the behaviour of 
the Hall coefficient as a function of induction, also for Pb’le S28B. It is seen 
that at all temperatures R is practically independent of H, even under circumstances 
which produce a ninefold change in resistance. 


3.2. Irreversible Effects 


It is well known that permanent changes in the properties of specimens of 
these compounds can be induced by various heat treatments. ‘The work of 
Hintenberger (1942), Bauer (1940) and Eisenmann (1940) showed that heating 
in the vapour of the non-metallic constituent produces an increase in the con- 
centration of positive holes while heating 7m vacuo produces a reduction in the 
number of positive carriers or an incrcase in the number of conduction electrons. 
Heating in oxygen produces an increase in the concentration of positive holes, 
while heating in hydrogen, water vapour or in an inert gas such as argon produces 
an increase in electron concentration. More recently A.C. Prior in a private 
communication has shown that the diffusion of copper into lead selenide produces 
an increase in the concentration of electrons. 

All these effects take place at temperatures of about 600-700°K. At lower 
temperatures measurements are reversible, but it is important to consider whether 
the existence of these effects may influence the results of measurements at higher 
temperatures. It was found that the irreversible effects could be minimized by 
conducting the experiment in an atmosphere of argon, but even so this did not 
prevent a certain amount of evaporation from the specimen and in experiments 
taken up to 1000°K up to 10!8 additional conduction electrons could be produced 
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per cm®. These additional carriers remain when the crystal is cooled to room 
temperature and may cause a change of several orders of magnitude in the Hall 
coefficient and conductivity of the specimen at room temperature before and 
after the experiment. At first sight it would seem that this would invalidate 
the results of measurements at high temperatures. When, however, the con- 
centration of new carriers is compared with the concentration of intrinsic carriers 
at the temperature at which the new carriers are formed it is found that the new 
carriers do not represent more than 10 to 20% of the total number present, but 
this does set a limit on the reliability of these results. Scanlon (1953) has suggested 
that above 500°k the irreversible changes may take place at a sufficiently fast 
rate to alter the shape of the curves and to render any attempts at deducing intrinsic 
data from results above 500°K valueless. Our experiments are in agreement 
with Scanlon’s description of the sequence of events which occurs when crystals 


C End Point 
Y~ Cycleé 
4 
3-0 | We | 
¢ Measured during heating & 
. » » — cooling i } 
| vA | 
| Z i 
25F | 
ia yaad 919°K | & A | 
= CyclelGn a \ eas | , “| 
r \Bs End Point Cycle S 
= 'p% Starting Point Cycle 6 
S 20) Max Temp. 797°k Starting Point — 
& Cycle 5 Cycles | toS 
S Max.Temp. 688°K | 
my Cycle 4 | 
he | Max.Temp.42I°k | 
| Cycle | | 
Max.Temp. 515 °K Max. Temp. 470°K | 
Cycle 3 } Cycle 2 | 
| | 
"9 2 4 5 


3 

10/7 (TZ in°k) 
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cycles to progressively higher temperatures. Duration of each complete cycle 
(room temperature to maximum and back) 15-20 minutes. Cycles 1 to 4 returned 


to same starting point, cycle 5 ended with o about 12° greater, cycle 6 produced 
a 10-fold increase in co. 


are taken to progressively higher temperatures but we set the maximum tempera- 
ture up to which the irreversible changes may be safely neglected at about 800°K 
and find that under the conditions of our experiments the irreversible effects 
did not produce changes in the slope of the curves until temperatures greater 
than 850°K were reached. This effect can be seen in figure 8, specimens S27B 
and SXA. ‘The time taken to measure our curves was usually five to eight hours, 
but to check the reliability of these results an experiment was made on a PbTe 
crystal in which the resistance-temperature curve was measured at a much faster 
rate using a high speed recording potentiometer. The crystal, mounted in the 
standard holder, was heated in an argon atmosphere through a number of 
temperature cycles between room temperature and progressively higher tem- 
peratures up to 919°x. ‘The total time for each cycle was 15-20 minutes. At the 
beginning of the experiment the conductivity had the value indicated on figure 17 
at the point A. After each of the first four cycles the conductivity returned 
exactly to this point. The maximum temperature reached in each cycle is shown 
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on the diagram, the maximum temperature of the fourth cycle being 688°K. 
The maximum temperature of the fifth cycle was 797°K and at the end of it the 
conductivity returned to the point B, representing an increase of conductivity of 
about 12°,. A small amount of evaporation appeared to take place during this 
cycle. The final cycle went up to 919°k. More evaporation was observed and 
a large irreversible change occurred. The final conductivity (point C) was more 
than ten times greater than the initial value. Examination of figure 17 shows 
that for the reversible cycles the points measured on the heating and cooling 
curves may differ by about 10-15% ,, but this is attributed to the temperature of 
the crystal lagging behind that indicated by the thermocouple. It therefore 
seems unlikely that the measuring time could be reduced further by using pulsing 
techniques (Ehrenberg and Hirsch 1951). 

The cycling experiment shows that perfectly reversible results may be obtained 
up to 700°K and that appreciable irreversible changes do not take place until 
temperatures greater than 800°K are reached. Comparison of the curve of figure 
17 with those of figure 8 shows that their behaviour in the intrinsic range is 
comparable. It is therefore concluded that for the bulk of our results the slope 
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Figure 18. PbTe, S21C. Hall coefficient and conductivity : log R and log o against 1/T. 
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of the curves was not influenced by the irreversible changes which took place. 

In some cases the irreversible effects may be used to advantage to reduce 
the concentration of free carriers. ‘Thus by introducing carefully controlled 
quantities of copper, Prior has produced specimens of PbSe of near intrinsic 
properties at room temperature. ‘The concentration of carriers in Pb'T’e has 
been reduced by neutron bombardment. A second process peculiar to PbTe is 
one of ‘annealing’. In this process specimens of PbT’e were maintained at a 
temperature of about 400°k in air for periods varying from one week to three 
months. The resistance of specimens was measured during this process using 
a recording potentiometer. It was found that when an impure specimen of 
PbTe was placed in the oven its resistance rose at first due to the increase 
in temperature, but after the temperature had become constant the resistance 
continued to rise until eventually it reached a constant value. On allowing 
the crystal to cool to room temperature the resistance rose further. ‘This suggested 
that the effect of the heat treatment was to convert an impure specimen to one of 
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near-intrinsic properties. This suggestion was borne out by Hail effect measure- 
ments. ‘This process differs from the better known ones in that it takes place at 
a much lower temperature and does not appear to depend on the nature of the 
atmosphere surrounding the crystal. Since it tends to reduce the number of 
extrinsic carriers it should not affect measurements of the intrinsic properties. 
Thus in some cases it was found that p-type specimens were converted to n-type 
despite the oxygen atmosphere. The process appears to be more in the nature 
of an annealing effect, suggesting the removal of strain or lattice defects. 


§ 4. Discussion 
4.1. Intrinsic Properties 
The behaviour in the intrinsic region is still under consideration and will 
be the subject of a further paper. We have established that the intrinsic energy 
may be identified with the absorption edge and is thus considerably smaller than 
the value derived from measurements of Hall or conductivity slopes (Putley 1952c). 


4.2. Extrinsic Properties 

The measurements described give some information regarding the position 
of impurity levels. ‘The majority of specimens contain 10!® to 10!* extrinsic 
carriers per cm® and show a negligible impurity activation energy, but some 
PbTe specimens show evidence of impurity levels about half way between the 
full and conduction bands. Figure 18 is a plot of log R and log o against 1/7 
for Pb'Te n-type specimen S21C after heat treatment of the type described in 
§3.2. Both R and o give a straight line plot below 150°K and these yield an 
impurity energy level 0-1 ev below the conduction band. Similar behaviour 
was found for PbT'e SIC (figures 7 and 8). 

Further evidence is given by some p-type specimens of PbT'e (S2B1, S2A2, 
S7A, S21A, SXA) which are also shown in figures 7 and 8. It will be seen that 
between room temperature and about 200°K the number of holes is constant 
and the conductivity rises as T~*?. On further cooling the concentration of 
holes falls rapidly, causing the conductivity to pass through a maximum and then 
to fall. The conductivity curves suggest energy levels about 0-1 ev above the 
full band but the Hall effect does not behave in a straightforward way. With 
the reduction in the concentration of holes the Hall coefficient falls to zero and 
below 150°k becomes negative. ‘Thus in these specimens the Hall coefficient 
changes sign twice. At high temperatures the normal change of sign is observed 
on approaching the intrinsic region, but the behaviour at low temperature has 
not been satisfactorily explained. Similar effects have been observed in the 
Cu doped PbSe prepared by Prior and in photosensitized PbS and PbTe layers. 


4.3. Mobility 


The log-log plots, figures 9, 10, 11, of Ro against T indicate that for n-type 
specimens at temperatures higher than 100°k Ro varies as T-" with n=2:5 
(Putley 1952a). The order of magnitude in cm? volt-! sec-! of the mobilities 
in these compounds are 500-2000 at room temperature, 10000-20000 at 77°K 
and 100000 at 20°x. On lowering the temperature below 100°K the mobility 
continues to increase, but not as rapidly as 7-25, Not sufficient data are available 
to show what law is followed at very low temperatures. The behaviour of some 
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specimens suggests that scattering at lattice defects or impurities may reduce 
the mobility at low temperatures, but there is no evidence for the Rutherford type 
of impurity scattering as found in germanium. ‘The results for holes are not as 
conclusive as those for electrons because the onset of mixed conduction restricts 
the temperature range over which the properties of holes can be clearly determined. 
The results for p-type specimens are not inconsistent with a T-” mobility law 
with n being between 2:5 and 3-0. Devyatkova et al. (1952) have measured the 
mobility in PbSe and found »=3 but do not say whether their material was 
p- or n-type. Petritz et al. (1954) have attempted to fit the Mott—Froéhlich 
mobility formula to galena but finda Debye temperature of about 1100°K necessary 
to fitthe results. A similar value was found when we attempted to fit this formula 
to the mobility of polycrystalline Pb’T’e (Chasmar and Putley 1951). Since 
determination of the Debye temperature by measurements of specific heat 
(Parkinson and Quarrington 1954) and of elastic constants gives values below 
200°K it would suggest that the Mott-Fréhlich theory is not applicable to these 
compounds at the temperatures at which measurements have so far been made. 
Recently Scanlon (private communication) has shown that using the correct 
Debye temperature and the scattering formula of Howarth and Sondheimer 
(1953) and combining with this scattering by acoustical modes a fair approximation 
to the mobility variation can be obtained. 


Table 3. Mobility calculated from Magneto-Resistance 
Effect compared with Hall Mobility 


Compound Specimen Temp. (k) ee Ae 
oats 532B 290 1075 OL 
S28B 20 345000 —112500 
77 31600 — 14250 
170 4590 — 3000 
195 3070 — 2400 
290+ 1673 = IIs 
S22A eh 13550 — 20850 
PbSe S12A 300 915 + 1050 
77 5400 + 21300 
S$12B WY 6500 - 25000 
S11C HY) 5400 — 23000 
53B i 12100 — 23400 


+ Mixed conductor; neither result represents true mobility. 


Electron mobility can be calculated from the magneto-resistance effect, for at 
low field strengths 5c/o = CH? where according to classical theory C=0-272,/, 
and pw is the mobility. Table 3 shows the value of calculated from this formula 
compared with the value of Ro. It is seen that the results agree to the order of 
magnitude but in most cases they differ by a factor of 2-3. ‘The mobility could 
also be calculated from the Nernst effect since O=+kRo/e (Putley 1954). It 
follows that in the impurity range Q should vary with temperature in the same 
way that » does. This has been checked by plotting values of Q for PbSe on 
figure 10 where they can be compared with the mobility. It is seen that they 
both vary with temperature in the same way. Examination of the values found 
for the mobilities in p-type and n-type specimens (figures 9, 10, 11 and tables 
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1, 2 and 3) and especially for PbSe, shows that although all specimens follow 
similar laws the spread in the values between different specimens of the same type 
is so great that it is not possible to determine the ratio of electron to hole mobilities 
b by comparing directly the mobilities measured on different crystals. Since 
p-type specimens always change sign at high temperatures it is clear that the 
mobility of electrons must be greater than that of holes. It is possible to calculate 
the mobility ratio from R and o in the transition region where the change of sign 
takes place and values between 1-5 and 2-5 are found. 


§ 5. CONCLUSION 


The general behaviour of the Hall coefficient and conductivity of lead sulphide, 
selenide and telluride can be accounted for by the conventional simple model of 
a semiconductor. A more detailed discussion of these results will be published 
subsequently, where it will be seen that the scope of the analysis is limited by the 
high concentration of extrinsic carriers found in most specimens. Further 
progress cannot be made until advances have been made in preparation and 
crystal growing techniques. It has been suggested recently (Goldberg and 
Mitchell 1954) that it may not be possible to grow stoichiometric crystals from the 
melt. It is therefore necessary to develop new techniques of crystal growth 
and treatment before crystals with smaller concentration of extrinsic carriers 
can be produced, enabling the measurement of the intrinsic properties to be made 
at lower temperatures than reported in this paper. 
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Abstract. Measurements of the thermoelectric power and the Peltier, Nernst, 
Ettingshausen and Righi-Leduc effects are described. It is shown that the 
behaviour of these effects is in accordance with the expectations of conventional 
semiconductor theory. The coefficients are also calculated from the known 
values of the Hall coefficient and conductivity of the specimen and good agreement 
is obtained between the measured and calculated galvanomagnetic coefficients. 
From observation of the Peltier effect an estimate of the thermal conductivity 
is obtained. Comparison of the measured and calculated values of the thermo- 
electric power enabled the effective mass of carriers in PbSe to be estimated. 


§ 1. INTRODUCTION 


N account has been given of measurements of the Hall coefficient and 
conductivity for single crystals of lead sulphide, selenide, and telluride 
(Putley 1955). In addition to these measurements, a number of other 
effects were measured on some specimens of lead selenide and lead telluride. 
The thermoelectric power and the Nernst effect were measured between 100 
and 1000°k. Some measurements were made near room temperature of the 
Peltier, Ettingshausen and Righi-Leduc effects. 

Since the Hall coefficient and conductivity of these specimens have been 
measured, it is possible to calculate the thermoelectric power and the other coefh- 
cients and to compare the calculated and measured values. It is found that the 
behaviour of the measured coefficients is in agreement with theory and the 
numerical values found for the galvanomagnetic coefficients are in reasonable 
agreement with the calculated values. By comparing the calculated and measured 
values of the thermoelectric power, an estimate for the effective mass of the 
current carriers can be obtained, and from observations of the Peltier effect the 


thermal conductivity was estimated. 


§ 2, METHODS OF MEASUREMENT 


The specimens used were prepared in the way described in the paper on Hall 
effect measurements (Putley 1955) but they were mounted in the crystal holder 
shown in figure 1. This holder is a modification of the one described for Hall 
effect measurements. A loop of 0-008in. diameter platinum wire is welded at 
each end of the crystal and each end of the logp is taken to one of the four brass 
support wires. ‘Thus, by suitable connections a current may be passed through 


the crystal between the loops or a current may be passed through either loop to 
C=2 
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heat one end of the crystal and thus set up a temperature difference between the 
ends of the crystal. By this means temperature differences up to 20-30° could 
be established. For measuring temperature four thermocouples were welded 
to points on the crystal. ‘These thermocouples replaced the potential probes 
used in the simpler holder so that one pair of couples could be used to measure 
the potential difference between the ends of the crystal while the second pair 
could be used to measure transverse potential differences. With this arrangement 
both transverse and longitudinal differences of potential and of temperature could 
be measured simultaneously and thus the principal galvanomagnetic, thermo- 
magnetic and thermoelectric effects could be studied. 
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Figure 1. 12-pin crystal holder. 


The couples attached to the crystals were made of 0-002 in. diameter wires of 
the NiCr—NiAl alloys Tl and T2 which were welded to the crystals using the 
technique described by Mitchell (1954). The holders could be used at all 
temperatures up to about 1000°K, but measurements of thermal effects were 
not made below about 100°k. ‘The apparatus described in the preceding paper 
(Putley 1954) was used for varying the temperature of the crystals. 


§ 3. RESULTS 
Figure 2 shows the variation with temperature of the thermoelectric power 
dé/dT of three specimens of lead selenide. It is seen that at low temperatures 
two of the specimens were p-type and onen-type. As the temperature is increased, 
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Figure 2. Thermoelectric power PbSe. 
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the magnitude of the thermoelectric power increases and passes through a 
maximum at about 500°K. ‘This corresponds with the onset of mixed conduction 
in the specimen as will be seen by referring to Putley (1954) where the behaviour 
of the Hall coefficient R and conductivity o of these specimens is described. 
Above 500°K the thermoelectric power decreases. In the two p-type specimens 
it changes sign near 800°K and at higher temperatures behaves in a similar way 
to the n-type specimen. 

The Nernst coefficient Q was measured over a range of temperatures for PbSe 
specimen No. 512A. This effect yas measured simultaneously with the thermo- 
electric power by measuring the transverse voltage across the crystal when a 
magnetic field was applied. The results obtained are shown in figure 3 together 
with the thermoelectric power, the Hall coefficient and the electrical conductivity 
for this specimen. 
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Figure 3. Conductivity, Hall coefficient, thermoelectric power and Nernst coefficient for 
PbSe (S12A). 


Figure 4 shows the behaviour of the thermoelectric power, the Nernst and 
Hall coefficients and the electrical conductivity over a range of temperature for 
a specimen of PbTe. It is seen that the general behaviour of this specimen is 
similar to that found for the PbSe specimen. No measurements were made on 
PbS specimens, but the results obtained by Devyatkova et al. (1941) for PbS 
behave in a similar yay to our measurements on PbSe and PbTe. 

The Peltier effect was observed in a number of specimens in the following way. 
It was found that when a current of about 20 ma was passed through the crystal 
a difference in temperature of about 0-2° was observed between the pair of thermo- 
couples mounted near each end of the crystal. When the current was reversed 
the temperature difference also reversed and therefore this temperature difference 
could be attributed to the Peltier heat liberated or absorbed at the current contacts. 
It is easy toshow that the value of the temperature difference depends upon the ratio 
of the Peltier coefficient to the thermal conductivity. A cooling correction has to 
be applied to allow for heat loss in the current leads and by convection. ‘This was 
found to be about 20%. Since the thermoélectric power could be measured, 
the Peltier coefficient could be determined using Thomson’s relation d6/dT =7/T, 
and hence the thermal conductivity could be estimated. ‘The values obtained 
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Q 


for two specimens of PbSe and two of PbTe are given in table 1. In view of 
the uncertainty in estimating the cooling correction the values should be regarded 
only as approximate. 
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Figure 4. Conductivity, Hall coefficient, thermoelectric power and Nernst coefhcient for 


PbTe (S28B). 


Measurement of the Ettingshausen and Righi-Leduc coefficients both 
involve measuring the difference in temperature between the transverse pair of 
thermocouples, when a magnetic field is applied to the crystal. For the 
Ettingshausen effect a current is passed through the crystal, while for the Righi— 
Leduc a longitudinal temperature gradient is established. For both effects it 
was found that the transverse temperature differences were of the order of 0-01°. 
This was only just observable and was measured using a sensitive Kipp galvano- 
meter which gave about 2 cm deflection per microvolt. ‘The results of the measure- 
ments on two PbSe and two PbTe specimens are also given in table 1 which 
contains in addition the Nernst and Hall coefficients, the thermoelectric power 
and the electrical conductivity for these specimens, all measured at room 
temperature. 


$4, THEORY OF 'THERMOELECTRIC AND GALVANOMAGNETIC EFFECTS IN 
SEMICONDUCTORS 


Expressions for the various coefficients can be derived by applying the 
Lorentz-Sommerfeld theory as described by Seitz (1940). As the calculations 
are straightforward but tedious they will not be discussed. The expressions 
derived for the various effects are given in table 2 for both extrinsic and mixed 
semiconductors. In the discussion of our results the measured values will be 
compared with the values calculated from the formulae in table 2. Some of these 
formulae were first described by Bronstein (1932) and have been discussed 
recently (Putley 1952). The sign convention used is that given by Gerlach 
(1928). According to this the Hall effect, thermoelectric power and Righi-Leduc 
effect have a negative sign for n-type specimens and a positive sign for p-type. 


39 


Thermoelectric and Other Effects in PhSe and PbTe 


‘sonyea [eooumnu qy—=[O vonrjer uewspiug t 


‘peAoqo uonriel ueWsplig Moys Inq ‘sje 9soy} ayepnoyeo 07 paydurayie Jou asaezY *1OJONpuod pexmw v sI sTyT, / 


t-}]OA 7-998 ,UD 91 las 6: £7 BS S-9T LT Sé yusIoyja0o onpa’T—Iysny 
1-9]Nof Bap uo SOL C8C LS cli OOST OVE Oel OLE Otr JusTOyJe0o Uasneyssuly ay 
1-59p 998 ,W0 z-OLXS-€ z-OLX Zbl 6€=20O 2-O1X§] BO S7 ONS Oi ON ee aah SAG O yusToyya00 JSUTON] 
it (aye Jot]9q Wo. poyeuryss) 

1-Sep ;W9 eM 2, OLX €-9 ; 2-Ol X 8-€ 2z-OL X0:F z-OLX@-+ AJATIONPUOD [BULIIY, T, 

(Ns = OSGerm S6uan 80€ — OOT— X.O0L ‘op “op 
;-59p A OOS Shh + a 0Gr— L8E4 097+ [Wei 067 — 3,00€ tomod 9TT}99]90UNT9Y, T, 
1-Guropnod ,Wu9 6L:6 UV os 6:7 + gies Y WsoYysoo [eH 
;-Wuo ;_ uO 8-18 aS 6S¢ OST © AMAVONpUOD ]eoIID9TA 
s}uy poyepnoyeyy peinsesyy payepnoyeag  pornseayyy poqnogyey poinsevayy poyemmoyes pornsve] pIpPA 
Aces ALdd €8cCS ALdd VCIS 9Sdd OTIS 2Sdd usuri9adg 


91nqzerod ui J, ULOON 78 Sone A. poyepnoye) 


pue poinseayy, jo uosteduioy—spaysy oauSeurouvayesy pur -ows9yy, “] 91qe. 7, 


ed 4 "ru a (2 ) oA (2 ) £ 
ee ee EE ie er i CAB) Se ded ee See 
(La4/3—7)'1d—( 4/2 —Z) uy : 


? 4 2 4 
Ee Gers) BH te wig 22 TE Hapa 
ROTTEN TE at NOTE E aN — Ul oT ay (AT May UPD) sop  LA*TC a OR Canc 
a(t + tu) 3? 91 8 9 Y 2 91 
(== al FNL —_ sco =_—_— oo — 1— 
CAT+LIGI 4 tot ext rt de — (gd + o' IU) 14 4¢ on 14 ug "ol [4 4¢ 
(“1+ Tu) a 9] Bee! wy! 
(PLN Se =—— —. —-——_—_— — —e—_ 
CAC +L) Cr ‘1 rt trl du — (_2h d+ Tu) 4 2 a a 
ald + tu) ag a¢ 8 2 oa 
eId— "du ug Gn 7 in es 
“4 ty a P a 4 a a 
LMS seks KG) Inu 
wld +H) tnt fu + (eng IU)? Let res Tia oe ae Figs a 
6 T 
= ‘Had+ttnau ?Had= aL wuz ) € “au — LH wuz) € 
& ad au 
Ss add y,-d ad& ],-u 
a S1OJONPUOD pexIyAl S1OJONpUOD, ISULIAXY 
Q Jomod o1y9ajaoursayy LP ei UOTE SEL Alar 
: 6p oInieseduia} aynjosqe 
SES OUP o TUSK S ale LAU? YC ; ae 
jaye uosneyssunay g ae Ul Ly¥= (@—q-— =F '9'1) S9TOY VATISOd 10] [eIUI}0d [eoruayo > 
39989 ISUION TRULTOYR0SI O a/el LA MLZ )Z 3 ae 
1o9YP [eH [euzayost yy a Ul L4=? STOJONpUOSTUNAS [wOISseID Toy *9"1) [eUAIOd [eoruayo 9» 
ALAHONpuUoD Jeu} NY spueq 94} useajoq des Adi1oua 7 
AMANONPUOD [edIIIDa]a 0 AWVANINPUOD [eUIIYI eYy2 OF 9dINIeT PeISh19 jo uornqijUOS “Ly 
sofoy oAntsod JO Ssvu 9A 0Ya 77h SUO1}99[9 JO SseUT 9ATIDALO Tw 
S9fOY JO Yied vary uvau % Su01}93][9 JO Yed voy Uva 17 
SeToy Jo Ayyiqour @/ Su0.1}99]9 WOKONpUOD Jo AyyIqour '7/ 
ped [[N¥ Ur sfoy Jo uoNeUs.U0D J SUO1}99[9 UOTIONPUOoS Jo uoTjeUZ.UOD =u 


S[OQUIAS JO 4SI"T 


AIOIY J, P]pjt9WUIOS —ZyUaIOT VY} WoIy paarsap oRINWIOT "7 IqQVy, 


40 


ot 


o 


DHT 


Thermoelectric and Other Effects in PbSe and PbTe 41 


As is well known, in a p-type specimen these effects can become negative at high 

temperatures when intrinsic conduction becomes dominant. ‘The Nernst and 

Ettingshausen effects have a negative sign for both n- and p-type extrinsic 

conductors, but they may change sign if mixed conduction is present. Thus 

referring to the expressions in table 2 it is seen that these effects will change sign if 
ee hee at iat ay oaks, 

—<s/) 


ae She, 
mPhapaliy+ Ha) RT 


and if n= this condition will be-satisfied provided 4, <8, a condition which 
applies to all known intrinsic semiconductors except indium antimonide. Thus 
in a p-type semiconductor the effects should change sign as the temperature is 
raised to the intrinsic region in the following order: first Ettingshausen and 
Nernst effects, next the Hall effect then the thermoelectric power and the Righi- 
Leduc effect last. In an n-type specimen the Nernst and Ettingshausen effects 
will change sign when intrinsic range is approached, but the others will not. 


§ 5. Discussion 


It the Hall coefficient and conductivity are known, it is possible to calculate 
the other coefficients and compare the calculated and measured values. It is 
found that there is broad agreement between experiment and calculation based 
on classical semiconductor theory. 

According totheory, the Nernst effect should havea negative sign in an extrinsic 
conductor, but it should change sign when mixed conduction sets in. Referring 
to figures 2 and 4 it is seen that exactly this took place. ‘The PbSe specimen was 
p-type and the Pb’Te was n-type, but they both had a negative Nernst coefficient 
at lower temperatures which became positive as the intrinsic range was approached. 
Thus, by observing the sign of the Nernst effect, it can be seen whether mixed 
conduction is present or not. 

In a p-type semiconductor both the Hall coefficient and thermoelectric power 
will change sign when mixed conduction sets in. For the PbSe specimen shown 
in figure 3 as the temperature increased the Nernst coefficient changed sign first, 
the Hall coefficient next and finally the thermoelectric power. ‘The temperature 
at which the thermoelectric power is zero is approximately equal to that at which 
the Hall coefficient passes through its minimum value. ‘This behaviour is in 
agreement with the theory. 

The Nernst, Ettingshausen and Righi-Leduc coefficients for an extrinsic 
conductor may be calculated from the Hall coefficient and conductivity using 
the formulae given in table 2. The results of these calculations are given in 
table 1 and it is seen that there is reasonable agreement between the measured and 
calculated values. The thermoelectric power may also be calculated from the 
Hall coefficient using the formulae given in table 2. Values calculated from 
this expression are given in table 1. In this calculation m was taken equal to the 
free electron mass and it is seen that there is a discrepancy between the 
calculated and measured values which is too large to be accounted for by 
experimental errors. By comparing the calculated and measured values the 
effective mass of the current carriers can be estimated. ‘Table 3 gives the 
values found for the effective mass for three Specimens of PbSe. It is seen that 
values in the region of 0-3m are obtained. 
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Having determined the Ettingshausen coefficient and the thermoelectric 
power, it is possible to estimate the error which may occur in d.c. Hall effect 
measurements by the presence of a Seebeck e.m.f. produced by the Ettingshausen 
temperature difference. If the temperature difference is about 0-01°K and the 
thermoelectric power about 0-4mv deg this e.m.f. will be about 4uv. Since 
the Hall voltages are usually several hundred microvolts it is seen that this error 
will normally be less than about 1%. 


Table 3. Effective Mass estimated trom Thermoelectric Power for PbSe 


Thermoelectric power (~v deg~) _ Effective mass 


Specimen T (PK) Measured Calculated Free mass 
SINE 300 —290 —47) 0:25 
100 — 100 — 308 0-20 
S12A 300 + 260 +387 0-36 
100 99 +230 0-36 
S12B 300 +210 390 0-24 
100 + 60 +245 0-24 


Bronstein’s formula shows that the Nernst coefficient is proportional to the 
product Ro and therefore it should vary with temperature in the same way as the 
mobility. If the results shown in figure 3 are re-plotted on a log—log scale it is 
found that the Nernst coefficient varies as 7~°?, which is in agreement with the 
behaviour found for the Ro product (Putley 1954). 


$ 6. CONCLUSION 


The general behaviour of the effects studied can be accounted for by conyen- 
tional semiconductor theory. ‘The effective mass of electrons in PbSe can be 
estimated from measurement of the thermoelectric power and is found to be 
about 0-3m. ‘The thermal conductivity can be estimated from the Peltier 
temperature difference set up when a current is passed through the crystal. 
The values obtained for the Ettingshausen coefficient shows that errors in d.c. 
Hall effect measurements due to this effect should not be greater than 1°/, which is 
not large compared with other errors that are likely to be present. 
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Abstract. It is well known that the density of current carriers (electrons and 
holes) in a germanium crystal can be increased by injection from a rectifying 
contact. ‘The purpose of this paper is to show that large changes in carrier 
concentration can be obtained in near-intrinsic germanium by the reverse of 
injection, namely extraction. This technique allows some new fundamental 
experiments to be made and, by way of example, an experiment on the drift 
mobility of carriers in intrinsic germanium is described. 


§ 1. INTRODUCTION 


T is well known that carriers may be injected into germanium from a rectifying 

contact. ‘his phenomenon forms the basis of transistor action. It is not, 

however, so widely appreciated that the reverse of injection, namely extraction, 
must also exist. Banbury (1953) noticed a small drop in the conductance of 
collector contacts on PbS filaments when a sweeping field was applied and ascribed 
this effect to extraction. Some discrepancies between theory and experiment 
noticed by Dacey and Ross (1953) in unipolar transistors have also been ascribed 
to extraction effects. It is our purpose to show that quite large changes in carrier 
concentration can be obtained by extraction methods in suitable germanium 
crystals. Proportionately much larger changes can be obtained by extraction 
than by injection, thus allowing some new and potentially valuable devices to 
be made. 

§ 2. THE METHOD OF EXTRACTION 


Consider a rod of n-type germanium containing n, electrons per cm® due to 
impurities (assumed to be all ionized). The total density of electrons will then 
be (n. +p ) if the density of holes is py. If an electric field is now applied to the 
rod the holes will be swept along the rod and out through the negative connection. 
From space charge considerations an equal number of electrons must also be 
removed. If, therefore, the rate of generation of holes within the material plus 
the rate of injection of holes from the positive connection are together less than 
the rate of removal of holes by the field the density of holes will be reduced and 
extraction may be said to have occurred. 

To put the above argument on a semi-quantitative basis suppose that the rate 
of hole injection is small compared with the rate of generation. ‘The techniques 
that may be used to achieve this condition are described in a later section. 
Let p be the density of holes when some extraction has taken place, where p is 
less than p,, the equilibrium density. Then the rate of generation of holes is 
given by fy/7, the rate of recombination of holes by p/7 and the rate of extraction 
of holes by p/t where + is the minority carrier (hole) lifetime and ¢ is the transit 
time of holes along the crystal. 
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In equilibrium the rates of recombination and extraction must together equal 
the rate of generation, so that 


Pian aes mo fal 

Pe p(2 +2) or p=po(—). Ss eee (1) 
Thus if sufficiently large voltages are applied, such that t<7, a noticeable amount 
of extraction should occur. ‘The above equation (1) should, however, be 
considered as indicative rather than accurate. It is over-simplified in the 
following respects : 

(i) The generation and recombination rates used are valid only when 
p <(p+n,). In near-intrinsic germanium this condition is not obtained except 
when an appreciable amount of extraction has occurred (t < 7). 

(ii) The hole density is assumed to be uniform throughout the specimen. 
This is valid only for t= «©. Otherwise p is of the form p=, {1—exp(t'/7)} 
where ?’ is the transit time of a hole from the positive end of the crystal to any 
point in it. For ¢ <7 this reduces to p=py t’/7 and p in equation (1) may be 
interpreted as the maximum hole density, which occurs at the negative extraction 
electrode (f=). 

(iii) The lifetime is assumed to be invariant with hole density. “The theory 
of Shockley and Read (1952) indicates that the hole lifetime in relatively pure 


germanium is given by 
he + 2ppo 
T= T5 = 
Ne +p + Po 


An increase in lifetime under extraction conditions can therefore be expected. 
‘This, of course, makes the condition t < 7 easier to achieve, but, at most, the above 
effect only changes 7 by a factor of 2. 

Finally it is perhaps important at this juncture to point out the distinction 
between extraction as discussed in this paper and the depletion of minority 
carriers that occurs around a reverse biased rectifying contact. The latter is 
essentially a local effect, limited to a region within a diffusion length of the contact. 
The extraction effect discussed here extends throughout the specimen. This 
distinction between local depletion and extraction can probably be illustrated 
by the following example. In a depletion layer the density of minority carriers 
(holes) is at a minimum at the extracting (negatively biased) electrode and increases 
to the limiting undisturbed value at large distances from the extracting electrode. 
In an extracted rod, on the other hand the minority carrier density is a maximum 
at the negatively biased extraction electrode (see note (ii) above) and a minimum 
at the other (positively biased) electrode. In an extracted rod the minority 
carrier density is everywhere less than the original undisturbed density. 


§ 3. THE CONDUCTIVITY OF ExTRACTED GERMANIUM 
At zero or very low voltages such that t > 7 the conductivity of the sample 
is given by 
F=Podey + (Po + Ne) J Ben 
and under extraction conditions (t <7) the conductivity is given by 
Fo=PIby t+ (p By N.) 7 en 
where q is the electronic charge and , and ,, the hole and electron mobilities 
respectively. It will be seen that the conductivity will be reduced on extraction 
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to reach a limiting value of o, ~7,qj, for small values of p. The actual value 
of p is then no longer important. In practice, therefore, the resistance of the 
sample will reach some limiting value determined by the density of impurities. 
In physical terms the impurity electrons cannot be extracted for, if they were, 
the crystal would carry a net positive charge due to the ionized impurities remaining 
in the crystal. 


§ 4. PRACTICAL CONSIDERATIONS 


Equation (1) above assumes thatthe only source of holes is thermal generation 
in the specimen. In practice, however, an appreciable number of minority 
carriers may be injected into the specimen from the positive end connection. 
If the rate of injection is comparable with the rate of thermal generation of carriers 
equation (1) no longer applies and extraction is not likely to be observed. The 
importance of injection from the end connections can best be illustrated by 
means of the following example. 

If the current through the specimen is 7 amps, the injection ratio (Shockley, 
Pearson and Haynes 1949) of the end connection y, and V the volume of the 
crystal we require the condition 


pig ple Oa Bh Pee weenie: (2) 
where the factor 10 has been introduced simply to ensure that the rate of carrier 
injection is at least an order of magnitude less than the generation rate. For a 
typical specimen having dimensions of 2 mm x0-5mmx0-5mm, a lifetime of 
100 sec and requiring a current of 1ma, equation (2) requires y < 5 x 10-4. 
The injection ratio of simple mechanical contacts on germanium is known to 
be about unity and for soldered (apparently ohmic) connections y lies between 
10°? and 10°! (Many 1954). It can be shown (unpublished calculations) that 
“dumb-bell’ ends (Bond 1950) are of no value in reducing injection in near- 
intrinsic material. Thus some consideration must be given to the end connections 
if equation (2) is to be satisfied. 

Consider, then, a sample of near-intrinsic but slightly n-type germanium. 
The sample being n-type we need only consider the injection of holes from the 
positively biased end. If this end is now made strongly n-type by heavy doping 
(see figure 1) three results are obtained, namely: (i) The soldered end connection 


Potentiometer 


Figure 1. 


can be placed sufficiently far from the near-intrinsic section so that all the injected 
holes have recombined before reaching the relevant section. (ii) The density 
of holes in the heavily doped section can be made so small that most of the current 
from the heavily doped to the near-intrinsic section is carried by electrons. 
(iii) The lifetime in the heavily doped section can be made sufficiently long to 
ensure a small rate of generation of holes in this section, as these holes enter the 
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near-intrinsic section by diffusion. It follows, therefore, that the problem of 
making a suitable non-injecting end connection reduces to a crystal growing 
problem. ‘There are two ways in which a heavily doped end may be made: 
(a) Direct growth from the melt by well-known crystal pulling methods. The 
crystals used for the experiments described in this paper were prepared in this 
way. A number of crystals of various resistivities have been grown, the doping 
agent in the heavily doped section being antimony in all cases. ‘The character- 
istics of a typical specimen were for near intrinsic section, resistivity 40 ohm cm, 
hole lifetime (in filament) 100 psec, and for heavily doped section, resistivity 
0-002 ohmem, hole lifetime 40 psec. (6) The alloying method: while this 
procedure is not amenable to quantitative control it has been found that alloying 
with a Pb—Sb alloy, following N-P-—N junction techniques, produces suitable 
end connections. 


§ 5. EXTRACTION BY D.c. FIELDS 


To determine the degree of carrier extraction occurring in a germanium 
crystal of the above specification the resistivity of the high resistivity section is 
determined potentiometrically, as indicated in figure 1. This procedure elimi- 
nates the resistance, if any, of the N—N junction, end connections, etc. and was 
adopted for this reason but it has been found in practice that the resistance of the 
whole assembly is almost entirely determined by the high resistivity section. 

The current-voltage characteristics of a typical specimen at various tempera- 
tures are shown in figure 2. ‘These results were obtained in the extraction 
direction, namely with the heavily doped end made positive. When the polarity 
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Figure 2. Figure 3. 


is reversed the resistance of the crystal usually decreases (due to injection) but 
sometimes increases if the soldered connection is sufficiently good to allow 
extraction to occur. Some units have been made with heavily doped sections 
at both ends, when symmetrical curves are obtained. 

Inspection of figure 2 shows that the expected results are obtained, at least 
qualitatively. The initial slope of each curve corresponds to the unextracted 
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conductivity and this increases rapidly with temperature, as would be expected 
for a near-intrinsic specimen. ‘The final slope, corresponding to the conductivity 
due to the original impurities, should be substantially invariant with temperature 
as the mobility only varies slowly. This result is also obtained. 

In figure 3 are shown a similar set of curves for the same specimen obtained 
at room temperature under various levels of illumination. The light source 
was a 36-watt tungsten filament lamp, the distances between lamp and sample 
being indicated on the diagram. As might be expected, the effects of light and 
heat are essentially similar in producing minority carriers and figures 2 and 3 are 
likewise similar. 

It will be seen from figures 2 and 3 that the voltage required to produce a 
significant amount of extraction (referred to as the extraction voltage) can be 
defined fairly accurately. If the extraction voltage is determined by extra- 
polation of the unextracted and extracted portions it is found to be about 0-3 volt 
for the sample quoted and largely invariant with light intensity (i.e. hole density). 
Figure 2 shows, however, that the extraction voltage increases slowly with in- 
creasing temperature. 

For the reasons indicated in §2 it is not possible to calculate the extraction 
voltage exactly, particularly in almost intrinsic material. For the purpose of 
designing devices based on extraction, however, it has been found sufficient to 
assume the validity of equation (1) for all values of t and to suppose that a significant 
amount of extraction will occur when t=7. Using this condition and writing 
the familiar relationships t=/?/u4, Vy and L,?=y,RT7/q we obtain 


RE \2 
Va=—(z) eer) 
E q Tbe: 


p 
where Rk is Boltzmann’s constant, 7 the absolute temperature, / the length of the 
specimen and Vy, the extraction voltage. Equation (3) has been found to give a 
very good indication of the value of V,, for values of Vy, between 0-1 and 10-0 
volts for samples ranging in resistivity from 8ohmcm to 50ohmcm at room 
temperature. 


§ 6. EXTRACTION BY PULSED FIELDS 


In the previous section we have described the static characteristics of extrac- 
tion systems; in this section we shall indicate their dynamic characteristics. 


Input Pulse 


Figure 4. 


If a voltage pulse of suitable magnitude is applied to the crystal extraction 
will proceed during the period of the pulse until the limiting resistance is reached. 
The output waveform across a suitable load resistance will, therefore, be of the 
form shown in figure 4. That this type of waveform is, in fact, observed is in 
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itself a qualitative indication that extraction is taking place. ‘The time ¢ taken 
for extraction is determined by the mobility of the minority carriers (holes) in 
the near-intrinsic section of the crystal. ‘This time can be measured with 
considerable accuracy as a very sharp ‘knee’ occurs at this time. The sharp knee 
is a consequence of the shock wave that builds up on the trailing edge of the 
carrier departure wave. ‘This is a well-known effect in drift mobility experiments 
and is due to the large change in carrier concentration at the edge of the carrier 
departure wave (see Blakemore et al. 1953 for references). 

In carrying out this experiment two points must be noted: (1) The extraction 
field in the filament must be constant with time, at least within the accuracy of 
field measurement, about 5°%. A linear change in output voltage with time 
during extraction (figure 4) implies a uniform velocity and has been used as a 
criterion of constant field conditions. 

(ii) The velocity of the shock wave measured is not exactly equal to the 
velocity of the disturbance. ‘The magnitude of this effect has been calculated by 
J. B. Gunn (private communication). ‘The two velocities are, of course, the same 
when o/o,= 1 and differ by 2% for o/o,=5 and by 4% for c/o,=10. This effect 
has, therefore, been ignored. 

If the extraction time ¢ is measured the carrier velocity and drift mobility may 
be determined. ‘This experiment, moreover, allows the drift velocity of carriers 
to be determined well into the intrinsic region of conductivity, i.e. when the 
numbers of holes and electrons are comparable. For a variety of reasons the drift 
mobility of injected carriers cannot be studied experimentally in this region. 
It is expected theoretically that the group velocity of carriers will fall to zero 
when the semiconductor becomes very nearly intrinsic (Shockley 1950) the 
appropriate relation being quoted by Prince (1953 a) as 


1 sam i! 
Hew [1+ (145) | srererava (4) 
for n-type material. 


Here 1, is the effective group mobility of holes, » the ‘normal’ undisturbed 
mobility of holes and 6 the ratio of electron to hole mobility. It will be 
noticed that, for normally doped samples (”, > p), w= and for intrinsic samples 
(n,=0), w,.=0. 

As far as we are aware, the validity of equation (4) has never been checked 
directly, due presumably to the difficulty of making drift measurements in this 
region. Equation (4) has been applied by Prince (1953 a) to explain the deviation 
at high temperatures, observed by himself and by Lawrance (1953), from the 
simple power relationship between hole mobility and temperature. To obtain 
the appropriate correction factor it is necessary to assume the value of 5 and the 
absolute value and temperature dependence of the density of intrinsic carriers. 
Hence this treatment does not constitute a test of equation (4). The equation 
can, however, be checked by the experiments to be described. 


Referring to figure 3 the conductivity in the extracted condition o, can be 
written as 


Ce N54) Os wii attee, tee ee ee (5) 


The conductivity in the unextracted condition o can be written as 


o=o,4 20 n(15-0) ek 2 Se eee (6) 
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where y is the normal mobility of holes. Combining equations (4), (5) and (6) 
we find 
Pyeacfe~w  @ 7S ne a ee (7) 

a relation which can be checked directly by experiment. The carrier group 
mobility 4, together with o, and o, is determined at room temperature under 
various levels of illumination and a value of « obtained. This may then be 
compared with the known value of 1850cm?v—! sec"! appropriate to these 
conditions (Prince 1953 b). 

In figure 5 we show the carrier group velocity as a function of sweeping field 
under various levels of illumination. The fall in group velocity with increasing 
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light intensity is evident, the slope of each line representing the mobility. The 
values of a, and o can then be determined for each light intensity and the ratio 
c,/o plotted against the effective group mobility »,. ‘This is done in figure 6. 
The resulting straight line must pass through the origin and the best line indicates 
a value of » of 1840 cm?v-! sec! in excellent agreement with expectations. ‘The 
experiment therefore confirms the validity of equation (4). 


§ 7. CONCLUSIONS 


It is believed that the existence of extraction has been adequately demonstrated. 
Some indication of the new experiments that may be done using extraction has 
been given. In addition, extraction techniques can increase the temperature at 
which intrinsic conduction becomes important. ‘This feature makes the effect 
have important applications in a number of devices. 
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RESEARCH NOTES 
Deformation Faults in Cold-Worked Metals 
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1950-51, but further attention was given to the results after the appearance 

of a theoretical paper by Paterson (1952). The fact that the experimental 
work was completed before the theory was available explains why the experimental 
conditions are not the best for the correlation of theory and experiment. 

Paterson discussed the effect of the deformation faulting of a face-centred 
cubic lattice on the diffraction lines from crystals so faulted. He showed that 
both the breadths and positions of the diffraction lines are affected, to a degree 
depending on the particular A/ diffraction line. We have studied only the changes 
in position of the lines because in filings these are probably affected solely by 
faulting while the breadths are influenced by other factors. It follows from 
Paterson that, if deformation faults are confined to one set of 111 planes only, 
the change in the Bragg angle is given by 

tan 6 cos? ¢ 34/3 
+ ———__——« 
Fs 4th, 


where ¢ is the angle between reflecting normal and planes containing deformation 
faults, x is the probability of a stacking fault and hz= |h+k+/|. This formula 
applies only to x-ray reflections for which h, = 3n + 1 (m an integer), being positive 
or negative according as h, is 3n+1 or 3n—1. Whenh,=3n, 60=0. 

Two complicating features arise when powders are used in the investigation. 
The first, that the diffraction lines are the combined reflections from many planes 
(Akl, hki etc.), is easily accommodated by taking the appropriate mean value for 
cos?¢. The second is that stacking faults probably exist in the cold-worked 
metal parallel to all planes of the form {111}. Diffraction from such a lattice 
has not been examined theoretically and we have assumed that the effects of faults 
parallel to all planes {111} on the diffraction line positions are linearly additive. 

The first material examined was O.F.H.C. copper. Filings were made from 
annealed rod and diffraction photographs taken of those of sizes between 250 and 
200 mesh using a Bradley—Jay 19 cm camera and CuKz radiation. ‘The films 
were then photometered and the position of the Kz, peak determined using the 
method described by Rachinger (1948). A similar procedure was employed 
to determine the positions of the diffraction line peaks for annealed copper filings. 
Six different specimens were examined in each case. ‘The experimental scatter 
of the results was such that no significant difference could be detected between 
the individual @ values from the annealed and the cold-worked copper. However, 
since many camera errors are much reduced by considering the difference of 0 
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between neighbouring diffraction lines, the results for lines 19 and 20 were 
expressed : 


Annealed copper, O49 — O49 = 4:094° + 0-001 (50%, confidence limits) 

Cold-worked copper, 49 — 945 =4:079° + 0-005 
Student’s ‘t’ test indicates that this difference is just significant (chance probability 
(0-03). It should also be noted that the lines have approached each other, agreeing 
with the theory of deformation faults. ‘This difference could be caused by an 
increase in lattice parameter which, as well as producing a decrease in @ for all 
diffraction lines, would bring lines 19and 20 closer together. A fractional increase 
in parameter of 4x 10~4+ would be required to explain the results quoted, but 
a further study of all the observations showed that any change in parameter was 
less than 5x 10->. It is considered that the results demonstrate that stacking 
faults are present in cold-worked copper. 

By substituting the appropriate results in equation (1), a value of «=7 x 10-% 
is obtained. Although the limits of error for this value are very wide, it is signi- 
ficantly less than the figure 2:5 x 10~-? found by Warren and Warekois (1953) 
for cold-worked «-brass employing a similar technique. _ If it is assumed that the 
faults are equally distributed among the four possible {111}, then in a particular 
[111] in the copper filings there is one fault every 600 atom planes. 

Similar work was also carried out on an aluminium alloy containing 8% silver 
after a heat-treatment of 24 hours at 300°c to precipitate some of the silver as 
AlAg,. An alloy of aluminium was used since it recovers more slowly from the 
effects of cold-work than does pure aluminium at room temperature, and a silver 
alloy chosen in particular because silver in solution in aluminium has no effect 
on the lattice parameter of the latter(Axon and Hume-Rothery 1948). The results 
for this alloy were more accurate than for the copper since the line-broadening 
was less. ‘Thus, instead of using the difference of the values for neighbouring 
lines, it is possible to examine the behaviour of each line separately. Lines 16, 
19 and 20 all showed significant changes, viz. 


Line 16 19 20 
Pam. — Few, (deg) —0-042 + 0-005 — 0-046 + 0-003 — 0-067 + 0-004 


These results cannot be explained entirely in terms of deformation faults 
in the lattice. However, they fit with surprising accuracy the postulate that, 
in addition to producing deformation faults, cold-working the alloy causes a 
change of the true lattice parameter. The numerical values are that the cold- 
working causes a decrease in lattice parameter da/a=2 x 10-4 and a density of 
stacking faults «=4x 10-%. This last is the same, within the limits of error, as 
the value found for copper, and was expected. No satisfactory explanation can 
be offered for the decrease in parameter, although it may be associated with the 
removal by cold-working of the coherency strain between the lattices of the 
aluminium and AlAg, precipitate. 
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The Infra-Red Luminescence of Solid Halogens 


Investigation of luminescence in monatomic solids has revealed that the 
halogens chlorine, bromine and iodine and their interhalogen compounds 
show luminescence in the near infra-red when suitably excited in the solid state. 
The solidified specimens were excited by light from a tungsten lamp and their 
excitation and emission spectra analysed with a double prism monochromator 
(LiF prism), lead sulphide detector cell and tuned amplifier (800 c/s), the 
radiation being suitably chopped. For measurement of excitation spectra the 
monochromator is used with light source to provide excitation of selected 
wavelength. ‘The total emission of the halogen is then detected by using 
suitable optical filters in front of the lead sulphide cell and radiation chopper 
which exclude the exciting radiation but pass the emission band, Excitation 
spectra are corrected to an equal energy basis for the excitation but are uncorrected 
for absorption change with wavelength in the halogen crystals. 

The emission spectra of chlorine, bromine and iodine at 90°K are given 
in figure 1 which includes the excitation spectra for bromine and iodine, ‘They 
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Figure 1. Excitation and emission spectra of solid halogens. 
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Figure 2, Excitation and emission spectra of interhalogen compounds, 


consist of broad bands with no sub-structure evident. Experimental difficulties 
made it impossible to obtain more than a qualitative idea of the excitation region 
for chlorine. When plotted on an energy or wave number abscissa the emission 
curves assume a symmetrical form, The emission and excitation maxima move 
to longer wavelengths with increasing atomic number as shown. The emission 
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in each case increases with decreasing temperature but quantitative measurements 
are still in progress, In the case of the emission of the interhalogen compounds 
at 90°k shown in figure 2 the maximum also moves to longer wavelengths with 
increasing atomic number, but comparison with figure 1 shows that for iodine 
bromide the peak emission is at a longer wavelength than that for iodine. The 
secondary peak in the emission band of iodine chloride is most probably due to a 
separate phase of iodine in the polycrystalline mass. 

With further experimental information on such characteristics as polarization 
of luminescence, lifetimes of excited states and temperature dependence it 
should be possible to construct a model for the emission centres, ‘These 
luminescence investigations may thus be valuable in helping towards an under- 
standing of electronic levels in molecular crystals. 


Luminescence Laboratory, M. J. DuMBLETONf. 
Department of Physics, 
University of Birmingham, 
19th October 1954- 


On the Differential Analyser Solution of the Water Bells Problem 


The purpose of this letter is to present some further results concerning the 
water bell phenomenon discussed by Lance and Perry (1953). In this paper the 
differential equation for the surface was derived and a few shapes were presented, 
using a numerical method of integration. As stated therein, the accuracy of this 
method is difficult to assess so it was decided to obtain further solutions using 
the mechanicai differential analyser at the University of California, Los Angeles. 

In the notation of the original paper, the differential equation to be solved is 


(1 +2" }fy(1 + 2ye)42 + Be! tar (1 +2’)! = 2"((142y2)!2— Br}. (1) 


For the purposes of the differential analyser this second-order, non-linear differen- 
tial equation is best written as a set of four equations 


r= | cos ds, 2= [sin va. = y| dz) Ve 


Ve (6 sin p+ar+y cos %/ V )ds 
. Ver 
where s is arc length and V is the ratio of velocity at a general point to the velocity of 
projection. 

The results of the computation are presented in figures 1-3. In all this work 
the quantity of water flowing is taken to be 5 litres min~!, and the surface tension 
of water is 72dyn cm“! . Figure 1 shows the shapes obtained when the water is 
projected horizontally, the parameters 8 and y are the same for each curve 
(8=y=0-12) but «, which is proportional to the difference in air pressure inside 
and outside the bell, is varied. Curves are presented for —0-08<«< +0-08 the 
limits of this range being determined by the fact that the pressure difference 
never exceeds 0-1. cm of water. Also shown in this figure is part of the parabola 
Br? — 2yz—1=0, which is the ‘limiting parabola’ for the motion. 
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Figure 2 shows three curves obtained when the water is projected downwards 
at an angle of 15° and three when it is projected downwards at 30° to the horizontal. 
The range of « is the same as for figure 1. Finally, figure 3 shows the effect of 
projection upward at 15° and 30° to the horizontal. 
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Figure 1. Horizontal projection from 0:14 cm slot. 
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REVIEWS OF BOOKS 


Contraste de Phase et Contraste par Interférences, by M. FRANGON. Pp. 264. 
(Paris: Editions de la Révue d’Optique Théorique et Instrumentale, 
1952.) 2,200 fr. (2,500 fr. bound). 


This book contains contributions by some two dozen workers in optics to 
a conference held in Paris under the auspices of the International Optical 
Commission. Most of the contributors were French or English, but in addition 
Sweden, the United States and Japan supplied papers. 

The text is arranged in three parts, interference microscopy, phase contrast 
and applications. Both theory, experimental work and instruments are described 
and each contribution takes the form of a full (and original) paper as distinct 
from the rather bare summaries which sometimes appear following a conference 
of this kind. The presentation is of a high standard, and the work should 
take its place in physics libraries generally as a source of information in an 
important developing field. H. H. HOPKINS. 


Mémoires sur la mécanique des filuides. Pp. xxxv+443. (Paris: Publications 
Scientifique et Technique du Ministére de |’ Air, Hors série, 1954). 3,000 fr. 


This volume is dedicated to Dimitri Riabouchinsky to commemorate his 
fifty years of scientific research. It comprises 39 contributions, preceded by 
a brief survey of Riabouchinsky’s work and a chronological list of his many 
published papers. 

It was early in 1904 that he founded the famous Aerodynamic Institute of 
Koutchino, near Moscow. ‘This was the year in which Prandtl put forward the 
concept of the boundary layer; the Wright brothers had made their first powered 
flights on 17th December 1903. Riabouchinsky directed the Koutchino 
institute until he left Russia in 1918. After a short period in Denmark he settled 
down in France and held a leading position both at the Fluid Mechanics Laboratory 
of the Sorbonne and at the Russian Superior Technical School in France. 
Although in aeronautical circles he is perhaps best known for his work on cavity 
flow, he undertook many other substantial investigations in theoretical and 
experimental aero- and hydro-dynamics, including subsonic compressible flow 
and supersonic flow. He also made noteworthy contributions in the fields of 
ballistics, theoretical physics and mathematics. 

His many and diverse researches are outlined in the introductory paper of 
the volume. ‘This paper is in French and is followed by a very mediocre English 
version “‘traduced from french” (sic) with many misprints. Even the original 
is not free from error; for instance, it states, ‘‘ La nouvelle imaginaire, |j |= —1, 
a conduit Dimitri Riabouchinsky a établir la théorie des fonctions des variables 
complexes P+es=f(x+ey), ol 2 peut étre une constante non seulement 
negative, mais aussi nulle ou positive”. While this is presumably only a slip, 
it does not inspire confidence. One feels that this essay would have been far 
more satisfying if it had been less superficial and had endeavoured to relate some 
of Riabouchinsky’s work to the state of knowledge at the time it was done, and to 


subsequent developments to which it gave rise. Without this it is scarcely 
possible to attain a right perspective. 
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As with Riabouchinsky’s own researches, the papers which constitute the 
rest of the volume likewise embrace a wide range of subjects, covering various 
aspects of incompressible flow, subsonic compressible flow, supersonic flow 
and ballistics, together with certain other branches of fluid mechanics and topics 
from mathematics, classical mechanics and astrophysics. Most of the papers. 
are in English or French, with three in German and one in Italian. From so 
wide a field and so many distinguished contributors it would not be proper to 
single out particular papers for special comment. ‘They all contain something 
of interest, although not all of them are of the same high standard. 

In these days of intensive specialization there can be few who could read 
and digest all the contributions from so many branches of knowledge. For most 
readers, therefore, this is a book to be tasted rather than swallowed or chewed. 

R. C. PANKHURST. 


Heat Conduction, with Engineering, Geological and other Applications, by LEONARD 
R. INGERSOLL, OTTo J. ZoBEL and ALFRED C. INGERSOLL. Pp. xiii+ 325. 
(Madison: University of Wisconsin Press, 1954.) $5.00. 


‘The pre-war ‘Ingersoll and Zobel’ filled a niche not shared by any competitor. 
It dealt with heat conduction, and ways by which it may be calculated, but it was 
by no means a mathematical book. It illustrated its methods by solving 
practical problems (with simple idealized conditions), but it was not an engineering 
textbook, which would have followed up these solutions and their applications. 
It was, in fact, a book which showed how an answer could be reached, using the 
simplest possible means. 

In 1948, there appeared the first edition of a book by the present three 
authors, which had many of the features found in the earlier one. It had, 
however, grown a little more ambitious and gave a slightly more mathematical 
treatment of the theory, and somewhat more in the way of applications. 

The work under review is the second edition of the 1948 volume, and differs. 
from it chiefly by the addition of chapters on the heat-flow problems which arise 
in connection with the use of the heat pump, and on drying and water seepage in 
soil. The outlook is getting a little more that of the engineer, but as a whole the 


book retains the unusual qualities that made its predecessor so valuable. 
J. H. AWBERY.. 


Electromagnetic Theory, by V. C. A. Ferraro. Pp. vili+555, (London: 
Athlone Press, 1954.) 42s. 


This book, written primarily to cover the requirements of an honours degree 
in mathematics, is naturally confined to the more familiar classical parts of the 
subject. Vector methods are used throughout, more advanced work in vector 
analysis and related topics being included in the first chapter. As befits a 
mathematical treatment, electrostatic, electromagnetic and gaussian units are 
used, practical units being defined in terms of them. 

The first, and largest, part of the book covers the usual topics in electrostatics 
and magnetostatics. In particular, potential and force inside polarized and 
unpolarized media are discussed in more detail and more rigorously than is usual. 
The second part deals with boundary value’ problems governed by Laplace’s. 
equation which can be solved by means of conformal transformation or by the 
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use of certain special functions (including spheroidal harmonics but excluding 
Bessel functions). 

The third part, devoted to electrodynamics, includes such topics as electro- 
magnetic potentials, self and mutual induction, Maxwell’s equations, Poynting’s 
theorem, simple a.c. circuit theory, induction in conducting media, reflection, 
transmission and refraction of electromagnetic waves and rectangular waveguides. 
There is also some work on retarded potentials and radiation from electric and 
magnetic oscillators and a simple account of the motion of electric charges in 
electric and magnetic fields (for small velocities). 

The typography and layout of the book are very attractive; it is clearly 
written and pleasant to read. ‘There is a good collection of problems at the end 
of each chapter and a fair number are worked out in full in the text. 

A. N. GORDON. 


Electronics, by A. T. Starr. Pp. viit395 (London: Pitman and Sons, Ltd., 
1954:), 32s. 6d. 


The main subject of this book is the circuits developed in conjunction with 
conventional electronic tubes, and hence its review belongs marginally in this 
journal because not all experimental physicists have reconciled themselves to their 
jools being mysterious boxes with knobs. On this subject the book contains 
tust about as much information as a physicist may aim at knowing. It is given in 
five chapters on valves, rectification, circuit theory, on amplifiers, oscillators and 
detectors, and on electronic applications. There is also an introductory chapter 
on physical fundamentals and a set of appendices on various aspects of basic 
mathematics. 

In detail the book has, according to the author, been specifically written to 
cover the syllabus of the London University degree course on electronics. 
This course is additional to the telecommunication course and does apparently 
exclude everything connected with ultra high frequencies. The book obviously 
intends mainly to assist electronics students through the examinations, partly 
by frequent reference to past examination questions and partly by leaving out 
information useful to the general reader but not needed by the examinee. Thus, 
references to other books or to papers are completely absent. Also, for example, 
it seems somewhat arbitrary to find the cyclotron (stated to be suitable for 
electrons) explained but not the synchrotron, or, in the section on television 
camera tubes, to find various kinds of emitron discussed but not photo-conductive 
tubes. One is inclined to believe that this is because as a rule candidates are 
considered su:fciently knowledgeable if they know of one way of dealing with a 
particular problem. 

The general reader, and perhaps the student as well, will also find himself 
somewhat discouraged by an occasional lack of precision. A particularly sad 
example of this may be quoted from the Introduction where the periodic table of 
elements is introduced thus: ‘‘ Starting with a nucleus of atomic number 1, 
Lead proton, a neutral atom has only 1 electron. This is the hydrogen atom. 
The atom is normally in the 1s state, and we can write H,=1s!. It may be noted 
that the spin may be +4 or —4. It is interesting to note that two types of H, 


atoms exist, and they are called ortho- and para-hydrogen : their difference has 
effects at very low temperature ”’. 
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The main sections of the book, however, present on the whole an attractive 
and condensed, often (not always) very lucid survey of the fascinating field of 
valve and circuit engineering. It teaches the reader to calculate the properties 
of such circuits. Many physicists will find it worthwhile to read the book and 
even more to have it on their shelves for frequent reference. W. E. 


A Selection of Graphs for use in Calculations of Compressible Airflow, by L. 
ROsSENHEAD and others. Prepared on behalf of the Aeronautical Research 
Council by the Compressible Flow Tables Panel. Pp.x+115. (Oxford : 
Clarendon Press, 1954.) 84s. 


This book is a companion to the Compressible Airflow Tables, which was 
published in 1952, and the two volumes together complete the work of the 
Compressible Flow Tables Panel. Anyone who has occasion to undertake 
extensive calculations of the various quantities relating to high speed flow of a 
gas will inevitably consult these two books, and all that a reviewer need say is 
that the way has been made easy for them. The graphs in the present volume 
are a delight to the eye, and reflect an immense amount of loving care in their 
preparation. G. K. BATCHELOR. 


Advances in Electronics, Vol. V, edited by L. Marton. Pp. xi+420. (New 
York: Academic Press; London: Academic Books, 1953.) $9.50, 76s. 


The editor and his collaborators deserve the highest credit for this fifth 
volume of the now well-established Advances. It contains eight articles, all 
“front-line reports’ in fields of the greatest actuality, all highly useful, while 
several of them are unusually brilliant. 

The first article by R. Clark-Jones on the Performance of Detectors for 
Visible and Infra-red Radiation is a truly exemplary survey. It starts with an 
admirably clear and complete exposition of the mathematical theory of 
fluctuations, much of which is very recent, and has not yet found its way into 
textbooks. ‘The enormous work which the author has done in not only listing 
but digesting 203 references, and by classifying and rating almost all detectors 
which are available at present deserves the gratitude of all workers in this field. 

The second article by R. W. Hayward on Beta-Ray Spectrometers is a clear 
and simple introduction to the subject, with little mathematics. The third 
article by Ferd. E. Williams on Solid-State Luminescence is brilliant both as 
a physical introduction, and as a compendium of the most recent practical 
techniques, of which the production of transparent phosphors by Studer and 
Cusano is a particularly striking example. W. E. Danforth’s article on Thorium 
Oxide in Electronics is an excellent and complete monograph. Weingartner 
and Kennedy give a review of Modern Vacuum Pumps in Electronics Manu- 
facturing, of great interest to the practical valve engineer. 

R. Q. Twiss, in an article on the Steady-State Theory of the Magnetron 
gives an impartial review of this difficult and controversial subject, and he gives 
also, for the first time in print, an all too short report of his own important 
work in his still unpublished Massachusetts Institute of Technology ‘Thesis, 
in which he first marshalled really decisive arguments for the double stream 
theory. 
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The Review of Recent Work in Color Television, by Charles J. Hirsch is 
a truly admirable discussion, both theoretical and practical, of this most recent 
tour de.force of the electronic art. The last article by J. S. Schaffner on 
Junction Transistor Applications is a masterpiece of efficient condensation and 
systematization. 

As progress reports are now taking over more and more of the part which 
textbooks used to play in the past, this volume can be recommended not only 
as an almost indispensable reference book, but also as an introduction for 
students, in half a dozen different fields, from a common general ground right 
up to the front line. D. GABOR. 


Physical Properties of Solid Materials, by C. ZWIKKER, Pp, viii +300, (London: 
Pergamon Press, 1954.) 60s. 


In these days of highly specialized monographs it is refreshing to find a 
single volume which attempts to summarize the entire field of solid-state 
physics. As with most such small-scale maps, however, the details have often 
become blurred and are sometimes misleading. 

The book deals with the fields of elasticity, plasticity, dislocations, ferro- 
magnetism, semiconductors, electron theory of solids, surface effects and much 
else. Thus one finds accounts both of the use of sawdust in plastics and of 
Brillouin zones in wave-number space, and the variety of topics covered can be 
judged from the subject index, one section of which reads: Kelvin’s solid— 
Kerr effect—Killers of fluorescence—Knudsen flow. 

Clearly the book is intended as an introduction to the subject and the honours. 
student may well profit from reading such a general survey before venturing 
into more detailed treatises. ‘The author has not allowed himself to be confined 
by the conventional degree course treatment of his subjects and there is, for 
example, an interesting account of the Cauchy rariconstant theory of elastic 
moduli, Although this theory is now generally considered to be of only historic 
interest Professor Zwikker’s lucid account of it does impress upon the reader 
the way in which the binding forces between the atoms in a crystal lattice are 
reflected in macroscopic elastic properties. On the other hand, Fermi—Dirac 
statistics are treated by analogy with the kinetic theory of chemical reactions. 
and this is rather less convincing, 

The book is well produced and is illustrated with many diagrams and half- 
tone plates, Although the reader may not always agree with the author’s choice 
of subjects he should find the contents both interesting and stimulating, 

H, KOLSKY. 


Theoretical Phystcs—Mechanics of Particles, Rigid and Elastic Bodies, Fluids and 
Heat Flow, by F. W. Constant. Pp. xiv+281. (Cambridge, Mass. : 
Addison-Wesley, Principles of Physics Series.) $6.50. 


It is in many ways a point in favour of a textbook of mechanics that the 
subject matter and mode of presentation should be fairly conventional. The 
student meets with courses on mechanics at various levels of sophistication in 
his studies, and the courses and textbooks used should dovetail together 
readily. ‘This new book by Professor F. W. Constant does in fact meet this 
requirement. It begins at a level suitable for the average student in an Honours 
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course in Physics and follows the logical and well-tried line of development 
till it forms an introduction to post-graduate work. 

The book is divided into three parts. Part I is a very clear and well-written 
set of three chapters on vector algebra, vector calculus and on dyadics, the latter 
being introduced for use in connection with principal axes of a rigid body, 
stresses and strains in elasticity, and rates of strain in viscous media. Part ae 
the main part of the book, contains the usual particle and rigid body dynamics 
including such topics as the linear oscillator, forced oscillation, coupled oscilla- 
tions and normal coordinates, planetary motion and its inverse in «-particle 
scattering, Euler’s equations for a rotating rigid body, and a brief introduction to 
Lagrange’s and Hamilton’s equations. In addition to particle and rigid body 
dynamics are chapters on elasticity and elastic waves, viscous media and fluid 
dynamics. Part III consists of a chaptér on the mathematical formulation of 
heat flow, following logically after fluid dynamics with which of course it has 
much in common. 

As mentioned before the general standard is about that which a student of 
good ability will attain during his undergraduate courses and the book will 
undoubtedly be used as a standard textbook by the more able student. The 
author states that the book is intended to bridge the gap between undergraduate 
and post-graduate courses and if by this is meant a thorough resumé and 
consolidation of undergraduate work, with a mathematical background suitable 
for the next step, then it is very successfully done. ‘There is still, however, a 
considerable gap between this and, for example, Classical Mechanics by Goldstein 
which is a representative textbook on advanced mechanics. 

The printing, illustrations, binding, etc., are all of high quality and there 
are plenty of problems to assist the process of consolidation. R, LATHAM. 


Textbook of Physics, edited by R. Kronic (translated from 3rd Dutch edition, 
1951). Pp. xiv+855. (London: Pergamon Press, 1954.) 70s. 


This textbook is an English translation of a work by several eminent 
Dutch physicists. According to the publishers the original work has been 
well received in Holland but the reception which, in all probability, will be 
accorded here to the new version may not be more than a very mixed one, 
Even a casual perusal of the work makes one doubt the advisability of any authors 
or publishers making an attempt to give in one volume for degree students 
a really workable summary of physics. ‘To the reviewer this book appears 
to fail in that it tries to combine things which are very elementary with others 
which are most advanced. Moreover, in order to find space, it seems as if 
the mathematical proofs have been shortened to such an extent that no typical 
student will be able to follow them. 

The book also suffers from the fact that the notation used will be difficult 
for English students ; in particular the use of the letter O for surface area is 
very questionable here, although in the original no objection to it could be raised, 

In a book of this nature it is surprising to find that there is no reference to 
any modern determination of the velocity of light or to Michelson’s and later 
work on the metre. Since the measurement of spectral wavelengths has reached 
a degree of precision unequalled in any other branch of physics, and this is 
primarily due to the fact that Michelson did measure with great accuracy the 
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wavelength of the red cadmium line with reference to the standard metre, 
such omissions are much to be deprecated. 

Attention must also be called to some errors which should not have escaped 
the eyes of a team of experts. Only some can be mentioned. On p.100 we 
find a reference to a force-strain diagram when stress-strain is intended. 
On p.132 it is not pointed out that Poiseuille’s equation is valid only for flow 
through a horizontal tube. The subject of non-Newtonian flow is not mentioned. 
On p. 309 Fig. 84 lines of force are shown cutting a metal surface at angles other 
than 7/2. On p. 514 there appears a diagram showing the rise of a liquid in a 
capillary tube and the liquid therein is flat. In deriving a formula on p. 511 
concerning falling drops, the writers appear to have ignored the work of 
Rayleigh and of Harkins and Brown. 

On p. 405 there is an account of Michelson’s stellar interferometer and here 
the errors are somewhat blatant. Rays fom a star must be parallel ; those shown 
do not satisfy this condition and the authors have not realized that Michelson 
only used a large telescope on account of the mechanical strength it possessed. 
The two mirrors which reflected light into the telescope actually covered only a 
small portion of the telescope objective. In the diagram they are shown 
covering nearly all the objective. This is an error common to many books. 
Michelson only covered a small portion of the aperture in order that the central 
‘blob’ of the diffraction image should be large ; this was absolutely necessary 
since it was across this portion of the field that interference fringes were 
obtained, and then caused to disappear. 

Finally, on p. 605 it is not made clear that the expression pv’ only applies to a 
reversible adiabatic or isentropic change. 

At the end of the book there is a somewhat comprehensive biographical 
note. ‘This makes very interesting reading. ‘The book is well illustrated and 
the production is good but the price of 70s. will put the book beyond the reach of 
nearly ali students. C. J. SMITH. 


Proceedings of the Toronto Meteorological Conference 1953. Pp. 294. (London: 
Royal Meteorological Society, 1954.) 30s. 


In September 1953, the American Meteorological Society and the Royal 
Meteorological Society held a joint six-day meeting in Toronto, with the 
Canadian Branch of the Royal Meteorological Society acting as hosts. Nine 
symposia were held on subjects embracing in principle most of modern 
meteorology and the opening papers and discussions thereon have now been 
published as Proceedings in the format of the Quarterly Journal of the Royal 
Meteorological Society. 

‘The papers vary in their aims. A few are in the nature of critical summaries, 
but not of a highly impersonal kind, while others report on original work, more or 
less complete or else in progress. ‘The whole working face of the subject is 
thereby exposed and readers, or browsers, can thus obtain as good an idea of 
what meteorologists are currently ‘ up to’ as in any volume published in recent 
years. ‘lo pick on a few meteorological subjects more or less at random and 
treated within these covers: the exploration of the high atmosphere, the 
distribution of infra-red cooling in the atmosphere, arctic meteorology, the 
global wind field and the jet-stream complex, numerical weather prediction, the 
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correlation of climatic changes in different parts of the world, energy transfer 
from earth to atmosphere, and the growth of precipitation in clouds ; these give 
an idea of the range (though not the penetration) of the effort presently applied to 
the study of the atmosphere. he quality of the Papers is inevitably uneven but 
the volume, like the occasion which prompted it, should become a not incon- 
spicuous landmark in meteorological history. The Salisbury Press have made 
an attractive work of the printing. Peas: 
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The Ionic Conductivity of Dilute Potassium Chloride Solutions at 
Centimetric Wavelengths 


By V. I. LITTLE anp V. SMITH 


Bedford College, University of London 


MS. received 21st September 1954 and in final form 10th November 1954 


Abstract. A differential method is described for measuring the ionic conductivity 
of potassium chloride solutions at 3 x 10°®c/s. The results reveal that a strong 
dispersion region exists at concentrations below 0-5 normal, which may be 
explained in terms of the perturbations by the applied field of a shell of water 
molecules surrounding the ion at a mean distance of 6A. 


§ 1. INTRODUCTION 


N the dipolar relaxation part of the frequency range, the variation with 

frequency (if any) of the ionic part of the conductivity of salt solutions is 

masked by the large apparent conductivity contributed by the dipoles of 
the solvent. The most detailed work published recently on the electrical 
properties of aqueous ionic solutions at 3 x 10% c/s and above has been that of 
Collie, Ritson and Hasted (1948) and Saxton and Lane (1952). ‘These researches 
were most concerned, however, with the effect of the dissolved ions on the 
relaxation time of the solvent molecules. ‘The smallest concentration of 
potassium chloride investigated was 0-5 normal, and it was convincingly 
demonstrated that the value of the ionic conductivity at this concentration, and 
for 1-0 normal, was almost certainly the same as the value at low frequency. 

The present paper deals with an attempt to investigate the 1onic conductivity 
effects of potassium chloride solutions in the concentration range 0-005 to 1-0 
normal, in order to discover whether the relaxation process in the solvent could 
cause them to vary from their low-frequency value. 


§ 2. DESCRIPTION AND ‘THEORY OF THE APPARATUS 


The apparatus was designed to measure directly the difference in total 
conductivity between the solution under investigation and distilled water. 
As it was desirable to concentrate only upon conductivity changes, it was essential 
that the apparatus be insensitive to the changes in dielectric constant. It was 
decided that an H,,, rectangular cavity with a small bore quartz tube in contact 
with the centre of one wall and parallel to the electric field, would be suitable. 
The changes in output of the cavity as distilled water and salt solution were passed 
alternately through the tube were interpreted in terms of conductivity changes. 

A simplified sketch of the apparatus is shown in figure 1. ‘The two liquids 
to be compared were passed through a temperature equalizer into a specially 
designed two-way tap which was driven through reduction gearing at 1 cycle 
in eight seconds by a constant speed motor. During one cycle of the tap, water 
flowed for three seconds, all flow ceased for one second, and then the solution 
flowed for three seconds followed by another waiting period of one second. 
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A chemical analysis of the last fraction of the outflowing liquids showed that 
under these circumstances, a complete substitution of the liquids in the tube 
was taking place. The temperature of the outflowing liquids was measured 
by means of a thermocouple, and another was used to monitor the temperature 
difference between the liquids just before they entered the tap. 

A CV234 valve oscillator, amplitude modulated at 4330c/s, and provided 
with two outputs, was used as a signal source tuned to a frequency of 35010' css 
Figure 2 gives a block diagram of the apparatus. ‘lhe modulated signal was very 
loosely coupled to the H,,, cavity, having passed through 10dB of SAL. 1 type 
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Figure 2. Block diagram of apparatus. 


Cossor 1049 
Oscilloscope 


attenuating cable. An N.P.L. type cavity wavemeter was similarly coupled 
to the other oscillator output. ‘The loosely coupled crystal detectors of both the 
Hy, cavity and the wavemeter were connected through 100dB of SAL. 2 type 
attenuating cable to two independent amplifiers, each of gain 100. The output 
of the wavemeter amplifier was passed through a circuit in which its phase could, 
be varied continuously through 180° independently of its amplitude. It was then 
added electronically to the amplified Hy,, cavity signal, provision being made, by 
means of a variable resistance which could be switched in electrically, to vary the 
amplitude of this signal suddenly by a known small fraction. 

The phasing unit was adjusted so that the wavemeter signal was in exact 
opposition to the cavity signal. The purpose of this arrangement was to increase 
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the effective percentage modulation imposed on the 4330c/s signal by the inter- 
change of the liquids in the cavity tube. The change in level of the cavity signal 
when 0-005 normal solutions were under investigation was much less than 1°,, 
but by using the above device the signal eventually fed to the high gain amplifiers 
could be converted to one effectively modulated to a depth of 50° or more. 
After passing through the adding unit, the signal was filtered in an inductance— 
capacity filter circuit, to remove most of the harmonic terms originating in the 
square law crystal detectors. Further amplification in a narrow-band amplifier 
of gain 10* was followed by peak rectification resulting in a signal fluctuating at 
the tap frequency. This signal was displayed on a Cossor model 1049 oscillo- 
scope, together with the 4330c)s signal, before final rectification. The latter 
signal was used for monitoring and tuning purposes. 

When dealing with low concentrations, the ratio of the change in signal to 
the signal corresponding to distilled water in the cavity tube, could be obtained 
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Figure 3. Circuit diagram of apparatus. 


directly from the calibrated variable resistance included in the cavity signal line of 
the adding unit. The observed variations on the oscilloscope were cancelled 
by altering the amount of cavity signal fed to the adding unit by means of the 
calibrated control, and switching this in and out in antiphase with the observed 
change until no change in output signal level could be detected. ‘The essential 
parts of this circuit will be found in figure 3. 


§ 3. CALCULATION OF THE APPARATUS RESPONSE TO CHANGE IN IONIC 
CONDUCTIVITY 


Use is made of a transmission line analogue for the purpose of calculating the 
response of the Hy,, cavity to changes in the conductivity of the liquid in the 
quartz tube. 

Figure 4 represents a short circuited transmission line of characteristic 
impedance Z, with a condenser of capacity C situated a short distance / from the 
short circuit. At a distance L from this condenser, the line 's driven by a low 

E-2 
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impedance source of e.m.f. E connected in series to represent the loose coupling 
to the oscillator. 


—L—¢@ $$ ____—_- J, —___________» 


Figure 4. Equivalent line. 
The capacity C may be written 
C=€)--1Cha0 pariliea 0 Oaee (1) 
where C,=C3+Cye’ and Cy=Cye”, C3 being the contribution due to the quartz 
tube, Cye’ the contribution due to the real part of the dielectric constant of the 
liquid, and Cye” that due to the imaginary part. 
The terminating impedance of the driven line at distance / from the short 
circuit is: 
Ly =Ryt+jXy 
(Z, tan Bl)’ C,4-7Z, tam Bll — Cy Zjestan ss] 9 eee (2) 
[1—C,Z oo tan B/]? + [Z, tan blwC,]* 
‘The impedance presented to the generator is given by 
(Ry +jXy) cosh PL + Z, sinh PL 
°| Z) cosh PL +(Ry+jXy7) sinh PL 
where P=«+/f is the propagation constant of the line and the resulting current 
drawn from the generator will be 
At resonance, 7 will be in phase with £, so that the imaginary part of Z, will 
vanish and the value of 7 at resonance is given by . 
f (Ry? + X7*)(sinh?«L + sin? BL) + Z)?(cosh? « L — sin? BL) 
18; + Zy (Ry sinh 2«L — X_sin 2 BL) 
Zh, | (Rapes Zea) slh2e ES Ry peo 2a ee 
with the resonance condition that 
3[Z 9? — (Ry? + Xy?)] sin 2BL + Z,X_[cosh? aL — sin? BL] =0. 
In order to simplify equation (5), the Q factor of the cavity was determined with 
and without water in the capillary, by the method of plotting the square law 
response curve against frequency. ‘The values 1500 and 2000 respectively 
were obtained, with a frequency shift of less than 1 in 3000 Mc/s. No further 
frequency shift could be detected when normal potassium chloride solution was 
substituted for distilled water. The large value of the Q factor even with water 
or saline present in the tube implied that Ry was very small compared with Z,. 
The very slight change in tuning was taken to imply that X, also was small 
compared with Z), and that BL was very nearly z. 


Using these experimental conclusions, equation (5) may be simplified 
considerably to 


Zy=2 


i= 


Bea Al Z, cosh? aL 
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Substituting for Ry from the real part of equation (2), and neglecting terms 
containing tan B/ in the denominator, we obtain 


ba E cosh?oL ] 4 
~ Zy | $Z, sinh 2aL + cosh 2a.L(Z, tan ape | ABE: -»-(7) 


where 4 and B are constants, and equation (1) has been used to substitute for C). 
In the cavity, 7 is directly proportional to the maximum tangential magnetic 
field stimulating the detector, and the e.m.f. injected into the detector circuit will 
be proportional to 7. 
The imaginary part of the elenae constant of saline solution may be 
considered to be made up of two parts: 


€, = (2ep5 + 2043) Vale 6 i OLY. 4. Se .c0rs (8) 


where o,,. represents the solution conductivity due to dipolar relaxation and 
jy the high frequency ionic conductivity. _v is the frequency of the applied field. 
For distilled water the expression becomes 


€y =26pwil- sitetislisy' sls (9) 
Using the sufhxes W and S to refer to distilled water and saline solution 
respectively, it follows from equations (7), (8) and (9) that 
lw — 1s B (€,” = a) es K[o 
Te A + Be Ww Md De 
where K =28B)[A + Bey] and can be regarded as a constant when distilled water 
is used as the standard. 
The experimentally measured quantity 6 is given by (tw?—7,?)/tyw?=8; it 
therefere follows that 


> Oni ae 7] aloe 6 (10) 


Ga ee aye a S'S es (11) 


§ 4. CALIBRATION OF THE APPARATUS 


Fer the purposes of calibration, the response of the apparatus for normal 
and half normal solutions of potassium, sodium and lithium chlorides was found 
at temperatures from 18°c to 25°c. Using the results of Collie, Ritson and 
Hasted (1948) for these concentrations, i.e. that the ionic conductivities may be 
assumed to be equal to their low-frequency values, it was found that the ratio of 
(iy —ig)/i, to the corresponding d.c. conductivity was in each case the same, with 
a maximum deviation of 2°/, for lithium chloride. ‘This confirms equation (10), 
in which one would expect o;, to be large compared with the difference between 
Ops and apy. 

In table 1, o,, and opy—ops are compared for 0-5 normal solutions of 
potassium and lithium chloride at 25°c, using data from Collie, Ritson and 
Hasted (1948). The value of epy” at 25°c, has been taken as 11-3. 


‘Table 1 
30,. x 10-° Cee tar a | Ua 
0-5 n KCl 33) 0:8 
0:5 n LiCl 23:9 0-6 


Having thus determined K in equation (10), the values of (iy —ig)/ig could be 
interpreted directly in terms of the ionic conductivity of saline solutions. 
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§ 5. EXPERIMENTAL RESULTS 


The experimental results for potassium chloride solutions are expressed 
graphically in figure 5, where the ratio of the high-frequency conductivity to the 
low-frequency value is plotted against concentration in gramme equivalents per 
litre. ‘The low-frequency conductivity data were obtained from the international 
critical tables and from conductivity bridge measurements. Sodium and lithium 
chlorides were also investigated, but these salts did not show such marked effects 
as potassium chloride. Lithium chloride showed no effect which could be 
differentiated from the experimental error, but sodium chloride exhibited the 
same behaviour as potassium chloride at much lower concentrations. ‘The results 
for sodium chloride are given in table 2. 


WablesZ 
Concentration (g equiv litre) 1 05 O02 O-1 0-0128 0-01 0:0085 0-005 
Ratio, 18°c | 1 il 1 1:29 1-29 i) o3HQ) 1:35 
Ratio, 25°c 1 1 1 1 1-29 1-34 1:36 1-44 
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Figure 5. Variation of ratio of high-frequency to low-frequency ionic conductivity with 
concentration. 


The experimental error associated with these results is about + 0-05 units on 
the vertical scale of figure 5 for concentrations below 0-1 normal, but considerably 
less than this at the higher concentrations. Both sodium and potassium 
chlorides exhibit a marked increase in conductivity over their low-frequency 
values in dilute solutions, amounting to about 30°. Such an increase at these 
concentrations cannot be due to an ion atmosphere relaxation effect of the kind 
described by Falkenhagen (1934), because the latter effect in 0-01 normal solution 
would only amount to a 1 or 2%, increase. It seems very probable that the 
result is due to a solvent atmosphere effect, particularly since the conductivity 
increases as the concentration decreases. A tentative theory based on the inter- 


action between an ion and its solvent atmosphere is discussed in the following 
section. 


§$ 6. INTERPRETATION OF RESULTS 


‘The large increase in the high-frequency ionic conductivity of dilute potassium 
chloride solutions, may be interpreted semi-quantitatively in terms of the inter- 
action of an ion with its surrounding sheath of water molecules. Bernal and 
Fowler (1933) have pointed out that the intense electrostatic field due to an ion 
will have a disrupting effect on the structure of the water surrounding it. They 
postulate that within a certain critical distance from the ion, the water dipoles will 
be co-ordinated by the ion, while beyond this distance they will be orientated by 
their mutual dipole attractions. Debye (1929) has calculated that within a sphere 
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of radius less than 12 4 about a monovalent positive ion, the dielectric constant 
of water is very much modified. In order to interpret the present results, however, 
it is necessary to make some assumptions concerning the electrostatic field due 
to an ion at distances less than 10 A, and the number of water dipoles in successive 
layers about the ion which are strongly orientated by it. Pople (1951) has 
calculated the number of water molecules associated with any one molecule 
using the experimental results of Morgan and Warren (1938) on the x-ray analysis 
of water. He finds that a good fit between theory and practice occurs if the 
first three shells of neighbours surrounding a molecule contain 4, 11 and 22 
molecules. A perfect tetrahedral structure would imply 4, 12 and 36 for the 
numbers in these shells. 

We shall assume that in the case of an ion, the radially disposed water molecules 
surrounding it are packed into shells containing 4, 12 and between 22 and 36 
molecules. In addition it is assumed that the inner two shells are packed down 
closer to each other than they are in the normal water structure, but that the third 
shell remains at a distance of about 6A from the ion which is its position with 
respect to a central molecule in pure water. The water molecules forming shells 
one to three are considered to be strongly orientated by the field due to the ion, 


F+tF cos @ 


Figure 6. 


but beyond shell three the normal tetrahedral structure of water starts to reassert 
itself. The object of these restrictions is to produce a shell of radially disposed 
dipoles, which are fairly free from the influence of the dipoles within it. 

When calculating the electrostatic field at the third shell due to the central 
ion, it is not possible to use an expression for the dielectric constant (derived in 
terms of a continuous medium in a high state of saturation), because the medium 
within the shell consists simply of one ion and sixteen water molecules. It is 
assumed therefore that the field due to the central ion is fully effective through 
the gaps in the screen formed by the dipoles of the inner shells. ‘The majority 
of the dipoles of shell three then move to positions where this field is a maximum, 
leaving gaps which can be filled by dipoles from regions beyond shell three. In 
this way the increase in density due to the presence of ions can also be explained, 
in spite of the fact that shell three is assumed to remain at a fixed radius from the 
central ion. 

In figure 6, P represents a dipole in the third shell which has been rotated out 
of the radial direction at the point (r, 0) by the application of an external field F. 
If a monovalent positive ion is assumed to exist at O, and the applied field is in 
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the direction OA, it follows that the dipole at P rotates through an angle ¢ given by 


Fsin@ 
tang = F + Fcosé 


where 
F =e 99 > Oe Se ee (13) 
e being the electronic charge, and ¥ the radial field due to the ion at a distance 
rem. 
If Fcos#<.F¥, it follows that 
tand=ksin@ -whete k=) 7. 7 fe (14) 
and 
cos¢=(1+h% sin?6)-"?, sind=ksinO( 14 Rsine 0) ee ae (15) 
The contribution to the field at O along OA by the dipole at P is given by 


of = , [2 cos 0 cos d sin O sin 4] 


where , is the effective dipole moment of the water molecule. Substituting from 
equation (15), this becomes 


_ pl 2cosd—ksin?6 
sf=s : . 
: r?| (1+? sin? 6)? 


If a symmetrical distribution of dipoles is considered, in which a number 7, 
is associated with the angle 6, the total contribution of the shell to the field at O 
along OA is given by 


: Ru Ng Sin? 6 
f= ps 20 4+ k2 sin? @)¥2 OD RO etoerarers (16) 


It dipoles are uniformly distributed, it is permissible to integrate equation (16), 
which then becomes 


== skunt © ee eee (17) 
‘The value of ,. is given by the Langevin expression 
~~ Uae re 
Ho] coth RT -=5 | eieue¥ecene (18) 


where py. 1s the true dipole moment of water=1-:87x10-¥es.u., Rk is 
Boltzmann’s constant = 1-37 x 10 16, Tis the absolute temperature = 298°. 
Using the value 4:8 x 10°! e.s.u. for the value of e in equation (13), and putting 
r=6 A, equation (17) becomes on substitution of equations (13), (14) and (18) 
f= —0-035nF. 


The resultant field acting upon the ion is thus 
Bf l= 0-03 5775 i ee eee (20) 
The fact that a positive ion will move in the direction of the applied field 
sets the upper limit to m at the value 1/0-035 i.e. m,,,.=28 molecules. 
It must be noted that this number represents the maximum number of 
molecules in the third shell which are fully available to contribute a maximum 


reaction to the field at the ion; it does not necessarily represent the total number of 
molecules in the shell. 


At sufficiently high frequencies, the molecules of the third shell will lag behind 
the field as they swing about their equilibrium position, and at the same time the 
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amplitudes of their swings will diminish. Equation (20) may be rewritten in a 
general form as follows: 


ped: eee 
eae E 1 + w?7? 


where R., now represents the resultant field parallel to and in phase with the 

applied field F, + is the relaxation time of the molecules of the shell, and w the 

angular frequency of the applied field. Equation (10) also expresses the variation 

of conductivity with frequency according to this model. The ratio of the high- 

frequency conductivity to the low-frequency conductivity is given by 
Ke _@ 1+ w?7?—0-035n 

R64, Otel 00852) - 

A suitable value of + is chosen corresponding to the relaxation wavelength 
of concentrated solutions of potassium chloride as measured by Collie, Ritson 
and Hasted (1948), namely 1-4cm for 2-normal solutions. In the present work, 
w was 27 x 3x 10° whence wr becomes 0:14. The observed ratio for o1.,,/o4s0 
in the present work was 1:3. Substituting these values into equation (22) we 
have 


0-035n | 


1+ (0-14)? —0-035n 

(1 + (9-14)?)(1 — 0-0357) 
whence 0-035” =0-94 and n= 27 to the nearest whole number, in good agreement 
with the theory. 

It is interesting to consider the predictions of this model at higher frequencies. 
At frequencies such that wr=1, i.e. at about 21400 Mc/s, the ratio of the high- 
frequency conductivity to the low-frequency value should be about 5 for dilute 
solutions of potassium chloride. Some indirect evidence in support of this is 
contained in a paper by Gartener (1931), who measured the conductivity of 
solutions of magnesium sulphate in glycerine to which 4°%, of water had been 
added. After allowing for the contribution to the conductivity due to dipolar 
relaxation in the glycerine, the observed ionic conduction was some five times the 
low-frequency value in concentrations of 0-1 molar. Bearing in mind the fact 
that the magnesium ion is divalent, the radius of the equivalent shell is extended 
to 8-5 A, which, taken in conjunction with the larger size of the glycerine molecule, 
could well produce effects similar to the results observed here for aqueous potassium 
chloride solutions. 

Equation (21) may be written in a more generalized form as 


ae ACS ghee ec (23) 


Lo 


where (ji9¢’/a) is some function of the expression in parentheses, e’ being the 
charge on the ion, and a the ionic radius. If this equation should represent the 
field acting upon an ion, the following statements may be made: (i) ‘The low 
frequency conductivity should decrease as e’/a increases. (ii) At high frequencies 
an anomalous dispersion of conductivity should be observed provided w7 
approaches unity. At high concentrations r is likely to diminish due to the pro- 
ximity of positive and negative ions, and this would cause the dispersion effect 
to be moved bodily to higher frequencies. The observed decrease in the disper- 
sion effect for potassium chloride as the concentration was increased could be 
explained in this way. (iii) At very high concentrations, the proximity of ions 
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of like charge would be a ‘ shell-breaking’ effect leading to an increase in conduc- 
tivity. This increase, however, would be offset by the dissymmetry and electro- 
phoretic effects described in the Debye—Hiickel (1923) theory of electrolytes. 
In addition, ionic association of the type postulated by Bjerrum (1926) would 
cause a further decrease in conductivity. ‘The combined action of these effects 
could lead to the observed linear decrease in the conductivity of concentrated 
solutions of strong electrolytes at low frequencies. Under these circumstances, 
the only high-frequency dispersion effect would be that described by Falkenhagen 
(1934). Note that in the above theory 7 refers to the relaxation time of a water 
molecule in the presence of the strong field due to an ion. ‘The effect of the 
field due to the ion superposed upon the mutual dipole forces would be to shorten 
the relaxation time of a dipole in a shell, because such dipoles would have a 
preferred orientation toward the ion. A neighbouring ion of opposite sign would 
tend to increase the orienting field, and thus reduce the relaxation time even 
further. 

A more exact theory of this effect must be able to account for the large ditter- 
ence in concentration at which the effect is observed in potassium and sodium 
chloride solutions. 

Further work at a frequency of 3x 10%c/s on ions of higher valency is in 
course of preparation, and will be published later. 
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Albstract. ‘Vhe principal coefficients of expansion and the orientation of the 
ellipsoid of expansion have been determined for potassium chlorate for the ranges 
30 to 90, 90 to 150 and 150 to 200°c. An x-ray method was used and the 
expansion coefficient in the directions norinal to the various planes in the zones 
[100], [010] and /001] were determined by recording the zero layer of the rotation 
photographs taken about the three axes in a Unicam high temperature camera. 
The values of %. and «33 are nearly equal (~ 30 to 40 x 10-*) whereas the value 
of x, (~ 130 x 10°*) is much higher than both. The direction of the greatest 
expansion coefhcient is found to be almost perpendicular to the plane of the 
oxygen atoms according to Zachariasen’s structure. "The expansion coefficients 
along a, b and ¢ axes and the rate of change of the monoclinic angle with tempera- 
ture are also given, using which the lattice dimensions of the crystal at any 
temperature can be determined. 


$1. INTRODUCTION 


N this paper are reported the results of an experimental study of the thermal 

expansion of potassium chlorate. ‘This investigation arose as an off-shoot 

of an attempt to find out the modifications in the structure, if any, which 
take place at the transition temperature of 250°c. It has been observed that if 
an untwinned crystal is heated above this temperature and then cooled it becomes 
multiply twinned (Madan 1886, Rayleigh 1888, 1889, Sirkar 1930). 

Potassium chlorate crystallizes in the class 2/m (C,,) and belongs to the 
space-group P2,/m with two molecules per unit cell (Zachariasen 1929). Since 
the crystal is monoclinic, the ellipsoid describing its expansion tensor is triaxial. 
One of the axes, namely « . axis, coincides with the 6 axis of the crystal, while the 
other two axes lie in the ac plane and in order to describe completely the ellipsoid 
it is necessary to find also the angle made by «,, axis with the c or a axis of the 
crystal. A complete determination of this type using Fizeau’s method for the 
different sections cf the crystal has been made on cane sugar (monoclinic) and 
copper sulphate (triclinic) by Sreedhar (1952, 1953). X-ray methods have, 
however, been used only for crystals of monoclinic or higher symmetry. Ubbe- 
lohde and co-workers (1939, 1946) have determined the thermal expansion of 
oxalic acid (monoclinic) and Rochelle salt (orthorhombic). Rosemary Shaw 
(1953) has reported the thermal expansion of afwillite, a monoclinic crystal 
determined by x-ray methods.+t 


+ The author came to know of these studies by the x-ray method only after the investi- 
gations reported in this paper were completed and a literature survey was made before 
writing up the paper. The methods followed here are similar to those adopted by the earlier 
workers, except for the experimental arrangement and the greater accuracy. 
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‘The present study of thermal expansion of potassium chlorate has been made 
with a good degree of accuracy for three ranges of temperature, namely 30 to 90, 
90 to 150 and 150 to 200°c. This was done making use of a Unicam high 
temperature camera and by studying the variations in the spacings of the 
reflections in the a, 6 and c zones. 


§2. EXPERIMENTAL METHOD 

Rotation photographs were taken about the a, 6 and c axes and the zero-layer 
reflections were recorded using a 19cm camera (Unicam). ‘The spacings of the 
high-angle reflections could be accurately measured with this camera, using the 
fiduciary marks at the high angle end and the changes in spacings with increase 
of temperature could thus be accurately known. In order to avoid the overlap 
of reflections having nearly the same 6-values the ‘tilted crystal method’ was 
used, i.e. tilting the crystallographic axis slightly away from the rotation axis 
by 2to 3°. In order to index the high-angle reflections a Weissenberg photograph 
of the zero layer was also taken using the same crystal. In this way the thermal 
expansion perpendicular to a number of crystallographic planes in the zone 
concerned could be determined. ‘These were used for calculating the principal 
expansion coefhcients and the orientation of the principal axes in the particular zone. 

‘Three zones were studied by taking rotation photographs about the @, 6 and 
caxes. Although potassium chlorate normally crystallizes in a tabular form with 
large c-faces, a few needle-shaped crystals were found having a and c axes as 
needle axis (Groth 1910). These were used for taking the a and c rotation 
photographs. A few crystals also occurred with [110] as the needle axis and 
these were used to obtain the 4 rotation photographs. Such a crystal was 
fixed to a glass fibre at a suitable angle using fire-clay, the latter being attached to 
the eccentrics of the high temperature camera through a brass stud. The fire- 
clay proved to be unsatisfactory above 200°c. 


$3. METHOD OF CALCULATION 


‘The thermal expansion coefficient x for a particular reflection is determined 

using the relation 

1 A(2 sin @) 
TAY 2aine 

where A? is the range of temperature. ‘T’he distance of the spot concerned from 
the fiducial 85° mark on the film was measured and 2sin@ was calculated from it. 
‘The magnitude of A(2 sin @) was obtained as the difference between the measured 
values of the two temperatures. Only reflections having a value greater than 
60° were used for the calculation of thermal expansion. In the case of @ and c 
rotation photographs five such high-angle reflections were measured. 

From the indices of a plane one can calculate the inclination ¢ of its normal 
to a chosen direction in the zone. In the case of a andc axis rotation photographs, 
the 6 axis is taken as the direction of reference. Then the relation between ca 
and ¢ takes the following form: 


For the [100] zone 04 = Ago + SIN*H(H,* — Xy9) 
For the [001] zone Oy = Geo +Sin?h (ey, — aan). (2) 


We have five equations of type (1) and five equations of type (2) from which 
Zo) Aq aNd %,« are to be determined. This was done by the method of normal 
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equations in one step using all the ten equations and considering ~ as a function 
of both 6 and’. Suitable weights were given to the different x values according 
to their nearness to 90°. 

In the case of b axis rotation photographs eight high-angle reflections could be 
measured. Here, if € is the angle made by the normal to the plane with a chosen 
direction (the c* axis), then x may be put in the form: 

we At BcoszePCsinZe  — 9 * ase (3) 
where A, B and C are functions of «,,, «33 and %, the inclination of ~,, axis to the 
c* direction. The relations are given by (Wooster 1949)+ 
A = $(%11 + 33) 
B= 3(%11 —%33) COS 2yb 

C= 3(% 11 — %33).8in 2 
In addition to the eight observed values, the values for «,« and «,. obtained from 
the [001] and [100] zones were also fed in (with a weight of five each), so that 
there were ten equations of type (3). These were solved by the method of 
normal equations to give the most probable values for A, Band C. The values 
of «,, and a3, and & were obtained from them by solving the equations (4). 

The probable errors were calculated using standard methods (Whittakar and 
Robinson 1944). In the case of [010] zone alone since the quantities finally 
required, namely ~,;, “3, and y%, are not linearly related to a it was necessary to 
use the three functions A, B and C which are linearly related as in equation (3). 
A suitable mathematical technique was developed to calculate the probable 
errors of «1, %3 and w. 


| 
| 
(ide 
| 
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$4. RESULTS OF THE INVESTIGATION 
‘The measured values of the expansion coefficients perpendicular to various 
planes in the three zones studied are given in tables 1 and 2. The values «55, 
%,+ and «,+ calculated from a and c axis rotation photographs are given in table 3. 


Table 1. Measured Thermal Expansion Coefficients of the Reflections 
in the [100] and [001] Zones 
ag (x 10°) for 


(1) (2) sin? d 30-90°c ZOSTS5026 150-200°c 
072 Neh age 0-0541 44-0 Sey) 44-6 
047 55> 41" 0-6821 83:7 120 99-4 
028 (Sas 0-9180 102-5 99-6 111°8 
008 90° 00° 1-0000 108°8 108-6 109-0 
055 SE Shey 0-4120 66-0 65-4 67-4 
170 10° 20’ 0-0322 JY) S14) 34°8 
530 64° 49° 0-8188 80:8 T3°4. 843 
440 Siler 0-6198 HAV 66:6 73-4 
510 81° 06’ 0:9761 SEZ WI 96:1 
350 Bian 0-3693 54:8 50-1 SH 


(1) Indices of reflections, (2) inclination ¢ with 6* axis. 
The final values of ~1,, %92, %33 and % together with their probable error are given 
intable 4. In order to bring out the agreement between the observed values and 
-hose calculated from the constants of the ellipsoid of thermal expansion, figures 
t and 2 are drawn. In figure 1 « is plotted against sin?¢ or sin? ¢’ as the case 


+ The sign convention adopted here is different from that of Wooster. 
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may be. ‘The observed values should lie on two straight lines and they are found 
to lie very close to the theoretical values. Figure 2 gives a polar diagram of 
Xe as well as that of 1/, ag. In each case the continuous curves represent the 
variations to be expected theoretically, Here again the observed values are seen 
to lie close to the theoretical values. 


‘Table 2. Measured Thermal Expansion Coefficients of the Reflections 


in [010] Zone 
ag (x 10°) for 


(1) (2) 30-90°c 90-150°c 150-200°c 
603 39° 314 53:8 53-9 61:9 
207 19° 45’ 133-6 12277 146-2 
502 5734" 113-3 105-5 124-3 
209 160° 13’ 78-6 62:6 74-4 
404 43° 30’ 125-6 114-7 eee 
408 136° 02’ 40-0 30-7 = 
008 0 111-4 102-2 108-9 
506 115° 377 29-7 30-0 26-2 


(1) Indices of the reflections, (2) inclination € with c* axis. 


Table 3. Values of a9, x,» and «,. calculated from the Data in Table 1 


Temp. range (°c) 30-90 90-150 150-200 
Srey <0 39-0 33-8 36°8 
a4* X 108 90-0 82-7 95-5 
O* X 108 107-2 104-9 120% 


Table 4. Elements of the Expansion Ellipsoid of KCIO, 
“14 %g9 and x3, are the principal expansion coefficients and % is the angle between 
%,, direction and the normal to the c plane 


‘Temp. range (°c) 30-90 90-150 150-200 

ub 29:6+0°5° 29:2+0-7 29-6+0-6° 
Cie LF 134? reales 126:6+1-9 148:-8+1-9 

Oia ION 39:0+ 0-6 33:-8+0°9 36-8 21 

Bhan OE PQA = EN 26:-4+ 3-0 DAA BIOS) 


Table 5. Rate of Variation of Unit Cell Dimensions with Temperature 


‘Temp. range (°c) 30-90 90-150 150-200 
a, 10° (deg) 55-1 50-2 Se 
8H, NOP (Ghyo= 4) 39-0 33°8 36°8 
a, x 108 (deg) 74-4 69-8 79-3 
dB/dt < 108 (rad deg!) 96°5 92-4 112-0 


It is noticed that all the thermal expansion coefficients decrease from the first 
range, viz. 30 to 90°c, to the second range, viz. 90 to 150°c, and they increase 
again from the second to the third range, viz. 150 to 200°c. A careful check 
was made to see whether this was due to any error in temperature measurement. 
A recalibration of the thermocouple showed that the readings could not be in 
error by more than I°c. The peculiar variation of the expansion coefficient with 
temperature therefore appears to be real. ‘This is particularly so since the results 
obtained from the different zones of the crystal agree with one another for the 
same range of temperature. However, it may be mentioned that neither the 


orientation of the ellipsoid nor its general appearance is appreciably altered in 
this range of temperatures. 
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it is interesting that «.) and x5, are found to be nearly equal whereas the value 
of «4, is much higher than both. This can be attributed to the occurrence of 
groups of three oxygen atoms in the ClO, ion. In calcite also similar O, groups 
are found and all the O, planes are parallel. The resemblance between the 
structures of calcite (CaCO,) and potassium chlorate has already been pointed out 


x10°° 


40 


| 
‘a af 
205 02 04 06 
Sin? @ 


Figure 1. Variation of expansion coefhcient (30-90°c) with sin? ¢ in the two zones {100{ 
and [001]. The circles represent the experimental values and the straight lines have 
been drawn using the calculated values of w,,«, %* and 9. 


Figure 2. Variation of expansion coefficient (30-90°C) ag and of 1/4/ a¢ with direction in the 
[010] zone. The dumb-bell shaped curve and the ellipse represent the theoretical 
variations to be expected. The circles and squares are the observed values. 


yy Zachariasen (1929). ‘The similarity between the structures of sodium nitrate 
NaNO) and potassium chlorate is perhaps even closer, since both contain only 
kali metals and univalent ions of the type BO,. In fact, the values of the 
-oefficient of thermal expansion of KCIO; and NaNOs are of the same order of 
nagnitude. In the structure of KCIO, as determined by Zachariasen the normal 
o the plane of the oxygen atoms lines in the (010) plane and makes an angle of 
3-9° with the c axis. The inclination of «,, axis to the c axis as determined in 
he present study is 49°. The good agreement between the two indicates that the 
lirection of maximum thermal expansion is very close to the normal to the 
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oxygen planes. ‘This is not surprising in view of the similar behaviour found in 
NaNO, and calcite, in both of which the direction of maximum expansion is 
perpendicular to the planes of O; groups. 

From the values of the principal expansion coefficient it is possible to calculate 
the variation in the lattice dimensions of the crystal. The expansion coefficient 
along a, b and c axes (,, %,, %,) and the rate of change of the monoclinic angle 
with temperature dB/dt have been calculated and are given in table 5. 
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Abstract. A general method for obtaining the elastic wave surface appropriate 
to any aeolotropic medium is here used to investigate the behaviour of transverse 
plane waves of normal (1, 1, 1) ina cubic crystal. It,is shown that the conditions 
for internal conical refraction prevail; this prediction has been verified 
experimentally. 


§ 1. INTRODUCTION 


HE distinction between the normal to a plane wave and the direction of 

propagation of its associated energy was observed by Huygens in 1678 and 

has since been familiar in the study of light waves in crystals. The coin- 
cidence of these directions in the case of a medium isotropic to a given type of 
wave is a consequence of the fact that the velocity and wave surfaces are coincident 
spheres; if the medium is aeolotropic to the wave the velocity surface will no 
longer be spherical and the associated wave surface will also be non-spherical and 
different in form from the velocity surface. It is the wave surface which deter- 
mines the direction of the ray or beam along which the energy associated with a 
wave of given normal may travel. By consideration of these surfaces appropriate 
to light waves in an optically biaxial crystal, Hamilton, in 1833, predicted the 
phenomena of internal and external conical refraction; these effects were experi- 
mentally verified by Lloyd. 

In the following note the existence of internal conical retraction of transverse 
elastic waves of normal (1, 1, 1) is presaged, using a recent geometrical method for 
obtaining the elastic wave surface for any aeolotropic medium; an experimental 
investigation of this prediction by propagating elastic waves of ultrasonic frequency 
through a nickel crystal is described; the results verify the findings of the theory. 

Analysis in progress at the time of writing indicates that the conditions for a 
cone of external refraction do not prevail; however, it 1s hoped to publish a 
detailed discussion of the behaviour of elastic waves in cubic crystals shortly. 
It may be mentioned here that any external refractive effects would be very 
difficult to demonstrate with the techniques at present available for the propagation 
and detection of ultrasonic transverse vibrations. 

In this analysis: C¢,,, Cy, C4, are the elastic constants of a medium of cubic 
symmetry and ¢,,°, C19", C4° the constants at saturation induction ; p is the density 
of the medium and v the phase velocity of a plane wave. 

PROC. PHYS. SOC, LXVIIT, 2—B F 


82 F. de Klerk and M. fF. P. Musgrave 


§ 2. PROPAGATION OF WAVES IN A CUBIC CRYSTAL 


The condition for non-zero displacement vectors of plane elastic waves of 
normal (J, m, 2) ina medium of cubic symmetry may be written in the form 


H?— aH? + cat+b){m?n? + nl? + Pm —c(a+2b)Pm?n=0 ...... (ite 
where-H = pu* — 64,4 = G4) — Cys, C= Gt Cas C= = Ce ae 


This cubic yields three real roots H,(t=L, T1 or 'T2) corresponding with 
waves possessing displacement vectors of direction 


m nN 
(Pi: G:2%) = bee Sirs om: | es (2) 


The suffixes L, Tl, T'2 are used to denote the quasi-longitudinal and two quasi- 
transverse waves of normal (/, m, 7). 

It has been shown (Musgrave 1954) that the direction in which the energy of 
a given wave of normal (/, m, 7) will be propagated in a general aeolotropic medium 
may be found by computing certain quantities and then using them to perform a 
simple construction. 

For a medium of cubic symmetry these quantities are v, €4,/pv, (p, g, 7), (A; /, Vv) 
and H pv cose where 


(@ @ ) 
Ll? m’n (EL, M,N) 
(A, fH, v)= Teg qe = (22+ M24 N®IP ANG (3) 
Ey ir et a =| 
zi m 7 
and cose=A+mptny ot (4) 


In general, there are three sets of these quantities to be determined for each 
(/, m, n) corresponding with the three suffixes. 
The construction is then performed as follows (see figure 1): 


Au») 


(L,m7,7) 


Caa H 0 Figure 1. 


H 


Al y C ™ . 
pu pv Cos € pv pv cos € 


(6) v< faa 


On the line of direction (/, m, ) through O mark off ON=v and OI = Cy,/pU; 
draw the line of direction (A, w, v) making angle « with (/, m,n) through I and mark. 
off IP = H/pz cos « paying due regard to the sign of this quantity. Then P is the 
point on the wave surface corresponding with N on the velocity surface and OP i is. 
the direction of the ray associated with a plane wave of velocity ON. 

This correspondence is normally one to one; however the purpose here is. 
to investigate and demonstrate a special case. 
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$3. PROPAGATION OF PLANE Waves witH Normat (1, 1, 1) 
For this direction /=m=n=1)\ 3 and equation (1) may be factorized giving 
roots 


Hy, =4(a+26) and Hy, =4c= Ay. 


Hence py = 9, =r, = 1/1/3 =A, =y41,=vz, and cose, =1, so that P coincides with 
N and the energy of the wave is propagated along the wave normal. 

For transverse waves we find that (py, gp, 7p), are indeterminate, but by the 
proof for the orthogonality of displacement vectors of different velocities (Kelvin 
1904), they must lie in the plane of the wave. Now from any two such directions 
which form an orthogonal triad with(1, 1, 1) we mayform an arbitrary displacement 
vector contained by the plane of normal (1, 1,1). Thus choosing the set 


1 1 1 1 Se a 1 1 2 
a 7 AS & Olea as digi eek ecu weer: iz 
we may define any transverse wave vector by 
1 a 
py = ca PTE peas (5) 
1 lee 
Gr= — Va cos + A Stich 98 Pieri ~ exbeeas (6) 
i, 
ipa ee | iri Rady ine’ 4 ger 5303 (7) 


where y is an arbitrary angle in the plane of the wave measured from (1, 1, 0), 
whence 


/ 


y= *>| cost + 7 et ae Roe 1+ cos{ 2a Z) pce (3) 


/ 2 ; 1 
My = SS costs + sin’ys — 3 cos # sin ‘| = wall + cos( 2 aa 3) | eee (9) 
. /3f4 sin?’ 1 
veal 3 | = Eh gars) sisneranelle (10) 


and we may notice that for all values of b, (Ly, My, Ny), which defines the same 
direction as (Ay, 7, vr), is perturbed from the value 1//3, 1/y 3, 1//3. 

Using these values in equations (3) and (4) it follows that cos «;= \/(2/3) 
for all . 

Thus as the transverse displacement vector varies with %, the direction 
(Ax, ie vy) rotates about (1, 1,1) generating a cone of semi-angle 
€=cos! \/(2/3)=35-4°. From the form of (8), (9) and (10) it will be seen that 
one such complete rotation occurs as ; varies over a range of 7 radians. 

Referring to figure 1 it may be seen that as (py, gy, 7) Varies with , the point P 
describes a circle and hence there exists a cone of possible rays associated with 
different displacement vectors. It is therefore possible to predict the phenomenon 
of internal conical refraction for plane elastic transverse waves of normal (1, 1, 1) 
ina medium of cubic symmetry. ‘The semi-angle of this cone of refraction A, is 
given. by 


CAee te ee Ie cae (11) 


Hy 
tan a3 =| 
aM Oe 
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On substitution of the appropriate values of Hy and vy in terms of the elastic 
constants this becomes 


$6 
tan d= [[1 a | 
| Cyy— Cyn F Cyy 


It may be noted that this angle is dependent upon ¢=¢,4 — Cy2—2¢4, which ts the 
normal measure of the degree of elastic aeolotropy possessed by a cubic crystal. 
When c= 0, as for isotropic materials, then A,=0 and there is no cone of refraction. 
The elastic constants of unmagnetized nickel as determined by one of the 
authors (J. de K.) are ¢,;= 24-34, C45 = 14-94, Ca = 11-9, (all x 10 dyn cox *). 
These values give A, = 25° for nickel; the values for several other metals are: 
W, 0: Alsos Ni 256 BPes25= Cu 77 


C 
\/2(€ + 3€q4) 


1 
P 


pe tee (12) 


§ 4, PRACTICAL CONSIDERATIONS OF THE PROBLEM 


To show experimentally the existence of internal conical refraction requires as 
large a single crystal as possible and correspondingly the narrowest possible 
ultrasonic beam. The authors were successful in obtaining a single crystal of 
nickel with the following axis dimensions: Ji99;;=1:92cm, J449;= 1:87 cm, 
ba11;= 1-80 cm and to achieve the second condition 4mm x 6mm Y cut quartz 
crystals were employed as transmitter and detector respectively. 

Since the beam spread is proportional to the ratio of the elastic wavelength 
X in the crystal to the diameter of the transducer, it was desirable to employ a 
high ultrasonic frequency, i.e. small wavelength. ‘The upper limit of this fre- 
quency is set by the increasing attenuation of the elastic waves in the medium as 
the frequency is raised, and so a compromise had to be adopted, 5 Mc/s being 
taken as the optimum frequency. ‘The rectangular form of the transducers 
permitted the easier identification of their directions of polarization, which were 
along one diagonal. 

The most desirable coupling medium between the transducers and the nickel 
crystal was one which allowed good transmission for shear waves while permitting 
easy movement of the transducers over the nickel surface. Salol (pheny] salicylate) 
was chosen for its low melting point (45°c) and its excellent shear wave trans- 
mission characteristic. 


§ 5. PREPARATION OF NICKEL SINGLE CRYSTAL 


‘The single crystal, cut from an ingot, had surfaces parallel to (001), (110) and 
<111) planes. ‘The surfaces were prepared by grinding on a high speed emery 
disc, using alcohol as a lubricant, and the disturbed surface layer was removed 
by etching in a solution containing ammonium persulphate, potassium cyanide, 
ammonia and distilled water. ‘The orientations of the final faces, determined by 


electron diffraction by Dr. H. Wilman, were found to be within 1° of the desired 
planes. 


$6. ‘TRANSDUCER SYSTEM 


Both surfaces of the transducers were gold plated and the backings were brass 
plates 3mm thick, on to which were soldered short lengths of 40 gauge enamelled 
copper wire, to form conductors to the transmitter and to the receiver respectively. 
The nickel specimen acted as the earth return for both transducers. In practice 
the position of the transmitter transducer was left undisturbed, while that of the 
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receiver was moved approximately | mm after each measurement of received pulse 
amplitude. ‘This necessitated melting the salol by heating the nickel crystal before 
the position of the receiver transducer could be altered, and then recrystallizing 
the salol by cooling. 


§ 7. "TRANSDUCER CIRCUIT 

A crystal controller synchronizer provided 1 psec pulses at 1 usec and 6 psec 
intervals and 20 psec pulses at a repetition rate of 1200 or 600 per second. The 
6 «sec and 20 usec pulses were fed (figure 2) to the hard valve transmitter which 
provided | usec radio-frequency pulses whose frequency could be varied from 
2Mc/s to 30Mes. Ultrasonic elastic waves were introduced into the nickel 
crystal by applying these radio-frequency pulses to the transmitter transducer, 
which was cemented to the crystal. 


Quartz 
Synchronizer Transmitter / Transducers 


Nickel 
Specimen 


Receiver eee 


Dela 
[=e Unit, 


Figure 2. Block diagram of the apparatus, 


The 1 psec, 6 psec and 20 psec pulses from the synchronizer were fed to an 
electronic delay network, the output of which was used to trigger a miller integrator 
time base generator. "The delay network delayed the start of the time base, in 
fixed steps of 1 psec or 6 usec, after the start of the transmitter pulse. By this 
means the velocity of the elastic waves in the nickel crystal was measured. 

The arrival of the elastic waves at the opposite surface of the nickel crystal 
excited the receiver transducer and its electrical output was amplified by a wide- 
band radio-frequency amplifier and displayed on a cathode-ray tube. 


$8. MEASUREMENT OF ANGLE OF REFRACTION A, 


‘The positions of the transmitter and receiver transducers on the two (111) 
faces were plotted by means of a travelling microscope, and the angle A calculated 
from these measurements using the relation tan A =d//(see figure 3). For these 
calculations, the centre of each transducer was regarded as defining its position. 

The transmitter transducer was first placed in the centre of one of the (111) 
faces, with its direction of polarization parallel to the (110) faces. The receiver 
transducer was placed at the centre of the opposite (111 p face and rotated until 
the received signal amplitude was a maximum, to obtain its correct direction of 
polarization. Retaining this polarization the receiver transducer was moved along 
the surface in the [112] direction (see figure 3(b)) while both the amplitude and 
velocity of the detected elastic wave were measured at 1mm intervals. The 


36 F. de Klerk and M. Ff. P. Musgrave 


receiver transducer was then placed on this line at the position of maximum received 
signal. The distance between transmitter and receiver transducers in their 
positions for maximum received signal was d,.__ ‘The receiver transducer was next 
moved across the <1, 1, 1) surface along an arc of a circle whose centre was that of 
the transmitter and whose radius was d,; the amplitude and velocity of the received 
elastic wave were measured as before. Plots of the readings taken are shown in 
figure 4(a) and (b); they indicate that A,=21°(cf. 25° trom theory). 


(c) 


(b) 


d, 


ja 


Figure 3. The experimental arrangement of the transducers : 
(a) side elevation, 
(6) and (c) plan views of receiving face. 
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Figure 4. Variation of signal amplitude with (a) angle of deviation from wave normal, A, 

measured in [110] plane (see figure 3 (a)), and (4) angle ¢ (see figure 3 (b) and analysis). 


The transit time of energy was found to be the same for all path lengths corre- 
sponding with different values of A. This indicated that the waves possessed a 


common phase velocity and that no energy arriving at the receiver transducer 
had been internally reflected. 
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$9. ANGLE OF DIVERGENCE OF THE BEAM 


The width of the response curves in figure + is due to the spread of the beam 
of elastic waves. Whenever the linear dimensions of a source of vibrational 
energy comprise a large number of wavelengths the energy of the wave motion has 
the directional character of a group of rays forming a narrowly divergent beam. 

A calculation of the displacement field within an isotropic solid arising from a 
circular source of radius a, small compared with the wavelength A, has recently 
been given by Miller and Pursey (1954). From their analysis it appears that for 
sources /arger than a wavelength each amplitude 4 (0) of the displacement field 
obtained from a small source should be multiplied by a factor 2J,(«)/« where 
x= 2rasin 0/A. 

To obtain an approximate value of the beam angle in the experiments presently 
described, it is thus sufficient to determine the value of sin # which gives the first 
zero of the Bessel function for the values of a and \ appropriate to the size of source 
and acoustic wavelength in the material respectively. For the waves examined 
A=0-056 cm and it is assumed that a sufficiently good value of a is that for a disc 
of area equal to the rectangular source. These values give sin 0 = 3-83\/27a = 0-122, 
and#=7°. This result is in reasonable accord with that observed (cf. figure 4). 

It may be argued that this calculation, derived from an analysis of conditions 
in an isotropic solid, is invalid for application to propagation in an aeolotropic 
medium like a crystal. While this is strictly the case, it is reasonable to assume 
that though the beam, incident normally, may be markedly refracted by the crystal, 
its angle of divergence will remain unaffected within the accuracy of this approxi- 
mate calculation. Certainly, the theory of light waves in crystals, with which the 
theory of elastic waves has strong qualitative analogy, suggests the validity of this 
view. 


§ 10. Errect oF MAGNETIC FIELD ON A, 


When the nickel crystal is placed in a magnetic field the elastic constants c¢j,, 
C12) Ca, change, and hence both the velocity and A, change. ‘The values of the 
elastic constants at saturation induction, ¢,,°, Cyo*, 44°, were calculated from the 
longitudinal and two shear velocities in the [110] direction and found to 
Bem = 24-0, Ge 1495, te 12 4," (all x 10" dyne-cm)» ~ Phese: show 
Jaa a aU ae 

At 5 Mc/s this change in A, is too small for measurement by the present 
technique. (This estimate has assumed that cubic symmetry is preserved on 
magnetization. ) 


$11. INTERNAL CONICAL REFRACTION 


The size and geometry of the nickel crystal did not allow a complete circular 
section of the cone of refraction to be observed but a conclusive demonstration of 
the phenomena associated with the effect was obtained in the following way. 

From positions of maximum received signal P and Q, (figure 3 (c)) the common 
polarization of transmitter and receiver was rotated through an angle 8; the 
receiver was then moved to regain maximum signal. ‘Traverse along the arc 
Q,Q, (figure 4 (b)) and the radius PQ, (figure 4 (a)) defined P and Q, as the required 
positions; Q, PQ, was found to be 28, viz. twice the angle of rotation of the displace- 
ment vector as was indicated by equations (8), (9) and (10). This same result was 
observed for several values of the angle 8. It is concluded that on a sufficiently 
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large specimen a complete circular section of the cone of refraction would be 
traced as the displacement vector was rotated through 180°. 
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Abstract. Earlier work is here continued. Certain functional relations common 
to various phenomenological theories, like the theory of linear visco-elasticity and 
the theory of linear electrical networks, may be written as integral equations of the 
convolution type. As the circular functions are eigenfunctions of the convolution 
type kernels, such equations can be solved by Fourier expansion. A number of 
possible applications of such Fourier expansions are indicated and the relevant 
details are worked out. ‘The method centres on the evaluation of the eigenvalues 
foreach kernel. ‘The examples discussed refer to the theory of visco-elasticity and 
include the determination of the relaxation spectrum either from the dynamic 
elasticity as a tunction of frequency or from the stress relaxation as a function of 
time. 


§ 1. INTRODUCTION 


HIS paper continues and extends the work reported in an earlier publication 

(Roesler and Pearson 1954). 

Fourier series are commonly used in the description of linear, time dependent 
phenomena asa means of representing variables suchas stresses, voltages, velocities, 
etc. The basis of this representation lies in the existence of proper modes, where 
the variables change sinusoidally in time, and sometimes also in space. ‘The use 
of Fourier series described here is rather different. These series will represent 
functions which describe intrinsic properties of the system under consideration, 
for instance the dependence of impedance on frequency. ‘The independent 
variables in these functions will be the logarithms of certain ratios of times or 
frequencies. 

For definiteness, the terminology of the theory of linear visco-elasticity will be 
used in what follows. The monograph by Gross (1953) gives a very full exposition 
of the mathematical structure of this theory. The integral equations considered 
below occur there and also in other sources. Formally identical equations occur 
in the theories of other linear phenomena. 

All the properties which make up the linear visco-elastic behaviour of a given 
substance may be defined by specifying a single function. One such function 1s 
the relaxation spectrum, which is a certain distribution or density function. ‘The 
spectral density is a quantity which cannot be measured directly with any known 
practical apparatus. Its indirect evaluation from empirical data involves the 
solution of an integral equation of the first kind. 

The equations which link the relaxation spectrum to those properties of the 
substance which are of most general interest, and which are most easily accessible 
experimentally, can all be written in a form known as the convolution type. 
Under certain conditions, such equations may be solved by means of Fourier 
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integrals (Titchmarsh 1937). One may regard this method as a solution by 
expansion into eigenfunctions. The eigenvalue spectrum of the relevant kernels 
is continuous, but for certain purposes (for numerical work) it may be replaced by a 
discrete one, and then the Fourier integrals become Fourier series. “The main 
step in effecting the solution of any convolution type integral equation of the first 


kind, 


f(s)= | KG6= eG). es (1) 
is to find the eigenvalues of the kernel K(s—f). It can be shown that the eigen- 
value A(v) associated with the eigenfunction exp (—?vs) is given by 


ae 
no [" -Re@lexptae) a (2) 
AU). 8 gees 

provided the integral exists. 

In the preceding paper, the solution by means of Fourier expansion of one 
special integral equation was described. Some other equations will now be treated. 
A number of general questions, as the existence of the solution, the replacing of the 
Fourier integrals by series, the truncation of such series, the elimination of noise 
and the resolution power, will not be treated again here. ‘The discussion would 
follow similar though not identical lines for every new equation. No numerical 
examples are given in this paper (the one given previously is fairly representative), 
but the methods described have all been tried numerically and have been found 
workable. 


§ 2. SPECTRUM FROM DyNaMIc ELASTICITY 


The real part of the complex modulus, also called the dynamic elasticity, is 
linked to the relaxation spectrum by the equation 


O27 ae 
B(Q)= | é(D)sapaped oleae eee ree (3) 


Here © stands for the angular frequency and ¢(7) is the relaxation spectrum 
referred to a linear time scale. On introducing logarithmic variables 7 = In (7) 7,) 
and w= —1In(27)), and with a re-definition of the spectrum, such that it is now a 
density function with respect to 7, equation (3) becomes 


-te 


E' (w)=4 | [l+tanh(r7—w)]¢(t)dr. wn (4) 
This is a convolution-type equation. However, as the kernal is not integrable, 
its Fourier transform is not well defined, and the relation (2) for finding the eigen- 
values cannot be applied straightforwardly. One may overcome this difficulty by 
considering the differentiated form of (4), viz. 


AE (Gi\eaeel, C= , ; 
potiiha 7 an :s sech*(7— @).0\(7) dz25 eee (9) 
The relation (2) can now be applied. One finds 
4 p= 00 : ; ib oa 
Tee sech* exp (7v&) dé = Zanhori, ac witha (6) 


(cf. Campbell and Foster (1942) pair 614). 
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hus the eigenvalues of (5) are given by 


oar 
A(v) = > sinh (7/2). aye ancy (7) 


‘The Fourier expansion of the left side in (5) may be found from the Fourier 
expansion of E’() itself, term by term, thus eliminating the necessity of a numerical 
differentiation. E’(r) is a monotonically decreasing function and it can be repre- 
sented by a cosine series within the relevant range. ‘Thus one may put 


B(x) = > ECON ie © . WE OS es (8) 


where w is a variable linearly related to 7, and chosen such that the range of + 
which ts of physical interest falls within0<x<z. For the left side in (5) one finds 
dE’ dE’ dx 7 


= > he,sinkw. (9) 


7 ae de 


Here L is the length of the domain of 7 which corresponds to 0<x<x7. The 
spectrum 1s now given by a sine series in x: 


O(2)==> 0 ,.sike ee eee (10) 
1 
‘The 6, are given by 
7 

be = Ane Ren aiergen (11) 

Using (7) and taking account of the change from 7 to x, one obtains 

Gre kr? 

b= = sinh (37). Cod BS (12) 


‘The problem of evaluating ¢(7) from E’(w) is thus solved. 


§ 3. ADJUSTMENT OF DIFFERENT EMPIRICAL FUNCTIONS 


Supposing that both £’(w) and E”(w) have been determined experimentally 
for the same substance, the relaxation spectrum can then be evaluated from either 
set of data. If both computations were carried out the two results should agree. 
In practice, there will be some disagreement. By adopting a single, intermediate 
spectrum, one may hope, working back from this, to obtain more reliable empirical 
functions. This adjustment can in fact be carried out without explicitly finding 
the spectrum, and the direct process is not only simpler but also more accurate. 

Both E” and E’ may be made functions of the same variable x, a linear function 
of t chosen as explained above. Both £” and E’ may then be expressed by Fourier 
series in x, and these will read 


E"(x)= Sia,sinkx, ...... (13); B(x) = > c,c0ske. 0... (14) 
1 
The spectrum is given by 
b(t) ao bgsin ba (ae | |) ee (15) 
1 


The 5, can be related to either a, or c,. Thus one has 


2 2 Dit 
ihee a cosh (sr) = = sinh (F) ee (16) 
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a 


Therefore the direct relation between a, and ¢,, 1s 

Gy, =c, tanh (k77/2L).9 |) eee (17) 
As the hyperbolic tangent does not increase beyond 1, the comparison of a, and ¢;, 
afforded by relation (17) is not disturbed by the amplification of the noise which 
tends to occur in the determination of the spectrum. 

Equation (17) may be used to find one of the functions £”(w) and E(w) if only 
the other has been determined experimentally. Relations similar to (17), which 
are useful either for the adjustment of two functions or for the evaluation of one 
function from the other, may be set up for any other pairs of functions generated 
from 4(7) by means of convolution-type integrals. 


§ 4. Case oF GIVEN STRESS RELAXATION FUNCTION 
A specimen of material exhibiting linear stress relaxation is deformed at time 
t+=0 by suddenly imposing some prescribed, uniform and thereafter constant 
strain. Oscillations, which might be caused by inertia effects, are ignored. ‘The 
stress in the material will then at later times be given by 


e(t) = \ i Dex (=i) ee (18) 


‘The function ¢ (7°) is the spectrum of relaxation times referred to a linear time scale, 
and is rdentical with the 4 (7) in (3). 

If a specimen of material exhibiting linear, recoverable creep has been loaded by 
imposing a prescribed, uniform, constant stress for an infinite time, the strain which 
has thereby been caused will, after sudden unloading at time t=0, decrease 
according to 


ise 


OE suey (19) 


€(t) = 


Again, the oscillations which might follow the sudden releasing of the stress are 
left out of account. ‘The function y (7) in (19) is called the retardation spectrum of 
the material. 

It is seen that (18) and (19) are formally the same integral equation. On 
putting 7=In(t/7)) and w=In(7/7,), and with the re-definition of the spectrum 
as before, equation (18) becomes 


a 


ee Ie _deexp[—exp(r=e)Jdow ne, (20) 


‘This is of the desired convolution type, but as in § 2 it is preferable to consider the 
differentiated form of (20), since the kernel of (20) itself is not integrable. Differ- 
entiation of (20) gives 
do(r) (ia 
a |  (ayexp (ro exp =a) (21) 


‘The kernel of (21) is given by 


K()=explé expe] ) a ae (22) 

‘This is a smooth and integrable function, and therefore its Fourier transform 
exists. However, it is not readily expressible in terms of known functions. 
Therefore the consequences of the rule (2) for the eigenvalues must, in the 


present case, be worked out numerically. As this can be done once and for all, 
no real difficulty arises. 
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It is best to choose, at this stage, one given basic domain for all the Fourier 
analysis and synthesis procedures connected with the solving of equations (20) and 
(21). This domain is characterized by a certain length L, in terms of the variables 
7, w and t—w, which corresponds to the length z in terms of the variable x. All 
Fourier integrals, including that occurring in (2), are now replaced by Fourier 
series. ‘The rule for the eigenvalues, formerly (2), now becomes 

PR ES i Pie 
ane 


PCR ECK DS hex ve te a eee era (23) 


ap 
‘This gives the eigenvalue associated with the eigenfunction exp(—zkw). The 
kernel itself may be represented by a Fourier series in x 


K(x) = xs PRG SSO hese 3) Oe A Ie eee apae (24) 


The relation of the complex coefficients y, to the ordinary cosine and sine 
coefficients will be given later. Inserting (24) into (23) and taking account of the 
orthogonality and the normalization properties of the circular functions, there 
results 


A= lige om ae (25) 
If then the left side of (21) is developed into a series 
do = : 
a ae > Cex S1key eh 4) Renae (26) 
the coefficients of a corresponding series which gives the spectrum are 
yes Vo C,,/(2Ly;). ete ecvelio bs (27) 


‘This result must now be expressed in terms of the ordinary cosine and sine 
coefficients of all the functions. ‘The notation is as follows : 


Function Complex coefficient Cosine coefficient Sine coefhicient 
K(x) Vk or By 
= da/dz C, A ke B,. 
p(x) Si. P,. R;. 


‘The relations between y,,, ~;, 8, are given by 


= (3 (a,+28;,), k>0 \ (28) 
fe \ > (211 — 2B xt)» R<0 
te=Vety-pe 1B =p age | na (29) 

The relations of the other two triples are analogous. Using these, one finds 
from (27) 
Pye PvP use Oo, 3 B02 PR Byte AaB Re. (31) 
eee Pa Sk PP BRE 

Finally, the differentiation which leads from o to — do/dz must be considered. 
As in § 2, the differentiation can be done on a Fourier series. A difficulty is met 
with here. The domain of x used in the present section for the representation of 
the given set of data runs from x= —7 to x= +7 (not, as in other sections, from 
x=OQtox=7). Theuse of acomplete period is necessary because the kernel of (21) 
is non-symmetric. This, however, entails that o (x) cannot now be regarded as a 
periodic function without it having a jump at x= —7 and v= +7 (within this 
domain a(x) decreases monotonically). Such a jump is not permissible in any 


Hid — 
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function the derivative of which shall be a ‘ possible’ left-hand side in (21). In 
practice, implicit introduction of this jump would lead to poor convergence of the 
series. The jump must therefore be avoided. This may be done by subtracting 
from the given o(r) a linear function 7 (7) defined such that the difference 


a(n) =a =etG)*)” 0 ee (32) 
vanishes for those values of 7 which correspond to x=—z and x=z7. This 
difference o* is now regarded as a function of x, and o* («) may be assumed to 
possess a periodic continuation, without thereby bringing in jumps. On the 
other hand, as 7 (7) is linear, the derivative of o* differs from that of o by a constant 
only. ‘This constant is, from the choice of , given by 

= a = =. ee (33) 

P 
Here o_, anda _,, denote the values of o(x) for x= —aandforx= +7. ‘The eigen- 
value of (21) associated with a constant is 1, therefore (33) goes over into the 
spectrum as a constant term, without a change of amplitude. 
The function o*(x) is analysed in terms of a mixed (cosine and sine) Fourier 
series : 


G(X) = 3S Ay? coske + > BLY sinikae | ee ncaee (34) 
0) 1 
From this 
da* do* dx Ler j Noo 
— Fe de He VLR Ae® sinkue D pRB,” coshe. mheone fangs (35) 


This is to be compared with the development given by (26) and the expression of 
the C,, in terms of A,, B,. One identifies 


We 


A,=- 7 RB een (36): Be = TR An*: hier: (7) 
Rewriting equations (30) and (31) in terms of the starred variables one obtains 
kr A,*B,,—B,,*a,, kr A,*a,+B,*B 
See kk %k . Aid ike ae od A ed 
Vey Thy ope oe (38); R= +5 ‘ES Te a ae (OD) 
‘The spectrum is then given by 
$*(«)= > P,cos kx + > Ry sit kk: 0 eee (40) 
1 I 


‘The star in ¢*(x) is a reminder of the change from o(x) to o*(x). To get the 
correct spectral density ¢, the constant given by (33) must be added to 4*. 

In order to use the formulae (38) and (39) for the evaluation of a relaxation 
spectrum, one requires the «,, 6), coefficients of the kernel (22). Their values 
depend upon the length L, and L must be chosen with a view to the range and 
accuracy of the data to be analysed. (‘The more accurate the data, the larger L 
must be chosen, to make the implicit assumption of periodicity harmless.) In the 
table a set of values is given for «,, 8; and k7/[L%(«,2+,2)]. These were 
computed for an L of 12-87 units length and if they are to be used the Fourier 
coefhcients 4,,* and B,* must be evaluated for a domain with the same L. The 
total range —7<wx<+7 corresponds to 2L and with L=12-8units of 7 it is 
2x 12-8/In 1O=11 decades long. This will be more than adequate in most cases 
If the data cover a less extended range only (but do tend to a limiting, constne 


value at either end of the observed range) one may still use the larger domain in the 
analysis. 
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$5. CONCLUDING REMARKS 

‘The work reported in the preceding and in the present paper was started as an 
attempt to further the theory of visco-elastic behaviour, and therefore it is relevant 
to consider its potential usefulness. This will concern only the special field 
mentioned, and not the possibility of application in other fields. 

In the theory of visco-elasticity, the relaxation spectrum (or the retardation 
spectrum) is of interest for two reasons. Firstly, it provides a convenient des- 
cription of the sum total of mechanical properties. Secondly, there is a general 
expectation that the spectrum (rather than the more easily determined properties) 
can be correlated with the molecular structure of the material. Thus knowledge 
of the spectrum should ultimately further the real understanding of the properties 
of substances like high polymers. 


Fourier coefficients «, and 6, of the kernel K (x) defined by K (€) of relation (22) 
within — 12:8 <€<12-8 and by periodic continuation outside of this domain, 
which 1s identified with -7<x<7a. Four figure values of 129 ordinates of K 
were used in the evaluation of the tabled coefficients 


3 3 7k 3 3 7k 
k 10%a,. 10°B,, Ta,2 +8) k 100%, 10°, TXo2 +82) 
O 78-14 0 0 9 8:68 DONS 2105 
t -73-75 == 10-084 34607 10 5-69 3-120 4553 
2 63-11 == ils sil 9-0801 11 JAS seri 9840 
3 NO / Jae 5 20-394 12 1-80 2:76 21200 
ee COL 12-408 oS 13 0-69 Dee: 45400 
5 30:52 =) eye 96:119 4; 0) 1-64 99300 
6 Mesos Set 207-81 ilay (Des 1-10 218000 
7 17-26 0-903 ates LO O45 0-65 467000 
8 12-49 1-300 973 


Regarding this second and more ambitious role that the spectrum might play, 
the immediate prospects of the methods developed in the two papers do not seem 
to the author to be very promising. Unfortunately, the interpretation of the 
spectra is so difficult, and in so rudimentary a stage, that at the present moment one 
does not really gain much by knowing the shape of a certain peak in the spectrum 
more accurately than as given by the damping function itself. It might be 
suggested, of course, that more exact knowledge of the spectra will make their 
interpretation easier. Although this may well ultimately come about, it would not 
seem that much optimism in this matter is warranted. 

A more immediately attractive application is to problems such as the adjust- 
ment of empirical functions and the evaluation of one property of a substance from 
another. As discussed in §3, the spectrum need not be found explicitly for such 
purposes. ‘This kind of problem can be handled very well by means of Fourier 
series, and the practical accuracy is high. 

To return to the determination of the spectrum, it may be mentioned that in 
the case of some of the relevant equations this problem admits of a different 
approach, which is sometimes likely to be more satisfactory. It 1s an iteration 
procedure which is based on the Fourier method in principle and yet in which no 
Fourier analysis need explicitly be made. This alternative method will be 
described in a separate paper by W. A. ‘Twyman and the present author. It is not, 
unfortunately, applicable to the equation treated here in $4, which is the most 


troublesome one. 
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Abstract. ‘The determination of relaxation spectra involves the numerical 
solution of certain linear, convolution-type integral equations of the first kind. 
A simple iteration method is shown by which some such equations may be solved. 
In the limit this is equivalent to the exact solution by means of Fourier integrals. 
If only moderate accuracy is required, the iteration method is sometimes less 
laborious than the use of Fourier series, proposed earlier, and in any case it 
involves only elementary arithmetical operations. 

As one illustration, the relaxation spectrum of polyisobutylene is found from 
the damping, for the whole domain over which published data are available. In 
the rubber—glass transition region the results agree well with those previously 
obtained for this region by use of Fourier series. As a second illustration, 
successive approximations to a fictitious single line spectrum are shown. 


§ 1. INTRODUCTION 


ERTAIN time-distribution functions called ‘spectra’ occupy a central 
position in various theories concerned with the interplay of reversible and 
irreversible processes. For instance in the theory of the visco-elastic 
behaviour of high polymers the relaxation and retardation spectra are used; 
they are time-distribution functions of the elastic modulus and of the compliance 
respectively. One of these functions describes, in principle, all mechanical 
properties of the substance to which it refers. In other theories analogous 
distribution functions referring to thermal and electrical quantities are introduced. 
These various ‘ spectra’ are not functions the form of which can be found 
directly by the measurement of some quantity under varying conditions. ‘The 
determination of a spectrum from observational data involves the (numerical) 
solution of an integral equation. ‘The present paper describes a method for 
doing this by means of successive approximations. As will be seen, the method 
is not applicable to all the integral equations which are of interest in the theory 
of visco-elasticity, but where it does apply it provides a very convenient approach. 
The relaxation or the retardation spectrum are suitable for describing the 
behaviour of real materials under certain physical conditions of linearity and 
linear superposition. Investigations concerning linear visco-elastic behaviour 
go back well into the nineteenth century to the work of Maxwell and Boltzmann. 
This background is reviewed, for instance, by Kolsky (1953). What should 
be mentioned here is that the phenomenological theory of visco-elasticity is 
necessarily somewhat extensive and seemingly complicated. There are many 
observable properties which can serve for inyestigating the behaviour of a given 
material experimentally; there are also many possibilities of theoretical descrip- 
tion. Of these possibilities the ‘ spectra’ represent only a special choice. An 
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alternative approach is given by ‘ memory functions ’, which have for instance 
been used by E. Volterra (1948). The interrelations of the various modes of 
description are very fully discussed by Gross (1953). A discussion of visco- 
elastic properties which sets these into perspective with other departures from 
ordinary elastic behaviour has been given by Taylor (1946). 


§ 2. METHODS OF SOLUTION 
Many integral equations which are important in the theory of visco-elastic 
behaviour can be written as convolution-type equations. The general form of 
such an equation is 


fs)= |. K@=Dg@ di. 9 ee (1) 
One special form which will be considered in detail later is 


Bia) =a. |, ech (Gea ae (2) 


S100) 


‘This may be interpreted physically as relating the imaginary part of the dynamic 
modulus E’(w) to the relaxation spectrum ¢(r), here a distribution of modulus 
over a (natural) logarithmic time scale. ‘Thus 7 is given by 7=I1n(7/7 ), where 
7, stands for some standard time and w is given by w= —In(Q7)), with © the 
angular frequency. 

A general theory exists for the solution of integral equations of type (1) by 
means of Fourier integrals (Titchmarsh 1937). Reference will be made later to 
the main results of this theory, and it is convenient to recall them here, very 
briefly. Under certain conditions, (1) possesses eigenfunctions of type 
exp (—/vs) and the associated eigenvalues are given by 

1 es 


<a | __ K@exp@eyd a, (3) 
The solution of (1) is therefore, formally, possible by relating the Fourier trans- 
form of f(s) to that of g(t) by means of (3), and under certain conditions the 
solution exists. 

When an equation of type (1) is to be solved for the purpose of finding a 
relaxation spectrum, the function f(s) is given by the empirical dependence of 
one physical quantity upon another. ‘The most that may then be assumed 
regarding the ‘ definition’ of f(s) is that a finite (though perhaps arbitrarily 
large) number of ordinates f(s,), /(sy),....18 available. All these will fall into 
some finite range of s and will be contaminated witherrors. The error-component 
present in any empirical f(s) entails that, strictly speaking, no convergent solution 
to the integral equation exists. Any practical procedure for solving the equation 
under such conditions must therefore provide for the elimination of divergences 
caused by noise in the data. In addition to this fundamental requirement, it is 
of course, desirable that the procedure should be simple. , 
One possibility is to expand into eigenfunctions, replacing the Fourier 
integrals by Fourier series for the purpose of numerical work. The convergence 
of the solution can be enforced by suitable truncation and smoothing. ‘This 
gives a workable scheme (Roesler and Pearson 1954), but the labour involved is 
not inconsiderable and some knowledge and practice of Fourier analysis is 
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required for its successful application. It seemed desirable to find, if possible, 
a simpler, yet systematic approach.t 

The idea that an alternative approach could be provided by a method of 
Successive approximations is perhaps rather obvious in view of the wide applica- 
tion which iterative methods have in all types of linear problems. The literature 
on the iterative solution of linear equations is very extensive (for information and 
further references see, for instance, Householder 1953) and among the large 
manifold of schemes proposed for such purposes many would apply to equations 
of type (1). Many iteration schemes are, furthermore, formulated in general 
terms such that they include the procedure described below as a special case. 
Bearing these circumstances in mind, this procedure is put forward as one which 
has been found useful for the applications with which the authors are concerned. 
For such applications, the details worked out in this paper are relevant and the 
authors believe that in this context they are novel. 


§ 3. THE ITERATION PROCEDURE 


Inserting some trial function or an approximation of order n, g(t), say, 
into (1), one obtains (in practice by numerical integration) : 


Fuls)= | K(s—Agu)dt a (4) 


Using the given f(s) and f(,(s) defined by (4), it is required to find a correction 
to g(t) which should bring this nearer to the true g(t). One obvious possibility 
is to take the correction proportional to [ f(s) —/f(,(s)].. Thus the next approxima- 
tion to g(t) would be a g&,, ,,(t) defined by 


Sin($) Sol) = PLAS) fol). nee (5) 


The value of the constant p is disposable and should be fixed so that convergence 


results. 

In order to see whether a procedure based on (5) is feasible, one may consider 
its effect upon a single eigenfunction of (1). ‘The eigenfunctions are of the form 
exp(—ivs), and the two functions f(s) and g(t), and all approximations thereto, 
may be expressed in the form 


fls)= | av) exp(—ivs)dv, g(t) = [o0)exp(-wa)dv. (6) 


With regard to a single eigenfunction component, the iteration is characterized 
by the successive values of 5 and of a which it provides, the variable » now 
being thought of as fixed. The relevant equations are 


aA,)(V) = by, (v)/A(), Soh S107 oe (7) 
which is true from the definition of an eigenfunction, and 
bin vv) — Bale) = Play) = aan), (8) 


which is equivalent to (5). In the following, down to equation (11) inclusive, 
the argument v will be omitted. 


+ A number of approximation methods for finding relaxation spectra are known, but they 
| involve steps, like the determination of higher derivatives of the empirical functions, which 
are best avoided in numerical work. A lucid review of such methods has been given by 


Leaderman (1954). 
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From (7), equation (8) may be expressed in terms of the 6: 


aoe eats bensa)— Oa) = (P/E — Pool ees (9) 
‘his can be written 
(Bin —5) — (By — 8) =(P/A)[B— By, ve eos (10) 
By division one obtains boi 2 ~{-+)anl 1 ae (11) 
bi, ae 
If it is arranged that ie P 22° = Ore (12) 
mn (v) 


then (11) implies that the relative deviations of the successive approximations 
h,,,, from the true value 6 decrease according to a geometrical progression. 

As the equation (1) is linear and the different eigenfunctions do not interfere, 
the successful approximation of the functions g(s) and f(s) depends upon fulfilling 
condition (12) for all possible Fourier components, that is for the A values given 
by all values of v. If the eigenvalues A(v) of a certain kernel make it possible to 
satisfy (12) by giving p some finite value, then iteration according to (5) results 
in a sequence converging to g(s), assuming that the Fourier transform of g(s) 
exists. If the eigenvalues are all of the same sign, and if there is a smallest 
eigenvalue |A,,; | >0, then (12) is satisfied if p lies within the range 


min 


d 


min 


‘The latitude given by (13) may be used to adjust the convergence to the individual 
case. If the eigenvalues are not all of the same sign then (12) cannot be satisfied, 
with one and the same fp, for all eigenfunctions, and then an iteration Ppt ocean 
based on (5) cannot be successful. 

Since A is a function of v the different eigenfunction components of g(t) will 
not all be approximated with the same speed, even if (12) is satisfied for all. 
Generally, A increases with increasing v, and the higher Fourier components of 
g(t) will then approach their true values more slowly than the lower ones. In 
one respect this is desirable, as it implies that the high-frequency noise, due to 
the random errors in the data, is not unduly amplified. Thus the smoothing, 
which has to be done explicitly in the Fourier series method, is here automatic. 
Of course, the automatic smoothing will generally result in some loss of resolving 
power. 

In order to start the iteration procedure, an arbitrary trial function may be 
used. If the start is nade with g,»,=0 and p=A,,;n, then g,,) becomes the usual 
“first approximation’ to the spectrum. 


§ 4. TREATMENT OF VARIOUS EQUATIONS 
4.1. Given Damping Function 
For the equation (2) the eigenvalues as defined by (3) are 


Av) = = cosh Cyai2). ee (14) 


It is seen that A is positive for all values of v, and that \>2/z. The values of p 
allowed by (13) are 0<p<4/7. No useful purpose is served by taking p smaller 
than A,,;,, so that the practical range is 2/7<p<4/z. 
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A choice suitable for some applications is to take p=A,,,,, for the first step 
and then progressively to increase p, say by a factor of 2421-19. This implies 
that at the fifth step one uses p= 2A,,i,; thereafter, if more steps are to be made, 
p is kept constant, as this is the highest value compatible with (13)+. The best 
start is probably ¢)=0, ¢q)=(2/7)E’. The iteration may be terminated at 
any stage when satisfactory accuracy appears to have been attained. This and 
other schemes for choosing p-values are easily worked out on the basis of error 
estimates for the various Fourier components derivable from (11); examples 
are given below. 

4.2. Given Dynamic Elasticity 
Another equation of some importance is that which links the relaxation 
ectrum ¢(7) to the real part of the complex modulus, or dynamic elasticity, 
(w). ‘This equation is 


E(w)=} 


Sh 
E’ 


[l+tanh(r-w)]¢(r) dr. wee (15) 


/ — ow 


As the kernel in (15) is not integrable, it is better to consider the differentiated 


form 
dE'(w) See a Lael 
= = =} _sech'(r—w)f(r) dr, sea (16) 


This falls within the scope of the Fourier-integral theory. The eigenvalues are 


a 


A(v) = SinliGarl2). 0 Ye eee (17) 


ViT 
All values of A are positive and A,,;,=1. ‘Thus the iteration method is applicable 
to (16). One numerical differentiation of the E’(w) data is necessary to find the 
function on the left-hand side in (16). The range of admissible p-values is 
0 <p <2 in principle, and the useful range is 1<p<2. 


4.3. Given Stress Relaxation Function 
A third equation of interest 1s the one which links the relaxation spectrum to 
the stress relaxation function (or the retardation spectrum to the creep-recovery 
function). ‘This is 


Eso) 


o(r)= | _ d(w)exp[—exp(r—w)] dw. see. (18) 
As in the case of equation (15), it is preferable to consider the differentiated form 
a 
= — =|  d(w)exp[r—w—exp(r—w)] dw... (19) 


The kernel of (19) is 
K(r—w)=K(€)=exp[E—exp€]. we aeee (20) 


This function is continuous and integrable, and possesses a continuous derivative. 
Accordingly its Fourier transform is well defined, though it is not readily expressed 
by known functions. However, its behaviour can be investigated numerically. 
This has been done and the detailed results are given elsewhere (Roesler 1955). 


“i In principle, once it may be assumed that the, lower Fourier components have attained 
their true values, it would be possible to use even larger values of p. However, certain 
precautions would then be necessary. It seems most practicable to keep within (13). 
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As the kernel (20) is neither symmetric, nor antisymmetric, its eigenvalues are 
complex. (In physical terms, the kernel produces both a change of amplitude 
and a phase shift.) ‘The numerical investigation shows that both the real and 
the imaginary part of the Fourier transform of the kernel (20) oscillate in sign. 
From this it must be concluded that equation (19) cannot be solved by an iteration 
based on the rule (5), though it may be solved by means of Fourier series. 


§ 5. EXAMPLES 

Data concerning the visco-elastic behaviour of polyisobutylene in shear, due 
to a co-operative research project, have been published by Marvin (1953 a, b). 
The shape of the strongest peak in the spectrum, given by the rubber—glass 
transition, has been determined from these data by use of the Fourier series 
method (Roesler and Pearson 1954). In other regions, the amplitude of the 
spectrum is very much smaller, but its form there is nevertheless of considerable 
physical interest. [he determination of the spectrum over the whole range of 
data is in such a case necessarily laborious. ‘The enormous span of amplitudes, 
amounting to a factor of 10°, makes the division of the work into stages inevitable. 
When using the Fourier series method, one has to apply it several times, starting 
by the evaluation of the main peak and subtracting at each step the effect of the 
partial spectrum already found from the data. ‘he method then becomes one of 
iteration, similar to that proposed here, but in which the successive corrections 
are found by means of Fourier series instead of by means of (5). Such a pro- 
cedure has been tried and was found to be workable. ‘lhe simpler iteration 
method based on (5) is, however, more cfhcient for the type of problem under 
consideration and it is possible by this means to deal from the start with the 
whole range of data, despite the very large variation in the damping. Another 
advantage of the iteration based on (5) is that the significance of the remainders 
G” —G",) need not be considered at each step. 

A very large range of amplitudes causes difficulties in the choice of p-values. 
There is then no way of establishing, before the actual computation is done, 
whether a given sequence of p-values which increase from p=A,,;, to p= 2A in 
will not in later stages, when p = 2),,,,, is used, produce oscillations in the regions of 
small spectral amplitude. Such oscillations may even arise if the largest p used is 
less than 2A,,;,, and though they should ultimately die out they make it impossible 
to terminate the whole computation at an arbitrary step. One way of over- 
coming this difficulty is never to raise paboveA,,,.__ The convergence of the whole 
process is then slow, but is systematic over the whole range. Another possibility 
is to step up the p-values to p = 2,,;, fairly quickly, thus obtaining fast convergence 
at the main peak, and ultimately, when the shape of the main peak has ceased to 
change substantially, to reduce p again to p=Aypin- 

Such a treatment of the Marvin data (1953 a, addendum) for G’() of polyiso- 
butylene has been carried out by the authors. Eight iterations were done, the 
values of p, in multiples of Aji, = 2/7, being 1, 1-19, 1-41, 1-68, 2, 2, 1, 1. The 
treatment and its results are summarized inthe table. The first column shows the 
kernel. ‘The straight values of } sech (7 — w) must be corrected for the number of 
ordinates per unit of 7—w; in Marvin’s tabulation, the values of G” are spaced at 
0-4 decade, which is 0-9227 units. This spacing of ordinates was accordingly 
used. If one is free to choose, it is advisable to use somewhat narrower intervals, 
of order 0:1. . . 0-2 decade, and the higher the accuracy of the data, the smaller the 
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interval that should be taken. For the computation, the values of the kernel as 
given in column 1 are put on a strip, which can be laid along the column of 
¢-values. Each value of G” can then be obtained by accumulating the products of 


Table. Evaluation of the Relaxation Spectrum for Shear of Polyisobutylene 


Values of the kernel 


of equation Chyacoie Ibiyes 9h P(1) =(2/7) G’ #8) P(Fourier) 
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The first column shows the appropriately scaled values of the kernel of the integral 
equation, in the position for evaluating G” for log T=2-0. ‘The second shows the decadic 
logarithm of the characteristic time in seconds. The third shows the first approximation to 
the spectrum given by the scaled-down damping function, using the data published by Marvin 
(1953 a). The fourth column shows the eighth approximation, which can be considered as 
final with reference to the accuracy of these data.. The fifth shows, for comparison, the 
spectral amplitudes obtained by Roesler and Pearson (1954) by means of Fourier series, from 
the same data. The asterisk (*) indicates oscillations (see text). 
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adjacent numbers when the central value of the strip is opposite the appropriate 
value of 6. The correction to each value of ¢ is found, from (5), by subtracting 
the corresponding value of G,) from the true G” (the data) and multiplying the 
difference by p. ‘The first approximation ¢q) is obtained by multiplying the G* 
values by 2/7. The third column of the table shows this first approximation. 
The fourth column shows the final, eighth approximation. At this stage, all 
corrections to the spectrum, everywhere, became so small that further work could 
not result in significant changes. For comparison, the results obtained previously 
by means of Fourier series, in the region where the single Fourier analysis can be 
expected to be reliable, are shown in the next column of the table. ‘The agreement 
is obviously good. 

A number of values of ¢ have been marked with an asterisk (*). It is seen, 
most easily by making a plot of ¢j) for this region, that the spectrum here shows 
short oscillations. It would seem very unlikely that these oscillations are physically 
real, and one might consider it justifiable to remove them by graphical smoothing. 
This was not, however, done in this paper, since the oscillations are not due to 
errors in the approximation process. ‘They are mathematically proper conse- 
quences of a slight roughness of the £” data in this region, which can also be noticed 
on a large-scale non-logarithmic plot. If the ordinates were more narrowly 
spaced, such oscillations, provided they are due to random errors in the data, would 
be reduced. 

The speed of the convergence 1n a given case depends not only on the choice of 
p-values, but also on the form of the true spectrum. ‘The sharper the peaks 1n the 
true spectrum, the more slowly do the results of the successive iterations approach 
it. The sharpest peak that can occur is a single line spectrum. Convergence in 
the proper sense is then impossible, as the 6-function cannot be represented by 
aseries. ‘The damping function corresponding to a single line spectrum, with the 
line at w=0, is given by } sech w. In order to gain some experience of how the 
iteration process works in the case of sharp peaks, the authors have applied it to 
this function. Such a treatment should not be done analytically (as, in principle, 
it could be when the damping function is given analytically), but numerically, so 
that the rounding-off errors make it realistic. Accordingly, } sech w was con- 
sidered as a numerically given function, using only two figures. The ordinates 
were spaced at intervals of 0-3 units of w. ‘There are 35 non-vanishing ordinates 
and the ordinate sum of a correctly normalized spectrum is 3-33. The rounding-off 
error for each ordinate is 0-01 and the probable error for the sum 0-01 4/35 =0-06, 
which is 2°. ‘The normalization of the spectrum is given by the lowest Fourier 
components which are thus likely to drift by about 2° at each step of the computa- 
tion, with the total drift increasing as the root of the number of iterations. This 
drift will, of course, be counteracted by the iteration itself so long as p is less than 
2\min» Accordingly, if it is desired that the normalization should stay correct 
within certain limits throughout the iteration, the values of p should not be raised 
above a figure which is smaller, by a suitable margin, than 2),,;,.__The theoretically 
optimum choice of p under such conditions presents a difficult and interesting 
problem, which will not be considered here. In practice, fixing p by a guess is 
unlikely to lead to much loss in convergence. Should oscillations arise from p 
having been chosen too large, the mistake can be rectified during the computation. 
For the evaluation of the line spectrum discussed here, the values of p used, in 
multiples of A,,;, were 1, 1-3, then constantly 1:6. The normalization was checked 
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at each step and it was found that it did not show oscillations larger than + 3° of 
the correct value. After fifteen steps the difference BE” — "ys. was smaller than 
0-01 at any point and the accuracy of the presupposed data could therefore be 
considered as exhausted. The figure shows a plot of the first approximation 


Successive approximations to a sharp line in the spectrum. 
ine centre at 2 — 7), Im (i474) —0. 


da = (2 7) &”, of the third approximation di) and of the last approximation $q5)- 
This example shows that comparatively rough data will support many iterations, 
provided they contain no systematic errors. 
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An Experimental Investigation of Non-Metallic Wear 


By G. HUGHES anp R. T. SPURR 
Ferodo Ltd., Chapel-en-le-Frith, Stockport 


Communicated by R. C. Parker; MS. received 18th October 1954 


Abstract. ‘Vhe rate of wear of a non-metallic substance is shown to be given by 
the equation W=KL/p (where W is the wear per unit sliding distance, L the 
load and p the hardness) over a wide range of sliding conditions provided the 
variation of the hardness of the specimen with temperature is taken into account. 


$1. INTRODUCTION 


QUATIONS of the form W=KL/p relating W, the wear per unit sliding 

distance of a material, with its indentation hardness p, and the load L, 

have been proposed on theoretical and experimental grounds by Holm 
(1946), Burwell and Strang (1952), Archard (1953) and Rabinowicz (1953). 
‘The wear equation involves the hardness p because it is generally assumed that, 
though true contact occurs between two surfaces at small isolated areas, the total 
true area of contact for plastic materials is related to L/p, and that the wear 
process involves the formation of wear particles at the isolated contact areas. 
Archard considers K to be related to the probability of a wear particle being 
formed at a particular contact area. Experimental verification of the equation 
has previously been limited to showing that the rate of wear is proportional to 
the load and there has been no direct experimental verification of the inverse 
relationship between wear and hardness. ‘The work described below was under- 
taken to investigate the relationship between wear and hardness directly, by 
sliding a low melting point material (a wax) against a cast iron disc and measuring 
the rate of wear and the temperature reached at the rubbing surface over a range 
of loads and speeds. The variation with temperature of the hardness of the wax 
was then measured and the appropriate values of W, L and p substituted in 
the equation. 


§ 2. EXPERIMENTAL DETAILS 
2.1. Measurement of Wear 


Figure 1 shows the apparatus used for measuring wear and friction. The 
cast iron plate A, 35 cm in diameter, was connected to a 3 h.p. electric motor 
providing running speeds ranging from 60 to 300 r.p.m. (i.e. linear sliding 
speeds from 100 to 500 cm sec"). A torque arm B was freely suspended above 
the plate, and restrained at one end by a friction-measuring pendulum device, 
the guide C ensuring that the restraining cord acted at a constant radius. At 
the other end of the torque arm, the specimen holder D was freely hinged at E, 
so that dead weight loading could be applied. 
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The surface of the plate was prepared by abrading it with a carborundum 
stone lubricated with paraffin oil while the plate was running at high speed, 
and then cleaning the surface with cotton wool soaked in carbon tetrachloride. 
This procedure was repeated before each wear measurement, for the wax tended 
to smear over the disc of the wear machine and at higher loads and speeds to 
build up a thick film of wax which affected the rate of wear, and also reduced 
the coefficient of friction. Montan wax was chosen as the test material because 
of its low melting point and its consequent marked softening at the relatively 
low temperatures which could be reached on the wear machine. The specimens, 
which were prepared by casting the wax in small moulds, had rubbing areas 
of 4 in. by ¢ in. 


tT 


| | 


Figure 1. Wear machine. 


The rate of wear per unit sliding distance was measured over a range of loads 
from 845 to 3000 grammes and measurements were made at four different 
speeds for each load. The wear was determined by measuring the loss in 
weight after 5-minute runs, for it was found that wear increased linearly with 
sliding distance, and the average of six such runs taken. The wear results 
were quite reproducible, except perhaps at very low rates of wear when slight 
contamination of the wear machine disc could affect results. 


2.2 Measurement of Surface Temperature 


A wax specimen was cast with a thermocouple incorporated in the mould 
in such a way that the junction was close to the surface to be used for sliding. 
When the wax specimen was run on the wear machine the thermocouple registered 
room temperature until the junction reached the surface when the temperature 
increased sharply to a value characteristic of the sliding speed and load. ‘Thermo- 
couple readings were recorded at various loads and speeds. It was observed 
that no matter how severe the sliding conditions the thermocouple reading would 
not rise above a certain value. ‘The thermocouple was therefore calibrated by 
assuming that this limiting value corresponded to the melting point of the wax. 


2.3 Measurement of Variation of Hardness with Temperature 
The hardness tester used consisted of a metal bar 24 in. long pivoted at the 
centre. Halfway along one arm the diamond indenter from a Vickers hardness 
tester was affixed and counter-balance weights hung on the other arm until the 
bar just balanced in the horizontal position. ‘The load required for making the 
indentations was attached to the end of the part holding the diamond indenter. 
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Underneath the indenter a microscope heating stage was placed and covered 
with a lid made of a very poor conductor with a hole in the centre just large 
enough to allow the entrance of the diamond indenter. 

Preliminary measurements showed that the hardness of the wax was constant 
over the experimental range 10-3000 g load. Before making any indentations. 
at elevated temperatures the apparatus was maintained at the required tempera- 
ture for ten minutes to ensure that thermal equilibrium was reached. A fresh 
sample of wax was used at each temperature and indentations were made at 
temperature intervals of 5°c up to a maximum of 75°c according to the micro- 
scope heating stage thermometer. As at higher temperatures the wax did not 
give a clear-cut indentation and creep occurred, the melting point was obtained 
by extrapolating the hardness-temperature curve to zero hardness and was 
found to be 80°c. ‘There was a small temperature difference between the 
surface of the specimen and the thermometer, but this difference and the slight 
loss of heat by conduction along the wires of the embedded thermocouple were 
allowed for by the method of thermocouple calibration described above. These 
two factors together amounted to about 5°c at 80°c ; for the actual reading of 
the thermocouple at the limiting temperature it reached during sliding, as 
described above, was 75°c. 
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§ 3, RESULTS 

‘Thermocouple readings obtained at various speeds and loads and calibrated 
as described above are plotted in figures 2 and 3, and smooth parallel curves 
drawn through the points. ‘These curves were drawn so that the variation of 
temperature with speed and variation of temperature with. load gave sets of 
curves which were mutually consistent and lay as close as possible to the experi- 
mental points. ‘The variation of the hardness of wax with temperature is shown 
in figure 4. 

The wear was measured at fourteen different sets of sliding conditions. 
The hardness of the wax was obtained for each set of sliding conditions from 
figures 2, 3 and 4 and the wear figures and hardnesses used to plot figure 5 
where W/L is shown plotted against 1/p. It can be seen that the points fall 
about a straight line showing that the rate of wear is indeed given by the equation 
W=KL/i/p. The value of K can be obtained from the slope of the line and 
using this value of K the wear—load curves for the four sliding speeds were 


calculated and are shown in figure 6. The actual experimental wear figures 
are shown by circles. 
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$4. FRicTION EFFECTS 
The softening of the wax with increasing temperature suggests that the 
true area of contact between specimen and plate, and therefore the coefficient 
of friction 4, might increase with temperature. This however was not the case for 
# decreased from 0-4 at room temperature to about 0-30 at 65°c. King and Tabor 


(1953) measured the variation of the coefficient of friction j, shear strength s, and 


hardness p, with temperature of a number of plastics and found that the equation 
80/~ 
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Figure 5. Wear plotted against 1/p. 
of the wax with temperature. 
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Figure 6. Variation of wear with load at different speeds. 
shown by circles. 


Experimental wear values 


pp=Cs)p, held over a wide range of temperatures; C for polythene was 1-1, and for 
Perspex 2:4. The shear strength of wax cylinders was therefore measured at 
temperatures from 20 to 70°c. ‘There was considerable scatter in the measured 
shear strength, but the value of s/p was found to be more or less constant (0-05 to 
0-08) over the whole temperature range, though considerably less than p. ‘The 
difference between yz and s/p was probably due to the wax failing in a brittle 
manner in the shear strength measurements whereas a ductile type of shear 
occurred at the contact areas during sliding. 
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Lamellar Defects in Single Crystals of Silicon 


By J. FRANKS, G. A. GEACH anp A. T. CHURCHMAN 


Research Laboratory, Associated Electrical Industries Ltd., Aldermaston Court, 
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Abstract. Otherwise perfect single crystals of silicon have been shown to contain 
lamellar defects lying on (111) and (123) planes. Similar lamellae may be intro- 
duced by plastic deformation. 


E CAUSE structural defects in silicon crystals affect their electrical properties 
and applications (Taylor, Odell and Fan 1952, Mataré 1954) observations 
of a defect which is found in single crystals of silicon made by Czochralski’s 

technique are reported. It has also been discovered that silicon will twin during 
deformation. 

Johnson, Matthey ‘ Hyperpure Grade’ silicon contained in transparent 
silica crucibles was melted under an argon atmosphere by high-frequency 
heating (10 000 c/s) using a carbon inductor two inches in diameter. A seed 
crystal was dipped into the molten silicon and then withdrawn at about 1 mm per 
minute: it was kept rotating at about 50 rev min“! throughout a run. An 
essential condition to avoid polycrystallinity was that before withdrawal was 
commenced the seed be completely wetted wherever in contact with liquid. 
Crystals prepared in this way were about 2 cm in diameter and weighed 15 to 
20 gm. In every single-crystal ingot of silicon examined a few very fine lamellae 
were found; these might extend throughout a crystal or might begin or terminate 
during its growth. 

Crystal slices cut with a (111) face were ground on emery cloths to 320 grade, 
using methylated spirit as lubricant, polished chemically in a mixture of 10 parts 
of nitric acid with 1 part of hydrofluoric acid until, after about one hour, the emery 
scratches had been removed, then polished on‘ Selvyt ’ using magnesia or alumina 
in water, and given a final short chemical polish in the acid mixture. ‘The 
specimens were etched in a warm saturated solution of potassium hydroxide for 
times up to two minutes. While the acid chemical polishing solution is sufficiently 
sensitive to crystal orientation of a surface to differentiate large twinned areas, 
the potassium hydroxide solution shows up very clearly small imperfections 
present in the crystals. Both the acid chemical polishing bath and the potassium 
hydroxide etch attack strained areas in the silicon more than surrounding strain- 
free material. 

Measurements made of the traces of these lamellae on two faces whose 
crystallographic orientations had been determined by x-ray Laue method showed 
that the lamellae were parallel to (111) planes. In this way they resembled 
twins in silicon. Their width, however, was often unusually small for twins in 
crystals of high symmetry. Examination under the electron microscope using 
carbon replicas (Bradley 1954) showed that they might be as little as 100A thick 
(figure 1, Plate). The lamellae tended to occur less frequently on that (111) 
plane most nearly normal to the growth direction, than on other {111} planes. 
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In crystals grown in the [111] direction, no lamellae were observed on the (111) 
plane parallel to the liquid-solid interface. 

Back reflection x-ray examination, using a microfocus tube so arranged that a 
spot of the specimen 1 mm in diameter was examined and that the Laue spot was 
an image of the irradiated spot, showed that there was considerable strain in the 
silicon about the lamellae. ‘The Laue spots were crossed by dark lines parallel to 
the traces in the specimen surface of the lamellae. ‘T'win material should have 
left an unblackened line on the spot and it appears that these dark lines are due to 
a disturbance in the matrix adjacent to the twins. From the width of these 
black traces this strained region was found to be between ten and fifty times as 
thick as the lamellae. A broad trench whose width was about that of this strained 
band was etched in the material about the lamellae and could be observed using 
an electron microscope. ‘This trench had a flat bottom parallel to the original 
(111) surface being examined, and was bounded by cliff-like edges parallel to the 
lamellae. 

Hexagonal etch pits were formed on {111} faces by the potassium hydroxide 
etchant. These pits only occurred along the lamellae: they were always 
observed at points where a change in the breadth occurred in the lamellae and at 
the ends, that is at points where localized strain is to be expected in the crystal 
(figure 2, Plate). 

A small number of traces which could not be those of {111} planes has been 
observed. These were possibily due to similar lamellae parallel to {123} planes 
in the matrix crystal. 

The evidence that silicon will twin during deformation was obtained from 
experiments in which small bars were bent by three-point loading. Specimens 
3 mm square with a span of 10 mm were heated in the h.f. furnace and bent under 
loads of 1800 to 4500 gm at about 1300°c. ‘They were polished and examined 
before and after bending. It was found that the deformation had produced a 
small number of twins having the form of the lamellae just described. 

Of possible boundary planes between a twin and a completely surrounding 
matrix two parallel (111) planes may be completely coherent. No other part 
of the twin surface can be coherent. ‘This is in accordance with the plate-like 
form of the lamellae observed in the (111) planes. Very commonly the lamellae 
reached the surface of the ingot : it is possible thus to avoid all incoherent silicon 
to silicon interfaces, except where changes in width occurred. It is possible 
that a completely enclosed twin may be bounded, at least in part, by faces other 
than (111) but on which the parameter of the super lattice of coincidence is not 
many times greater than the lattice parameter. Such planes must, of course, have 
low index zone axes, such as [111], and the (123) plane is a plane of this nature. 
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RESEARCH NOTES 


The Barrier Height of Point-Contact Germanium Diodes inferred from 
Measurements of the Voltage Dependence of Capacitance 


BY Foe. (ROBERTS anpal,, Ro EILUMAN 


Post Office Engineering Research Station, Dollis Hill, London, N.W.2 
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HE capacitance C of a point-contact germanium diode, subjected to a 
reverse bias of voltage I’, has been measured with apparatus utilizing 
the basic circuit of most commercial QO-meters, but having further attention 
paid to stability of frequency, to resolving power of the variable capacitor and, 
because the signal applied to C had sometimes to be less than 50 mv, to the 
sensitivity. Spreading resistance was unimportant in all measurements. 
Results appropriate to the whisker-germanium contact were obtained at the 
cost of destroying the unit, by measuring the residual capacitance of the body 
and lead wires after the whisker had been forcibly removed from, and arranged 
to remain a small distance off, the germanium. ‘The capacitance of a complete 
unit mounted conventionally was, depending on its construction, anything up 


to 0-5 pF greater than the values now given. 


Figure 1. The voltage dependence of the capacitances of some point-contact 
germanium diodes. 


Figure 1 shows results for several types obtained with a signal frequency of 
1-2 Mc/s ; separate tests indicated that the results were independent of the 
signal frequency. ‘The presentation, log C against log (V +49), gives equal 
prominence to data for V greater than and less than 1 v and to large and small 
values of C. do is a constant for each unit, chosen to give each curve a close 
approach to a straight line. ‘The reciprocal of the slope represents the index 
in the relationship C-" oc (V +49); mis seen to be approximately - (rather than 
1 or 3), for all but the CG8’s. The curves refer to individual units, but others 
of the same types have shown similar variations of C with V even though C, at a 
given voltage, differed by a factor of up to3. “The curves must not be extrapolated 
to the left. 
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Figure 2 shows results for three units type GEX64. The points for 
(V +49) > 0-1 v refer to a test frequency of 10 Mc/s (known to be unimportant), 
while those for V =0 refer to frequencies up to 0-5 Mc/s only. ‘The slopes of the 
curves are closely —1/3, suggesting »=3. When the extreme left-hand point of 
each curve is neglected, as perhaps it should be because V < 0-025 v (=RT/q); |$o| 
remains very small (< 0-025 v). 


C (pF) 
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Figure 2. The voltage dependence of the capacitances of three diodes type GEX64. 


‘The simplest interpretation of the value m= 2 is that the net donor concentra- 
tion in the germanium is constant throughout the region (of radial thickness 
extending to a few microns) swept by the space charge barrier layer for the range 
of bias voltages used. It implies negligible diffusion of acceptor impurities from 
the catswhisker (or from the possibly contaminated surface of the germanium) 
during the electrical forming of the contact. ‘lhe value x =3 on the other hand 
suggests a uniform gradient of net donor concentration through the barrier layer 
(thinner since able to withstand less reverse bias) of the GEX64 type diodes, a 
gradient that can only have been set up by the diffusion of acceptor impurities 
from the catswhisker to distances of about a micron into the germanium during 
the electrical forming. 

‘The voltage intercept ¢y is related to the spontaneous thickness of the barrier 
layer in the absence of any applied bias. Schwarz and Walsh (1953) have shown 
that, when the experimental results are consistent with n= 2 over a wide voltage 
range, as appears for several of the diodes above, the value of 4) should be only 
about 0-025 v less than the barrier height for electrons approaching the metal 
from the semiconductor. ‘The donor concentrations of, and hence the Fermi 
levels in, the material used for the diodes of figure 1 can be inferred from their 
known turnover voltages, ranging from 30 to 120 volts (by comparison with results 
obtained for laboratory-made diodes using monocrystalline germanium of known 
resistivity). It then follows that the barrier height for electrons approaching the 
semiconductor from the metal is, at least for all these diodes except the CG8’s 
less than or barely equal to half the forbidden energy gap for germanium. at 

; Other measurements at these laboratories indicate that the electrical forming 
of tungsten contacts on monocrystalline germanium, to an extent suitable for the 
production of good diode characteristics, does not reduce the hole-injection ratio 
(at 1 ma forward current) to less than 0-2 for germanium of resistivity 1-5 Qcm 
One purpose of the note therefore is to draw attention to the discrepanc 
between the small barrier heights obtained from the capacitance rise eae 
and those (much greater) that may be inferred from the measurements of injeenoe 
ratio (Hogarth 1953, Gunn 1954, Swanson 1954). 
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REVIEWS OF BOOKS 


Einfiihrung in die Physik, Band 3, Optik und Atomphysik, by R. W. Pou. 
Pp. viii+356. (Berlin, Gottingen, Heidelberg: Springer.) DM 29.70. 

The author describes a large number of experiments, many of them lecture 
demonstrations, and then gives a very brief account of the associated theories. 
In this way, starting from rudimentary beginnings, he is able to introduce a large 
number of topics very rapidly. Near the beginning of chapter 2, the reader is 
introduced to the laws of reflection and of refraction. On page 12, a lens is 
considered as an assembly of prisms and on page 17 there is an elementary 
treatment of resolving power. On page 19 the idea of dispersion is first intro- 
duced and on page 21 the properties of infra-red and ultra-violet radiation are 
described. ‘The chapter ends with a discussion of mirror systems (pentagonal 
prisms, corner cubes, etc.). Chapter 4 begins on page 32 with nodal points and 
principal planes and includes the third-order aberrations, the Schmidt camera, 
achromatization, telescopic systems, magnification, field of view, stops, and the 
theory of perspective. The lectures on which this book is based are probably 
useful to the students for whom they are intended especially when illustrated by 
many good lecture demonstrations (some of which are described) and illuminated 
by the personality of the distinguished author. As the above summaries suggest 
they are so different from a course of lectures in a British University that a trans- 
lation could not be recommended to British students. 

One is shocked by the ease with which topics appear and then are allowed to 
fade out so that one chapter includes work which we should regard as school 
work and also material suitable for a Special Honours course. Yet, for the 
teacher of Physics, it is not sufficient to review this book as the Victorian lady 
reviewed Antony and Cleopatra with the phrase ‘‘ How unlike the home life of 
our own dear Queen’”’. We need not imitate, but can it be that the somewhat 
pedestrian systematic, logical exposition (‘‘ starting at the beginning and going on 
to the end’), which constitutes our typical lecture course, would be improved by 
an occasional ‘ preview’ of something interesting which logically should come 
much later, and that students should occasionally be taken out of their depths, 
even though most of them prefer to paddle! Any British University lecturer in 
optics who has given the same lectures for five years might profitably read this 
book and reconsider his course before saying ‘‘ Same again”. 

Part II on ‘ Atomic Physics’ includes sections on atomic and molecular 
spectra, temperature radiation, fundamental particles and on the author’s own 
special subject ‘Quantum Optics of Solids’. The treatment of spectra is in 
terms of the Bohr orbits. Here, and in a number of other places, a more modern 
viewpoint could, with advantage, be adopted. The 565 illustrations include 
many perspective drawings of lecture bench apparatus where line diagrams would 
be more useful. There are also a large number of excellent photographic 
illustrations. R. W. DITCHBURN. 


Der Ultraschall und seine Anwendung in Wissenschaft und Technik, 6th Edn, by 
L. BERGMANN. Pp. xvi+1114. (Stuttgart: Hirzel, 1954.) 


_ ‘The science of ultrasonics has travelled far since Dr. Bergmann published the 
first edition of his well-known book in 1937, how far can be succinctly seen by 
comparing the expansion in size, 250 to 1100 pages. Over the years it has been 
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the constant reference book of workers in this field. Here they will find a 
complete up-to-date bibliography of pure and applied ultrasonics, in which every 
paper published finds its due place at the hands of this industrious abstractor. 
In some respects the warp and woof of six editions shows through the material. 
It is questionable whether diagrams and photographs of apparatus now only of 
historic interest should continue to be reproduced, or the latest and perhaps more 
conclusive researches appear as small type additions to earlier work. One would 
like as much space given to English and American industrial applications as to 
German ones even if data about the latter are nearer to the author’s hand. 
But, in spite of this, everyone who aspires to study the subject must obtain this 
book. E.G. R. 


Some Problems in the Theory of the Luminescence of Crystals, by E. 1. ADIROWITSCH. 
Pp. xii+ 298. (Berlin: Akamedie-Verlag, 1953.) (Translated into German 
from the Russian.) 


Luminescence studies provide a rich field of speculation for the theoretician 
but one in which it is dangerously easy to select data for the furtherance of a 
theory which later proves to be erroneous. ‘The author has selected topics such 
as phosphorescence and non-radiative transitions in phosphors for detailed 
theoretical consideration but there is no evidence that he has avoided the pitfall 
above. In fact his perspective is apparently distorted by two factors, a lack of 
appreciation of developments, both experimental and theoretical, in the Western 
world and a desire (whether voluntary or not cannot be judged) to vindicate the 
prior and superior efforts of his fellow countrymen in this field. 

In chapter I a fairly successful attempt is made to provide a rigorous 
definition of luminescence, distinguishing it from other emission processes such 
as the Raman effect and thermal radiation. ‘This is followed by some discussion 
of candoluminescence and the elementary laws governing the efhciency and 
spectral characteristics of luminescence. Chapter II gives a historical survey 
of theories of decay of luminescence with an expected emphasis on the efforts of 
Russian workers to lay the basis of modern theories. Figure 15 of this chapter 
emphasizes the lack of understanding which the author has for the implications 
of practical data on phosphors. Many more examples of this are to be found in 
later chapters. His cited proofs for the ‘ bimolecular’ law of phosphorescence 
are very much dated and are not now generally accepted. 

After chapter III, which gives a detailed account of the energy band model for 
crystals, the author returns to his main concern. ‘This is the setting up of the 
‘elementary’? decay laws of phosphorescence. A multitude of experimental 
decay curves with theoretical ‘ fits’ are provided, impressive to any but those 
‘ skilled in the art ’ who realize that the decay curve reveals relatively little about 
fundamental processes. At the end of the chapter the studies made in the 
reviewer's laboratory receive castigation because they offend the Russian 
‘bimolecularists’’. What the author never seems to realize is that the recom- 
bination of excited electrons with emission centres in phosphors is accepted by 
most workers in the field as involved in the luminescence decay of photo- 
conducting sulphide phosphors. However, it-is hardly ever the rate determining 
step in the decay, this being given by trapping processes either within centres or 
in the matrix lattice. 


118 Reviews of Books 


Later chapters contain more criticism of non-Soviet efforts particularly 
in the matter of non-radiative processes which occupy most of the later pages. 
However, the author’s theoretical efforts in chapter VII (pages 262-3) show how 
erroneous his own reasoning is! He derives a temperature dependence of 
emission from a model which on correct solution can only give a temperature- 
independent emission efficiency. 

The text concludes with reference to a light emission produced by cooling 
phosphors in the dark and an attempt to give a theory for the effect. . The 
experiment is worthy of note but needs to be examined more carefully before a 
theory is postulated. 

The general impression given by the text is that the author has lost perspective 
in the field and is promoting theories with very limited applications at the expense 
of ignoring a great deal of experimental data. It is surprising to find so little 
reference to the studies of the Eindhoven group on the nature of emission centres 
in sulphide phosphors, to the work in the U.S.A. and elsewhere on configurational 
coordinate diagrams for centres, and to the excellent experimental and theoretical 
work on the decay characteristics of luminescence and photoconduction in single 
sulphide crystals by Broser and Warminsky in Berlin. It is also surprising that 
current problems such as interpretation of thermoluminescence data, the effects 
of infra-red radiation on phosphors and the sensitization of luminescence receive 
little or no attention. 

References to non-Russian work are all pre-1950. No subject index is 
provided. G. F. J/'GARLICK: 


Radio Astronomy, by A. C. B. Lovett and Colleagues. Pp. 50. (London: 
Royal Astronomical Society, Occasional Notes, No. 16; Vol. 3, 1954.) 6s. 


In a subject which is expanding as rapidly as Radio Astronomy, it is difficult 
for those outside the field to keep abreast of the developments, and any general 
survey is to be welcomed. In this issue of Occasional Notes Professor Lovell 
and his colleagues have combined to give ten short summarizing papers on 
different aspects of contemporary work. It is inevitable that a treatment of this 
type should lack a certain continuity, and this is particularly evident in the different 
standards of knowledge which the authors have assumed. Nevertheless they 
have succeeded in giving, to the reader without special knowledge of either 
astronomy or radio techniques, a stimulating account of the major advances of 
recent years. 

The basic principles of Radio Astronomy are described in the first two chapters, 
where the problems of the reception of the natural emission from celestial objects, 
and their observation by radar methods, are discussed. In the tormer discussion 
the expression relating the noise power in an aerial situated in a radiation field 
is incorrect, and some of the treatment is over-simplified, but it succeeds in 
conveying a general picture of the experimental difficulties. 

The following two contributions represent excellent accounts of the radar 
observations of meteors, the aurora and the Moon; both the principles underlying 
the observations, and the exciting results which have been obtained, particularly 
in the delineation of meteor radiants and velocities, are well presented. 

‘The section describing the radio emission from the sun might well have been 
extended, and is in parts confusing —particularly when dealing with the emission 
from the undisturbed solar disc. 
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The remaining chapters provide a very good account of the investigation of 
the galactic and extra-galactic sources of radio waves, the line emission from 
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On the Measurement of Minority Carrier Lifetime in n-Type Silicon 


By J. B. ARTHUR, W. BARDSLEY, A. F. GIBSON anp C. A. HOGARTH 


Radar Research Establishment, Great Malvern, Worcs. 


VS. received 13th September 1954 aid in final form 17th November 1954 


Abstract. A number of methods has been devised in the past few years for 
measuring the lifetime of minority carriers in semiconductors. With germanium 
all these methods give results consistent with each other. When another 
semiconductor, namely silicon, is studied quite large differences in the results 
from different methods are found. These discrepancies are described and their 
origin discussed. It is concluded that an uncritical application of well-established 
germanium technology to any other semiconductor may lead to erroneous 
conclusions. 


§ 1. INTRODUCTION 


NE of the important characteristics of any sample of a semiconductor is 

the lifetime of minority carriers injected into the material. It is common 

practice in all laboratories to carry out a routine check on the carrier 
lifetime in all crystals produced. Apart from the fundamental information that 
can be obtained from lifetime measurements, the design of devices (e.g. transistors) 
is impossible without some information on carrier lifetime. 

Various methods have been devised in the past for the measurement of carrier 
lifetime and employed with considerable success on crystals of germanium. 
The more important of these methods will now be described. 

(i) The Drift Mobility Method, originally due to Haynes and Shockley 
(1951). In this method a pulse of minority carriers is injected into a filament or 
thin rod of the material under examination, the carriers being swept along the 
filament by an externally applied field and detected at a collector point some 
distance away. ‘The transit time between emitter and collector may be measured 
directly by conventional techniques and hence the rate of decay of the carrier 
density determined. ‘This is essentially a direct method, and measures the values 
of carrier lifetime and mobility that are operationally significant (Shockley 1951). 

(ii) Conductivity Decay Methods. Minority carriers may be created | in 
a filament by illumination (photoconductivity) or by injection from a rectifying 
contact. In either case the conductivity of the specimen is increased. ‘The 
decay of the conductivity on the cessation of excitation is exponential if the 
original disturbance was small. Inasmuch as the decay in carrier density is 
observed directly, this method reproduces closely the conditions assumed in the 
definition of carrier lifetime. It has, therefore, been widely adopted for research 
purposes (e.g. Navon, Bray and Fan 1952, Moss 1953, Many 1954). As will 
be shown, however, care must be taken in interpreting results obtained by this 
method if any trapping of carriers can take place. 

PROC. PHYS. SOC. LXVIII, 3—B 
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(iii) If the minority carrier mobility in a particular semiconductor is assumed 
to be known, the carrier lifetime can be obtained from the measurement of 
a length, rather than a time. The emitter point efficiency method (Shockley, 
Pearson and Haynes 1949, Hogarth 1953) and the travelling light spot methods 
(Valdes 1952) are representative of this group. ‘The latter method is of great 
technical importance as it is widely used for routine examination of crystals. It 
has the great merit that the sample need not be cut to any particular shape or 
size. The conditions necessary to obtain valid results have been indicated by 
Valdes (1952). 


§ 2. THE MEASUREMENT OF LIFETIME IN SILICON 


When silicon crystals were first examined for transistor action in this laboratory 
it was quite apparent that the lifetime in all samples available was very short. 
The samples used were either grown here or obtained from other laboratories. 
In spite of the evidence of very short lifetime indicated by point-contact transistor 
experiments, the travelling light spot equipment indicated lifetimes of the order 
of 100psec. ‘This equipment was known to give valid results when used with 
germanium crystals having lifetimes ranging from 0-2«sec to about 200 psec. 
It appeared therefore that a serious discrepancy in lifetime measurement was 
being obtained when silicon was used and hence a thorough examination was 
initiated. ‘The study was restricted to n-type material as the results on p-type 
were appreciably more complex. It will be shown that all the methods described 
in§ 1 can be made to give the same answer in n-type silicon only if certain additional 
precautions are taken. In view of the results obtained, together with the essential 
similarity between germanium and silicon, it would appear worth while to 
consider carefully the validity of lifetime measurements on the new semiconducting 
compounds which are currently receiving attention. 

For the purpose of description, we shall restrict ourselves to results obtained 
on samples cut from one particular crystal of n-type silicon. This procedure 
allows for cross-correlation between the various methods used. Otherwise the 
results are typical of many crystals examined. In addition the crystal chosen 
had a lifetime sufficiently long to allow drift mobility measurements to be made 
and sufficiently short to show up the failures of the travelling light spot method 
in a convincing manner. ‘The crystal was obtained by zone-refining high purity 
silicon from Johnson Matthey and Co., Ltd. The resistivity was about 30 ohm cm. 


§ 3. Drirr Mositity MErasuREMENTS 


The drift mobility of injected carriers in both p- and n-type filaments of 
silicon has been measured. All the common arrangements have been used at | 
various times, i.e. pulsed emitter, d.c. sweep field; pulsed emitter, pulsed sweep | 
field; and d.c. emitter, pulsed sweep field. Our results are in adequate agreement | 
with those of Haynes and Westphal (1952). 


| 


When using filaments of relatively short lifetime it has been found desirable | 


and often essential to electroform the collector contact to increase its efliciency. 


For n-type silicon the collector wire contained a significant n-type impurity, | 
following the work by Granville e¢ al. (1955) on silicon point-contact transistors. | 
‘The emitter contact was made from duralumin. 
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In order that lifetime values may be obtained from the travelling light spot 
experiment it is essential that the drift mobility in the sample shall be known. 
We include, therefore, some representative measurements on the drift mobility 
of holes in the crystal of n-type silicon under consideration. ‘These results are 
given in figure 1 where the carrier velocity is plotted as a function of the sweeping 
field applied. In this example the pulsed field, pulsed emitter method was used. 

In the early stages of these measurements it was observed that the output 
waveform was not symmetrical but skew and characteristic of trapping (Lawrance 
1954). Experience with germanium at low temperatures suggested the use of 
background illumination, which removed the trapping and increased the mobility. 
The effect of the background light tends to saturate and very little increase in 
mobility could be obtained after that indicated by curve B in figure 1. 

Familiarity with trapping in germanium at low temperatures led to the 
facile assumption that the trapping observed in silicon at room temperature was 
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due to similar causes. Experiments similar to those described by Lawrance 
(1954) were therefore carried out and the following results obtained: (i) unlike 
germanium, the carrier velocity is proportional to the sweep field even under 
trapping conditions (cf. figure 1, curve A); (ii) unlike germanium, the carrier 
velocity is largely independent of emitter current under trapping conditions ; 
(iii) unlike germanium, the carrier velocity is unaffected by magnetic fields (up 
to 3 kilogauss) under trapping conditions; (iv) the effects of trapping could be 
removed by illumination of the collector contact only, the drift space between 
emitter and collector remaining dark. 

From these experiments it was concluded that the trapping observed was 
a feature only of the collector contact and possibly due to the fact that the collector 
was electroformed. It was estimated that about 60% of the collected carriers 
were not trapped at all, even in the dark. 

It follows, therefore, that the mobility of holes in n-type silicon is at least 
280 cm2 v1 sec-! and probably higher. A further correction for the non-uniform 
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resistance of the specimen should also be included (Haynes and Shockley 1951) 
which raises the value to about 350cm?v 'sec?. 


§ 4, THe MINorITY CARRIER LIFETIME BY THE DRIFT METHOD 


As the holes injected at the emitter drift along the filament recombination 
takes place and the density of carriers arriving at the collector is proportional to 
exp (—t/r) where ¢ is the transit time and 7 the lifetime. This relation is valid 
only in the absence of diffusion or when an emitter pulse of sufficiently long 
duration is used to ensure saturation. -If the emitter pulse is of very short 
duration the hole density is proportional to "2 exp(—t/7). In practice the 7”? 
term is usually insignificant compared with the exponential, but we have included 
it where appropriate. 

In order that the hole density at the collector, and hence the carrier lifetime, 
shall be measured accurately it is essential that the collector current be a linear 
function of the local hole concentration. It is known that collectors on germanium 
are not linear at small hole concentrations (Hogarth 1954), giving rise to an increase 
in current gain in transistors operated at low emitter currents. 

The marked trapping observed at collectors on n-type silicon ($3) together 
with the high current gain of silicon point-contact transistors (Jacobs et al. 1953) 
indicate that collector contacts on silicon will be very markedly non-linear, even 
at relatively high hole densities. Hence, in order to measure carrier lifetime by 
the drift method it is essential to force the collector to operate at a high hole 
density by illuminating it strongly with light (cf. Granville and Gibson 1953). 
‘The effect of illuminating the collector is illustrated in figure 2 where two decay 
curves, with and without background light, are shown. Quite high intensities 
of light are required to ensure that 7 has reached the limiting value, typically a 
36-watt tungsten filament lamp about 5cm from the collector point. 

If, as in n-type germanium, the collector efficiency decreases with increasing 
hole density then the application of a background light can only decrease the 
apparent lifetime and received signal amplitude, not increase them. ‘This 
statement is in full agreement with our experience with n-type silicon and 
illustrated by the results given in figure 2. 

If, however, the efficiency of collectors on p-type silicon passes through a 
pronounced maximum at a critical hole density, as indicated by the results of 
Jacobs et al. (1953), the received signal in a drift experiment may increase and 
subsequently decrease when a background light is brought up. ‘This effect has 
been observed in p-type material and it can be most marked. ‘Thus, under 
suitable conditions, an increase in signal of 10 to 100 times can be brought about 
by bringing a lighted cigarette to within a few centimetres of the collector contact. 
Increased illumination reduces the signal to its limiting value. 

To conclude, therefore, it is believed that the carrier lifetime can be determined 
unambiguously by the drift experiment, providing the collector is illuminated. 
Curve B of figure 2 is typical of the silicon crystal under consideration, the average 
value of ten measurements on three filaments cut from the same crystal being 
3-9psec (extreme values obtained 3-2usec and 5-Opsec). No correction has 
been applied for surface recombination. If the surface recombination velocity 
is assumed to be infinite the above figure is raised to about 4-8 psec. 
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$5. THe Carrier LIFETIME BY THE EMITTER PoInt ErricieNCy METHOD 


As already noticed, the lifetime of injected carriers can be derived from data 
obtained to measure the efficiency of emitter contacts (Shockley et al. 1949), 
Inasmuch as injected carriers drift down a filament, the method is essentially 
similar to the drift mobility method, though appreciably less accurate. For the 
present purpose, however, this approach to lifetime measurement has the notable 
merit that no collector contact is used (only ohmic voltage probes) and hence 
any confusion due to non-linear hole detection is eliminated. 

A filament cut from the n-type silicon crystal under discussion was measured 
for emitter point efficiency and value of the lifetime derived. The result was in 
adequate agreement with the drift method and, probably more important, the 
lifetime was independent of background illumination. The light did, however, 
substantially reduce the injection efficiency of the emitter (cf. Hogarth 1953). 


§ 6. ‘THE CARRIER LIFETIME BY PHOTOCONDUCTIVE DECAY 


In the photoconductive decay method the filament is illuminated over 
a substantial portion of its length by short pulses of white light. In our equip- 
ment the excitation and decay periods are equal and about 2 milliseconds. The 
change in crystal conductivity, which is kept small, is amplified and displayed 
on a suitable oscilloscope. 

Inasmuch as the decay of the optically generated minority carriers is observed 
directly it might be concluded that this method approaches most nearly the defini- 
tion of lifetime. With both p- and n-type germanium at room temperature, the 
decay of photoconductivity is exponential and the derived lifetime is in excellent 
agreement with the drift mobility experiment.t At low temperatures in n-type 
germanium hole trapping becomes important (Lawrance 1954) and the photo- 
conductive decay is only exponential over the initial portion, followed by a long 
‘tail’. The lifetime can, however, still be derived from the initial portion by 
judicious subtraction of the tail, which is itself exponential. 

When silicon is examined under exactly similar conditions, very much more 
complicated results are obtained. Some information on this subject has recently 
been published by Haynes and Hornbeck (1954) and similar, though less exhaus- 
tive, results have been obtained here. We shall restrict ourselves to the short 
period decay in n-type silicon, which is all that is relevant to the present 
discussion. 

The photoconductive decay in n-type silicon is usually exponential over the 
first portion and this may, or may not, be followed by a tail of longer time constant. 
The occurrence or absence of a tail appears to be a feature of the sample preparation 
(e.g. the etchant used) rather than a property of the original crystal. The 
simplest interpretation of this result is to suppose that, of the initial minority 
carriers produced by the light, some are trapped and some untrapped. ‘The 
initial decay then corresponds to the lifetime of free carriers, the tail cor responding 
to the decay of trapped carriers. 


+ This statement is not valid for intrinsic or near intrinsic germanium. As the material 
approaches the intrinsic condition the drift mobility and diffusion constant change markedly 
(cf. Arthur et al. 1955) and in addition the photoconductive decay ceases to be accurately 
exponential (Hogarth, unpublished data). 
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It is believed, however, that the initial portion also is affected by shallow 
traps, and the following evidence is submitted: 

(i) The decay rate, even in samples showing no ‘ tail’ to the decay curve, 
does not yield a lifetime which agrees with that from drift mobility experiments 
on the same specimen, without any intervening treatment. It is found that the 
lifetime by photoconductive decay is about ten times that from the drift method. 
This is a large and serious discrepancy. A typical decay curve is shown in 
figure 3, curve A. 
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(ii) ‘The decay rate, and hence the apparent lifetime, is markedly affected by 
background illumination. This is illustrated in figure 3, curves B, C, D, E and F. 
This effect cannot be associated with the apparent change in lifetime with 
background illumination in the drift experiment as this is solely a feature of the 
collector contact (§§3, 4, 5). It can, however, be ascribed to the suppression 
of traps (Lawrance 1954) provided it is supposed that even the initial part of the 
decay is influenced by trapping. If this interpretation is correct it should be 
possible to reduce the apparent lifetime until, at sufficiently high intensities, 
a limiting value equal to the ‘ true’ (i.e. drift) lifetime is reached. The results 
given in figure 3 indicate this type of behaviour. 

Thus in the photocenductivity decay experiment trapping is believed to play 
an important part. ‘l'rapping, other than at the collector contact, is unimportant 
in the drift experiment because (a) the average time in traps, as indicated by 
figure 3, curve A, is 37sec. As the duration of the collector pulse is typically 
about 4ysec, carriers arriving at the collector 37sec later do not materially 
influence the shape and magnitude of the original pulse; (b) since a finite time 
must elapse before a carrier is likely to become trapped, the proportion of carriers 
trapped in the photoconductivity decay experiment (2 milliseconds excitation 
period) must exceed the proportion trapped in a drift time (typically 20 psec). 

To conclude, therefore, it can be stated that the decay of photoconductivity 
in silicon does not represent a reliable method of determining the lifetime and 
this statement may be applicable to other semiconductors. 
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§ 7. "THE CaRRIER LIFETIME BY THE TRAVELLING Licut Spot METHOD 


It was quite apparent in the very early stages of work on silicon that the travel- 
ling light spot method gave values of the diffusion length (and hence lifetime) 
much in excess of those derived from, for example, experience in handling silicon 
point-contact transistors. In addition, the sensitivity distribution around the 
collector point was rarely exponential, though it could be analysed into two or 
more exponentials depending on the interpretation of the data by any particular 
experimenter. More confusing was the fact that, on some occasions, the signal 
actually increased as the light spot was moved further away from the collector, 
implying negative diffusion lengths! 

It was quite apparent that some major effects were masking the correct sensi- 
t.vity distribution and the equipment was carefully checked, using germanium 
crystals, for scattered light and other obvious defects. As far as could be ascer- 
tained, the equipment was not at fault. It was found, however, that the following 
two effects did considerably influence the diffusion length obtained: 

(1) Non-linear collection. 'This is precisely the effect already discussed in 
§ 5 and it can be removed by the use of a background light of sufficient intensity. 

(11) Back scattered light. With a slice of germanium about 0-5 mm thick, 
having a diffusion length much less than this thickness (about 0-02 mm), the signal 
with the collector and light source on opposite sides is about 30 times less than the 
signal with collector and source on the same side. ‘The signal on the reverse side 
cannot be due to carrier diffusion and must be due to light of wavelength near to 
the absorption edge (1-8 microns) which is partially transmitted. 

In the normal arrangement with light spot and collector on the same surface it 
follows that, if any penetrating light is scattered off the back surface of the specimen 
and reaches the front surface, the signal produced by it will be at least 10° times 
less than the primary signal, and therefore negligible. 

Under identical conditions the back scattered signal on silicon crystals is not 
negligible. It is found that the signal on the reverse side of a 0-5 mm thick sample 
is only about three times less than the signal with collector and source on the same 
side. Any backscattered light will, therefore, be important when the collector 
is more than one or two diffusion lengths from the light spot. 


§ 8. MEASUREMENTS BY THE TRAVELLING LicuT Spot MrTHop 
ON n-TYPE SILICON 


In order to demonstrate in a convincing manner the importance of the two 
effects described in the previous section, the following experiment was undertaken. 
A slice, about 0-5 mm thick, of the n-type silicon crystal under present considera- 
tion was mounted and the sensitivity distribution about a collector point was 
measured. ‘This was repeated 45 times until the entire surface area had been 
sampled. ‘The resultant sensitivity distributions were then plotted out and some 
selected examples are given in figure 4. ‘The unconvincing nature of these curves 
is quite evident. 

The entire experiment was then repeated with a powerful background light 
to ensure linearity of the collector and a short wavelength transmission filter over 
the signal source to cut out the penetrating radiation. In spite of the resultant 
decrease in signal strength and hence reduced accuracy, much more convincing 
distributions were obtained, as illustrated in figure 5. 
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In order to analyse the results more fully, values of apparent diffusion length 
Ly» were obtained from every straight portion of every curve. The reciprocals 
of these values were then plotted as a statistical distribution (figure 6). 
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The most probable value for the reciprocal of the diffusion length is about 
1-5mm! corresponding to a lifetime of about 800 psec, the mobility being known 
by experiment (§3). As this value exceeds the drift value by 200 times, the 
discrepancy is very serious. 

‘The situation is very markedly improved when the background light is applied 
and the signal light suitably filtered. ‘The new distribution is given in figure 7. 
The following features will be noted: (i) no negative or near infinite diffusion 
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lengths occur; (ii) the most probable value corresponds closely to the value 
obtained by the drift method, the latter being marked on the diagram; (iii) the 
spread of diffusion length values, represented by the half width daaded by the 
value at the peak, is markedly less than before. The remaining spread (about 


af 25 Mo) may be in the measurement technique but probably represents the non- 
uniformity of lifetime across the specimen. 
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To conclude, therefore, it may be stated that the travelling light spot method is 
valid for silicon only if certain specified precautions are taken, without which 
completely erroneous results may le obtained. 


§ 9. CONCLUSION 

Four methods of measuring the lifetime of minority carriers in n-type silicon 
have been studied and it has been found possible to make at least three of them 
agree with each other under suitable conditions. Probably the most important 
achievement is the elucidation of the conditions under which the travelling light 
spot method is valid. ‘This method is widely used and may be used incorrectly. 
Our final conclusion is that care must be taken before any one method of lifetime 
measurement is accepted as valid when any semiconductor other than germanium 
is under examination. 
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Abstract. It is proposed that the constriction of the positive column into a 
wall-independent filament which sets in with increasing density comes about as 
a consequence of concentrational effects accompanying electron energy loss. 
As a first approximation this energy loss has been treated as a damping field 
acting on the electron motions only. In helium, using either M-B or Smit 
distributions, the constriction is predicted to lie in a range of densities in which 
it is indeed known to occur. A semi-empirical calculation of the critical values 
is made for other gases as well, with reasonable agreement with the limited data 
available. 


§ 1. INTRODUCTION 


T GAS densities of less than 101° molecules per cm’, the positive column of 

a glow discharge in a gas free of electro-negative components normally 

fills the containing tube completely. ‘The radial distribution of ions 

in it is known to approximate reasonably well to a simple relation first deduced 

by Schottky (1924). As the density of the neutral gas is increased at constant 

current, the column recedes from the walls and eventually becomes a filament of 
conducting gas. ‘This effect is not predicted by Schottky’s theory. 

Attempts to establish a cause for the constriction have taken several forms. 
One is based on the intrinsic non-linearity of the basic differential equations, 
from which Schottky’s theory is derived, and supposes that the phenomenon is 
a second-order consequence which cannot be foreseen because of the complexity 
of the equations. Explanations in terms of wall sheaths belong to this category. 
‘The mechanism which forms the wall sheath, however, is such that increasing 
density leads to a reduction rather than an increase in the thickness of the sheath, 
and in general it can be shown that the second approximation to the solution of 
these basic equations gives little more of a tendency toward constriction than the 
first approximation (Allis and Rose 1954). 

In a second group of explanations complexities are introduced in the ion 
production process. ‘I'wo stage ionization and volume electronic recombination 
both fall into this class. A production or loss term which is quadratic in the ion 
concentration is added to the usual linear term for single stage ionization. Such 
terms, while altering the distribution contours slightly in the desired direction, 
do not have an effect of the magnitude needed to describe the constriction 
(Spenke 1950). In general they require solutions in Weierstrassian elliptic 
functions rather than the usual circular (or Bessel) functions. It seems probable 
that even when the positive column finally contracts into a wall-independent 
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filament it is unnecessary to take account of recombination since in the first place 
the radial ambipolar current tends to zero as density increases and in the second 
place the rate of ion production simultaneously falls to the very small value 
needed to maintain the gas conductivity in the presence of whatever trivial ion 
losses volume recombination inflicts. 

In a third approach it is supposed that an increase in gas temperature at the 
centre of the column causes the constriction (Elenbaas 1951). It is very difficult 
to assess the true merits of this hypothesis because the equations do indeed become 
too intricate to achieve definite résults. However, observation suggests that the 
constriction sets in in a density range well below that at which temperature 
gradients are of significant magnitude. Examination of the general equations 
shows that they take an especially simple form in two mathematical cases: first, 
when gas and electron temperatures are independent of position while ion 
concentrations vary, as might be expected at low gas densities, second, when ion 
concentrations are identically zero and gas temperature varies. The latter may 
well correspond to the outer regions of the column at high gas densities, with the 
ionized column surrounded by a mantle of hot neutral gas which transports heat 
outward to a region where convection can remove it as visualized by the theories 
of Elenbaas. 

A fourth possible basis of explanation lies in the self-magnetic field of the 
column. Here calculations and observations (Thonemann and Cowhig 1951) 
show that the effect is indeed to be expected at very large currents (order 100) 
and low pressures (10-?mm Hg), but it is well known that constricted columns 
can be maintained with very small currents. 

A new suggestion is advanced in this paper. It is proposed that inelastic 
collisions have, in addition to the generally recognized energy losses which they 
impose on the electrons in the column, a concentrating action (or, more explicitly, 
an anti-dispersing action) on the electrons because of the decelerations occurring 
during the collisions. 


§ 2. COLLISION DAMPING OF THE ELECTRON MOTIONS 


In a gas in thermal equilibrium, all collision processes whether elastic or 
inelastic are balanced in detail. The ionized gas in the positive column of a 
glow, however, is never in thermal equilibrium but in a steady state in which the 
energy received from the static electromagnetic field is balanced by the radiation 
loss and the heat transferred to the surroundings. 

In this steady state, the electrons have a ‘ temperature ’ which is much higher 
than that of the gas with which they are interacting. ‘Thus, on an average they 
deliver more energy to the gas molecules even during elastic collisions than they 
receive in return in balancing collisions. This energy loss is more pronounced 
the greater the disparity between the electron and gas temperature. For 
inelastic collisions, moreover, the energy losses will be uncompensated by reverse 
collisions under all practical conditions. To provide conditions in which they 
would be balanced by collisions alone is nearly if not wholly impossible in 
terrestrial discharges. 

Losses of energy of the two types mentioned result in a deceleration of the 
electron which, as far as an electron gas drifting or diffusing in a field-free space 
is concerned, is similar in macroscopic effects to that which would be experienced 
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in a retarding force field. Dimensionally, and in order of magnitude, the force 
field will be of the form res 5 ee Re a (1) 


me mM 
We 


where eV’, is the mean energy loss in the collision of type m; ¢,, is the mean cross 
section of the collision; Nis the number of neutral particles; and the summation 
proceeds over all types of collisions in which there is a statistically unbalanced 
energy loss. Eventually it should be possible to evaluate the proportionality 
constant for this relation properly from the collision integral. For our purposes 
the constant will be taken as unity, and a damping field defined as F,,= Fe. 


§ 3. APPLICATION OF A DAMPING FIELD TO THE THEORY OF PosITIVE COLUMN 


The first-order equations of transport theory which govern diffusion of 
positive and negative ions in a force field in the absence of recombination and of 
temperature gradients, and assuming production of ions by single collisions, are 


— div J. fim O a ee (2) 
=divj 0 eee (3) 
fx = =D_(gradn—F_7RT = eee (4) 
j2= —DAgradm — PonsiRTA)s 4 See eee (5) 


Here (with appropriate subscripts) 7 represents particle current density, v the 
rate of ionization, D the diffusion coefficient, m ion concentration, 7’ the tempera- 
ture, and F'a force field. ‘T’o these is added the Poisson equation 
div. By=47e(t ca) eee (6) 
Introduction of the damping field (which we have called £,, in distinction 
from the coulomb field £,) results in an interpretation of the forces in (4) and 
(5) as 
Busey ox OR (ee eee (7) 


and Dom —@h ely ee (8) 
It is an essential point that the Newtonian reaction from the force e£, is not 
upon the positive ions, but upon the neutral. 
Employing the principle of local neutrality which leads to the usual ambipolar 
approximation, viz. n(x, y,3)=n_(x, y, z)=n, (2) and (3) become 
D_(V?n+ div eE.n/RT_+diveE,n/RT)+vn=0 (9) 
Di (Wn —diy eh 2/RT) yn = 0) ee ae (10) 
where 7 is the gas temperature, and T,=T7. Subtracting (10) from (9) and 
integrating, we obtain the net particle current density as 
1/e=(D_—D,) gradn+(D_T+D_,T_)eEn/RTT_+D_eE,n[RT_ ...... (11) 
where z is the current density, and will be assumed to have only one component. 
Introducing this into either (9) or (11) leads to 
V'n + div ek n/R( T+ 1) vj) D=0)) ieee (12) 
where D is the ambipolar diffusion coefficient, defined as 
D=D DAT + T2)|(DiTo 4 DST) ~ DTT) ee (13) 
Properly defined, E\, would be a function of the peculiar velocity of the 
electrons. We have already made the physical assumption, however, that it is 


governed by (1), and we now for mathematical simplicity make the further 
assumption that it is constant in magnitude. 
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Restricting ourselves to the case of a discharge between parallel walls 2acm 
apart, with the current density directed parallel to the walls, the solution of 
(12) is a damped cosine function: 


p=Ac cosy ByGxtBe na, (14) 
where 2B=eR, /R(T+T_), and y=v/D. _—_ es (15) 
In the usual first approximation the boundary conditions are dn/dx=0 and 
n=n, atx=0. Because the ion concentration is retricted to positive values, we 
pave (y= Bat B<nl2 anes (16) 
where x=a at the tube wall. It should be noted that the solution only applies 
to the half of the discharge space lying between x=0 and «=a. 

The solution is subject to additional requirements on the energy density 
balance which fixes the component of electrostatic field parallel with the walls, 
and on the total discharge current which determines the value of the constant B, 
but the occurrence of the constriction depends upon the quantities 6 and y. 
Because the approach of 8 to y is governed by the electron temperature T_, 
and hence only indirectly by the gas density, and since T_ changes quite slowly 
at large densities, the distribution may be expected to preserve its limiting form 
after the constriction sets in. While other processes such as heat conduction 
will become important after the constriction has increased to any extent, in the 
present hypothesis, the constriction occurs because the electrons tend to pile up 
in the centre of the tube as a result of their energy losses. The criterion for the 
constriction can be interpreted physically as being that value of electron tempera- 
ture at which the average distance within which the electron cloud would lose its 
thermal energy (at the rate of loss appropriate to the given temperature) is equal 
to the so-called diffusion length. This condition is characteristic of the gas 
under investigation. 

Computations of the quantities 8 and y have been made in helium, using 
Maxwell—Boltzmann statistics, and are given in figure 1. The various contribu- 
tions to £,, are given in figure 2. 
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Figure 1. Curves showing behaviour of Figure 2. Various contributions to the damp- 
the parameters # and y as functions ing field Ey, in helium arising from 
of electron temperature T_. yyp 18 ionization loss, elastic loss, excitation loss 
the result of using a Maxwell- to 2'S, and to 2'P, and to all other singlet 
Boltzmann distribution, while y, is excitations lumped together. Losses to 
computed and extrapolated from the triplet state 2°S will become very 
Dunlop’s calculations of Townsend’s important at small values: of eV;/RT_. 
ionization coefficient using the Smit E,, is given in units of cm? volt cm. 


distribution. eV; is the ionization 
energy of the gas. 
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Theoretical values of the cross sections have been used in view of the 

: an 

uncertainty about most of the available experimental data. For the elastic 
cross section in helium the expression 


67810 Ee ee (17) 


was used as a reasonable approximation to the curve given by Massey and Burhop 
(1952). For ionization and excitation the form 


c=(K/V loge ViVi eae WO eeree (18) 


was chosen, although it is known to be in some disagreement with experiment 
at low energies. V is the electron energy in electron volts; V, is the proper 
critical potential; and « was chosen from the data given by Mott and Massey 
(1933) for helium. 

It is found that constriction should occur in helium at an electron temperature 
of 20000°k, which corresponds to a value of ap=30cm x mmHg using von 
Engel and Steenbeck’s theory (1934) of the electron temperature. Some 
alteration of this value is to be expected if a Smit distribution had been used to 
calculate both B and y, although the former is certainly more sensitive than the 
latter. Using the data for the ionization coefficient in helium obtained by 
Dunlop (1949, see also Abdelnabi and Massey 1953) with the use of the 
Smit distribution, in an effort to improve the value of y alone, one obtains ap = 40. 

Since both f and y are proportional to the neutral concentration, the constric- 
tion obeys the similarity principle, and so constriction of a column will occur at 
lower densities in tubes of larger diameter. ‘This prediction is fully borne out 
by experiments in air. That the constriction depends strongly on the electron 
temperature is shown by the curves of figure 3 in which the distribution of ion 
concentration across the discharge is given in helium for values of 8 and y approach- 
ing the critical value. 
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Figure 3. Ion concentration distributions computed according to (14) for values of Le 


in the vicinity of B=, showing the abruptness of the constriction with reference 
to changes of electron temperature. 


Three empirical approaches can be made in the problem of estimating the 
constriction condition, each based upon an aspect of E,. (i) The longitudinal 
field in the positive column is governed in magnitude by the energy balance 
between wall losses in electron energy and volume losses, which latter we have 
proposed can be treated as the damping field E,. As the constriction sets in, 
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the wall losses will approach zero, so that measurements of the longitudinal field 
will tend toward £,. Since the constriction condition is 


eB /2RT_=(v/D)¥2 De) 


we may make use of the temperatures calculated by von Engel and Steenbeck on 
the assumption that (v/D)!?=2-405/a to find a value of ap which satisfies this 
equation. ‘These results are given for several values in the table. The method 
implies that the ionization is by direct electron impact, and hence is open to 


Constriction Values 


Gas He A Ne Air Hi, 
ap (M-B theory) 30 © — — -— 
ap (Smit theory) 40 — — — — 
ap (longitudinal field) 8 10 — 0-5 
ap (electron temperature) 6 Bi 3 — 1 
ap (electron drift) 18 6 39) 6 4 
ap (experimental) 45 35 25 8 3 


large uncertainties. (ii) Electron temperature has been measured directly as 
a function of field in the experiments of Townsend (1925). Again, at the 
constriction onset the damping field will be equal to the entire applied field, and 
so to the approximation that 


eE;,|2kRT_=2-405/a, xe 20) 


a second value of ap can be found. (iii) The drift of electrons at moderate 
speeds (within which range the constrictions lie) can be expressed by the empirical 


mobility relation 
DU ee ean tan (21) 


where v, and 5_ are constants over a wide range of E,, and may be thought of as 
functions of T_ outside this range. One way of introducing F’, is to identify it 
with v)/b_, making 

(dhe ON ext he) =) 5 necy Tor (22) 


Using well-known data (Loeb 1939) on the electron drift, and the electron 
temperatures as in (i), the condition in relation (20) leads to a third estimate of 
ap, also given in the table. . 

Considering the severe limitations of simplicity to which the theory is subject, 
the agreement between these various estimates and the experimental observations 
is quite satisfactory. The experimental measurements were made visually, and 
represent the values of ap at which the tube appeared to be about three-quarters 
filled with glow. 

While the entire theory can be looked upon as in (iii) as a mere empirical 
correction of the mobility equation, it is believed that the generalized treatment 
as a damping field is a superior viewpoint which will clarify other situations as 
well. The suggestion embodied in this paper is that although the electron 
energy losses have heretofore been duly considered in their effect on electron 
temperature and longitudinal field, no allowance has been made for their effect 


on particle distribution. 
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Abstract. Measurements have been made on the starting potential, current, 
and rate of growth of current of electrodeless discharges in hydrogen. The gas 
was contained in cylindrical glass or quartz vessels placed between plane parallel 
electrodes. ‘The wavelength was varied from 50m to 6x 10%m (frequency 
range 6 Mc's to 50c;s), and the gas pressure from 1 to 76mm Hg. 

At short wavelengths the starting potential and current are low, and the 
discharge develops slowly. At a critical ‘cut off’ wavelength the starting 
potential rises abruptly and then remains almost constant to the longest wave- 
lengths. At wavelengths just greater than cut-off the current is large, grows 
rapidly and flows continuously: at all longer wavelengths a smaller current 
flows in a brief pulse which occurs near each peak of the applied field, and is of 
constant height and shape. 

The growth of the pulses is thought to be due to ionization in the gas, and 
electron emission from the walls of the vessel by photons. A pulse ceases when 
wall and space charges sufficiently reduce the field in the gas. 

Pulses occur so regularly that electrons must be left over from one pulse to 
enable the next to start. They are loosely bound on the ‘ anode’ wall at the 
end of one pulse and easily pulled off when the field reverses. This emission 
occurs in quite small fields (<1000vcm~}), and is distinct from normal field 
emission. 

This idea has been tested using alternating square wave fields of very long 
period, and by removing the wall charges. 


§ 1. INTRODUCTION 


HE present work was undertaken in order to explain the mechanism of 

high-frequency discharges in hydrogen over a wide range of applied 

frequencies and gas pressures. Spectroscopically pure gas is contained 
in glass and quartz vessels placed between plane parallel external electrodes, and 
both the starting field and the current are being measured. 

The experiments are an extension of the technique used recently in work on 
the growth of electrodeless discharges at low pressures (Francis and von Engel 
1953). By using a bridge method to eliminate circuit currents the rate of growth 
of the current actually carried by a discharge can be measured, and this gives 
information about the processes causing breakdown which could hardly be 
obtained in any other way. It is sometimes possible to imagine several different 
mechanisms which explain equally well why a discharge starts in a given applied 
field, but which lead to quite different rates of growth and final equilibrium 
currents, measurement of which enables us to decide which is the right explana- 

tion. By the current through the discharge we mean that additional current 
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which flows between the external electrodes and around their associated circuit 
when the discharge starts, not counting the capacity current which flows all the 
time. 

Measurements have been made in hydrogen in the pressure range 1 to 
76mm Hg, and over a wavelength range of 50m to 6 x 10°m (frequency range 
6 Mc/s to 50c/s). 

§ 2. "THE APPARATUS 


Cylindrical vessels were used, of two different lengths, 1-8cm and 5-8cm 
(internal), all having a diameter of 3cm. ‘Two vessels (one of each size) were 
of soda glass, two of Pyrex, and there was also one quartz vessel -1-8cm long. 
Each vessel was placed in turn between plane parallel electrodes with its axis 
parallel to the electric field. High-frequency potential was picked up from an 
oscillator by means of a parallel resonant circuit and applied across the electrode 
system (figure 1). At wavelengths longer than 50m (f<6Mc/s) symmetry 
of the electrodes with respect to earth was found to be no longer necessary, 
so that one side of the electrode system could be earthed, which was a great 
convenience. At wavelengths longer than 15 000m (f<20kc/s) the potential 
was applied directly to the electrodes from a beat frequency oscillator via an 
amplifier and transformer. ‘The peak voltage was measured by a suitable valve 
voltmeter. 

Gas pressures above 3mm Hg were measured with a mercury manometer, 
and below 3mm Hg with an oil manometer, both isolated from the discharge 
vessel by a liquid air trap. The walls of the vessels were cleaned by heating 
them during continuous pumping, and by pumping out the gas while a high- 
frequency discharge was running. Readings were taken only when reproducible 
results were obtained over periods of days or weeks. 


§ 3. ‘THE CURRENT MEASURING CIRCUIT 


3.1. Bridge Circuit and Amplifier 


If a discharge occurs in a glass vessel containing gas placed between two 
external electrodes across which is applied a high-frequency potential two 
currents flow between the electrodes. One is the normal capacity current i, 
which flows whether a discharge occurs or not, the other is the current 7, carried 
by the discharge. It is found that over an appreciable range of frequencies the 
discharge current is negligible compared with the capacity current, and in order 
to measure it a bridge current is necessary to eliminate this capacity current. 

The circuit previously developed for similar experiments on low pressure 
electrodeless discharges at rather higher frequencies (A~20 m) (Francis and von 
Engel 1953), using smail transformers, was found unsatisfactory for this work, 
due to stray pick-up with the larger potentials necessary to start these discharges. 
‘The discriminating property necessary in the bridge remains, however, practically 
unchanged, i.e. it must be able to measure 1 part of discharge current in the 
presence of about 100 parts of capacity current; these, of course, are the worst 
conditions. 

‘The bridge circuit shown in figure 1 was found to work best. A and B are 
two sets of electrodes constructed as nearly identical as possible, each in the 
form of two parallel circular discs surrounded by guard rings. A cylindrical 
glass or quartz vessel containing the gas is placedin A. ‘The guard rings preserve 
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a uniform electric field whilst all the discharge current, with the least possible 
capacity current flows across the inner discs. C compensates for any slight 
difference between the capacities of systems A and B. R, and R, are so small 
(=100 Q) that the voltage drop across them is negligible compared with the 
voltage across the whole electrode system. Before a discharge starts the current 
2, in each arm of the bridge is determined entirely by the capacity of the electrodes 
and by adjusting C and R, the potentials at the points X and Y can be made 
exactly equal both in magnitude and phase. R, consists of a small and a large 
resistance in parallel, the latter acting as a fine control. If a discharge occurs 
in the vessel the additional current 7, causes a potential difference i,R, to appear 
across XY, and this is independent of the frequency of the applied field. 


lal Oscillator ; 
H.T.480V 


Cathode  R.C. Cathode 


Follower es Follower C.R.0. 


eee | 
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Figure 1. The bridge circuit and amplifier. Valve CV 138 or equivalent. R,=100 Q 
when bridge circuit necessary, up to 5 kQ at low frequencies. 


The amplifier circuit is shown in outline in figure 1. The displacement of 
the oscilloscope trace is proportional to the potential difference across XY, and 
thence to the current flowing through the discharge. The output from the 
amplifier can be rectified if required to display the envelope of the peak current 
flowing through the discharge. By pulsing the high-frequency oscillator and 
synchronizing the time base, the oscilloscope is made to show the growth of the 
discharge current with time. 


3.2. Procedure 

The bridge is first balanced with slightly less than starting potential applied. 
The output of the oscillator is varied to ensure that this position of balance does 
not alter, and then increased very slowly until the discharge starts. ‘The trace 
of the current appears on the screen and is photographed. A similar procedure 
using a pulsed oscillator shows the growth of the discharge current on the screen. 
A fraction of the voltage across the eletrodes is also displayed on the other beam 
of a double beam oscilloscope so that a simultaneous record of voltage and 
current is obtained. ‘The time interval between successive pulses can be varied 
between 100 psec and 0-1sec or single shot photographs can be taken, and the 
length of a pulse can be varied from 10sec to 500 psec. 


3.3. Calibration 


The displacement of the current trace is calibrated by applying known 
potentials from a signal generator between grid and earth of valve V, and measur- 


ing the movement of the trace. ‘The signal generator is tuned to the same 
K-2 
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frequency as that being used, although over a very large range the sensitivity of 
the apparatus is independent of frequency. 


3.4. Circuit used for Low Frequencies 


At frequencies below 30kc/s (A>10000m) the capacity current across the 
electrodes is negligible, and the bridge circuit is unnecessary. The potential 
developed across R, is then entirely due to the discharge current, and can be 
displayed directly on the oscilloscope. For this purpose R, can be increased up 
to 5kQ without producing too great a voltage drop or too long a time constant. 

At low frequencies the discharge current is found to flow in brief bursts which 
last a very short time compared with the period of the applied field. ‘These 
sharp pulses of current are difficult to see on the oscilloscope and it is then more 
convenient deliberately to introduce a long time constant into the circuit. A 
known condenser of about 100 pF is connected parallel to R, which is itself 
increased to several hundred kilohms. ‘The potential attained by the condenser 
measures the charge which has crossed the vessel. For accurate measurement 
of the charge R, can be omitted, and the condenser alone used. 

To examine the rate of growth of the discharge at these low frequencies 
electronic methods of pulsing are not necessary ; it is sufficient to use a mechanical 
switch to start simultaneously the time base and the oscillator. A single shot 
photograph is then taken. 


§ 4. EXPERIMENTAL RESULTS 


4.1. Variation with Wavelength 


The results of a large number of experiments on hydrogen discharges over 
the wavelength range from 50 m to 6 x 10°m(f=6 Mc/s to 50 c/s) and at pressures 
between 1 and 76mm Hg in vessels of length 1-8 cm are given in figures 2, 3 and 4. 
‘These curves show how the starting field, final equilibrium current and the rate 
of rise of current vary with the wavelength. 

‘The most noticeable feature of the curves is the sharp discontinuity in the 
region of wavelength about 100m previously observed and explained by Gill 
and von Engel (1949), but now shown to persist up to higher pressures. Beyond 
cut-off, 1.e. at longer wavelengths, the constancy of the starting field contrasts 
with the behaviour of neon (Harries and von Engel 1954) in which the starting 
potential increases towards longer wavelengths in several steps. 

At very long wavelengths (A > 10000 m approximately) the current flows in 
pulses which occur at or near the peak of the applied voltage. With the equip- 
ment available it was not possible to photograph these pulses accurately enough 
to measure the rate of rise of current but from visual observation it did not seem 
to vary with wavelength. 


4.2. Effect of Pressure 


At pressures above 25mm Hg the value of X/p necessary to start these 
discharges in hydrogen decreases slowly with increasing pressure, and as later 
experiments show is equal to the value for d.c. discharges under the same 
conditions. ‘The power available from the oscillators set an upper limit to the 
pressure which could be used. If V, the starting potential, is plotted against the 
product pd (pressure x length of vessel) a straight line results. 
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4.3. Effect of Pulse Length and Pulse Interval 


Great care was taken in measuring the current to ensure that its rate of growth 
was not affected by any ionization already present in the vessel. Most of the 
results given here were obtained using a regular sequence of repeated pulses. 
The pulse length and separation were chosen in such a range that the starting 
potential and current did not vary with these parameters. 


X (Vcm-~') 


Figure 2. Variation of the starting field with wavelength of the applied field (d=1:8 cm). 
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Figure 3. Variation of the field equilibrium discharge current with wavelength (d=1-8 cm). 


oO 
a 10 
= 
we Accurate measurements 
wos difficult in this region 
& 
v 
0 


| 9 pessssbece I 
10 100 1000 104 10° 10 10 
A(m) 


Figure 4. Variation of the rate of growth of current with wavelength (d=1°8 cm). 


Sometimes in order to obtain a steady trace free from violent statistical 
fluctuations the vessel was irradiated with ultra-violet light from a mercury lamp. 
Electrons are emitted mainly from the walls of the vessel, little light being absorbed 
in the gas. ‘The lamp was placed close enough to reduce the fluctuations, but not 
so close as to affect the rate of growth. 


4.4. Effect of the Material of the Vessel 


Vessels of different materials, Pyrex glass, soft glass and quartz were used 
all having identical internal dimensions. Only small differences in the starting 
field and the current were observed. 
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4.5. Appearance of the Discharge 


The intensity of light from the discharge varies with the wavelength in roughly 
the same manner as the current, the glow being intensely bright and concentrated 
at wavelengths just longer than cut-off. At very long wavelengths it is so dim as 
to be hardly visible. As the wavelength is increased in the region beyond cut-off 
very bright layers near the end walls become steadily wider and more diffuse, 
although never becoming a uniform glow in the vessel. 


4.6. Effect of Excess Voltage 

The current and the rate of growth of current increase only slowly with 
increasing applied potential. (This is in marked contrast with the behaviour of 
low pressure discharges in which the current rises very rapidly with even a small 
excess voltage.) An exception occurs at wavelengths very close to (within a few 
metres) but just less than cut-off; if the applied voltage is increased the discharge 
will, at about 50% excess voltage, suddenly go out. ‘The discharge starts again 
only when the potential equals the starting potential beyond cut-off, and then 
exhibits all the characteristics (large current, intense light) of those discharges. 
A similar result is observed at slightly shorter wavelengths, though still close to 
cut-off; with increasing voltage the discharge does not go out, but suddenly 
shows simultaneously the properties of discharges on both sides of cut-off. 
The current too rises in two stages; the low current discharge which always 
develops at wavelengths less than cut-off is first established and the space charges 
produced are presumably favourable to the development of the second type of 
discharge, which occurs soon after. ‘This transition occurs at a potential 
considerably less than the starting potential of the high current discharge. 
Figure 5 (Plate) shows this effect, and some typical oscillograms of discharge at 
various wavelengths. 


§ 5. DiscHaRGES AT WAVELENGTHS JUST LESS THAN CUT-OFF 


The effect of applying an excess voltage is consistent with the mechanism 
proposed by Gill and von Engel. At wavelengths very close to cut-off an 
increased applied field causes the oscillating electron cloud to be swept to the 
walls, thus putting out the discharge. At slightly shorter wavelengths the 
central ion space charge grows rapidly enough to prevent this. 


§ 6. DiscHARGES AT WAVELENGTHS GREATER THAN CUT-OFF 


6.1. Deductions from Change of General Properties with Wavelength 


Figures 2, 3 and 4 show a constant starting field over the whole range, from 
cut-off down to the lowest frequencies, especially at the higher gas pressures, 
and similarly for the current over most of the range. 

The starting field depends upon the most stringent condition which has to 
be satisfied in order that a discharge may develop, while the rate of growth of 
current and its final value tell us something of the development of the discharge 
and its equilibrium state. A discharge develops in several stages, from the 
multiplication of an initial chance electron to the final equilibrium state. Any 
one of these intermediate stages may be such as to obstruct further development 
of the discharge, and the starting field is that necessary just to sustain multiplica- 
tion during the most difficult stage. Clearly one is not able to predict with 
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certainty what the starting field of any given discharge will be without knowing 
the stages in its development. 

The constancy of the starting field shows that the condition (i.e. the mechanism) 
for starting is probably the same for all discharges at wavelengths greater than 
cut-off. The discharges themselves, however, develop in different ways, the 
current changes steadily from being continuous and roughly sinusoidal at short 
wavelengths to pulses at longer wavelengths as well as decreasing in magnitude. 
A continuous current indicates that free electrons remain in the gas as the field 
reverses, pulses show that they do not, but this makes no difference to the starting 
field. ‘The only factor which appears common to all the discharges, whatever 
the applied frequency, is the multiplication of the initial electron when space 
charges and all other effects are absent. From this we conclude that the starting 
field is that necessary to ensure cumulative multiplication of the initial electron 
in a gap free of space charges. Any ionization products left over in the gas from 
one half cycle to the next cannot affect the starting potential. 


6.2. Growth and Regularity of Current Pulses 


At most frequencies considered here the current flows only in brief pulses 
near the peak of the applied field, each pulse being separated by a relatively long 
interval. ‘Two things have to be explained: the very rapid growth of current 
during a pulse, and the remarkable regularity with which pulses of opposite sign 
follow each other, which cannot be due to each pulse being started by a chance 
electron, e.g. from a cosmic ray. 

The measured value of X//p (35) at the peak of the field is sufficient to produce 
appreciable ionization by direct electron collision with gas molecules and at 
these pressures the multiplication is properly described by ‘Townsend’s ionization 
coefhcient «. If we assume that the discharge starts from one electron then one 
avalanche would not account for the observed peak current of a few milliamperes. 
The relation between the charge g moving in the vessel and the current 7 flowing 
in the circuit is given by 


where dx/dt is the drift velocity of the charge. Using the known values for 
electrons in hydrogen in this equation we find that a current of 1 ma corresponds 
to about 2 x 10° electrons moving in the gas. It would take many avalanches 
to produce that number. Each avalanche takes only about 2x 10~‘sec, this 
being the transit time of electrons along the length of the vessel, and so we 
conclude that the observed pulse of current rising to 1 ma in about a microsecond 
is the result of a rapid succession of avalanches. A very fast secondary process 
is necessary, so that some agency created in one avalanche triggers the next 
avalanche within about 10-8second. Light is the only agency which acts so 
quickly and since photoionization in the gas is negligible at these pressures 
photoelectric emission from the ‘ cathode’ wall of the vessel must occur. 
Multiplication of electrons cannot continue indefinitely. During the 
growth of a current pulse they are swept rapidly on to the ‘ anode’ wall of the 
vessel, where they stay. (It must be remembered that these are electrodeless 
discharges and the walls of the vessel are insulators.) Positive ions are also 
produced in the gas, but do not move far during the growth of the avalanches, 
and the reverse field thus set up eventually stops further multiplication. The 
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current decreases rapidly, and that marks the end of the pulse. However, there 
remain a large electron wall charge, a large positive ion space charge, and other 
products, for example gas atoms in excited states, and long-lived photons. The 
effect of one or more of these products must constitute another secondary process 
which after a relatively long interval triggers the next current pulse, in the reverse 
direction. Also since the starting field and the current are so constant with wave- 
length this process must be largely independent of time over an appreciable 
range. 
We now consider in detail the fast and the slow secondary processes. 


6.3. The Fast Secondary Mechanism and the Condition for Starting 
The process by which an initial electron is multiplied gives us the starting 
condition of these discharges. The applied field can be considered constant 
during the short transit time of an electron and so the number of ions produced 
from one electron starting at the cathode wall is e*’—1. Now assume that 


No. of photons ; 
2= 7 Gas weenie 2 
NGcGrenne produced during an avalanche (2) 
Most of the photons will originate from regions near the anode wall, but only 
a fraction f of them will hit the cathode wall, this fraction being given approxi- 
mately by the solid angle which the cathode wall subtends at the centre of the 


anode wall. If y, is the photoelectric yield the starting condition is 


ya fa(ers = 1) = 1.0) ee eee (3) 

Both « and x depend upon X/p, so that it is not a simple matter to deduce 
the starting field. Moreover, both z and y, are largely unknown quantities, 
although from the scant evidence in the literature it is possible to make rough 
calculations of z for hydrogen. However, we can take the observed value of 
X/p at the starting field, insert values for « and z, and see whether the value for 
the photoelectric yield is reasonable. 

For the smaller vessels (d=1:8cm, diameter 3cm) with hydrogen at a 
pressure of 27mm Hg, X/p=39-1. The corresponding «/p, from Hale’s 
measurements, is %/p=0-125, hence d=6-1. ‘These values give 


Vile szeoR lee 1) FS eee (4) 


Simple geometry gives f=1/10. Although most photons are produced in 
a layer near the end wall, which reduces f, other photons are produced along the 
axis of the tube and a larger fraction of these get back to the cathode wall and 
so f=1/10 seems a reasonable average. ‘There is no point in a more accurate 
calculation, as we shall now show in calculating the ratio z. 

We can assume that the energy distribution of electrons in hydrogen is 
Maxwellian, provided X/p is less than about 50 (Emeléus et al. 1936). Then 
the ratio 


co 
No. of excitations 3 i PSD ee 
No. of ionizations —s;® ee ei) 
Pi exp (—«/e) du 
gj 
where P., P; are the probabilities of excitation and ionization, <<, are the 
excitation and ionization energies respectively, € is the mean energy, and v the 
velocity. Dao 2 
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We require only those photons of energy above a few electron volts, i.e. 
those able to release photoelectrons. Thus approximately x, the ratio of useful 
photons to ions, is equal to the above ratio. The only known value of the 
probability of excitation in molecular hydrogen is of the resonance level (12-8 ev) 
(Whiddington and Jones 1928), and Whiddington suggests an average value of 
about 2°, for the total excitation probability. The average value of P, SLO 
€ is known as a function of X/p in hydrogen from the measurements of Brose 
(1925), and is equal to +3 ev when X/p=39. Hence 


P. exp (—«/€) dv 


Stet 12-8 
as ee ee (6) 
iP | exp (—<«/e) dv 
J15-5 
The above values give s20-5. 
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Figure 6. Variation of the fast secondary mechanism with X/p. 


Substituting fand z in equation (3) we find the photoelectric yield y, ~4 x 107°. 
This value is quite reasonable in order of magnitude, and agrees with much 
evidence (Wainfan et al. 1953, Harries and von Engel 1954) which points to 
quite high values of photoelectric yields by quanta of reasonably short wavelength 
(see also Penning and Moubis 1935). 

Several other points about these measurements are important: (1) The 
curve of V, against pd is almost identical with that obtained by other workers 
using d.c. and metal electrodes. (ii) The values of y,/fz calculated at different 
values of X/p show a marked variation (see figure 6). The curve is similar to 
that obtained by Llewellyn Jones and Davies (1951), although their variation 
was most marked at X/p~150. However, they used metal electrodes. The 
variation is presumably due to different energy photons being produced under 
different exciting conditions. (iii) Equation (3) shows that the starting condition, 
if itis due to photons, should depend markedly on the factor f, 1.e. on the geometry 
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of the vessel. If a long vessel (d=5-8cm) is used instead of the short vessel 
(d=1-8cm), but is of the same diameter (3 cm), f is reduced from 1/10 to 1/60, 
which should necessitate an increased starting potential for the same pd. How- 
ever, a quite small increase in X/p produces a large increase in 2, i.e. in the 
number of useful photons. It should thus be possible to satisfy the starting 
condition again with a relatively small increase in X/p, or an increase in potential 
of about 30 volts. An increase of about this value is in fact found: the accuracy 
of the measurements does not justify a more definite statement, but the (V,, pd) 
curve for the long vessel does lie about 50 volts above that for the short vessel. 
Experiment and theory are thus consistent. 


6.4. The Slow Secondary Mechanism 
The essential property of the mechanism required is that it must be largely 
independent of time over a wide range. It must produce near the cathode wall 
at least one electron after a time interval ranging from 10~*sec (corresponding 
to A=6000m) to 10-%sec (corresponding to f=50c/s) and perhaps longer. 


When the current pulse ceases all the products of the avalanche except the 


electrons remain in the gas. Ions, moving with their mobility in the field due 
to that applied plus space and wall charges, are swept out in 104 sec or less, when 
p=27mm. Resonance photons and metastable atoms both diffuse outwards 
and take about 10-° or 10-*sec respectively to travel across a 2cm vessel, and 
rather less at lower pressures. If any of these agencies were responsible for the 
secondary electrons we should expect a change in the regularity or starting 
potential of the pulses at some frequency between 10kc/s and 50c/s. None 
was found, although it was sought carefully down to frequencies of 10c/s. 

‘There remain only the wall charges. It appears that the many slow electrons 
which are deposited on the ‘anode’ wall at the end of a pulse, and which cannot 
leak away on the insulating surface, are easily pulled off when the field reverses. 
This takes place in relatively low fields (<1000Vcm) and is quite different 
from normal field emission. 

Further experiments were done to check these conclusions. 


§ 7, EXPERIMENTS ON THE EFFECT OF WALL CHARGES 


The first set of experiments was designed to estimate how long after the end 
of a current pulse the slow secondary process remained effective. A d.c. field 
was applied across the electrodes in series with R and slowly increased until a 
current pulse occurred. ‘The field was left on for a time 7, and then reversed by 
a mechanical switch. By synchronizing the time base of the oscilloscope to give 
a single sweep when the field was reversed we could see how soon after the 
reversal another current pulse occurred. The time T was varied. A large 
resistance in series with the source prevented any possible surges but delayed 
the attainment of the full voltage by about 50 psec. 

The results obtained were: (i) The starting potential measured was the 
same as when alternating fields were applied. ‘This confirms our conclusions 
about the starting conditions. (ii) The slow secondary process remains effective 
for a period of minutes. The time 7 was increased up to one minute, and a 
current pulse was always observed within 100 psec of reversing the field. Fluctu- 
ations between 50 and 100 usec were probably due to the simultaneous manual 
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operation of two switches. Only when 7 was increased to about 3 minutes did 
current pulses occur at random times after reversing the field. 

A slight variation of the procedure was then adopted. The d.c. field was 
applied, and switched off immediately after a current pulse occurred. The 
electrodes were then left with no applied field for the time 7, after which a reverse 
field of the same size was applied. The results were exactly the same. The 
large values of T obtained show that it is impossible that diffusing particles are 
responsible for starting the next pulse, and are compatible with its being due to 
wall charges which are known to stay on glass for many minutes. The effect is 
also independent of the presence of the applied field during the time 7, a further 
evidence in favour of the wall charge theory. 

The second set of experiments was designed to remove the wall charges. 
A d.c. field was applied, and switched off after a current pulse occurred, exactly 
as above. A high-frequency field from a Tesla coil was then applied across the 
electrodes for a few seconds, forming an intense plasma in the middle of the 
vessel. After a subsequent time 7, during which no external field existed, 
a reverse d.c. field was applied. The results were: (i) When T is less than 
about 10 seconds, a current pulse occurred immediately (i.e. within about 
100 sec) upon applying the reverse d.c. field. This may have been due to 
a few electrons from the intense plasma remaining in the gas. (ii) When T is 
more than about 10 seconds a current pulse was never observed to start as soon 
as a reverse field was applied, but at quite random times afterwards. Now if 
the starting of these current pulses were due to any ionization products in the gas 
then the high-frequency discharge, which increases the amount of ionization 
in the gas, should have made their starting more probable. However, the high- 
frequency discharge has the opposite effect on wall charges: when the applied 
field is turned off the plasma will disperse in such a way as to neutralize any 
remaining field, namely that due to the wall charges. ‘These experiments are 
therefore reasonably conclusive that wall charges act as a source of secondary 
electrons to start current pulses. 


ACKNOWLEDGMENTS 


I wish to thank the Research Council of British Electricity Authority for a 
grant to carry out this research, Dr. J. S. Forrest, Director, B.E.A. Research 
Laboratories, for helpful discussion and the loan of apparatus and Mr. Oakeshott 
of B.E.A. Research Laboratories for technical assistance. I particularly wish to 
thank Dr. A. von Engel for constant advice and encouragement, and Professor 
Lord Cherwell for extending to me the facilities of the Clarendon Laboratory. 


REFERENCES 


Brose, H. L., 1925, Phil. Mag., 50, 536. 

Eme.tus, K. G., Lunt, R. W., and Merk, C. A., 1936, Proc. Roy. Soc. A, 156, 394. 
Francis, G., and von EncEL, A., 1953, Phil. Trans. Roy. Soc. A, 909, 246, 143. 
GiL, E. W. B., and von ENGEL, A., 1949, Proc. Roy. Soc. A, 197, 107. 

Hatz, D. H., 1939, Phys. Rev., 55, 815. 

Harriss, W. L., and von EnceL, A., 1954, Proc. Roy. Soc. A, 222, 490. 
LLEWELLYN Jones, F., and Davies, D. E., 1951, Proc. Phys. Soc. B, 64, 519. 
PENNING, F. M., and Mousis, J., 1935, Physica, 2, 55. 

Wainran, N., WaLKER, W. C., and WeissLer, G. L., 1953, 7. Appl. Phys., 24, 1318. 
WHIpDINGTON, R., and Jongs, H., 1928, Phil. Mag., 6, 889. 


148 


Photoconductivity in Calcium Tungstate 


By J. R. COOK 
Department of Physics Applied to Medicine, The Middlesex Hospital, London W.1 


Communicated by }. E. Roberts ; MS. received 25th October 1954 


Abstract. In view of earlier contradictory published results on the photoconduc- 
tivity of crystalline calcium tungstate, this effect has been examined using artificial 
single crystals and an intense ultra-violet source. Photoconductivity has been 
demonstrated, with a space charge build up of long relaxation time. ‘This latter is 
probably linked with the long duration phosphorescence previously reported in 
this material. The evidence produced indicates that calcium tungstate is an 
intrinsic semiconductor with an activation energy of 2-lev. ‘The photoconductive 
properties are in approximate agreement with the assumption of an exponential 
trap distribution if a variation of capture cross section with temperature 
is postulated. 


§ 1. INTRODUCTION 


ANDALL AND WILKINS (1945) have measured the conductivity 
produced in a compressed layer of calcium tungstate powder by ultra- 
violet radiation and found a current of approximately 2 x 101° ampere. 

Their measurements were limited to a single determination of current. On the 
other hand, Klick and Schulman (1949) failed to find a photoconductive effect in a 
small artificially grown crystal of calcium tungstate illuminated by ultra-violet 
light from mercury and hydrogen discharge lamps. ‘The maximum sensitivity 
of their electrometer system was 5 x 10~!> ampere. 

In view of the difference between these experiments it was decided to recheck 
the effect with an artificial calcium tungstate crystal (Linde Air Co., America) and 
an intense light source. 


§ 2. EXPERIMENTAL METHOD 


Three cylindrical clear crystals have been used in this work, each of diameter 
5mmandlength3mm. ‘The crystal faces were ground so as to be perpendicular 
to the long axis, and were coated with a thick layer of colloidal graphite. Electrical 
contact on the two faces was effected by two brass contacts mounted on distrene 
insulators (figure 1). The thick carbon layer prevented possible photoelectric 
emission from the brass contacts, when the whole crystal was illuminated. The 
source of ultra-violet was a high pressure mercury lamp fitted with a Wood’s 
filter and emitting its main line at 3650 A. 

A negative voltage was applied to one electrode, the other being connected to 
the current measuring device. This was either a Lindemann electrometer or a 
sensitive d.c. amplifier with a 10° input resistance. In general the electrometer 
was used for experiments lasting several hours, because of its inherent stability. 
The minimum measurable current was approximately 10-% ampere. ‘The 
Lindemann electrometer was used in conjunction with a compensating circuit 
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connected to the air condenser C so that the voltage on the collection electrode was 
kept constant. Identical results were obtained from the two methods. 
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Figure 1. Experimental arrangement. 


§ 3. EXPERIMENTAL RESULTS 


-In the case of three crystals we have obtained measurable photocurrents. The 
dark current at room temperature was always negligible compared with the photo- 
current. 

(1) Space Charge Limited Photocurrents 


Figure 2 indicates the reduction in photocurrent as a function of time measured 
by the Lindemann electrometer over a period of three weeks under constant 
ultra-violet exposure. After three weeks the current has reached an approxi- 
mately constant value. If the light source is cut off the crystal recovers over a 
period of several hours as indicated. Since the recovery is incomplete after 
4000 minutes a permanent alteration of the crystal structure may have occurred. 
Figure 3 shows the variation in decay time of the initial region as a function of 
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Figure 2. Space charge decay under constant Figure 3. Decay of photocurrent 
light intensity and recovery measured by under constant illumination. 


intermittent illumination. 


applied voltage. In order that current measurements should not be affected by 
space charge build-up it was essential to take photocurrent readings within one 
minute of exposing the crystal to the source and then to cover the source. 
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(ii) Current-Voltage Relation 


The crystals were exposed to the source and the current measured and then 
shielded before the next voltage increase. Figure 4 shows that the current is 
proportional to the voltage. It was not possible to saturate the current with the 
voltages available. 

(iii) Current Light Intensity Relation 

The source was mounted at a variable distance from the crystal and figure 5 

shows a logarithmic plot of current against distance from the source to the crystal. 


The average slope for these crystals was 1-7 indicating that the current is propor- 
tional to the 0:85 power of the light intensity. 
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distance from lamp to crystal. 


(iv) Decay of Residual Conductivity 


The crystals were exposed for various times to various intensities and then put 
‘in the dark. Figure 6 indicates the slow decay of the residual current for one 
crystal with various initial currents. Figure 7 shows the behaviour of a crystal 
exposed to a constant source and then shielded. ‘The current after shielding was 
always a fraction of the current before shielding. 


(v) Temperature Dependence of Photocurrent and Dark Current 


(a) High temperatures. ‘The crystals were mounted between quartz insulators 
in an oven provided with a window so the photocurrent could be measured as a 
function of temperature. As the temperature was raised above 80°c in all cases 
the dark current rapidly increased (figure 8). If the crystal was illuminated above 
80°c the current increased from the photocurrent process. Before the onset of 
dark current the photocurrent was itself found to increase with temperature 

When the dark current became measurable (around 80°c) the photocurrent pecans 
a constant perturbation on the dark current. Measurements of dark current were 
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extended to 170°c with the d.c. amplifier. Figure 9 shows that a plot of log dark 
current as a function of the reciprocal temperature (°K) is accurately linear. 
Similar curves to those shown in figures 8 and 9 were obtained for the three crystals. 


3:0 


Zs 


tY 
f-) 


2 
x . 
2 is Light. OFF 
Rey) 
x Exptl. Points Or 
— Curve of Form 
A 
OE Te 
O05 
a = i 1 1 meet! 
0 20 «49 60 80 100 120 
Time ¢ (min) 


Figure 7. Space charge effect and 
recombination current. 


Sc 4+ —e With Light Source 
(=. x Shielded 

Pe on xe yg 
ee ee ee eee 


40 60 80 100 120 
Time t (min) 


Figure 6. Decay of residual con- 


ductivity for various initial 
currents. 


Cc 
nh 
So 
we 
T 


NR 
T 


Z (amp)x 10"° 


xP 


Figure 8. Photo and dark currents as a 
function of temperature. 


(b) Low temperatures. ‘The crystals were mounted in a dry container fitted 
with a quartz window and thermocouple. The container was cooled by solid CO, 
and the instantaneous photocurrents were recorded as a function of temperature. 
Figure 10 shows that a photocurrent peak is obtained from these crystals at 
= ld -C. 

(vi) Photoconductivity from Visible Light 


A small current was seen to occur in the crystals when exposed to daylight. 
The crystal was therefore exposed to the intense illumination of a white light and 
a series of Wratten filters was interposed between it andthe lamp. An increase of 
photocurrent occurred from the red to the violet end of the spectrum as follows. 
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The currents in this table are corrected for equal intensities of transmitted light 
as determined with a photocell of known response. 


Filter Filter transmission Relative photocurrent 
1 Whole of visible red 0 
D Whole of visible green 8 
3 Blue+ blue green 170 
4 Blue 220 
5 Violet 710 
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Figure 9. Dark current asafunc- Figure 10. Photocurrent as a function of temperature. 
tion of inverse temperature. 


(vil) Effect of Electrode Contacts 
In order to check the possible existence of marked ohmic barriers at the con- 
tacts various metals were used to touch the crystal, whose surfaces were both 
covered in aquadag and then cleaned. Results identical to all the above experi- 
ments suggested that the photocurrent was not appreciably affected by the 
contacts. 


§ 4. Discussion OF RESULTS 
(1) Space Charge Effects 

The curves obtained, of which figure 2 is an example, were very similar to those 
of von Hippel et al. (1953) in alkali halides crystals containing F centres. In 
particular the approximately exponential decrease of current with time in the 
initial part of the curves at low voltage (figure 3) and the tendency to a constant final 
value of current agree with their results qualitatively. It was not considered worth 
while to attempt a quantitative fit to their theory but two points may be noted. 
The basic assumption that the electrons leave a positive space charge behind must 
apply in the present case, and the steady final current may be associated with 
field emission. ‘The long period relaxation time may be associated with trapping 
effects. It is then unnecessary to postulate a very low electron drift mobility. 
In this connection the experiments of Gillette (1950) on a long duration phos- 
phorescence in such a crystal are of interest in that they indicate the presence of 
traps which give the electron a very small escape probability. 
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(11) Decay of Residual Conductivity 
The decay curves shown in figure 6 fit formulae of the type 
ee oe eat eT (1) 
where 7 is the current at time ¢, and 4, B, Care constants. ‘This suggests that the 
crystal is returning to its initial state by the electrons recombining with the centres 
from which they were initially ejected. In equation (1) the term C represents a 
current whose rate of decay is much. less than that in the initial two hours and can be 
taken as constant for the curve fitting. It is presumably associated with the long 
duration phosphorescence mentioned above. 

Let x. be the number of electrons in the conduction band at time t=0. 
Equation (1) can only result from an expression of the form dn,/dt=const. n,2. 
If there are n, holes per cm*® and m, traps per cm? then n,=n,+m. If the 
conduction electrons recombined with the positive holes then dN./dt would be 
proportional to m.,. Since, <n, equation (1) would not result. It is more 
likely therefore that the long period decay is due to electrons recombining with the 
traps from which they were ejected thermally. The instantaneous reduction (by 
a factor of approximately 0-1) on switching the light off (see figure 7) may represent 
rapid combination with the positive holes. 


(111) Temperature Dependence of Photocurrent and Dark Current 


The features of temperature dependence requiring explanation are (1) the 
smooth increase in photocurrent from 0°c to 80°c, (2) the constant value of photo- 
current for temperatures above 100°c, (3) the drop in photocurrent at low 
temperatures, (4) the rapid increase in dark current above 80°c. 
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(a) Photocurrent. ‘The fact that the current varies as the 0-85 power of the 

light intensity suggests that the type of model proposed by Rose (1951) may be 

applied. For a crystal having an exponential distribution of traps below the 
conduction band (see figure 11), Rose deduced the equation 
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where f is the number of optical excitation sec! cm, V the thermal velocity of 
electrons (cm sec '), S the capture cross section (cm?) of the primary centre tor 
free carrier, NV, the number of energy levels in the bottom slice of the conduction 
band a few times RT wide, 7 the absolute crystal temperature, 7, the temperature 
at which the traps were ‘frozen in’ and A a constant. ‘The trap distribution 
is represented by 
N,db=A exp (—)/T,) db 

where b is the depth of the energy level below the conduction band. , 

Since in the present experiments m, is proportional to f’™’, 7, must be 
approximately 1660°k. Since the melting point of a calcium tungstate crystal is 
1500°cit is reasonable to suppose thatthe traps are ‘frozen-in’ during solidification 
with the given energy distribution. 

If the product VS remains constant the variation of », with T is given by 
n,=const. N.7!'?**?» since 1/T does not vary appreciably. With N,~10%cm °, 
the variation of current with T can be found. Figure 12 shows the comparison 
between this theory and experiment for one crystal in the range 20°c to 80°c. 
The theory gives an approximately exponential increase of m, with T but the rate 
of increase ditfers from the experiment, being smaller by a factor of three. 

At temperatures above 80°c the dark current increases rapidly. ‘The number 
of conduction electrons will then approach the number of trapped electrons and 
ultimately trapping effects will be negligible. ‘his means that when the crystal 
is illuminated an additional current should occur which will remain constant as the 
temperature is increased. ‘This appears to be the case in figure 8. 

In the above treatment the product VS was taken as constant. If however the 
capture cross section varies with temperature the discrepancy between theory and 
experiment may partly be explained. Such a temperature dependence is 
suggested by the peak obtained in figure 10 at —15°c. Rose (1951) has suggested 
that a way to decrease the photocurrent with increase in temperature would be to 
surround the primary centre with a potential barrier. This would effectively 
cause an increase in S with temperature. 

In the region —20°c to —70°c the variation of current with temperature is 
roughly exponential with a slope approximately the same as that from + 20°c to 
+70°c. 

(6) Dark current. ‘The variation of conductivity with temperature of a 
semiconductor is given by the well-known equation 


o=o,exp(—E/2RT) 
where Fis the activation energy. From the slope of log curves such as is shown in 
figure 9 the average value of F was found to be 2:1 +0-1ev. he current calibra- 
tion of the d.c. amplifier gave the resistivity of a crystal at 120°c as 1-4 x 10% Q em. 
Using the above relation o) was found to be approximately 230. 

Moss (1952) has shown that the value of o, differentiates between an impurity 
semiconductor and one having intrinsic conductivity. A value of oy of the order 
of 230 and the large value of F suggests that at least the dark conductivity is intrinsic. 
In addition, the large value of F suggests the absence of impurity, which in general 
does not give rise to deep trap levels. 

Since a value of 2:1 ev corresponds to a wavelength of 5850 A it is to be expected 
that the photocurrent should increase from the red end of the visible spectrum as 
shown in the table. Moss (1952) has suggested that the variation in sensitivity of a 
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photoconductor with wavelength is associated with an energy distribution of 
levels from which the photoelectrons originate. This fact could explain the 
variation of sensitivity with wavelength seen in the table. 


§ 5. CONCLUSION 
The present experiments show that calcium tungstate is an intrinsic semi- 
conductor with an activation energy of 2-lev. The photoconductive properties 
suggest that an exponential trap distribution may be applicable if a variation ot 
capture cross section 1s allowed. “The decay of photocurrent after the source is 
cut off is accurately binomial. In view of the long relaxation time for space charge 
build up it is not surprising that long duration phosphorescence can be observed. 
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Abstract. ‘Two new simplified electrostatic systems for the correction of third- 
order spherical aberration in electron lenses are described and related to earlier 
systems of Seeliger and Burfoot. Numerical examples are given in which the 
voltages and positioning tolerances of the various electrodes are calculated. 
The effects of scaling and change of electrode shape are discussed. 


§ 1. INTRODUCTION 


LECTRODE systems for the correction of spherical aberration in electron 
lenses have been proposed by Seeliger (1949, 1951), following mathematical 
analysis of Scherzer (1947), and by Burfoot (1952). Both systems are 

somewhat complicated. Seeliger’s contains a large number of electrodes (two 
cylindrical einzel lenses, three groups of eight electrodes, and an auxiliary round 
einzel lens in addition to the lens under correction). Burfoot’s system contains 
essentially only four electrodes, but these would require very complicated shapes 
and be limited by stringen tolerances. A modification of Seeliger’s system 
has been suggested (Archard 1954, to be referred to as I) in which cylindrical 
einzel lenses would be replaced by ‘®, units’ (figure 1(a)). The virtue of this 
replacement lies in the fact that ‘®, units’ require much lower voltages (factor 
of 1€0) in order to produce the same cylindrical lens action. ‘The modified 


system would nevertheless require the presence of two auxiliary round einzel 
lenses. 


®, Unit ®, Unit 
(a) (b) 


Figure 1. Electrode groups of four- and eightfold symmetry. 


In the following, two alternative simplifications are envisaged. In both cases, 
auxiliary round and cylindrical lenses are completely eliminated, and the number 
of electrodes is reduced by superimposing the ‘®, units’ on the ‘®, units’ 
(groups of eight electrodes, figure 1(b)) of Seeliger’s system. 


* One of these was briefly described in the course of a paper read at the International 
Conference on Electron Microscopy, London, July 1954. 
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§ 2. Bastc REQUIREMENTS OF A CORRECTION SYSTEM 


Scherzer’s theoretical treatment (1947) shows that, in order to achieve 
spherical correction, a cylindrical lens action is needed, i.e. rays leaving the axial 
point of the object at unit inclination and travelling in the xz and ys planes 
(these rays will be called x,, y, respectively) must be differently deflected ; potential 
systems with fourfold symmetry (®,) must then be established at points, or 
strictly in limited regions, where x, and y, are at different distances from the axis. 
Finally, in order to prevent distortion, x, and y, must be brought together again 
by further cylindrical lens action. ° These conditions are summarized in Scherzer’s 
equations (1.4) and (4.5), the former being the ray equations for x, and y,, which 
must emerge from the system superimposed, and the latter giving the condition 
for the correction of spherical aberration, from which it may be shown that no 
correction can be achieved unless ®, potential forms exist where x,? and y,? are 
unequal. 

Correction is achieved in Seeliger’s system (figure 5(a)) by separately focusing 
x, and y, (in the two-dimensional diagram, the rays so marked must be thought 
of as travelling in the vz, yz planes respectively), and at each line focus establishing 
a‘@M, unit’. This achieves the correction of spherical aberration in two planes 
at right angles but, unless a certain impracticable relation (which will be mentioned 
later) exists between the ©, and ®, voltages, leaves some residual spherical 
aberration in the two planes at 45° to the former. Insertion of a third ®, unit in 
a region where x, and y, are (schematically) superimposed completes the correction 
for all planes. Distortion does not occur because, by virtue of the symmetry 
of the system, x, and y, emerge at the same distance from the axis and at the same 
inclination thereto. 

In Burfoot’s system (figure 5(c)), separate line focusing is dispensed with. 
His first electrode acts as the combination of a diverging round lens and a ®, unit, 
achieving the initial separation of x, and y,. His second electrode acts as the 
combination of a converging round lens and two ©, units, and his third electrode 
has properties similar to the first. At a subsequent point, , and y, again attain 
equal distances from the axis, and are then differentially deflected by the fourth 
electrode (a ®, unit) so as to assume the same inclination to the axis, thus elimina- 
ting distortion. 


§ 3. DEscRIPTION OF NEW SIMPLIFIED SysTEM, ‘TYPE A 

Consider figure 2, which relates to the correction of an electron microscope 
objective lens. The rays marked wx,, y, leave the object point O at inclination 
unity, pass through the objective lens at height f (focal length), and emerge almost 
parallel to the axis. More precisely, their emergent inclination is the reciprocal 
of the uncorrected magnification. A short distance from the objective, the rays 
enter a ®, unit; one acquires a smaller slope, the other a greater. At the point 
where y,, crosses the axis, a ®, unit (figure 1(5)) is placed. This does not affect 
the course of x,, y, as it does not enter into the equations which guide them 
(Scherzer 1947, eqn (1.4)). At the point where x, crosses the axis, two further 
units are placed, a®, anda®,. In practice, potentials pertaining to the two kinds 
would be superimposed on the same electrodes. The ®, component here is 
stronger than the previous ®, unit, as it has to turn y, back again towards the axis ; 
x,, because it passes through the centre of the unit, is undiverted. At the point 
where vx, and y, again meet, a third ®, unit reunites them. 
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This system resembles Burfoot’s rather than Seeliger’s as it employs essentially 
two 0, and three ®, potential forms. Burfoot demonstrated mathematically 
the necessity for a third ®, unit in order to avoid first-order distortion. This is 
another example of the well-known principle (e.g. Scherzer 1947) that three, 
but not two, cylindrical lenses may be made to simulate the properties of a round 
lens without distortion. (In Seeliger’s system (figure 5(@)), the action of a third 
, unit is effectively present, concealed in the central round lens, for the #7, and 
\, rays enter this on opposite sides of the axis, and hence are deviated in opposing 
senses. ) 


Xp a/(a-p)" 


Theoreticall 
$, o, d, $, 9) [eek resident: 


Figure 2. Simplified spherical correction, system A. 


$4. VOLTAGES OF SYSTEM A 
Let the ®, and ®, units (figure 1) comprise groups of spheres of radius p with 
centres distant a from the axis, alternate spheres bearing potentials + ®,,, +@,.... 
Let ®, be the accelerating potential and (xp, yp), (Wc, Vc)... indicate the values 
of (%,5 V,) at the centres of units B, C...(figure 2) When Scherzers (1977) 
equations (4.5) may be modified as shown in I, equations (1), (2), (3), (15), (16). 
The result is: 


Cy + 6-45(p?/a°)(xp4® p?/D .? + x_4Oy?/@ ,7) 

— 8(p/a*)(xp'Do/Dy+x%gDg/M,)=0 9 2esen. (1) 
Cy + 6-45(p?/a?)(yp@ y?/D 4? + yyy? /O 4? + yy Oy?/ Oy”) 

= 8(p/a*)(yp*Dp/Py+ye'Pa/Pa)=0 «ss (2) 
C.— 3:86(p*/a?)(xp* yp? g?/O .? + xy?yp?Dy?/D 4") 

24 p} at) XeeV Gee GD 0 1 | eee (3) 


C, represents the spherical aberration constant of the lens under correction, 
and is essentially positive—a typical value would be 0-5 cm. (C, in the case of 
(1) included contributions from two other round lenses contained in the system 
(figure 5(4)).) It will be seen from (3) that the element G (figure 2) is, in principle, 
unnecessary, for (3) could be satisfied by choosing suitable values of ®,, ®,,, 
and then (1), (2) will be satisfied by duly adjusting ®,, ®,. But, as units B and F 
also enter into first order calculations and have to be adjusted so as to re-synthesize 
rays x, and y,, it is convenient to have an extra variable available. Its omission 
will be found to lead to inconveniently high voltages on B and F. 

A typical case will now be considered numerically. Figure 2 shows that, 
for small angles «, 8, and for rays finally leaving the system parallel to the axis, 
the total length of the correction system is x,,%/(#—f)?. x, may be expected 
to be of the order f, typically 0:5 cm. . 
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Consider a ray having «=0-2, B=0-1. Then the length of the correction 
system willbe 10 cm. It is shown elsewhere (Archard 1955, to be referred to as I) 
that the change of slope produced by a ®, unit (say B) is 4(p/a)(xp/a)®p,/® y. 

Suppose p=0-05 cm, a=0-25 cm. To produce a deflection B=0-1, ©,,/0, 
must be 0-0625, i.e. for an accelerating potential 50 kv, ©), must be 3 kv. 

Likewise, for E to produce a deflection 2x, ©, must be 6 kv, and, for F to 
produce a deflection «—8, ©, must be 3 kv. The 6 kv would be rather incon- 
venient, as the gaps between adjacent spheres (at + ,,...) would be only 0-25 cm. 
The voltages can, however, be reduced (as detailed in IT) by substituting groups 
of laminae for groups of spheres. For the same value of a, laminae with opposite 
edges separated by 2a and extending a distance / along the axis show a voltage 
reduction factor of //27p. Thus, for /=1cm, the above voltages would be 
reduced by a factor of three, leaving ®,=®,= 1000 v, ®,=2000 v, and the 
interelectrode gaps would be increased to nearly 0-35cm. If the value of a 
were now halved, the voltages would fall by a further factor of four while the inter- 
electrode distances would fall by a factor of two. On the other hand, as will 
appear later, tolerances would worsen by a factor of sixteen, so that it is in the best 
interest to keep the voltages as high as the insulation will stand. 

If now these voltages are substituted into (1), (2) and (3) (adjusted to allow 
for the change in electrode shape), it transpires that terms containing ®,, O, are 
very small, and that containing ®,, fairly small, compared with the typical C, value 
of 0-5 cm. It would in fact require an extremely strong ®, system to satisfy (3) 
without the presence of the ®, unit G, and this must therefore be regarded as 
a practical necessity, though algebraically redundant. 

Under these circumstances, equations (1), (2) and (3) may be reduced to 


Cz — 8(p/a*)x 4® (/D, — 8(p/at)xg*Dg/P,=0 —...... (4) 
C,— 8(p/a*)yp*Pp/P 4 — 8(p/a*)yq’'@g/Pxa=9 see (5) 
C,+24(p/at)xg?2v2Og/D, za (pV a eit ces (6) 


Now x«g=¥q= {B/(«— 8)}x_—>xp in the present case; hence from (6), 
O,/®, = — 0-026, 


-1430 -2110 


430 430 = | w 
570 > < 570 1890 GY 1890 
430 430 HO | 110 
-1430 -2110 
(a) (b) 


Figure 3. Superimposition of ®, and ®, voltages. 


i.e. ®,=1300v. If, however, a group of eight laminae, extending 1 cm along 
the axis, is substituted for the eight spheres of unit G, it will be possible to super- 
impose G and F as indicated in figure 3(a).__ It is shown in II that this will result 


_ in a lowering of the required potential by a factor of //27p (in complete analogy 


with the ®, case), so that Dg will be reduced three times, and will become 


| @g=430 v. Substitution of (6) in (4) and (5) now gives 


(4/3)C,=8(p/a*)w 4D, =8(p/a*)ypp/My. sree (7) 
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Consider unit D: yp={28/(4—B)}xp>2xy. Thus ®p/O, =0-0065 giving 
(for spheres) Op = 325 v. 

Again it will be convenient to replace spheres by laminae so as to facilitate 
the superposition of D and E. Consequently ®) = 110 v. 

Consider unit C: x .={28/(a+)}xp>2xp/3. Thus ®,/®,=0-53. This 
represents +27 kv across a gap of 1 mm, which is quite impracticable. But 
the use of eight laminae, this time extending 2 cm along the axis and having 
opposite edges 0-3 cm apart, would reduce this voltage by a factor of 46 so that 
there would exist a potential difference of 1160 v (i.e. +580) across a gap which 
would still be 1 mm, and this would not be impracticable. In this case, therefore, 
®,.=580v. The horizontal lines above B, C...in figure 2 represent the axial 
extents of the respective laminae, from which it is seen that C could not be made 
to extend more than 2 cm parallel to the axis. 


§ 5. "TOLERANCES OF SYSTEM A 


It is shown in I that slight radial or rotational displacement of one of the 
electrodes of a four or eight sphere unit introduces a ‘®,’ action which produces 
second and fourth order aberrations. ‘The second order can be removed it 
arrangements are made to impart slight antisymmetrical changes to the potentials 
of opposite spheres of the ®, units. ‘The fourth order aberrations do not exceed 
C.6?/n (i.e. 1/n of the radius of the disc of spherical aberration, @ being the semi- 
aperture angle of the beam, typically about 0-005 radians), if 


oax<(C,/0n)\(D/ Op a 20pr) ae | eee (8) 


where r=w, or y, at the unit in question. ‘The corresponding calculations for 
laminar electrodes are intractable, but it seems likely that an idea of their tolerances 
will be gained by substituting /=27p in (8). 

Consider electrode group DE, whose highest voltage is 2110 v, r=2f, a=0-25, 
/=1cm. In order to secure a five times improvement tn the resolution as limited 
by spherical aberration and diffraction, x must be 54. Then dap, = 2-8 microns. 

Electrode groups B and FG have r=f and voltage of the order of 1000 v; 
hence, their tolerances are less stringent by a factor of 64: da, »q~180 microns. 

Consider the remaining unit, C. Here the voltage is 580 v, r is 2f/3, a is 
0-15cmand/is2cm. ‘The tolerance is therefore Sa,.=60 microns. _ 


§ 6. DescripTION OF NEW SIMPLIFIED System, Type B 


System A represents a simplification of the earlier systems, but it suffers 
from the disadvantage of asymmetry. As will be seen from figure 2, electrode 
groups B and C come relatively close together, and the voltages required for C 
are disproportionately large. At the expense of the addition of one extra ®, 
unit, however, the asymmetry can be removed and voltages distributed more 
evenly, while the actual number of electrodes remains the same. 

Consider figure 4. Rays x, and y, leave the objective lens parallel to the axis 
and at a distance x,=/f from it. They enter a ®, unit and become separated. 
At the point where y, crosses the axis, another , is placed; this turns x, back 
so as to run parallel to y,. At the point where x, crosses the axis, a similar ®, 
unit is placed, and the rays are re-synthesized symmetrically. ®, units are 
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conveniently superimposed on the second and third ®, units. The third MD, 
unit may be placed as shown in the centre of symmetry, or superimposed on the 
first or fourth ®, unit. 


Figure +. Simplified spherical correction, system B. 


§ 7. VOLTAGES OF System B 

If unit L deviates the rays through an angle + y, the total length of the system 

will be 4x, y. Hence, in order to keep the same total length as system A (10 cm), 
4/y = a /(a = B)? shoyousnets (9) 
or in the particular case considered y=«%=28=0-2 radian. 

Thus, L and R will have the same voltage as E (which caused a deviation of 
2a but had yy=2x,). For laminar electrodes having a=0-25 cm and /=1 cm, 
®, =®, = 2000 v. 

Units M and P, like E, cause a deviation 2y, but have |x| = |yp| =2%,. 
Consequently, they bear the same voltage as L and R: ®, =®,= 2000 v. 

Whether ®, is placed as shown or superimposed on L or R, xg?y,? will be 
exactly the same as x,,2y,2 in system A. Hence, for laminae having a=0-25 cm, 
J=1 em, O,=430 v. 

The remaining ©, units N and Q have the same values of w,?, y,2 as Din system 
A. For similar laminae, therefore, ®,=®,)=110 v. The combination MN 
is represented in figure 3(6). ‘The horizontal lines above ®,, ®, in figure 4 
represent the axial extents (1 cm) of the respective laminae. ‘The laminae are 
better spaced than those of system A (figure 2). 


§ 8. ‘TOLERANCES OF SYSTEM B 
Units L and R have the same voltage as did DE in system A, but 
ler] = |*n|=2lyel- 

Their tolerances will therefore be 32 times greater, viz. da;, ,=90 microns for 
a five times improvement in resolution. 

Units MN and PQ, however, have the same voltage as L and R but 
|xul =lyp|=2|*c|=|yn|. Hence dayx, pg=2-8 microns. In its separated 
state, unit S will have 6a,=450 microns. 


§ 9. SCALING 
Consider a laminar ®, unit of constant strength (e.g. Os//at=constant). For 
the moment, let / remain constant. Then ®,«a‘, but electrode spacing oca; 
hence @,/spacingoca*®; that is, insulation is improved by reducing a. On the 
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other hand, tolerances cca*/voltage, i.e. oca®. Hence, it is in the best interests 
to keep the voltages as high as the insulation will allow. his is still more 
important for a ®, unit, where Doca?, M/ spacing cca, but tolerances <a’. 

In both the systems discussed, but more particularly in B, the greater part 
of the voltage on the combined units had a ®, character. Now ®, units can be 
made proportionately weaker if the length of the whole system is increased. 
The length chosen in the examples (10 cm) was selected to meet practical require- 
ments but, if it could be doubled, considerable improvements could be made. 
Doubling of the length would allow all values of / also to be doubled, at the same 
time ®,,//a2 (®, unit) would be halved. If therefore ©; were kept the same, 
a could be doubled. It is true that the doubling of @ and / would necessitate an 
eight times increase in the superimposed (®,) voltage ®y, but the highest voltage 
on the combined unit would still only be 2880 v instead of 2110v. Hence, the 
tolerance of the lamina bearing that voltage would be 2°.2110/2880=23 times 
its previous value, i.e. day, pg =66 microns. It is plain that such an increase 
in tolerance would easily accommodate normal workshop practice. 


§ 10. COMPARISON OF THE VARIOUS SYSTEMS 


A schematic comparison of the various systems is given in figure 5. In order 
to pass from Seeliger’s system (figure 5(a)) to the modification proposed in I 
(figure 5(b)), the cylindrical einzel lenses are first replaced by round lenses plus 
®, units, then one of the round lenses is absorbed into the objective, and another 
forms an intermediate stage or helps with the projection. In passing from this 
to Burfoot’s system (figure 5(c)), the three ®, units move inwards, degenerate 
into two @,-type electrode-shaping parameters, link with a round lens component, 
and form the complicated shape of Burfoot’s second electrode. ‘The ®, action 
latent in Seeliger’s central lens transfers to Burfoot’s fourth electrode, which 
reassembles the x, and y,. 

System A (figure 5(d)) comprises, in effect, Burfoot’s system without its 
round lens components, all the ‘ round ’ potential components having withdrawn 
into the objective. Burfoot’s first electrode becomes merely a ®, unit, the two 
®, shaping parameters of his second electrode re-separate into ®, units, but one 
of them immediately links with the residue of his third electrode, viz. a ®, unit. 
The fourth electrode is unchanged, but for reasons which have been indicated an 
extra ®, unit may be superimposed upon it. 

The combined units are represented pictorially as four large circles (repre- 
senting the ®,) concentric with four of a group of eight smaller circles (representing 
the ®,). ‘The unshaded parts then signify positive voltages and the shaded parts 
negative (cf. figure 3). 

In system B (figure 5(e)), the asymmetry of system A has been eliminated 
by a redistribution of the ®, action. Schematically speaking, the ®, unit E 
splits up into two ®, units, one of which links with the ®, unit C and forms MN 
in the new system, and the other of which links with G and reappears as PQ. 
This leaves D (a ®, unit) without any attached ®,, and it reappears in the 
centre of symmetry as S. The ®, unit F (which has lost its attached ,) 


now appears as R and has the function of reassembling the x, and y, rays 
in system B. 
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The change in location of the various potential components on moving from 
system to system is shown in the figure by the arrowed encircled symbols ® 
®, and ®,, of which the first represents the round lens components and the 
others represent the ®, and ®, components respectively. 
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Figure 5. Relation between various correction systems. (a) Seeliger, (6) modification 
proposed in I, (c) Burfoot, (d) new system A, (e) new system B. 


§ 11. CoNCLUSIONS 


‘Two systems for the correction of spherical aberration have been discussed ; 
these eliminate the round and cylindrical einzel lenses and complicated electrode 
shapes involved in earlier suggestions. Examples have been given for systems 
10cm long, applied to the correction of lenses having f=C,=0-5cm. By the 
use of laminar electrodes, voltages are kept below +2500v, but positioning 
tolerances on some of the electrodes are rather stringent, e.g. for a five times 
improvement in resolution, 2:8 microns. Doubling the length of the systems 
would increase the lowest tolerance to 60 microns. ‘These tolerances are subject 
to the provision of antisymmetrical fine-adjustment voltages to be applied to 
opposite electrodes of the ‘ ®,’ units. 
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APPENDIX 


CONVERSION INTO MAGNETIC SYSTEM 


It has been shown in II that ®, units may also be formed from magnetic 
pole-pieces, any rotational effect being of a lower order of magnitude than the 
deflective effect. If these have the same order of dimensions as the electrostatic 
(four-sphere) device, i.e. magnetic pole-pieces consisting of cylinders of radius p 
distant from axis a, the approximate relation NJ=11Vg/u,/V, holds, where 
NIJ is the number of ampere turns, ’,, ., are voltages on spheres and accelerating 
voltage respectively, ; is the permeability of the pole-pieces. For the reasonable 
values x = 500, V, =50000V, this becomes 


NI (ma turns) = Vg (volts). 


Exactly the same relation may be shown to hold for magnetic ®, (eight-pole) 
units. 

Thus, the 6000 v on the ®, units of system B could be replaced by 600 ma 
turns on pole-pieces of radius 0-05cm distant 0-25cm from the axis. ‘There 
would now be no question of electrical insulation; consequently, the whole 
could be scaled up (p and a) four times. ‘This would require 2:4 ampere turns. 
Tolerances would be increased in the ratio (a*/pNTJ),/(a°/pNI)., i.e. 250 times. 
Scaling up of the ®, units (or the ®, parts of a combined unit) would, however, 
require an increase in excitation proportional to a, i.e. in the above case 64 times. 
This could easily be done for systems such as B where the ®, excitation before 
such scaling is small. 
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Absiract. The application of Stockbarger’s technique to the growth of PbF, 
crystals is described. The melting point of PbF, was found to be 822°c + 2°c, 
and owing to its fairly high vapour pressure at this temperature, the crystals were 
grown in an atmosphere of oxygen-free nitrogen at a pressure of 2 to 10 mm of 
mercury. ‘The crystal structure was found to be of the fluorite type, and the 
lattice constant 5-942 + 0-001 A at 18°c.° Refractive indices are given for various 
wavelengths in the visible spectrum. ‘The transmission limits, defined as the 
wavelength at which a specimen of thickness 1 cm absorbs 50°, of the incident 
radiation, are 11-6 and 28004. 


§ 1. INTRODUCTION 


INGLE crystals of lead fluoride (PbF,) have been grown in this department 
in the past three years, and the infra-red transmission spectrum has 
previously been reported (Jones et al. 1952). Lead fluoride is useful as 

a prism material in visible and infra-red spectroscopy, and asa Cerenkovscintillator. 
The object of this paper is to describe the application of Stockbarger’s method to 
the growing of lead fluoride crystals, in which special difficulties were encountered, 
and to give further information on the properties of the material. 


§ 2. ‘THE APPARATUS 


The vacuum furnaces used for the growth of lead fluoride crystals were 
similar to the furnaces used for the growth of other fluorides, and they substantially 
follow those described previously by Stockbarger (1949). One furnace was 
capable of growing crystals up to 3-5 cm diameter, and the other up to 10 cm 
diameter. 

The pressure inside the furnace chamber was measured by either a Pirani 
gauge (1 to 1 mm Hg) ora Vacuostat gauge (0-5 mmto10 mm). ‘Temperatures 
were measured by chromel-alumel thermocouples situated in the upper and lower 
parts of the furnace. The pressure in the chamber was controlled by passing 
a stream of oxygen-free nitrogen into it via a needle valve. 

The crucible was of the usual type, made from dense graphite, cylindrical 
in shape, with a conical base. It was provided with a close fitting graphite lid 
which had to be securely fitted to the crucible to avoid the risk of it blowing off 
and the powder escaping when the chamber pressure was reduced. A small 
hole (0-04 in. diameter) in the centre of the lid allowed the gases to escape from the 


crucible. 
§ 3. THE FURNACE ATMOSPHERE 


The vapour pressure of lead fluoride at its melting point is about | mm Hg, 
so the pressure in the furnace chamber must be greater than this, otherwise the 
salt will sublime out of the crucible. The crystal has to be grown in an inert 
atmosphere of pressure of the order of a few millimetres of mercury or more. 
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Dry oxygen-free nitrogen was found to be suitable, and pressures in the range 
2 to 10 mm Hg were satisfactory. Before entering the furnace chamber the gas 
had to be thoroughly dried by passing through a liquid air trap. 

Unsatisfactory crystals, which were black and completely opaque, were 
produced when a static atmosphere of dry nitrogen was used. ‘I’his was possibly 
due to the liberation of gases such as water vapour and carbon dioxide from the 
various components inside the furnace chamber, which accumulated in the 
furnace atmosphere. ‘These gases reacted with hot lead fluoride and produced 
salts which were easily reduced to lead by the graphite. ‘The lead stayed in the 
melt making the crystal formed black and opaque. It was necessary to maintain 
a continuous flow of nitrogen through the furnace during the whole crystallization 
process. 

A static atmosphere of dry hydrogen fluoride gas was also tried, but again 
black crystals were produced. In this case also the gases liberated in the chamber 
would cause lead to form. Hydrogen formed by the action of the hydrogen 
fluoride on the metallic baffles would also reduce lead fluoride to lead. 

In order to grow satisfactory crystals it was first of all necessary to dry 
thoroughly the raw material before heating was commenced. ‘The graphite 
crucible was carefully cleaned and dried before it was filled with the salt. It was 
then placed in position in the furnace and evacuated for twenty-four hours at a 
pressure of 1 to5y. The temperature was raised to about 70°c and held at this 
value for a furthertwenty-four hours. Heating was then continued to about 600°c 
at a pressure of 54 or less. ‘The rate of heating was such that outgassing never 
caused the pressure to rise above about 5. If the pressure was allowed to rise 
too much, the gas in the furnace attacked the metal baffles and shortened their 
life considerably. At 600°c nitrogen was admitted to the furnace at a rate sufficient 
to raise the pressure to between 50 and 100 uw. Near 700°c the diffusion pump 
was switched off and the nitrogen flow adjusted to give the required pressure. 
In order to limit the quantity of nitrogen used, the cocks in the pumping lines 
could be partially closed. 


$4. ‘TEMPERATURE OF FURNACE AND METHOD OF CONTROL 


The melting point of lead fluoride was found to be 822°c + 2°c and during 
growth the top half of the furnace was. held at 870°c and the bottom at 770°c. 
‘These temperatures were measured 1 inch above and below the horizontal bafHle 
which separated the two halves of the furnace. No elaborate temperature control 
mechanisms were required. It was sufficient to control the voltage of the supply 
to the heater. ‘This was done by means of an automatic voltage stabilizer, giving 
a maximum output of 100 amp at 230 volts + 1%. The large thermal inertia of the 
furnace enabled it ineffect to average the output of the stabilizer over a long time, 
with the result that at about 800°c the furnace temperature remained steady 
within about 5°c. The stabilizer supplied a suitable variable transformer, the 
output of which was transformed down by a 230/40 volt autotransformer. 
The variable transformer was fitted with an automatic drive so that the furnace 
could be heated or cooled at a given rate. 

When the temperatures were steady, the crucible was lowered into the bottom 
half of the furnace at the rate of 1 mm per hour until crystallization was complete. 
The furnace was then cooled steadily to room temperature over a period of 
three days. 
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Like the other fluorides, lead fluoride did not adhere to the graphite crucible, 
and the crystal was easily removed. Care had to be taken to ensure that the 
crystal had reached room temperature before admitting air to the furnace chamber, 
otherwise the crystal was liable to crack. 


§ 5. CHEMICAL PuRITY OF THE RAw MATERIAL 


As in the growth of all crystals from the melt, chemical purity is important 
in the preparation of lead fluoride crystals. The metallic ion impurity should 
be low (probably not more than one part in 104), but it is the presence of electro- 
negative ions such as the oxide, hydroxide, carbonate, nitrate, sulphate, acetate, 
etc., that has the more deleterious effect on the crystal. All these ions are converted 
to the oxide on heating. ‘The oxide is then reduced by the graphite crucible 
to form lead which has a vapour pressure lower than that of lead fluoride at the 
melting point of the latter. The lead stays in the melt, rendering the crystal 
black and opaque throughout its normal transmitting range. 

Attempts to grow crystals from ordinary commercial lead fluoride were 
unsuccessful, and ‘scavenging’ with ammonium fluoride did not improve the 
product although this technique worked well with lithium fluoride (Haven 1949, 
Jones 1951). This could be due to the fact that lead is comparatively resistive 
to the action of hydrogen fluoride. Mercuric fluoride was also tried as a 
‘scavenger’ and it seemed to be:a little more effective than ammonium fluoride, 
although the crystal was still far from satisfactory. Lead fluoride is itself used 
as a scavenger for other materials, and this ability to act as a scavenger probably 
makes it more difficult to grow as a pure substance. 

British Drug Houses, Ltd., have manufactured recently an ‘extra pure’ 
grade which is suitable for growing crystals, and satisfactory crystals can be grown 
from this without the aid of “scavengers ’. 


§ 6. CRYSTAL STRUCTURE OF LEAD FLUORIDE CRYSTALS 
GROWN FROM THE MELT 


Kolderup (1924-25) discovered that lead fluoride was dimorphous and that 
there was a transition between the two modifications at 400°. ‘The high tempera- 
ture modification had the cubic fluorite structure. Schumann (1933) determined 
the edge of the elementary cell of the cubic phase to be 5-942 + 0-002 A, and also 
showed that the low temperature phase was orthorhombic. ‘The density of the 
cubic modification was 7-678 g cm, and the orthorhombic 8-369 g cm’’. 
Ketelaar (1932) measured the cell dimensions of the latter modification to be 
a=3-80+0-01 A, b=6-41 40-024, c=7-61+0-03 A. Bystrom (1947) re-measured 
the lattice constants of both forms of lead fluoride. He prepared the low tem- 
perature form by the action of excess hydrogen fluoride on lead carbonate, and the 
cubic form by heating this to 400°c, and then cooling. His figures were 
5-935 +0-003 4 for the cubic form, and @=3-987 + 0-002 4, 6=6-441 + 0-003 A, 
c=7-648 + 0-004 A for the orthorhombic form. 

The density of the crystals grown from the melt was determined to be 
7-763 + 0-001 g cm at 18°c. This agrees fairly well with Schumann’s value for 
the cubic form. ‘The former value corresponds to a lattice constant of the cubic 
form of 5-942 A, which is in perfect agreement with Schumann’s value, and fair 
agreement with that obtained by Bystrom. X-ray powder photographs confirmed 
that lead fluoride crystallizes from the melt in the cubic fluorite structure, and 


168 D. A. Fones 


stays in this form when cooled. ‘The lattice constant calculated from these 
photographs was 5-942+0-001A at 18°c. X-ray photographs also showed that 
the lead fluoride powder, as supplied by the manufacturers, was orthorhombic. 
Lead fluoride crystals do not cleave as readily as the other fluorides with the 
fluorite structure into well-defined planes. Striking the crystal with a sharp blade 
never produces the cleavage planes characteristic of the other fluorides, and in 
this respect lead fluoride resembles a glass. Well-defined cleavage planes have 
been noticed, however, in crystals which have cracked due to thermal shock. 


§ 7. REFRACTIVE INDICES OF LEAD FLUORIDE CRYSTALS 


The refractive indices of lead fluoride crystals were determined using a 
prism of angle approximately 62-5°, and faces approximately 3 cm x3 cm. 
Measurements were made on the Hilger—Watts research spectrometer. During 
the course of the measurements, the room temperature varied between 17-5°c and 


Line Wavelength (A) pe dp/dX (em-) 
He red b 7065-20 1-75450 740 
Hg red 6907°5 OWS Syal7 795 
He red 6678-15 1-75770 900 
H. red C 6562-79 175375 960 
Cd red 6438-47 1°75995 1015 
Na D 5895-932 1-76626 1395 
5889-965 1-76635 
He Yellow d 5875-620 1:76653 
Hg Green e 5460-742 1-77290 LSS 
Cd Green 5085-822 1-78026 2240 
He Blue 4921-928 1-78406 2505 
H, Blue F 4861-327 1-78562 2620 
Cd Blue 4799-908 1-78724 2740 
Cd Violet 4678-151 1-79067 3010 
He Violet 4471-482 1-79744 3590 
H, Violet G 4340-465 1-80232 3940 
Hg Violet h 4046-56 1-81554 


19-8°c, A temperature correction was applied so that the values given are correct 
at 18-5°c. The correction was determined by varying the temperature of crystal 
between 17°c and 22°c, and observing the change in the angle of minimum 
deviation. In this temperature range the correction is given by 


Lepe0) = P4051 + 0-00005(18-5 — 2)}: 
‘The refractive indices are believed to be correct to within 4 in the fifth decimal! 
place. ‘The values of du/d\ were read off from the graph of » against A. The 


reciprocal dispersive power, given by (up —1)/(u»— pc), is 28-6 which is approxi- 
mately the same as that of double extra dense flint glass. 


§ 8. ‘TRANSMISSION SPECTRUM 


‘The long wave absorption edge of lead fluoride has previously been reported 
(Jones ef al. 1952). The figure then given was that a specimen 1 cm thick 
absorbed 50°, of the incident radiation at 11-12. More recent specimens have 
shown a slightly better transparency, the 50°/, absorption limit being at 11-6p. 

In the ultra-violet region the 50°, absorption edge for a block 1 cm thick 
occurred at 2800A for the best crystals. Some slight variation in the position. 
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of the absorption edge was noticed in different specimens. ‘The figure shows the 
shape of the edge for a crystal 1 cm thick. No correction has been applied for 
reflection losses. 

Lead fluoride crystals become yellow-brown in colour after prolonged exposure 
to x-rays or ultra-violet rays. The colouring was due to increased absorption 
at the shorter wavelengths (see figure). No selective absorption bands were 
observed. One specimen was irradiated with neutrons in the pile at the Atomic 
Energy Research Establishment, and its spectrum is also shown in the figure. 
The transmission was very low up to 45004, and there was a slight increase in 
absorption between 6500 and 7500 A. 
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‘Transmission of PbF, in ultra-violet region. 


$9. OpticAL WORKING OF LEAD FLUORIDE CRYSTALS 


Lead fluoride crystals have approximately the same hardness as lithium 
fluoride, and the same procedure for polishing was used (T'wyman 1952). ‘The 
crystals readily crack if subjected to even slight thermal shock, and it is essential 
that they should not be touched by hand during the grinding and the polishing. 
The crystal, the laps, the grinding and polishing materials, and particularly the 
water used, must all have reached the same temperature before an attempt is made 
to work the crystal. 

The crystal is more easily worked if previously annealed. ‘This is done by 
slowly heating the crystal to about 450°c over a period of three days, holding at 
this temperature for twenty-four hours and then cooling to room temperature 
over a period of three days. This must be carried out in a vacuum furnace 
because heating in the atmosphere ruins the optical clarity of the crystal. 


§ 10. CONCLUSION 


The fact that lead fluoride crystallizes from the melt in the cubic form, 
and also its high transparency and dispersion in the visible and near ultra-violet, 
makes it a very suitable prism material for spectroscopy in this region. . It would 
also be suitable for use in the infra-red region up to about 11-5 re It is stable in 
the atmosphere and unaffected by moisture. ‘The presence of the heavy lead 
atoms, and the fact that it is transparent to about 2800 A, makes it suitable material 
for use in scintillator counters. 
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The Diffraction of a Non-Monochromatic Electromagnetic Wave 
by a Slit and a Grating 


By M. H. N. POTOK 
Deparument of Electrical Engineering, The Royal Technical College, Glasgow 
VES. received 25th Fune 1954, and in amended form 22nd October 1954 
Abstract. A general solution for the diffraction of non-monochromatic waves 
by slits and gratings is derived from Kirchhoft’s solution. The results of 


measurements agree well with calculations i in the range where Kirchhoft’s solu- 
tions can be accepted. 


$1. INTRODUCTION 


N dealing with diffraction of electromagnetic waves by slits and gratings, 
one 1s usually concerned with a monochromatic source or at least with sources 
radiating at a number of discrete frequencies, in which case the diffraction 

pattern is the sum of the individual patterns, and the problem involves a repeated 
application of the solution for the monochromatic wave. ‘There are, however, 
sources which cannot be treated in this way, such as a monochromatic source 
which is radiating extremely short pulses, a gas diode producing noise over a 
wide band and a spark microwave generator (Potok 1953). 

Such sources are often of interest, where a wide band is required either for 
its own sake or as a background from which a narrow band of any desired centre 
frequency can be filtered out. When dealing with these sources it may be 
necessary to disperse the spectrum by means of a slit or a grating. It is therefore 
often of interest to know what diffraction pattern will result from a given source. 


§ 2. ‘THE DIFFRACTION BY A SLIT 

It is well known that the Kirchhoff solution of diffraction by apertures and 
obstacles is only approximately correct, the error becoming appreciable as the 
wavelength approaches the aperture dimensions. ‘This is the state of affairs 
at microwave frequencies. On the other hand the Kirchhoff solution is 
relatively simple in comparison with more accurate solutions (Schwarzchild 
1902, Morse and Rubenstein 1938, Stratton and Chu 1939, Bouwkamp 1954). 

Figure 1 gives the relation between output power and diffraction angle for 
a slit width equal to one and two wavelengths 4, as calculated from Kirchhoft’s 
solution and as found by measurements, performed by the author, using a 
monochromatic source. ‘This shows that while there is some deviation when 
a=, the agreement is very close for a=2A. ‘Thus, as long as a>2A one ts 
reasonably justified in adhering to Kirchhoff’s solution. 

Consider an arbitrary wave /(¢) falling at right angles on a slit of width a as 
in figure 2. Let F(t) be the diffracted wave at angle 6. Since by Kirchhoff’s 
solution each element of the slit is a source of equal amplitude and phase, the 


F(t)= iG ane as 


wave 


M=2 
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where wv is measured along the width of the slit, and c is the velocity of propagation 


of light (Farrands and Brown 1954). 
The power received at angle @ will now be 


p- IL | F(a)? dt. 


) Measured values 


x at A =3+cm 
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Figure 1. Figure 2. 


Following the method described by Farrands and Brown we make use of 


Parseval’s theorem 


1 ee 5 ise Y 2 
i|__|Fora= : | G(w)|? dew 
where G(w) is the Fourier integral of F(t). 
Let 


er oO 


1 
golo=5-| fie) exp(—jut) drs 


a —o 


1 f°? : : 1 4% 2 xsin@ : 
then G(w) = ra ae F(t) exp (—jot) dt => | a f(t x 2 Jexp ae 


“CO 


jx sind 1 : 
= | : exp (- = ) dx ae | ae: /(t) exp (—Jjwt) dt 


jwasin 6 * hae 
c ie 


c ( 
~ jw sin 7 So(~) { exp i = 
Writing (asin @)/c=7 


then a C(oy= Fy SOM — exp (—jwn)); 


» 2 
hence | G(w)|? = ae | 2o(~) |?(1 — cos wy) 
; d (er 12,2) 2a2 2 
an P =47 | ; ane | go(w)| (1-=cosan)\da. ae (1) 
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As an example, consider a simple case of an exponentially decaying wave as 
radiated by a spark generator /(t)=exp(— af) sin pf. 

This case has been dealt with by Bartenstein (1909) but led him to a very 
complex solution. 

It can be shown that 


lgo() PP? = Do" 
477(w eam 2))) —ja)(w — Wo +7]%)(w a ie jaw in Qo +jx) 
D 72 2 @ < 
hence P= es | (1 —cos wy) dw 


— 
? 


Jo ww — wy —jx)(w — wy +]%)(w + wy —Jx)(w + wy +)%) 
teat 2) 


which can be solved by Cauchy contour integration over a semicircle of infinite 
radius indented at origin, leading to: 


Cw, | 7 77 7 
= 5 = 5K ot in Gs j= ee 
Zr? | 2(ag2@ +47) — 8a9x(w9 — jx)? 8a) %(Wy +)%)% 


TEXP VJ (Mo t+I%)} _— TEXP{—j(@o | 


Sw9%( Wy +7%)? Sw %(wy — Ja)? 


n2 
Wael 


= oie one 
= : Ss Oo? — Ine 
spel : e 


24 S1N Fa9%( wy" + x”) 


C 
Ayo Bee ga sin 6 sin ; 
oo (wy- _ a)? ahora) ( — Z = ) COs = —¢ ) 
x Cc 


oe 
where d=tan |! — 


Writing « =/,0 (6 is the logarithmic decrement of the function f(t)), and wy = 27fy, 
n ( \ 36? 4 2a0(1 + 8?/47?)"? sin @ 
8777f,3d(1 + 82/472)? sin? 6 47? A 


SS @ + 62 4)" Exp (- oe) cos (= -6)| . 


When #=0, the expression (2) simplifies to 


Py =4a* a . | go(w)|? dw= Z DON a a =f 
or a(w_? +a?) 48f9(1 + 52/4777) 
Setting P,=1 and substituting into P gives 
A 382 2a8(1 + 82/47?) sin 0 
— 2a?a®(1 + 82/4777)? sal, pret (cote hae 


1 82 \3/2 ao sin 6 ; cogs ina 


As a check, if 6=0, then 
AZ ( 2a7 sin *) sin? |(az sin 0)/A} 
cos = 


i 


a) = ; AG 
Boao r (a2? sin? 0) /A? 
which is the usual formula quoted in textbooks. 

It has been assumed in the above that the response of the detector is flat 
over the whole bandwidth of the radiation. If that is not the case, then the 
expression (1) has to be multiplied inside the integral by a function giving the 


2a2r? sin? 6 
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frequency response of the detector. Figure 3 gives the plot of relative power 
against angle of diffraction for the logarithmic decrement 5=0, 0-25, 0:5, 1 
when a=2A, \=3-1cm as well as the results of a measurement on radiation from 
a spark generator whose characteristic by other measurements was found to be 
Njo= 34cm, 0=0:27 + 0-03. 
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Figure 3. Figure +. 


As a further illustration figure 4 reproduces the output obtained by 
Bartenstein (1909) with A=8-66cm, ¢=30cm as well as the curve calculated on 
the assumption that 6=0-25 with the help of expression (3). 


§ 3. DIFFRACTION BY A GRATING 

Consider here gratings in which the reflecting surfaces have the same width 
as the slits and the distance between the centre lines of two slits (grating constant) 
is 2a. The available equipment produced a beam which could be taken as 
uniform at the most over three slits which set the limit to the experiment. 

Figures 5 and 6 compare the diffraction by two and three slits respectively 
between measurements with 3-1cm monochromatic waves and Kirchhoff’s 
solution. Applying the method described in §2 to calculate the diffraction 
pattern by a grating when the incident wave is f(t), one can write the diffracted 


wave as 
: pa x sin @ ‘Ba x sin @ 
F(t) = (1 Jas + | Flt | does 
“0 c LONG ¢ / 


P baa ; 
Hence, if go(w) = a, [(t) exp (—jwt) dt 


Yv a ? 4 
G(@) = — go(w)[1 — exp (—jwy) + exp(—2jwy) —.. 


Jw 


+exp {—(2k—1)jwn}] 


Diffraction of a Non-Monochromatic Electromagnetic Wave V7) 


where 7» =asin@/c and k=number of slits. 


This leads to G(w) P= leo)? c 1 —cos2kwn 
(N= |golo wsin?@ 1+cos wy 


This expression is not readily integrable and it is preferable to leave it in the 
form of a series, in which case 
2k —1 


| G(w)P? = Pp lal) PLZA + 22n( —1)" cos (2k —n)wn] ; 


9) 
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hence by the same method as described earlier 


ioe 2 oo ; 2k—1 -cO : : 
la amt |, k| go(w) |? dw + 2k —1)" lk exp [/(2k— mol goo de 
eee (4) 


Again, as an example, consider the case when /(t)=exp(—«t) sin wot. 


Then . 
a ( a(t =) 2kad(1 + 52/4777)? sin 6 
az 8772F,25(1 + 82/472)? sin? 4 | ( 42 A 


2k—1 2k —n)ao sin 6 27asin@ 
+(1+6? At Dm —1)"exp (- eu” ) cos | (2k —n) maar as -6|} 


h {38 3-83%)/4n? 
= ee as GC i ayaa): 


Setting P,=1 at 0=0, gives 
r? { ( 1 362 ) is 2kad(1 + 62/477)" sin 6 


9 2Qark?7?(1 + 82/472)? sin? d Ar? r 
et 2k —n)ao sin 6 
+ (1 +82/472)325 n( — 1)" exp [ae | 
m=), 


x COs [ em) me -6|}. ee (5) 
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This expression allows one to compute the solution for any number of slits. 
This has been shown for a=A and 5=0, 0:25, 0-5 and 1 for two and three slits 
in figures 7 and 8 which also include the results obtained with a spark generated 
wave, the same as in § 2. 

It is interesting to note that the maximum of the first order does not occur 
at the angle 6’=sin-!/2a as would be the case with a large number of slits. 
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Figure 7, 


§ 4. CONCLUSIONS 


‘The paper derives a simple solution of the problem of diffraction of non- 
monochromatic waves by slits (expression (1)) and by gratings (expression (4)). 
The correctness of the solution depends on the degree to which Kirchhoff’s 
approach to diffraction can be accepted. 
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RESEARCH NOTES 
Inversion Potential of the Joshi Effect and Light Intensity 


By S. R. MOHANTY anp P. SRINIVASA RAO 


Physico-Chemical Laboratories, Banaras Hindu University, India 


MS. received 21st September 1954 and in amended form 9th December 1954 


HAT the positive Joshi effect +7 (Joshi 1943, 1945, Mohanty 1953), 

the increase on irradiation of the r.m.s. value of the current 7 through gases 

and vapours under electrical excitation, reversibly changes sign, to the 
negative effect — \z, 1.e. the decrease of 7, at an inversion potential ’,is fundamental 
for the mechanism of the phenomenon (Joshi 1947 b). Both +A7 and — Az are 
dependent on the intensity / of the irradiating light (Joshi 1943, Mohanty 1954). 
It was of interest therefore, to study the inversion potential of the effect as a 
function of J. 

Pure naphthalene vapour at 0-2 mm Hg was contained in the annular space 
of an all-glass Siemens tube. It was excited in the range 0-1—1-0 kv (r.m.s.), 
50 c/s, and +A\7 was measured with light of wavelength 3700-7800 A at different 
values of J (1-400, arbitrary units). 

Typical results are shown in the figure. Ata given /, +7 initially increases 
with rising applied voltage to a maximum at, say, V.p;max, then decreases and 
changes to —A7 at V,; at still larger potentials, —Az increases. The rate of 
diminution of +A7 and of the subsequent enhancement of — Az increase with 
increasing J. The range of potentials in which 47 is positive, on the other hand, 
is inversely proportional to 7. Furthermore, whilst V, 4; max (inset to figure) 
is increased, V, diminishes. 


20 T im T 


Inversion potential of the Joshi effect at different light intensities. 


According to Harries and von Engel (1951), the external light 1s strongly 
absorbed by, and causes dissociation of, the molecules, e.g. chlorine, in an 
adsorbed layer on the electrode walls. Attachment by the atoms of the secondary 
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electrons from these walls causes —A7. ‘The secondary electron emission is 
caused by positive ions and photons, the y and 76g processes (Loeb 1939, Meek 
and Craggs 1953). Whilst electron attachment would diminish the extent to 
which these processes occur, their enhancement is independent of the external 
light. ‘The observed +.Az, and the simultaneous occurrence of +7 and —Az 
(Joshi 1947 b, Jatar 1950, Khastgir and Setty 1952), cannot therefore be accounted 
for by the above mechanism. ‘The theory of the effect due to Joshi (1946, 1947 a, 
1947 b), on the other hand, postulates electron liberation, due to the external light, 
from an activated layer of ions and neutral molecules on the interior walls covered 
by the external electrodes. Capture of these photoelectrons by the electronegative 
elements in the discharge forms slow moving negative ions which reduce 7 mainly 
through accumulation in space. ‘The photoelectrons which escape capture, 
and their secondaries, provided the field is favourable, cause +Az. Along the 
ascending part of a curve (see figure), the effect is purely positive. ‘The potential 
V A; max Marks the onset of the simultaneous occurrence of +Az and —A7. The 
observed resultant + A7therefore decreases. At I’,, + A7= — Az, and consequently 
+Ar:=(. With increase in J, —Az, occurring alone or simultaneously with 
+ Az, increases (Mohanty 1954). For inversion to obtain at a larger J, +Az 
must increase proportionately. This is achieved by a diminution in V toward 
V 


UA max ane therefore in V;: 
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The Examination of Oxide Films 
by Reflection Electron Microscopy 


By J..5. HALLIDAY anp. W. HIRST 


Associated Electrical Industries Limited, Research Laboratory, Aldermaston, Berkshire 


MS. received 13th October 1954 


11s note describes an investigation by reflection electron microscopy of 
the change in surface topography of metals when oxidized. The 
Metropolitan-Vickers EM3 electron microscope modified as described by 
Haine and Hirst (1953) was used. ‘The problem was suggested by an investigation 
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of the frictional behaviour of oxide films on metals by Hirst and Lancaster (1954) 
who showed that for a given metal, e.g. copper, the protection afforded by an 
oxide film could depend on the rate at which the oxide film grows. Optical 
examinations of the films revealed no differences which might account for their 
frictional behaviour and films having greatly different frictional characteristics 
were shown by electron diffraction to be crystallographically alike. Reflection 
electron microscopy, however, shows that topographical differences exist which 
satisfactorily account for the different mechanical properties. 

Figure 1 (Plate) shows the ‘effect of oxidation on the surface structure of 
aluminium. Figure 1(@) is a reflection micrograph of an electropolished surface, 
the viewing angle @, is 3-9° and the angle of illumination 0, is approximately 0-1. 
As may be seen, the general surface is flatter than 0-1° although there are slight 
undulations which cause intensity variations from place to place; these occur 
most particularly at the grain boundaries. There are only a few surface features 
which are smaller in size than the crystal grains. Figure 1(b), 6,;=0-1°, 6,=3-9°, 
is a micrograph obtained from a similarly electropolished specimen which had 
been oxidized in air at 500°c for 30 minutes; this treatment produced a thin 
film of amorphous Al,O, which was not detectable by eye or under the optical 
microscope. From figure 1(4) it can be seen that the general surface, over areas 
comparable with the grain size, remains flat to better than 0-1° but the film has 
acquired a somewhat granular appearance. Nevertheless, because of the extremely 
small illuminating angle, the granular appearance does not denote the presence of 
very appreciable surface slopes, but only of slopes just exceeding 0-1°. In fact the 
smaller hillocks are of about 0:5 micron diameter and only 604A high; there are 
in addition a few larger surface features but their height does not exceed 
0-05 micron. It appears that this film adheres well to the underlying metal 
surface and very largely maintains the initial surface topography. 

In contrast, a different type of growth behaviour occurred when oxidizing 
nickel, as shown in figure 2 (Plate). Figure 2(a) shows a nickel surface which 
hed been abraded on several successively finer grades of emery paper and finally 
polished on ‘Selvyt’ cloth with ‘Brasso’. The micrograph was taken with 
the electron beam directly across the final polishing direction and @,=0-2°, 
#,=3-8 . ‘here are traces of the previous abrading treatment and also the surface 
undulates across the polishing direction. After oxidizing a similar nickel 
specimen in air at 500°c for 15 minutes a yellow film of NiO formed; figure 2(d) 
was obtained with this specimen (0,=0-2°, 0,=3-8°). It will be seen that the 
oxide film has either flaked, blistered or grown outwards in solid mounds on 
many parts of the surface. ‘These eruptions vary in size, the largest appearing 
in figure 2(b) is 5 microns across its base and about 0-5 micron high. ‘The general 
appearance of the oxide where there are no eruptions is, however, similar to the 
oxidized aluminium. 

Both types of growth have been observed on copper. ‘I'wo films of similar 
thickness, which were grown at very different rates, are shown in figure 3 (Plate). 
Figure 3(@) shows an electropolished surface after oxidation at 300°c for 10 minutes 
(0,=0-2°, 0,=3-8°). According to Miley (1937) this treatment produces a 
Cu,O film approximately 40004 thick. The surface film is very similar in 
appearance to the oxidized nickel surface shown in figure 2(6). The eruptions 
were visible even when 6, was raised to 4°. Figure 3(b) (@,=0-4°, 6,=3-6°) 
shows the surface of a finely abraded copper specimen which had been oxidizing 
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in air at room temperature for eighteen months. The Cu,O film thickness 
was about 3000. ‘There are surface abrasion marks running across the direction 
of the electron beam but there are no eruptions visible. Using electron diffraction, 
a randomly oriented Cu,O pattern was obtained from both sorts of surface film, 
the only slight difference being that the contrast of the diffraction rings against 
the diffuse background was lower from the low temperature oxide. ‘This lower 
contrast might indicate the presence of amorphous oxides but could also be due 
to the general flatness of the oxide. 

There is some evidence that the eruptions in figures 2(b) and 3(a) were blisters 
rather than solid mounds. Whilst some copper and mild steel specimens, 
having thick oxide films on them, were being examined in the electron microscope, 
many of the larger eruptions appeared to bubble and split. After splitting, 
the loose flakes curled away and finally became stationary. ‘These phenomena 
could be explained if the oxide film had blistered on the metal surface thus leaving 
cavities between the oxide and parent metal. Due to the heating effect of the 
electron beam and because of the thermal isolation and small thermal capacity 
of the oxide, its temperature would rise more rapidly than that of the underlying 
metal. ‘Thus excessive compressive stresses would arise in an oxide blister which 
may finally cause it to burst. "The presence of blisters in the oxide films correlates 
with indirect evidence from measurements of the oxidation rates of various metals, 
for example Pilling and Bedworth (1923) found abrupt increases at irregular 
intervals in the oxidation rate of copper in air at 500°c. ‘These abrupt increases 
were assumed to arise from 2 blistering and cracking of the brittle oxide film thus 
causing virgin metal to be exposed to the atmosphere. 

There is the possibility that some features on the heat-treated surface might 
be due to thermal etching effects. However, the possibility is very remote since 
the heating was done in air at atmospheric pressures and the temperatures were 
somewhat low. Also, of course, any thermal etching would be extremely hindered 
by the presence of relatively thick oxide films. 

As mentioned earlier this work was prompted by experiments of Hirst and 
Lancaster (1954) who found that the frictional force arising when sliding a clean 
copper hemisphere, 1cm diameter, on a flat finely abraded copper surface 
oxidized at room temperature for nine months, corresponded to a coefficient 
of friction 4 =0-3, even for loads as high as 10 kg. A similar experiment using a 
similarly prepared flat but oxidized at 300°c for 10 minutes, and having a thicker 
oxide film than the former, gave a value » >1-0 which is about the same as that 
obtained using a freshly abraded flat. ‘There is, therefore, as is already recognized 
no Clear relationship between the protective action of an oxide film and its thickness. 
Finch (1950) has stated that the crystallographic character of the film has also to 
be considered; the oxides formed on many metals at room temperature are 
amorphous whereas those formed at higher temperatures are often crystalline. 
Finch (1950) suggests that amorphous films are in general more protective than 
crystalline ones. Whilst this may be true, the two oxide films used by Hirst and 
Lancaster were crystallographically similar and it seems more likely that the 
difference in the mechanical behaviour arises from some other cause. ‘The most 
probable cause is the topographical difference revealed by reflection electron 
microscopy. ‘Thus, the tenacious oxide formed at room temperature will deform 
with the underlying copper, but the high temperature oxide will fracture when- 
ever the slider strikes a blister so that the slider will move on to a clean metal 
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surface or one which is covered by such a thin oxide film as to be unable to prevent 
rupture and intermetallic welding. This view is supported by the fact that 
the film on aluminium oxidized at higher temperatures (500°c for 30 minutes) 
was exceptional in that it retained the surface topography of the underlying 
metal and exceptional also in that it alone, of the metals examined, gave better 
protection against frictional damage than did the thinner oxide film forming at 
room temperature. 
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The Magnetic Susceptibility of Metallic Neodymium 


Byior BATES, Ss. J. LEACH, RG. LOASBY ann K. W. H. STEVENS 


Department of Physics, The University, Nottingham 


MS. received 30th November 1954 


HE magnetic susceptibilities of two samples cut from a piece of neo- 

dymium of purity 99-81% (Li 0-1%, Fe 0:07°%, other impurities less 

than 0-01°%) have been measured in the temperature range 290°K to 
1000°k. The material was kindly supplied by Dr. A. R. Powell of Johnson 
Matthey and Co. Ltd. The apparatus used was that described by Bates and 
Hughes (1954). The specimen was 2cm long and of square cross section 
0-2 x 0:2 cm, mounted in a sheath of tantalum foil of thickness 0-002 cm whose 
magnetic effect was neglected. ‘The temperature was measured with a calibrated 
platinum—platinum-10% rhodium thermocouple mounted on the outside of the 
tantalum sheath to avoid contamination. ‘The rate of change of the temperature 
of the specimen during the experiments was always less than 50° per hour. 
In the region 500°K to 700°k the rate of change was less than 10° per hour, 
and one hour was allowed for stabilization at a stated temperature before making 
any individual measurement. 

The absolute mass susceptibility was measured with the apparatus described 
by. Bates and Mallard (1950), but using an aqueous solution of nickel chloride 
as a standard (Nettleton and Sugden 1939), and the value found at 21-5°c was 
38-6 40-4 x 10-8, giving an atomic susceptibility of 5560 x 10-° e.m.u. ‘To test 
for ferromagnetic impurity the susceptibility was measured, at room temperature, 
in fields up to 4500 oersteds. No variation of susceptibility was found greater 
than the experimental error (+1%,). 

The variation of susceptibility with temperature is given in the figure 
which shows the reciprocal mass susceptibility plotted against temperature. 
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From 290°K to 500°K the graph can be well represented by the equation 
y= Ci(T—9), where 6= —15°K and C=1-724, giving an atomic moment equal 
to 3-72u,, in close agreement with the theoretical value for a trivalent neodymium 
ion 3-68 zy (Van Vleck 1932). This is also in agreement with the results eb 
Elliot, Legvold and Spedding (1954) who, over the temperature range 145°k 
to 297°x, found @= —16°k and an atomic moment of 3-684. Above 500°K 
this representation no longer holds, and since there do not appear to be any 
changes in crystal structure below 1000°K (Spedding and Daane 1954) some 
explanation in terms of changes in population of levels seems likely. In the 
trivalent ions the first excited level, 4f34I,,2, lies about 1800 cm | above the 
ground level, 4f34I,),. If we assume that in the metal a similar description 
of the 4f electrons is valid, the susceptibility can be closely fitted by assuming 


the gap is reduced to approximately 1350 cm !. 
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Breakdown Effect in p-n Alloy Germanium Junctions 


By Re D) KNOTT, LD, COESON ND Me Roe ay OUNG 
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MS. received 5th November 1954 


ARLY measurements of McAfee et a/. (1951) on the breakdown effect in 

p—n junctions under high reverse voltage conditions showed that the slope 

of the current-voltage characteristic in the voltage-limiting region was in 
essential agreement with that predicted from an extension of Zener’s theory of 
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internal field emission (1934). Furthermore, injection of carriers into the very 
narrow space charge region of the grown germanium junctions used in this work 
produced a unit quantum yield. ‘T’he absence of charge multiplication is implicit 
in the field emission theory. Under the above conditions, the experimental value 
quoted for the maximum potential gradient in the junction at breakdown was 
2x10 vem!, as compared with the theoretically predicted value of 
Oso bPoy cn 

More recent work of McKay and McAfee (1953) has shown that charge 
multiplication factors as high as eighteen may occur in the pre-breakdown region 
of grown junctions having a greater barrier width, the multiplication factor 
increasing rapidly as the voltage-limiting region is approached. Carriers 
injected by photons, alpha-particles or thermal generation are multiplied in 
the same manner, and approximately -equal multiplication factors apply for 
injected electrons and for injected holes. ‘The experimental data were well 
represented by ionization rates computed by conventional avalanche theory, 
or the ‘Townsend £ process, of gas discharge physics (Loeb 1939). For such 
a model, it was shown that, with equal rates of ionization of electrons and holes, 
and a uniform field, we have 


oes ean sae (1) 
Dae 
where 4, is the rate of ionization, i.e. the number of electron-hole pairs produced 
by an incident carrier per centimetre path traversed in the direction of the field, 
M is the observed multiplication factor, and w,, the ‘effective’ barrier width 
for the process. 

‘To deduce ~, as a function of the field, the effective barrier width was arbitrarily 
selected as one-half the actual barrier width and the effective ‘uniform’ field 
was taken to be the maximum in the space-charge region. 

Two forms of breakdown mechanism were thus recognized, an avalanche 
breakdown in broad junctions, and internal field emission in junctions which 
are too narrow to support appreciable multiplication. ‘The above processes 
will now be examined in connection with indium bead type, germanium p—n 
alloy junctions. For this case, we may consider an abrupt planar transition 
from p- to n-type conductivity located at the alloying interface. Furthermore, 
the charge density in the p-type material is much greater than in the original 
n-type region, a saturation resistivity of 0-003 2 cm for the recrystallized layer 
being quoted (Pankove 1954), as compared with a practical range of n-type 
resistivity of 0-2-40Qcm. Under these conditions, the potential in the space- 
charge region is of the parabolic type discussed by Schottky, and application of 
Shockley’s theory of the p—n junction (1949) gives the relationships 


ChA= 133 1Ot/ (pl Ape CMe 0 ec aiwaties (2) 
w= aii hay cm! eae 2 OVC = vaca (3) 


where C/A is the barrier region capacity per unit area, w the barrier width, 
Ema, the maximum field in the barrier region, p, the resistivity of the n-type 
material (© cm), and ¢% the applied potential (v), the dielectric constant of germa- 
nium being taken as 16 and the electrom mobility in n-type material as 
3600 cm sec! per v cm |. . 
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Figure 1 contains, firstly a family of curves relating and C,4 for several 
values of p,, according to equation (2), secondly the curve A relating the reverse 
voltage for field emission breakdown to CA, assuming the breakdown field of 
2x 10°v cm quoted by McAfee ef a/. (1951) and, finally, the breakdown curve B 
according to avalanche theory which was derived by extrapolation of the data 
relating x) and &,,,, published by McKay and McAfee (1953). In this case we 
have defined the ‘breakdown’ condition as M— ©, i.e. from equation (1) %%.¢= 1, 
and retained the arbitrary definitions of ‘effective’ barrier width and ‘uniform’ 
field mentioned above. The two curves intersect at p,20-5 (2cm so that for 
resistivities above this value, avalanche breakdown would be predicted and, 
for lower resistivities, the breakdown should be controlled by the field emission 
effect. 
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Figure 1. Predicted breakdown voltage of germanium p-n alloy junctions. A: breakdown 
due to internal field emission. B: breakdown due to carrier multiplication in the 
barrier region. 
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Figure 2. Variation of germenium p-n alloy junction breakdown with resistivity. 
A and B: predicted from field emission and carrier multiplication theory, 


respectively. Points represent the maximum breakdown voltage observed for a 
given resistivity. 


In the present work, slices of single crystal n-type germanium, with known 
resistivities in the range 0:2-40 © cm, were cut perpendicular to the 110 direction 
and eight junctions, approximately 1 mm in diameter, were made on each slice 
using the well established alloying technique with indium as the p-type impurity. 
‘The breakdown potentials were determined by applying an adjustable 50 c/s a.c. 
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voltage across the junctions and suitable series resistors and displaying the reverse 
current—voltage characteristics on a calibrated cathode ray oscilloscope. A varia- 
tion of some 20%, in the value of the breakdown voltage was found over 
_a batch of normal junctions made on base material of a given resistivity and, in 
all cases, the maximum observed value was accepted as that most probably asso- 
ciated with the quoted resistivity. 

The results are plotted in figure 2, the breakdown curves A and B of figure 1 
being redrawn as functions of the practical variables p, and ys. Curve A, based 
on the field emission theory, ‘gives a breakdown potential ,=112-5p,, 
Py<0-5Q cm, and curve B for the case of avalanche breakdown 7p, = 83-4p,"", 
Py>O05Qcm. Further points in the resistivity range 0:-4-1:0Q cm would be 
required to provide a detailed knowledge of the form of the curve in the transition 
region, but the good agreement between the predicted and observed values 
indicates that the above theory may be equally well applied to alloy type as to 
grown germanium p-—n junctions. 
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The Computation of Electric Dipole Moments 


Le Févre (1953) in the last edition of Dipole Moments writes “‘ Hence dielectric 
constants and densities should normally be measured with the same precision ”’. 
I believe that there is a real danger of this view being misunderstood. It is 
hoped that the following remarks will help to clarify the situation. 

It is convenient to begin by defining an experimental quantity QO by 


d [fe—1 d {n?—-1 
o=\7n (Ga) “alae ap eee a 


where « denotes dielectric constant, » refractive index and c moles per volume. 
It has been pointed out by Smith (1950) that the same quantity QO can be deter- 
mined by several alternative formulae, in particular 


ss 2 
2 eG) Mg 0 @) 
where the subscript 1 relates to the pure solvent, or 
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cee Macros 
where m denotes moles per mass of solvent and d, the density of the pure solvent, 
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where w denotes mass-fraction of solute and WM, molar mass of solute. Formulae 
(1), (2), (3) and (4) are physically and mathematically equivalent. The accuracy 
with which Q can be determined is comparable with that with which «—e, can 
be measured over the range of composition in which ¢ is approximately linear 
in the concentration. ‘This accuracy is rarely closer than 1%. It is desirable 
to determine c, or d; and m, or d, and w with a precision of one part in a thousand 
but higher accuracy is pointless. 

So much for the experimental determination of Q; we must now consider 
its theoretical interpretation. It has been shown (Guggenheim 1949) that 
Debye’s fundamental formulae are physically and mathematically equivalent to 
the relation 


4nN ( p? : 7 
O- (ger tn—y’) ae (5) 


where p. denotes the dipole moment of the solute molecule, y, denotes the atomic 
contribution to the polarizability of the solute molecule and y,’ is defined by 


4nN jue «,—1 n—1 V 
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where I’, denotes the partial molal volume of the solute. If with Le Févre 
we write 


47N pa? 
Steere od Nica (7) 
40N 
then GOS Se = OL ee (8) 
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Both y, and y,’ will usually be small compared with »2/3R7. Usually little is 
known about y, and it is evidently pointless to be more meticulous about y,’ 
than about y,. Consequently quite a rough estimate of V, is sufficient, such 
as its value in the pure solute. 

Accurate density measurements lead to a more exact value of V,, which we 
have seen is uncalled for, and they lead‘to nothing else! 

In the absence of information concerning y, it is largely a matter of taste 
what to do about it. Le Févre’s recommendation is to neglect y, so that (8) 
reduces to 


4rN , 
of2=O+ ey itp Ag cht (9) 


My suggestion (Guggenheim 1949) is that since y,—y,’ is likely to be smaller 
than y, it is simpler and no less reasonable to neglect y, —y’, so that (8) reduces 
to 


pa nt le a eee (10) 


For many solvents, e.g. benzene and carbon tetrachloride, the difference 
between «, and 7,” 1s sufficiently small to allow the approximation 


O= mee {() 7 i i 
(SEDI OG) 7) ene 


or other related approximations. Since, however, the saving in calculation due 
to such approximations is trivial and since their introduction has caused serious 
confusion between these approximations and our other exact relations, they are 
better ignored and I regret ever having suggested their use. In any case such 
approximations should not be used when the solvent is dioxane. An example 
of the correct application of our formulae to measurements in dioxane is given 
elsewhere (Guggenheim and Prue 1954). 


University of Reading, E. A. GUGGENHEIM. 
20th October 1954. 
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REVIEWS OF BOOKS 


The Sun, edited by Grrarp P. Kuiper. Pp. xix+745. (Chicago: University 
Press; London: Cambridge University Press, 1953.) £4 14s. 

“But if we wish to know what a star really is we must approach it closely, 
and this is possible only in the case of the sun” (Hale 1915): the monumental 
work now published gives ample justification for the belief that both then and 
now the study of the sun is one of the surest means of progress in Astrophysics. 
Under the editorship of Professor G. P. Kuiper (Chicago) twenty-three workers 
in six different countries have combined to give “‘ a systematic and comprehensive 
account of our present knowledge concerning the sun...’’; this is Volume I of 
a series of four designed to cover the whole solar system. ‘The book contains 
nine chapters; the first eight, each with one exception the work of single authors, 
cover observational results and theory, while the ninth consists of 13 short 
articles on different observational techniques. It is a general reference work 
written at a research level and the presentation is designed for anyone “ versed 
in the physical sciences....”. On the whole, the needs of the specialist have 
been put first, over 1000 references are given, most of the main articles are 
long and contemporary work is often given in its entirety. The non-specialist 
would probably be grateful in several instances for stricter selection and more 
emphasis. 

Solar physics as a whole with some history of the subject is surveyed in an 
introduction by L. Goldberg (Michigan). The description and interpretation 
of the visible features of the solar surface and the solar spectrum (in the optical 
range), occupying half the book, are contained in ‘The Photosphere’ by 
M. Minnaert (Utrecht), a short chapter on ‘ The identification of solar lines’ 
by C. E. Moore (Bureau of Standards), ‘The Chromosphere and the Corona ’ 
by H. C. van de Hulst (Leiden) and ‘ Solar Activity’ by K. O. Kiepenheuer 
(Freiburg). Professor Minnaert deals with the continuous spectrum, the 
wavelength distribution of energy and the variation across the disc, he compares 
the empirical distribution of pressure and temperature in the solar atmosphere 
thereby obtained with theoretical photospheric models. In a section on the 
Fraunhofer lines he considers the form of the atomic absorption coefficient in 
the photosphere and the line profiles resulting from the transfer of radiation 
through the solar atmosphere. Professor Minnaert, who with his collaborators 
has produced an invaluable ‘ photometric solar atlas’, is aware, as few others, of 
the possibilities and pitfalls of spectrophotometry ; the emphasis in this article, 
however, is on the theoretical interpretation of results and not on observational 
problems and techniques. Professor van de Hulst has contributed a lively and 
comprehensive article; he draws many different types of observation together 
in a unified picture of the outer layers of the sun. His frequent critical surveys 
and conclusions at the ends of sections are a great help to the reader. Professor 
Kiepenheuer deals with sunspots, faculae, chromospheric flares, prominences, 
corpuscular emission, the correlation of these phenomena with terrestrial events, 
and the solar component of cosmic rays. The subject requires the presentation 
of a wide range of observational material, and Dr. Kiepenheuer succeeds in 
giving a clear and convincing idea of the present position of our knowledge. 
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‘The Sun as a Star ’ by B. Stromgren (Yerkes and McDonald Observatories) 
deals with the physics of the unobservable solar interior, the energy production 
by thermonuclear processes under solar conditions, and the deduction of 
physical properties at all radial distances. J. L. Pawsey and S. F. Smerd (Sydney) 
contribute a chapter on ‘ Solar Radio Emission’ and bring out well the possibili- 
ties and present limitations of this second ‘ window’ in the solar spectrum. 
Chapter 8 on ‘ Solar Electrodynamics’ by T. G. Cowling (Leeds) is somewhat 
different in character from the earlier ones, being a discussion of ‘‘ the hydro- 
dynamics of solar material in the presence of a magnetic field. Under this 
general title are discussed solar rotation, the origin of solar magnetic fields, 
sunspots and the solar cycle, and electromagnetic theories of flares”. Professor 
Cowling’s approach to this new subject is more frankly didactic than that of the 
earlier writers; the reviewer, definitely ‘non-specialist’ in the subject, can 
only admire a stimulating and extremely interesting article. 

Techniques and observational problems are deferred until the final chapter 
which is the work of 13 authors in a little over 100 pages. To an observational 
astronomer the emphasis and method of treatment are somewhat disappointing. 
Lyot’s coronagraph and the recent work on solar magnetic fields by H. W. and 
H. D. Babcock stand out with the distinction they deserve. But for the rest, 
articles by experts on specialized equipment, though excellent in themselves, 
do not give the reader a clear picture of the achievements and problems on the 
observational side, nor do they enable him to assess the experimental reliability 
of the results on which the earlier chapters are based. While a single author 
could not have had such specialized knowledge, a much more balanced picture 
would have resulted; as it is, the fundamental work on the solar constant, for 
instance, is allotted only 5 pages, the design of solar telescopes very little more, 
and practical solar spectroscopy (optical range) onlv 3 pages. 

The subject of solar physics is just about 100 years old, but in this volume 
attention is understandably concentrated on the last 25 years and especially on 
the post-war period. One could wish, not only for sentimental reasons, that a 
slightly larger proportion of space had been allowed for earlier work which laid 
the foundations for the present outlook. Such criticisms as may be made are, 
however, minor; for this comprehensive and authoritative statement of the 
present position physicists, solar and terrestrial, will be extremely grateful. 
They will certainly need The Sun available for reference, and the solar 


physicists will undoubtedly wish to possess copies of their own. 
M. G. ADAM. 


Faster than Thought, edited by B. V. Bowpen. Pp. xix+416. (London : 
Prin, 1953..)~. 35s. 


The subject of automatic digital calculating machines has three aspects, 
the first concerned with the engineering aspects of design, construction and 
maintenance, the second with the means of using them to carry out significant 
calculations, and the third with those applications of such machines which have 
been made or are contemplated. This volume, written by a group of contributors 
under Dr. B. V. Bowden, who himself contributes seven substantial chapters, 
as editor, gives a survey of the whole subject covering all three aspects, though 
the treatment of the second is slight compared with that of the first and third. 
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About half the contributors are associated with Messrs. Ferranti Ltd., or 
with the Manchester University Computation Laboratory where there ts a 
Ferranti machine installed. This leads to a slight but not serious lack of balance. 
One result is that terminology which is appropriate to the Manchester machine 
but which is peculiar to the Manchester group (such as ‘line’ for a storage 
location or register) is used without comment as if it were generally accepted, 
and some engineering features are emphasized at the expense of others (for 
example, there is little mention of the use of magnetic materials for storage 
other than in the form of a ‘ magnetic drum’). ‘These, however, are details; 
and when allowance is made for them, the book is an admirable survey for the 
general reader, with emphasis on the British contribution to the subject. 

Much of the book is written in a lively and stimulating style, and this applies 
particularly to Dr. Bowden’s own contributions, which cover a wide range and 
are written with a light touch and a mastery of the frivolous-sounding example 
to make a serious point; they will be a fruitful source of quotation for writers 
or speakers on the subject. He includes a fuller account than has appeared 
elsewhere of Lady Lovelace and her interest and remarkable understanding 
of Babbage’s projected ‘ Analytical Engine’ and a discussion of the processes 
used by experts in mental arithmetic in addition to the chapters more directly 
relating to recent developments in hardware and applications. An interesting 
and valuable appendix is a full reprint of Lady Lovelace’s translation of 
Menebrea’s 1842 article on Babbage’s machines, with her notes (more than 
twice as long as the article itself). ‘The book ends with a glossary which is 
both useful and entertaining, though it might well have been fuller. 

In a work with a number of contributors, it is difficult to make sure that the 
contributions are fully cordinated or that every point which should be mentioned 
is included. In the work under review, the reader unfamiliar with finite 
differences may be confused by the reference on p. 8 to a table of differences 
on p. 142, as the ‘ differences ’ in the table on p. 142 are not finite differences 
in the sense of p. 8 (they appear to be the results of a check of some kind, but 
their relation to the other numbers tabulated is not explained). Also there is 
no explanation of what is meant by an ‘ address’ in this context, and the term 
does not appear in either the glossary or the index, although it is used in the 
text in its technical sense; although the reader may well work out for himself 
the significance of the term, it seems important enough to deserve an explanation 
in the text and inclusion in the glossary; it is surely more important than the 
musical exploits of the Manchester machine (which, incidentally, are mentioned 
in the chapter on * Organization of a typical machine’: is this facility really 
typical ?). Such lapses, however, are few, and the book as a whole is eminently 
readable, and read with care it will both stimulate interest and provide thought. 

D. R. HARTREE. 


Relaxation Methods, by D. N. DE G. ALLEN. Pp. ix+257. (New York, 
Toronto, London: McGraw-Hill, 1945.) 53s. 6d. 


It is almost twenty years since Southwell introduced the method of 
‘ systematic relaxation of constraints’ for stress calculations in frameworks. 
‘This method was essentially one for solution of a set of simultaneous algebraic 
equations by successive approximation, though expressed in a way appropriate 
to the structural engineering context in which it was first presented. The 
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method has subsequently been applied by Southwell and his colleagues, and by 
others, to problems in contexts widely different from the original context, in 
particular to the finite-difference forms of ordinary and partial differential 
equations; but some of the original terminology has remained. 

Mr. Allen is one of those who have been most closely connected both with 
extending the range of the relaxation method, and with spreading practical 
knowledge of the use of it through the medium of summer schools in the subject. 
In this book he has written, out of this experience, a valuable practical guide 
to anyone having calculations to do which can be aided by the use of this 
technique. 

The first two chapters are concerned with linear algebraic equations, treated 
without giving a physical interpretation to the quantities occurring in them, 
so that the reader is introduced to the essential ideas without the distraction 
of a physical context with which he may not be familiar. This is now, 
I consider, the right approach to a subject which is essentially one of general 
numerical technique rather than a part of any one field of pure or applied 
science. ‘The third chapter is concerned with the application of frameworks 
in connection with which the method was originally devised. Most of the 
remaining thirteen chapters are concerned with applications to differential 
equations of various kinds, and end with a short chapter on a procedure for 
carrying out a relaxation calculation in three dimensions without having 
recourse to a pack of sheets of paper. Most of the differential equations, 
ordinary and partial, considered are linear; a non-linear equation is considered 
on p. 100, but it is not referred to as such (and it seems to have been overlooked 
that it can be made linear by a change of variable); there is no entry ‘ non- 
linear equations ’ in the index. 

A surprising feature is the absence of any mention in the text of Fox’s 
method of improving the solutions of differential equations, obtained by 
relaxation, by including higher differences in the replacement of derivatives by 
finite differences, the only method mentioned of decreasing the truncation 
errors of finite difference formulae is the use of smaller intervals. ‘The relevant 
paper of Fox is given in the bibliography, but without at least a reference to it, 
the reader whom it might help would be unlikely to find it. Fox’s methods 
deserve at least a section, if not a chapter, and it is to be hoped that this omission 
will be rectified in a future edition. 

However, apart from this gap, the book can be recommended as a guide to 
the practice of the use of relaxation methods. 

D. R. HARTREE, 
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Figure 1 (a). Aluminium, freshly electro- Figure 1 (6). Aluminium, electropolished, 
polished. 6,~0°-1°, @,.~3:9°. then oxidized in air at 500°c for 
10 minutes. @,~0-1°, 0,~3-9°. 


Figure 2 (a). Nickel, polished on ‘Selvyt’ Figure 2 (6). Nickel, polished, then oxi- 
with ‘ Brasso . O25 P= SoHo dized in air at 500°c for 15 minutes. 
0;=0-2°, 65=3"8°: 


Th ] 5 
e scales on all these figures are equal. 
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Figure 3 (a). Copper, electropolished, Figure 3 (b). Copper, finely abraded, then 
then oxidized in air at 300°c for oxidized in air at room temperature 
LOmmUcese aN —= 0-2 sO pO for 18 months. 6,=0-4°, 0,=3-6°. 
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The Freezing of Supercooled Water 


BY Ss. GIMOSSOP; 


Clarendon Laboratory, Oxford 


Communicated by G. M. B. Dobson ; MS. received 9th September 1954 
and in amended form 3rd December 1954 


Abstract. ‘To investigate the freezing of supercooled water of high purity, 
measurements were made of the freezing point of samples of water in glass 
capillary tubes, both with and without a hydrophobic coating on the walls. These 
showed the difficulty of excluding freezing nuclei that originate in room air. 
A simple technique was therefore devised for preparing uncontaminated specimens 
of water in glass or fused silica tubes. Samples prepared in this way froze at 
temperatures consistently lower than any previously recorded for similar volumes 
of water. The lowest value obtained for water in glass was — 34-5°c for a volume 
of 6x 10°-+cm3. It is shown that some of the results of previous workers can be 
accounted for by the presence of foreign freezing nuclei in the water used. ‘The 
relationship between volume and freezing point for spontaneous nucleation is 
discussed in the light of experimental results. 


§ 1. INTRODUCTION 

T is generally held that the freezing of a supercooled liquid is initiated by 

suitable impurities known as ‘freezing nuclei’, or in their absence by the 

chance formation of one or more aggregates of molecules which are large 
enough to be stable as nuclei of the new solid phase. ‘These then grow until 
the liquidis completely frozen. ‘The theory of the latter process of * homogeneous’ 
or ‘spontaneous’ nucleation has been described by many writers e.g. Volmer 
(1939), Frenkel (1946) and more recently, Bradley (1951) and La Mer (1952), 
so that no treatment is necessary here. 

The difficulty in checking experimentally any theory of spontaneous nucleation, 
lies in ensuring that all impurities which might assist freezing of the liquid have 
been removed. Failure to do so may be detected if it can subsequently be shown 
possible to achieve greater supercooling with a similar volume of liquid, cooled 
at the same rate, making due allowance for the spread in freezing points to be 
expected from the statistical nature of the spontaneous nucleation process. 
It is thus of great interest for our knowledge of the mechanics of freezing, to find 
the lowest temperature to which liquids can be supercooled, and to find how this 


varies with volume and cooling rate. 


§ 2. HisTORICAL SURVEY 


The lowest reliable measurements of the freezing point of water so far recorded 
are those of Cwilong (1947) and Fournier d’Albe (1949) who obtained a value of 
approximately —41°c for the onset of freezing among water drops of about 1 yu 
diameter in cloud chambers. A similar threshold value (—38-9°c) was found 
by Schaefer (1946) for rather larger drops (diameter about 10,.). 


+ Now at the South African National Physical Laboratory, Pretoria. 
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It is desirable to extend these observations and to find the lowest temperature 
to which water can be supercooled, over a wider range of volumes than can be 
obtained in cloud chambers. Numerous investigators have tackled this problem 
and a short account of relevant results will be given. 

Meyer and Pfaff (1935) found that by filtering water through collodion filters 
or by successive distillation, samples could be produced which froze at — 33°c. 
‘The volumes were stated to be small, though values are not given. 

Heverly (1949) and Dorsch and Hacker (1950) found that the freezing points 
of drops resting on solid surfaces decreased with decreasing diameter. ‘Their 
water samples were not, apparently, free from impurities, as later workers have 
recorded greater supercooling for the same droplet sizes. 

Much lower temperatures were reported by Lafargue (1950) for 1 to 20u 
droplets suspended on spiders’ threads in silicone oil, or resting upon a mercury 
surface in silicone. Drops of distilled water and of various salt solutions froze 
at =40°5 15°C. 

Hosler and Hosler (1952) made a series of investigations on water in Pyrex 
tubes of diameters ranging from 0:25mm to 3mm. Ordinary laboratory 
distilled water was used, and the containing tubes were cleaned by prolonged 
washing with chromic acid, followed by distilled water. They found that the 
freezing points of their samples were independent of the length, volume or surface 
area of the samples and depended only upon the diameter of the containing tube. 
The relationship between drop diameter and freezing point is shown in figure 1. 
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Figure 1. Relationship between drop diameter and freezing temperature of supercooled 
water. Present measurements on water in capillaries are plotted according to 
: : ; cares : f 
equivalent diameter ’, i.e. the diameter of a spherical drop of equal volume. 


Because of the lack of any relationship between the volume of water and its 
freezing point, these authors discount the possibility of nucleation by the chance 
presence of suitable freezing nuclei. For the same reason they reject the Volmer 
theory of spontaneous nucleation. Instead they invoke a hypothesis due to 
Weyl (1951) that the formation of an electrical double layer at the surface of 
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a water drop will render spontaneous nucleation more difficult owing to “ distortion 
of the normal atomic structure of water”. ‘The smaller the radius, the greater 
will this effect be, and thus the greater the possible supercooling. The only 
geometrical parameter affecting the freezing temperature will thus be the maximum 
distance it is possible for any point in the liquid to be from the nearest surface. 

‘The next investigation to which attention must be drawn was that of Wylie 
(1953), who determined the freezing point of water condensed into comparatively 
large glass tubes, elaborate precautions being taken to ensure that the glass was 
clean and that all impurities from the air of the room were removed. ‘The freezing 
points of specimens, some as large as 6 cm* in volume, varied from —7-9 to 
—30+1°c. Wyle thought that nucleation was caused by minute crystals formed 
on the glass surface as a result of the heating and cleaning processes to which it 
had been subjected. 

The most recent work was that of Bigg (1953 a), who studied the freezing 
of drops in the diameter range 0-1 mm to 2cm. The drops of distilled water 
were suspended at the interface of two insoluble liquids, one heavier and one 
lighter than water. Arranging the drops into groups according to diameter, 
and plotting mean freezing point of a group os drops against mean diameter, 
he obtained the curve designated ‘ Bigg 1953 a’ in figure 1. Results consistent 
with these were obtained with drops resting on a hydrophobic film of silicone 
oil baked on a glass surface. In a later paper (Bigg 1953 b) some results for 
very small drops, down to 20 diameter, were reported and as a result the curve 
was shifted to ‘ Bigg 1953 b’. 

The temperature distribution of the freezing points of approximately 1000 
droplets of 1 mm diameter was also analysed. Bigg showed that this agreed 
closely with a probability distribution, the parameters of which he deduced from 
the curve of freezing point against diameter. He concluded that the freezing 
of a drop was a probability event, depending upon the volume and the rate of 
cooling. A decrease by a factor of 10 in the rate of cooling from the usual value 
of 0-5 deg min! was calculated to cause a rise of approximately 2°c in the freezing 
point. ‘This wasin fact verified by cooling 164 1-mm dropsatarate of 0-05 deg min. 

In his later paper Bigg claims that since the same mean freezing temperature 
was obtained with distilled water from various sources, the impurities present 
must have been without effect upon the freezing point, i.e. freezing was due to 
spontaneous nucleation. Applying his results to cloud droplets he shows that 
freezing nuclei may be unimportant in glaciation in clouds below a temperature 
of —20°c; their effect will be masked by the spontaneous freezing of the cloud 
droplets. Where large drops are present, as in cumulus, this limit may be even 
higher. 

Since this result is of great importance in our understanding of the processes 
of natural rain formation and also in possible stimulation of rain artificially, it is 
important that it should be checked by another method. ‘The present research 
was therefore initiated in an attempt to investigate spontaneous nucleation 
phenomena using small quantities of carefully distilled water in sealed glass 


capillaries. 


§ 3. EXPERIMENTS ON FREEZING OF WATER IN GLASS CAPILLARIES 
wiTtH HybpROPHOBIC COATING 
In an attempt to avoid any possible influence the walls might have on the 


freezing point, they were coated with a hydrophobic layer, ‘The relationship 
0-2 
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between droplet volume and freezing point was investigated using capillaries of 
approximately constant diameter and varying the length of the thread of water 


in them. 
3.1. Preparation of Capillaries 
The capillary tubes were freshly drawn from Pyrex to an internal diameter 
of 0:20 to 0:30 mm. Immediately after being drawn the tubes were treated in 
order to cover them internally with a hydrophobic layer. ‘Three different coatings 
were used, namely, dimethyl dichlorosilane, ‘Experimental Silicone D 3032’ 
and ‘ Drisil 29’ (Preparations of Midland Silicones Ltd). 


3.2. Distillation of Water 


The water used in the experiments was obtained by redistillation of ordinary 
laboratory distilled water in an all-Pyrex still. Steam was first passed through 
the still for about 15 minutes before any distillate was collected. 


3.3. Filling of Tubes 


The distillate reservoir had a side tube covered by a thin rubber diaphragm. 
The capillaries could be passed through a tiny hole in this diaphragm directly 
into the distillate, so that ingress of room air was prevented as far as possible. 
Freshly distilled water was first sucked through each tube for about 5 minutes 
so that it had been flushed by many times its own volume of water. Water was 
then drawn up into the tube in such a way that, in addition to the test drops, there 
would be a short thread at each end to prevent contamination of the test drop 
from room air before sealing. ‘The capillary was then sealed by applying an 
oxy-gas flame between the blocking and test drops. 

To obtain a valid comparison between the freezing points of drops of different 
volumes, each capillary had two threads of water drawn into it, one about 6 cm 
long and the other about 2 mm, spaced a few millimetres apart. 


3.4. Determination of Freezing Points 


The freezing points were found by placing the specimens in a Dewar vessel 
containing acetone, which was then cooled by a hoop of copper rod having one 
end dipping in the acetone and the other in an adjacent Dewar of liquid oxygen. 
In this way the cooling rate could be kept very close to the desired value 
of 0-5 deg min“! which was used throughout these experiments unless otherwise 
stated. 

The columns were observed with a low-power microscope and freezing could 
easily be detected by movement and change of shape of the meniscus and by the 
opacity of the newly formed ice. ‘The freezing points were measured with 
a mercury thermometer and are thought to be accurate to +0-2°c. 

Asa check that the capillaries had not leaked and admitted acetone, the melting 
points of all frozen specimens were found. Only a small percentage melted 
below 0°c, and the freezing points of these samples were rejected as unreliable. 


3.5. Experimental Results 


In table 1 the freezing points are tabulated according to the nature of the 
hydrophobic surface, and divided into ‘long’ and ‘short’ drops, 
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Table 1. The Freezing Point of Distilled Water in 
Hydrophobically Treated Glass Tubes 


(1) (2) (3) (4) (5) (6) (7) 
Long drops 

Chlorosilane 12 0:25 68 — 23-3 —28°5 —17°5 Soy) 

D 3032 HS 0-25 44 — 20:4 —22°3 —17-4 13 

Drisil 29 12 0-24 62 —22-4 —23-9 — 21:0 0:8 
Short drops 

Chlorosilane 2, 0-25 2-6 —28-3 — 34-7 — 21-6 4-3 

D 3032 LS 0:25 Lo —26:1 —31:9 —18-6 3°8 

Drisil 29 12 0-24 1-4 —27°7 — 33-2 — 24-0 2:6 


(1) Nature of hydrophobic coating; (2) number of tubes; (3) average diameter (mm); 
(4) average length of water (mm); (5) average freezing point (°c); (6) lowest/highest 
freezing points; (7) standard deviation. 

Comparison with the results of Hosler and Hosler for +-mm tubes (see figure 1) 
shows that the present freezing points for long drops are much higher, presumably 
owing to the presence of freezing nuclei. The present results also disagree in 
showing a marked decrease in freezing point with droplet volume. 

To find the reason for this discrepancy and also to locate the source of the 
impurities apparently present in our water samples, similar experiments were 
carried out using glass tubes that had not been made hydrophobic. 


§ 4. EXPERIMENTS ON FREEZING OF WATER IN GLASS CAPILLARIES 
4.1. Preparation of Water Samples 


Capillaries of approximately 0-25 mm bore were drawn from Pyrex. Some 
were immediately filled with the water to be experimented on, others were first 
washed with strong chromic acid and distilled water. 

The first experiments were performed with water distilled as described above. 
The effect of adding a small quantity of potassium permanganate to the water 
in the boiler was then explored. Finally some samples of water were made by 
low-pressure distillation from ice to a container cooled with liquid oxygen. 

The technique of filling and sealing was the same as before. However it 
was not possible to observe the behaviour of along anda short thread of water in the 
same capillary. In all cases where this was attempted it was found that the 
drops froze simultaneously (as closely as could be judged by eye). ‘This was 
ascribed to nucleation of one drop by the other through the freezing of a thin 
film of water covering the walls between the two. Such cases were observed at 
distances of up to 5 cm between the drops. 

It was therefore necessary to have only one drop in each tube, either a long 
(approximately 7.cm) or a short one (approximately 2mm). ‘To obtain an 
unambiguous comparison the long and short specimens were made alternately. 


4.2. Experimental Results 


Freezing points were measured as before and the results are shown in table 2. 
The fact that these freezing points remained consistently high, as compared 
with the results of the previous section, and of Hosler and Hosler, no matter how 
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carefully the water was distilled, indicated that the glass tubes themselves were 
contaminated with freezing nuclei. 


Table 2. The Freezing Point of Distilled Water in Glass Capillaries 


Category () (2) G3) (4) (5) (6) 
All samples 141 0:25) == 24-7 —31:6 —13-9 
All long drops a OY) —21°5 —31:6 —14-5 
All short drops Som Oril7 —21-9 —29-4 —13:9 
Long drops \ filled 3 Oe O25 = Zils —260-4 —14°5 2-0 
Short drops f alternately 34 0:17 0°25 —21-8 —29:-4 —13:9 3-6 
Tubes treated with chromic acid 94 —21°8 
Tubes not treated with chromic acid 47 —21-4 
KMn0O, in still 42 —22-7 
No KMn0O, in still 99 —21:2 
Water distilled at low pressure 34 —21-4 
Water distilled at ordinary pressures 107 —21°8 


(1) Number; (2) average length of water column (cm); (3) average diameter (mm); 
(4) average freezing temperature (°c); (5) lowest/highest freezing temperatures; (6) standard 
deviation. 


Qualitatively, these results confirm the Hoslers’ conclusion that the freezing 
points of water drops in glass tubes are virtually independent of drop length. 
‘This is in marked contrast to the behaviour of drops in hydrophobic tubes as 
reported above. 

The clue to a possible explanation of this difference in behaviour lies in the 
observation that the walls of cleaned glass tubes containing water are apparently 
covered (or partially covered) by a thin film of water, whereas this will certainly 
not be the case when the walls have a hydrophobic coating. Glass capillaries 
drawn in the contaminated air of the laboratory, and cleaned as described above, 
appear to retain upon their walls freezing nuclei which may operate at temperatures 
as high as —14°c. Such particles, lodged upon the wetted wall will cause the 
freezing of the water film, and of any water droplet in contact with it. 

‘The correctness of this theory has been verified by experiments described in 
the next section. 


4.3. Effect of altering Tube Length on Freezing Point of 
Water Droplet contained therein 


Sixteen Pyrex capillaries of approximately + mm diameter were cleaned by 
soaking in chromic acid and then washing in distilled water. A single small drop 
of distilled water was then drawn into each tube and the ends sealed. The usual 
precautions, as described above, were taken to prevent room air entering the 
first nine tubes (Nos. 501 to 509). In the remaining tubes (510 to 516) room 
air was deliberately sucked in. 

After the freezing points had been determined, the glass tubes were shortened 
by drawing them off in a flame about 2 cm away from the drops on either side. 
‘This was far enough away not to warm or disturb the drops. In three cases 
(Nos. 512, 514, 516) the effective (supercooled) lengths of the tubes were reduced 


instead by allowing about 9 cm to project above the level of the acetone in the 
cooling bath. 
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he freezing points were then measured again. In most cases they were 
measured twice to give some idea of the variations to be expected at constant 
tube length. An examination of the results set out in table 3 shows that reducing 
the effective length of the capillary either left the freezing point virtually unaltered 


Table 3. Effect of altering Tube Length on Freezing Point of 
Water contained therein 


(1) (2) (3) (4) (5) (6) 

501 0-25 12-6 — ilo) 327) — 2 2S 
502 Seas ek = PANS SE9 3D, — == 2S) 
503 0-35 LO = XR) 4-4 =A0S, == Ziel) 
504 0:2 Pskov) = its 3) = TS) = AD) 
505 0-9 14-2 —20-4 54 = 3), — I) o}) 
506 0-6 L5°5 == 2ilo3} 4:6 = 2300), = ZS 
507 0-2 LAS —=2 25 45 =P, Si 
508 1-0 15-6 SINS, 55) —22-4, —22-2 
509 0:6 11-6 = DST 4D 23-1, = 2227 
510 0:7 Sel = ihse7, == 1 Sell Byes) SIGs, 197 
511 et 13-9 —20"7, —20°5 4pow) =—24°2 
SULA 0-3 IY /CS, =e, =o’ Ye Sil, = 2S) 
5ill3 O-1 i -() =D = ANI 3°8 —22:1, —22:7 
514 0-25 sESI05' 033, SY) Es es — 2): Sneed 
Sls GE35 14:7 1S! 7/5 ors Si5 —19°9, —20-2 
516 0:4 WS SE, = AI ote — 23). 0 e230 


* Remainder of tube projected above cooling liquid. 
Average bore of tubes=0-24 mm 


(1) Tube number; (2) drop length (cm); (3) initial length of tube (cm); (4) freezing 
point (°c); (5) final length of tube (cm); (6) new freezing point (°c). 


(6 cases), or caused it to fall (10 cases). ‘he decrease was about 2°c for those 
tubes from which room air had been excluded, and more in the other cases. 
No systematic decrease could be found in the freezing points repeated at constant 
tube length. 

It thus appeared that shortening the capillary often removed nuclei which 
had formerly initiated freezing of the enclosed drop. ‘This confirms the hypothesis 
that foreign particles lodged upon the wall of a ‘cleaned’ glass tube can nucleate 
a thin film of water covering the walls and so cause the freezing of bulk water 
at a considerable distance. If the freezing nuclei upon the walls are effective at 
higher temperatures than those in the water drops themselves, then they will 
usually decide the freezing point of any drop in the tube, irrespective of length. 
It is to be expected that glass tubes prepared in the same way in the same room will 
have roughly similar nucleus contents; hence our observation that the average 
freezing points of long and short drops are virtually the same. ‘The freezing 
nuclei operative in the above experiments cannot apparently be removed from 
a freshly drawn glass tube by washing in chromic acid or water. 

The results of Hosler and Hosler can thus be accounted for by the presence 
of freezing nuclei upon the walls of the glass capillaries. Such nuclei would be 
fewer the narrower the bore of the capillary and thus the smaller its surface area ; 
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hence the decrease in freezing point with tube diameter. ‘There is no need to 
invoke Weyl’s hypothesis which thus receives no support from these experimental 
results. 

We have already mentioned that the results of the previous section using 
hydrophobic tubes appeared to be affected by the presence of freezing nuclei 
in the water itself. The chance of any drop containing a freezing nucleus effective 
at a particular temperature would be in direct proportion to its volume, and thus 
large drops would on the average freeze at higher temperatures. 

It thus became apparent that neither the distillation technique nor the method 
of cleaning the glass tubes was capable of producing water drops which froze 
without the agency of impurities. A new technique had therefore to be adopted. 


$5, THE FREEZING OF WATER 
CONDENSED DIRECTLY INTO FRESHLY DRAWN GLAss CAPILLARIES 
5.1. Preparation of Samples 

A Pyrex flask was fitted with a side tube T which was drawn out into a capillary 
of about } mm bore (see figure 2). _ Water was boiled in the flask and the aperture 
of the top tap was adjusted so that a steady stream of steam passed down the 
capillary and condensed a few cm from the open end. 

After boiling had continued for a measured time the capillary was sealed at P, 
above the condensation line, and then drawn off and sealed at P, about 10 cm 
higher. A certain amount of condensate would thus be enclosed in the capillary 
depending on the time between sealing at P, and P,. A new capillary was then 
drawn and the process of filling repeated. In this way a number of water samples 
were made after successively longer periods of distillation. 
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Figure 2. Still used Figure 3. Freezing points 
for preparation of specimens of water 
of samples of prepared by condensa- 
water in glass tion of steam after 
capillaries. successively longer 


periods of distillation. 
(Typical example.) 
5.2. Freezing Points of Water Samples 


The freezing points of a batch of water samples prepared in this way showed 


certain reproducible phenomena, which will be described with reference to Batch, 
figure 3. 
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The first capillary was drawn immediately after boiling commenced and was 
filled and sealed after a 15 minute steaming. This sample, a, had a freezing point 
of —13-5°c. Continued distillation produced specimens of successively lower 
freezing points until sample f, which froze at —33-9°c. Thereafter the freezing 
point remained constant within +2°c for seven successive fillings at about 
5 minute intervals. 

All batches of water prepared in this way gave similarly decreasing freezing 
points, followed by a series at a more or less constant value —32-0 +2:5°c. This 
suggests that the first specimens ‘were contaminated by impurities which were 
eventually removed by the distillation process. 

If impurities were driven out by prolonged boiling and the flask was left 
sealed and allowed to cool, then on restarting the distillation process, low freezing- 
point samples could be produced immediately. On the other hand, opening the 
flask and admitting room air invariably caused the freezing points to rise. Using 
side tube S, it was possible to admit distilled water to the flask without letting in 
any room air. ‘The freezing points were then undisturbed. 

From these facts it was concluded that the high freezing-point samples were 
contaminated by tiny solid particles originating in the room air; the discrete 
nature of these particles was shown by the fact that with prolonged boiling the 
freezing points changed, not smoothly, but in erratic steps. 

To get ‘constant’ low freezing points it was thus essential to drive out all room 
air. This led to an improved technique in which the presence of room air was 
avoided by filling the flask completely with water which was then boiled away to 
give the steam for the water specimens. 

A further precaution was found to be essential, namely that the capillaries 
should not be drawn until a stream of clean steam was passing through T. In 
almost every case where capillaries were made in room air, high freezing-point 
samples were produced; this despite soaking in chromic acid or steaming for as 
long as three hours before filling. It appears that some of the aerosol particles 
which become attached to the wails of a glass tube are immune to the conventional 
cleaning methods using chromic acid and steam. ‘Their effectiveness as freezing 
nuclei apparently also survives heating to the softening point of Pyrex glass. 

The drawing out of the wide tube T into capillaries served to spread out the 
freezing nuclei adhering to its walls, so that it was possible to make many successive 
samples without including any of them. But that their action was not completely 
destroyed was shown by the fact that samples of high freezing-point occasionally 
recurred, even when both the above precautions were observed. 

Observations were made with as wide a range of tube diameters as was practic- 
able. As the volume of water was increased above 10cm’ the proportion of 
obviously contaminated samples became steadily higher. 


5.3. Classification of Water Samples 
By examination of the curves of freezing point against distillation time, it was 
possible to divide the water samples into three classes : 
| (a) Those which contained freezing nuclei originating in the contaminated 
room air. ‘They comprised the samples on the initial sloping portion of the graphs, 
isolated samples of much higher freezing points than their neighbours, and samples 
_ whose high freezing points were obviously a consequence of the admission of room 
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air to the still. ‘These will be called ‘contaminated’ samples (figure 3, samples 
ae) 

(b) ‘Those specimens which occurred on the flat portion of the curve and which 
contained none of the freezing nuclei which could be removed by the precautions 
outlined above. It is not possible to be more specific at present about the agency 
responsible for their freezing, and they will be designated ‘plateau’ samples 
(figure 3, samples f-k). 

(c) Those water samples which could not be assigned with certainty to either 
of the above categories and which will therefore be called ‘unclassified’ samples 
(figure 3, samples |, m). 

Of 168 samples tested, 63 could be classed as ‘ contaminated’, 89 as ‘ plateau’ 
samples and the remaining 16 could not be classified. ‘The frequency distribution 
of the freezing points in each category is shown in figure 4(a). 
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Figure 4. Frequency distribution of freezing points of water in (a) glass tubes (168 samples), 
(6) fused quartz tubes (71 samples). 


The ‘plateau’ specimens ranged in diameter frorn 0-13 to 0-83 mm and in 
volume from 5 x 10~° to 12-5 x 10-3 cm, corresponding to a range from 0-22 to 
13mm in diameter for spherical drops of the same volume. The average 
freezing temperature was —33-0°c, the lowest recorded value being —34-5°c. 
An examination of these data failed to show any clear relationship between the 
freezing point of a ‘plateau’ specimen and either its volume, diameter or surface 
area. 

‘T’o enable present results to be compared with those of previous workers, the 
‘equivalent diameter’ (i.e. the diameter of a sphere of equal volume) has been 
worked out for each ‘plateau’ and ‘unclassified’ sample and plotted against the 


corresponding freezing point. ‘The areas in which these points lie are marked in 
figure 1. 


The Freezing of Supercooled Water 203 


5.4. Effect of Cooling Rate on Freezing Point of Water Drops 
In an attempt to find possible differences in behaviour in water samples of the 
three categories, and also to check Bigg’s observation (1953 a) that a reduction in 
cooling rate by a factor of 10, raises the average freezing point by approximately 
2°c, a number of specimens were repeatedly frozen by cooling alternatively at 


rates of 0-5 deg min! and 0-05 deg min“. The freezing points are shown in 
table 4. 


‘Table +. Effect of Cooling Rate on Freezing Points of Water Drops 


Freezing points are tabulated in °c for successive freezings at fast rate of cooling 
(0-5 deg min~?) and at slow rate (0-05 deg min~*) 


Spec. . Ay. Av. 
no. Fast Slow Fast Slow Fast Slow fast slow Diff. 


* Plateau ’ specimens 


329 —33-3. —33:5 —33-8 —33:-6 —33:9 —336 -—33:7 —33°:6 0-1 
355 —32°6 —32:°9 —34-1 —33-7 —32:8 —33:9 —33:2 —33-5 —(Or3 
361 —31:5 —33-3 —32-8 —32-4 —32:0 —326  —32:1 —32°8 = 007/ 
370 —34-5  —32-1 —33°8 —33-°9 -—-29-3 =28-2 =32°5 —31-4 teil 
372 —33°S —32°1 —33°8 —33-7 --29°0 =—28:1 =32:2 =—31°3 0-9 
“ Unclassified ’ specimens 
303 —29°5  —29-2 —29:1 —28:6 —29:5 —28:6 —29-4, —28°8 0-6 
323 -29:-4 —27-) —27:3 —26:0 —27:8 —284 —28:2 —27°-1 ited 
3 =29-5 —28:9 —30°3 —31-9 —33°6 —28°9 =—31:1 —29'9 ihe 
“ Contaminated ’ specimens 
334 2) O27 2/5 — 20-0 0723 26-0 200 0-9 
403 20-00 5-20-1235) 20-2 20-0420 Se 20 0-1 
409 —27-°5 29:5 —284 —27-0 —23:0 —=28:3 ==(0)83) 
426 = iste Se Keyl) — Sosy alos aii ST ASI O-l 


It will be seen that the differences in freezing point for the two rates of cooling 
were small and not very consistent. ‘There were no marked differences in 
behaviour between the three categories of watersample. Onthe average there was 
a rise of ():4°c in freezing point when the cooling rate was reduced by a factor of 10, 
though judging by the scatter of observations it is doubtful whether this difference 
is significant. 

These conclusions are similar to those of Brewer and Palmer (1951) using water 
drops resting on a metal surface. 


§ 6. THE FREEZING OF WATER IN SILICA ‘TUBES 
To investigate whether the freezing points of the ‘plateau’ samples was 
affected by the glass surface, similar experiments were carried out using fused 
silica in place of glass. 


6.1. Preparation of Samples 


A supply of ‘ clean’ steam was produced by the improved technique described 
in the previous section, commencing with the still completely filled with water to 
avoid the presence of roomair. A steady flow of steam was passed down a tube of 
transparent vitreous silica, 3 mm bore and 1 mm wall. From this, capillaries were 
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drawn which were then partially filled with freshly condensed steam and sealed. 
The capillaries ranged in diameter from 0-1 to 0-27mm. ‘The difficulty of 
working silica prevented a larger range from being used. 


6.2. Freezing Points of these Samples 

The temperature distribution of the freezing points of 71 samples of water in 
silica is shown in figure 4(b). It will be seen that they fall into two distinct groups 
similar to those into which the water-in-glass specimens were classified. Thus, 
by analogy, those freezing below — 31°c may be called ‘ plateau’ samples. It will 
be seen that the proportion of contaminated samples was greatly reduced by the 
new technique. eee 

The lowest freezing point measured was —34-6°c. On plotting freezing 
points against ‘equivalent diameter’, it was found that all points for ‘plateau’ 
samples fell within the rectangle shown in figure 1. "The range in volumes was 
from 0-05 to 3:2 x 10-3 cm®, corresponding to a range in ‘equivalent diameter’ 
from 0-22 to 0:84mm. There appeared to be no definite relationship between 
volume or surface area and freezing temperature. 

The most striking feature of the results for ‘plateau’ samples of water in 
silica is their similarity to those in glass. With decreasing temperature the number 
of freezings rises steadily, until at a certain temperature, approximately the 
same for either glass or silica, all samples have frozen, further supercooling 
apparently being impossible. 


§$ 7. DISCUSSION OF RESULTS IN RELATION TO PREVIOUS WORK 


From figure 1 it will be seen that the present freezing points (for both ‘ plateau’ 
and ‘unclassified’ samples) are consistently lower than any previously reported 
mean freezing points of similar volumes of water. In default of any known means 
whereby the presence of solid supporting surfaces could hinder rather than assist 
nucleation in the present experiments, one must conclude that the results of 
previous workers were affected by the presence of freezing nuclei in the water 
used. ‘This conclusion has already been reached in the case of Hosler and 
Hosler’s results. 

The present work has shown how difficult it is to free a glass apparatus of 
freezing nuclei in the form of solid particles that have entered in suspension in 
room air. It is possible that even the elaborate precautions of Wylie (1953) 
did not succeed in this purpose, and that some of his comparatively large samples 
were nucleated by such impurities and not by crystalline modifications of the glass 
as he suggests. 

The earlier experimental results of Bigg (1953 a) show that the freezing 
of a water drop was a probability event dependent upon its volume and the rate of 
cooling. He concludes that freezing was either due to tiny motes (freezing 
nuclei) distributed throughout the water used, or else due to spontaneous 
nucleation. In his later paper (Bigg 1953 b) he adopts the latter explanation, 
since he finds that distilled water samples from different sources give similar 
freezing points. ‘This may, however, show that such samples contain similar 
distributions of freezing nuclei which can occur even in carefully distilled water, 
as we have seen above. 
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The results of the present investigation indicate that Biggs drops larger than 
50 diameter did in fact contain freezing nuclei, since water samples of much 
lower freezing points for corresponding volume can be consistently prepared. 
The difference of approximately 10°c between the present lowest freezing points 
of 1 mm drops and Biggs’ mean value for the same volume is much too large to 
be explained by the statistical spread of his freezing points about the mean, 
which amounts to only about +2°c. 

It is significant that Biggs’ later observations on drops less than 50 diameter 
lie below his previous curve. ‘These may represent cases of spontaneous nuclea- 
tion, whereas the weight of evidence indicates that his results on larger drops do not. 

Neither of Biggs’ suggested lines shown in figure 1 can therefore be accepted 
as the relationship between drop diameter and mean freezing point for spontan- 
eous nucleation; nor should they be applied as such to the freezing of cloud 
droplets. An indication of the nature of the true relationship may be obtained 
from the lowest recorded freezing points of water drops of various sizes, as 
described in the next section. 

In the present experiments the effect of cooling rate on freezing point was 
found to be much smaller than that discovered by Bigg. ‘lhe discrepancy can 
only be resolved by further experimental work. 


§ 8. Lowest RECORDED FREEZING POINTS 
The lowest reliable freezing points for ‘ pure’ water droplets of various sizes 
are of great interest, as they are more likely to represent cases of spontaneous 
freezing than any other available measurements. A search of the literature has 
yielded the following values which are plotted in figure 5. 
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DROP DIAMETER 
Figure 5. Relationship between diameter and the lowest recorded freezing points of 
water drops. Present measurements, and those of Meyer and Pfaff and Wylie are 
plotted according to ‘ equivalent diameters’. Dotted lines indicate estimated limits 


of accuracy. 


(i) Observations on the ‘ —40°c threshold’ made by the present author with 
a small cloud chamber (described by Fournier d’Albe 1949). ‘The first crystals 
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were observed to form in a cloud of water drops condensed upon nuclei of various 
chemical compositions (e.g. NaCl, MgCl,, CaCl,), at approximately —40°c. 
With a concentration of 1000 drops per cm? (i.e. 100 in the field of view) almost 
all drops were observed to freeze if the cloud temperature fell below —41:2+0-4°c. 
Using the method of Wilson (1951) the duration of supersaturation in the chamber 
was estimated at 0-6 second, and the droplet diameter at 0-8. following Mason 
(1951); 

(ii) ‘he measurements of Lafargue (1950) mentioned above. 

(iii) Bigg’s observations on drops of diameter 15-50. ‘These have been 
included for completeness, though they represent mean values and not the lowest 
freezing points, which are unfortunately not available. 

(iv) The present observations, which show good agreement between the 
lowest temperatures reached with water, in glass and fused silica. One freezing 
point of water in a tube with hydrophobic coating, at —34-7°c, has also been 
included. 

(v) Meyer and Pfaff’s (1935) value at —33°c. An estimate of the volume of 
this sample can be made. A tube 0:6 cm in diameter was used, and the sample 
was ‘small’. If one takes the smallest depth of water that could be conveniently 
observed to freeze as 0-1 to 1 mm, this gives an equivalent diameter of 1-8 to 3-8 mm. 

(vi) Wylie’s (1953) lowest recorded freezing point of —30+1°c. The 
volume of this sample was 2:0 + 0-7 cm? (private communication). 

In figure 5 line A has been drawn to show the most likely relationship on 
present evidence between drop diameter and lowest measured freezing point 
of water drops. ‘This particular line cannot automatically be assumed to give 
accurate information on the spontaneous nucleation process for the following 
reasons: (@) The cooling rates used in some of the above determinations are not 
known, and unless it can be unequivocally established that the effect of cooling 
rate on freezing point is negligibly small, these results are not strictly comparable 
with one another. (4) It is not certain whether the present measurements on 
water in glass and quartz tubes are the lowest possible for this volume i.e. that 
nucleation was not influenced by the containing surfaces. The agreement 
between the lowest temperatures reached may be evidence that this is so, though 
confirmation with some material completely different from glass or quartz is 
advisable. ‘The same criticism can be levelled at the single measurements of 
Meyer and Pfaff and of Wylie. Any correction for this reason will bring these 
freezing points still lower. (c) Spontaneous nucleation is essentially a statistical 
process and there will therefore be a spread in the freezing points of drops of 
the same volume. ‘This is illustrated in figure 6 in which the relative frequency 
of freezing is plotted for two cases, the values being calculated according to the 
method developed by Bigg (1953 a). Curve a is Bigg’s own curve for the relative 
frequency of freezing of 1-mm drops cooled at 0:5 deg min~1, calculated from the 
relationship ©1953 a’ in figure 1. Curve b shows the shape of the frequency 
curve for the freezing of 1 mm drops cooled at 0-5 deg min ! that would be obtained 
if line A, figure 5, represented temperatures for 50°, probability of freezing of 
water drops by spontaneous nucleation. This assumption is made only to illus- 
trate the nature of the resultant frequency distribution. The curves have been 
adjusted so that the maxima occur at the same temperature since we are interested 
at the moment rather in the shape of the curves, than in absolute temperatures, 
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Curve b represents a far greater rate of increase of nucleation rate with falling 
temperature and this is reflected in the smaller spread of freezing points and 
sharper ‘cut off’ on the low temperature side. The similarity to figure 4(d) 
should be noted. From curve b it becomes obvious that the lowest measured 
value of freezing points of drops of a particular volume will depend on the number 


of drops measured, and isolated observations on single drops are thus of limited 
value. 
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Figure 6. Relative frequency of freezing plotted against temperature for 1-mm water drops 
cooled at 0-5 deg min“, for two different relationships between droplet volume 
and the temperature for 50%, probability of freezing: a that given by Bigg’s line 
“1953 a’ in figure 1, 6 that given by line A, figure 5. 

A large number of measurements of the freezing point of high purity water 
drops of particular sizes in the diameter range 1 to 100 are therefore required. 
A standard cooling rate, say 0:5 deg min“! should be adopted. It will then be 
possible to plot the low-temperature wing of the frequency distribution curve. 
In practice the high temperature wing of this curve will be difficult to determine 
accurately because of uncertainty whether these higher freezing points are affected 
by impurities or not. However it should be possible to find the temperature 
corresponding to a particular high probability (say 95°) of freezing for each drop 
size used. An accurate relationship between drop diameter and the temperature 
for 95°, probability of freezing by spontaneous nucleation could then be 
determined. 

The experimental points in figure 5 obviously do not all represent the same 
probability of freezing ; in fact it is only in the case of the cloud chamber observa- 
tions that we can assess the freezing probability at all. For 100 droplets under 
observation the number of ice crystals rose from 1 to about 95 in a fall of roughly 
1°c in temperature. The graph point at —41-2°c represents this higher proba- 
bility of freezing. To adjust the other experimental points to the same 
probability might involve moving them about a degree lower in temperature as 
we can see from curve 5 of figure 6. 

These considerations show how the true relationship between drop diameter 
and temperature for 95°, probability of freezing (say), at a cooling rate of 
0:5 deg min“!, may possibly differ from line Ain figure 5. The possible differences 
will generally be in such a sense as to depress the freezing points of the droplets 


| of diameter larger than 1 p still further. 


From this we conclude that the effects of changing the droplet volume and 


cooling rate on the temperature of spontaneous freezing are much less than 


predicted by Bigg (1953 b). His suggestion that glaciation in cloud drops may 


208 S. C. Mossop 


occur spontaneously at temperatures up to —20°c, or even higher in large drops 
in cumulus cloud, is therefore invalid. ‘lhe temperature at which spontaneous 
nucleation will become important in the freezing of cloud drops will be much 
lower than suggested by Bigg, though actual values can only be determined by 
further experimental work on the lines indicated above. 


§ 8. CONCLUSION 


Samples of water ranging in volume from 5 x 10~° to 12 x 10°? cm® have been 
prepared, which have lower freezing points than any previously reported for 
comparable volumes. 

This was achieved by condensing steam from which all room air had been 
driven off, directly into glass or fused quartz capillaries. ‘These capillaries were 
freshly drawn, out of contact with room air. 

As a result of this work it has been shown that all previously reported results 
in this volume range were affected by the presence of impurities in the water. 

‘There was close agreement between the lowest freezing points recorded for 
water samples in glass and fused quartz. 

Further experimental work is required before an accurate relationship between 
droplet volume and spontaneous freezing temperature can be determined. 
However the available evidence is sufficient to show that spontaneous freezing 
will not play as important a part in the glaciation of clouds as suggested by Bigg. 
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Abstract. A theory of diffusion in liquid mixtures is proposed which shows 
that the intrinsic diffusion coefficient, Y,, of the substance A in a mixture of 
A and B in which the mole fractions are. respectively f, and fy is 


D s=RT/6(fa790, +fp7 57 an) 
where 7, is the viscosity of the pure liquid A, 7, is the mutual viscosity of the 
mixture, and o, and oy, are intermolecular distances. 
This leads to values of D, the measured diffusion coefficient, which are in 
good agreement with the experimental values, both in the limiting case when 
the concentration of one component is very low, and for 50°% mixtures. 


§ 1. INTRODUCTION 
T has been shown previously (Hill 1954) that the dielectric relaxation time 
of a polar molecule in solution in a non-polar solvent is determined, not by 
the viscosity of the solvent, but by the mutual viscosity 7,p of the solute 
and solvent, which can be defined by 


no =f 7,9, +fe peat 2fafenaBeaB teens (1) 
where the /’s are mole fractions, the o’s are intermolecular distances (calculated 
from o=(M/Np)!*, M=molecular weight, p = density, N= Avogadro’s number) 
and the 7’s are viscosities. The suffixes A and B refer to the two kinds of molecule, 
and symbols without suffix refer to the mixture. The quantity 7, ,0,, can thus 
be calculated from experimental data. It is a constant for any pair of liquids at 
constant temperature. 

The relation between relaxation time and mutual viscosity arises because 
the inner friction, which determines the relaxation time, is due almost entirely 
to interactions between molecules of different kinds. In an exactly similar way, 
the diffusion of molecules A into a solvent B is controlled almost entirely by 
the interaction of the two different kinds of molecule, when the concentration 
of A is low. 

Assuming the diffusion process to be a consequence of the Brownian movement, 
the intrinsic diffusion constant, Y, as defined by Hartley and Crank (1949) is 
given by Einstein’s equation 
QG=kT/6 = BE 8) os eA (2) 


where R is Boltzmann’s constant, 7 is the absolute temperature, and 6 is the 
resistive force experienced by a molecule moving through the liquid with unit 


velocity. 
BROC. PHYS. 5OC. EXVIIL, 4——. 12) 
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§ 2. THE FRICTION CONSTANT 


When the diffusing particle is large compared with the solvent molecules, 
it is permissible to use Stokes’ equation 


Sibi elena Are (3) 


where r is the radius of the diffusing particle, and 7 is the viscosity of the solution. 
But when the diffusing particle is of molecular dimensions this is no longer valid. 

If, as in the case of dielectric relaxation, Andrade’s model of a liquid is 
adopted (Andrade 1934), the resistive force arises from the loss of momentum 
which occurs when the molecule collides with its neighbours. Since there is no 
motion of the liquid as a whole relative to the coordinate system in terms of 
which the intrinsic diffusion coefficient is defined, the average drift velocity of 
the neighbours is zero, and the momentum interchange is the same as if they 
were at rest. 

In a liquid in which the mole fractions of the two kinds of molecule are f, 
and f;,, the loss of momentum from a molecule B to its neighbours per second is 


Sutvgep(my/2)0 +fa(2v4 + 2rp5)Can[mamp/ (ms + my) ]v 
where v, and v, are the frequencies of vibration of the two kinds of molecule 
about their mean positions, c, and c,,, are the probabilities of the two kinds of 
collision being effective in the transfer of momentum, and vw is the velocity of 
the molecule under consideration. 


Since Cx VaMy 
= Se OO Ee 4 
and _ Cap (va tvp) Mama 6) 
oe 3 Ape tatiana 


(Hill 1954) the loss of momentum per second is 


6(fa7BeB +faVaBean)e: 


Therefore 

6 = 6(f27B0R +f474 8748): Fi, 
Similarly, the resistive force per unit velocity on a molecule of kind A is 

0= Oxia h ie aBeAB)> © | ye.) ieee (7) 


§ 3. THE DIFFUSION COEFFICIENT 

Hartley and Crank (1949) have shown that, provided there is no appreciable 
change of the specific volumes of the two components on mixing, the measured 
diffusion coefficient is 

D=G Vpt+FpVa 0! es en ere (8) 

where V, and Vy, are the fractions of the unit volume occupied by A and B 
respectively. 

From equation (7) 


Dy RTO «noni aiapeis) CC) ees) eee (9) 
therefore RT V Va 
D= 5 { B a } co Sa (10) 
fanscatSenapeap fa7apeap +1 B7BTR 


In the limiting case when the concentration of one substance is very low, 


this becomes 
D=RT/67 Oa: rie)’ 
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§ +. COMPARISON WITH EXPERIMENTAL RESULTS 


In table 1 the experimental and calculated values of the diffusion coefficient 
are presented, for the limiting case of very dilute solutions. ‘The experimental 
values are taken from the sources shown, and the data for the calculation of the 
mutual viscosities from the International Critical Tables. In some cases 
extrapolation has been made to the temperature of the diffusion experiments 
on the assumption that the mutual viscosity varies with temperature in the same 
way as the viscosity of a 50 mole ° mixture, or as one of the pure components. 
Since the correction is about 5-10%, this is not likely to introduce a serious 
error. 


Table 1 
10H ypoap 10°Dexp 10°D 


Solvent Solute T°c ! Bete, gece Ret, 
poise cm cm? sec cm? sec 
Crt CO,C.H, “CH. COLC LH. 16 6-1 0:76 1:09 1 
CCl, C,H;NO.; 20 6:5 0-92 1:04 2 
Cis CARR 20 4-1 1-40 1-64 2 
iL age' 1-64 3 
(GAGE CC; 20 4-1 ees Need 2 
Col¢ i 20 4-0 ed 1-68 4 
Celts C.HeBr 15 5-1 1:86 1s (0) 5 
CELOH CHBr, 20 7-0 1-93 0-96 4 
Cee CHE, 15 3-4 211 1°95 5 
CHE. I, 20 3p DAO 2-10 4 
CAH. CH, Cl is 4-1 PONS) 1-62 5 
CASE (C.H;).O 15 1:9 DP 3-0 5 
CABIF CHCl 15 3302) 2°44 2:06 5 
CS; I; 20 By 3-10 2:10 4 
1. Dummer 1919. 2. Gerlach 1931 3. Munter 1931. 
4. Stearn, Irish and Eyring 1940. 5. Thovert 1914. 


The mixtures are placed in order of increasing value of the experimental 
diffusion coefficient. The calculated values are of the correct order of magnitude, 
and show a general increase as D.,,, increases. 

In table 2, the experimental results of ‘Trevoy and Drickamer (1949 b) for 
hydrocarbon mixtures at 50° molar concentration are shown, together with the 
calculated values. ‘The mutual viscosities are calculated from the viscosities and 
densities of the pure liquids taken from Timmerman’s Physico-Chemical Constants, 
and the viscosities and densities of the 50°, mixtures recorded by ‘Trevoy and 
Drickamer (1949 a). In this case the agreement between the experimental and 


calculated values is very close indeed. 


Table 2 

° 10 na por 10°Dexp 10°Deate 

= x ae poise po cmeasecms cm? sect 
C,H. Cre, 25 2-04 DAT 2-79 
Gash CipH oe 25 3-80 iley2 oA) 
(Casts Crsklos 25 Say 1-40 1-44 
(Gale (Caalsky DS) 7°10 ‘ 0:96 1:06 
(Calabi (Crp ale, 25 4°58 1-58 1°56 
(Calalie Cress 25 5-26 1-00 1°34 


P=2 
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§ 5. CONCLUSION 


The theory is in closer agreement with experimental results than the theory 
of Stearn, Irish and Eyring (1940), which leads to values which are too high 
by factors varying from 2 to 5. It gives a more satisfactory account of ‘Trevoy 
and Drickamer’s results than Arnold’s semi-empirical equation (Arnold 1905), 
which they found the most useful of existing formulae in correlating their results, 
since it does not involve any arbitrary constants. 

Although the theory is here developed in terms of Andrade’s model of a 
liquid, a similar argument will apply to any model which leads to a mutual 
viscosity term in the equation for the viscosity of a mixture. 
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Abstract. Specimens of pure single-crystal germanium and of polycrystalline 
germanium with varying amounts of impurity have been bombarded with positive 
ions of a number of elements having energies from 5 to 90 kev. ‘The changes 
in some electrical properties of the specimen caused by this bombardment have 
been measured. In all cases it was found that maximum change was caused by 
a bombardment equivalent to about 6c cm™®. No changes were observed 
with ion energies less than about 20 kev. The results are consistent with the 
assumption that bombardment produces a p-type layer whether the original 
specimen was p-type or n-type. The thickness of this layer has been measured 
for various energies of the incident ions. 


§ 1. INTRODUCTION 


HE investigation to be described was begun in 1950 and is somewhat 
similar to those described by Ohl (1952) and Kingsbury and Ohl (1952) 
on the ionic bombardment of silicon. Specimens of germanium containing 
differing amounts of impurity were bombarded with positive 1ons varying in 
atomic number from 1 (hydrogen) to 51 (antimony) and in energy from 5 kev to 
90 key. At the outset it was hoped that the ions might penetrate the surface 
layers of the germanium lattice and form interstitial impurity centres, but no 
evidence that this happens has been found. Various properties of the bombarded 
material have been measured, particularly its characteristics when used in a 
point-contact diode. 
During the early experiments single-crystal germanium was not readily 
available and these investigations were made with polycrystalline material. 
In later experiments, single-crystal germanium was used. 


§ 2. EXPERIMENTAL DETAILS 


The apparatus used for bombarding the specimens is shown in figure 1, 
The ion source I in the case of gases was a Penning gauge with a small hole in 
one of the cathodes and for the metals was an arc discharge. ‘The ion beam so 
produced was accelerated in three stages by electrodes E,, FE, E; and roughly 
focused at the specimen S, the beam current striking S being measured by the 
battery operated valve voltmeter. ‘The magnet M was introduced to prevent 
loss of electrons from the specimen by secondary emission. 

The power for E, and E, was supplied from a 50 c/s 3-5 kv transformer with 
voltage quadrupling rectifiers. A resistive tap across the output of the power 
pack supplied E,. E, was taken from a small Van de Graaff type generator. 

For measuring diode characteristics the specimen was mounted in a simple 
manipulator and the whisker was placed on a weighted balance arm to ensure 
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constant contact pressure. The characteristic was then displayed on a calibrated 
oscilloscope from which tracings were taken. After a number of contacts had 
been made on a surface and all the characteristics traced on a single sheet of paper, 
the average characteristic was drawn by eye. No great difficulty was experienced 
in doing this. 
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Figure 1. General arrangement of apparatus. 


A standard method of preparing all specimens was adopted. ‘They were 
first ground flat with a very fine grinding paste and then etched in 20 volume 
hydrogen peroxide for 15 minutes. ‘The whiskers were of 0-1 mm tungsten 
pointed in an electrolytic etching bath of potassium hydroxide. Contact pressure 
was standardized at 0-25 g. No treatment for the specific purpose of forming 
the point contacts was used but, when measuring the diode characteristics, the 
applied alternating voltage was increased until the reverse ‘turn-over’ was 
observed, and this procedure produced some degree of forming. 


§ 3. CHANGES IN DIODE CHARACTERISTICS CAUSED BY BOMBARDMENT 


In the first experiments polycrystalline germanium containing 150 parts 
per million (p.p.m.) of antimony was used. It was bombarded with 54 kev 
oxygen ions, with the results shown in figure 2 (a). It will be observed that the 
backward resistance falls sharply until a quantity of bombardment of 7-2uc cm 2 
is reached, after which further bombardment produced very little change. This 
general pattern of change was found to be the same for all types of germanium 
bombarded with all ions of any energy. 

A detailed comparison of complete diode characteristics for a large number of 
specimens would have been very laborious, so the following simpler procedure 
was devised. Figure 2 (b) shows characteristics of various n-type specimens 
which have received identical bombardment. All these graphs together with 
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those in figure 2 (a) have one feature in common, a sensibly linear portion of the 
reverse-current characteristic in the vicinity of the origin. Furthermore, to 
a first approximation, the forward current is not affected by bombardment. 
The current passed at a reverse bias of 4. v was therefore used as a convenient 
parameter for comparison. Plotting this against quantity of bombardment 
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Figure 2. Diode characteristics of bombarded specimens. (a) n-type specimen with 
150 p.p.m. of antimony, etched and bombarded with varying quantities of 54 kev 
oxygen ions. (6) n-type specimens with various impurities, etched and bombarded 
with 78 kev oxygen ions to 6 4c cm~’. (c) p-type specimen with indium impurity, 
etched and bombarded with varying quantities of 78 kev oxygen ions. 


gives curves as in figure 3. In all experiments this type of curve resulted, the 
peak always occurring at about the same quantity of bombardment (6uc cm? 
which corresponds to only one ion for every 30 atoms in the surface layer of the 
germanium, assuming singly charged ions). ‘The falling-off of current at large 
quantities of bombardment was attributed to specimen contamination. p-type 
specimens containing indium gave similar results. ‘The changes in diode 
characteristic for a specimen bombarded with 78 kev oxygen ions are shown in 
figure 2(c). Here there is a substantial decrease in both backward and forward 
resistances. As with n-type material the maximum effect is attained with a 
bombardment of 6uc cm. 

Plotting the maximum change of reverse current at 4 v (obtained from curves 
like figure 3) against energy of bombarding ions gave curves similar to those in 
figure 4, which suggests a minimum ion energy of 20 kev to produce an effect. 
The maximum change is little affected by the quantity of impurity initially present 
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in the germanium, although there is a tendency for the height to decrease with 
increasing impurity (figure 5). Nor is it greatly affected by the type of incident 
ion (ions of H, B, C, N, O, Al, A, Cu, Zn, Ge, Ag and=Sbr were tried) with two 
exceptions (B and Al) which could reasonably be ascribed to multiply charged 
ions. However, the heavier ions did tend to cause less effect. 
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Figure 3. n-type specimen with 150 p.p.m. of antimony etched and bombarded with 
oxygen ions. 
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Figure 4. Maximum change in reverse Figure 5. Maximum change in reverse 
current at 4 v for different ion energies. current at 4 v for specimens with 


differing impurity, bombarded with 
80 kev oxygen ions to 10 pec. cm 


The variation of effect with ion energy might have been due to an increased 
disturbance of the surface layers or the fact that higher energy ions affected a 
greater depth of germanium. To settle this point, bombarded specimens were 
etched in 20 volume hydrogen peroxide until their initial characteristics were 
restored, the time to do this being used as a measure of affected depth. This 
process, which gave very consistent results, revealed that an ion of given energy 
affected a definite depth, irrespective of the purity of the germanium and of the 
quantity of bombardment. It was also discovered that different ions accelerated 
by equal potentials affected the same depth with the same exceptions noted in 
the remarks on reverse current. These anomalous results support the hypothesis 
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that the ions concerned were multiply charged, and they will therefore not be 
discussed further. 

To make an estimate of the affected depth several specimens were etched for 
long periods and the amount removed was directly measured with a sensitive 
dial gauge. These results showed that etching for one minute removed a surface 
layer about 2 x 10° cm thick. This means that a 78 kev oxygen ion affects, on 
the average, a depth of approximately 1-3 x 10-5 cm. 

Varying the whisker pressure from 0-05 g to 3 g, apart from changing the 
current scale, caused no significant change; in particular there was no alteration 
in minimum ion energy for observable effect. Using catswhiskers of several 
different materials produced current changes of reasonably large but apparently 
random variation from which no definite conclusions could be drawn. 

If instead of polished and etched specimens, ones which have been only polished 
were used, substantially the same results were achieved, although all the current 
values were increased somewhat. 

The almost complete independence of the effect on the type of bombarding 
ion suggested that the change might be due to some extraneous factor. To ensure 
that this was not the case, several control experiments were carried out. 

Firstly specimens were left in the apparatus for long periods with all the voltage 
supplies and the ion source switched on in turn. No change was detected. 

Then pieces of zinc and cadmium were bombarded with hydrogen, and tin 
with both hydrogen and nitrogen (these combinations were chosen because 
they either do not combine chemically or they form compounds which imme- 
diately volatilize at room temperature) to see if any surface change was brought 
about which affected the electrical properties of a point contact on them with 
a standard whisker. None was oberved. 

Lastly germanium was bombarded with electrons of energy from 250 ev 
to 90 key at rates more than twice that of the ionic bombardment but no detectable 
change was produced. 

Thus the effect produced by ionic bombardment was a real one. Moreover 
it was found that, for a given type of ion, the change depended only on the total 
number of ions and on their energy. ‘The rate of bombardment was unimportant 
and it made no difference whether a given amount of bombardment was given 
all at one time or in several separate stages. ‘Tests over a period of one year showed 
that the changes produced were permanent and it was also found that the results 
could be reproduced with surprisingly good consistency. 

At this stage of the work a statistical investigation of the spread of results 
obtained in a particular experiment was carried out. For a given surface, two 
hundred separate point contacts were made and the reverse current at 4 v measured 
foreach. It was found that the standard deviations before and after bombardment 
were 10° and 7%, respectively. Thus the mean value of forty results has a 
95°, probability of being within about 2:5%, of the true value. ‘This was consi- 
dered good enough and each result quoted in this paper is the mean of 40 separate 


readings. 
§ 4, FURTHER EXPERIMENTS WITH POLYCRYSTALLINE MATERIAL 
AND GENERAL REVIEW OF RESULTS 


In addition to measurements of diode characteristics, thermoelectric measure- 
ments were also made on the surface of the specimens using the heated-whisker 
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technique (Granville and Hogarth 1951). ‘These showed without any ambiguity 
that, after bombardment exceeding 7uccm? with ions having energies 
appreciably greater than, say, 30 kev, the surface layers were always p-type 
whether they had been n- or p-type before bombardment. 

The effects of heating bombarded crystals in a vacuum for periods of about 
30 minutes and then allowing them to cool slowly were also studied. It was 
found that the changes brought about by bombardment could be completely 
removed by heating in this way to temperatures above about 500°c, but that 
heating at lower temperatures produced no effect. 

Taken together the foregoing results strongly suggest that the only effect of 
bombardment, over the range of energies that has been investigated, is the dis- 
ruption of the surface layers of the germanium lattice to produce defects which 
can act as acceptor impurities (Lark-Horovitz 1951), and can be removed by 
annealing at 500°c. ‘There is no evidence that any of the bombarding ions 
remained within the lattice as interstitial impurities since the effects observed 
were quite independent of the nature of the ion used. 

It is interesting to compare these results with those obtained by Ohl (1952) 
for the bombardment of silicon. He obtained significant improvement in diode 
characteristics with ion energies as low as 1 kev but found that 600 uc cm? 
were needed to produce maximum change. 


§ 5. EXPERIMENTS WITH SINGLE CRYSTAL GERMANIUM 


For the experiments to be described in this section specimens of n-type ‘ pure’ 
single-crystal germanium of resistivity about 30 ohm cm were used. At the 
outset it was verified that the changes produced by bombardment on the thermo- 
electric and diode characteristics of this material were identical with those 
previously found with high-purity polycrystalline specimens, and that these 
changes could be removed by annealing at 500°c. 

Specimens which had been bombarded with 78 kev ions of hydrogen, nitrogen 
or oxygen to a quantity of 6c cm? were examined for transistor action, but 
no trace of such action was found. Voltage gains never exceeded 0-8 nor current 
gains 0-3 even when the curves were extrapolated to zero spacing between the 
contacts. 

Measurements were also made of probe potentials on the surface near a point 
contact biased relatively to the base electrode. If £ is the potential of the probe 
relative to the base at a distance 6 from the centre of the point contact when a 
current J is flowing, and if the surface of contact between the current-carrying 
point and the germanium is a hemisphere, then the quantity 2xbE/I should be 
independent of 6 and equal to the resistivity of the material (Brattain and Bardeen 
1948). Before bombardment this was found to be the case even for large values of 
b, and also after bombardment if the contact were biased in the forward direction. 
With reverse bias however, abnormally high values of 2~bE/I were obtained, 
e.g. 70 ohm cm for material whose resistivity was 30 ohm cm. 


§ 6. Discussion 


it has been shown that bombardment produces on the surface of the germanium 
a p-type layer whose depth is proportional to the energy of the incident ions. 
Furthermore, specimens of widely diffcring purity had substantially the same 
diode reverse-current characteristics after bombardment. 
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When a particular diode characteristic was displayed on the oscilloscope the 
alternating voltage across the crystal was gradually increased from zero until 
the reverse ‘turn-over’ of the characteristic was visible. During this process 
a certain amount of forming of the contact took place as was shown by changes in 
the shape of the low-voltage portion of the characteristic. If this is taken to in- 
dicate the occurrence of local melting of the germanium at the contact, it is 
reasonable to suppose that the point of the whisker will have penetrated the very 
thin p-layer on the surface of a bombarded crystal when the diode characteristic 
is being measured, and that the metal therefore makes separate contacts with the 
p-layer and the n-type material underneath. Such a model permits a simple 
explanation of the observed results, as follows. When the point is biased in the 
forward direction (with respect to the n-type material), practically all the current 
will flow through the n-type bulk of the specimen and the p-layer will have 
negligible effect. When however the point is biased in the reverse direction, 
little current can flow directly into n-type material because of the barrier set 
up at the interface. There is no such barrier between the metal and the p-layer, 
so current flows along this layer and thence to the base through the p—n junction 
of relatively large area. ‘The p-layer thus causes a large increase in reverse current. 
Furthermore the p-layer is very thin and we shall see later that its conductivity 
is not very high, so that a large part of the applied reverse voltage is used in forcing 
current through the resistance of this layer. A detailed analysis of such a system 
suggests that the additional reverse current resulting from the p-layer should be 
roughly proportional to the applied voltage. This was found to be the case. 

Let us assume then that the main features of the proposed model are correct. 
The thickness ¢ of the p-layer is know., but not its resistivity p. However, the 
latter can be deduced from the probe-potential measurements with the point 
contact biased in the reverse direction, in the following manner. Let J be the 
current flowing radially outwards in the p-layer through a cylindrical surface of 
radius rand lengtht. Let V be the potential at this surface and let it decrease to 
V—dV at radiusr+dr. ‘Then 


dV =Ipdr|2nrt or rdV/dr=Ip[2nt. ssa. (1) 


From the probe measurements V is known in terms of r so dV /dr can be found 
graphically and rdV/dr can be plotted as a function of r. By extrapolation we 
find the value of rdV dr at the surface of the point contact where r is approximately 
equal to zero. On the assumption that the current flowing directly from the point 
into the n-region is negligible, the value of / at this surface is the total current 
flowing from the point. Substituting these values into equation (1), p can 
be calculated. In this way p was found to be 0-014 ohm cm, from which the 
density of ionized acceptors is calculated to be about 2 x 10 cm™*. ‘This method 
is probably not very accurate but it should be right as to order of magnitude. 

All the n-type polycrystalline specimens, as well as the pure single-crystal 
ones, gave very similar reverse-current curves after bombardment, and in all 
of them the thickness of the p-layer was the same for ions of the same energy. 
Since the reverse currents are negligibly small, in comparison, before bombard- 
ment, it may be concluded that in each case the p-layer contains about 2 x LOM 
ionized acceptors when the maximum change. has occurred. Before a p-layer 
can be formed however, electrons must be drained from the donors which were 
present originally. In the case of the single-crystal germanium the concentration 
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of these donors was about 1014 cm-3, whereas with the sample containing 200 
parts per million of arsenic it must have been about 10! cm™*. It is extremely 
difficult to explain the fact that both of these samples give a p-layer with 
2x 10!7 cm ionized impurities after prolonged bombardment if we assume 
that the bombardment has produced only one type of defect. What is much 
more likely is that at least two types are produced and both can act as acceptors 
or traps for the electrons initially in the conduction band. Only those defects 
which give rise to acceptor levels close to the valence band will be ionized at room 
temperature and these probably constitute only a small fraction of the total. 
Thus the rate at which the initial electrons are drained away is much greater than 
that at which ionized acceptors are formed and most of the latter are forrned 
after the disappearance of all electrons from the conduction band. Were this 
not the case the final number of ionized acceptors could hardly be the same in 
the two specimens under consideration. Somewhat similar conclusions have 
been reached by Brattain and Pearson (1950) as a result of their experiments on 
the bombardment of germanium with «-particles. 

For the formation of defects by bombardment, two theories have in the past 
been considered (Lark-Horovitz 1951). On the one hand it is assumed that 
energy from the impinging particle is given up to certain atoms of the lattice 
which are separated from each other by other atoms that are not affected. In 
this way some of the lattice atoms will receive sufficient energy to cause them to 
move out of place and will thus form defects. It is difficult to reconcile the present 
results with this theory. In the first place only two types of defect can readily 
be envisaged—interstitial atoms and vacant sites—and of these the former would 
tend to act as donors (Lark-Horovitz 1951). But we have already seen the need 
to postulate at least two types of acceptor defects. Secondly, when the maximum 
change has been caused by bombardment, the number of acceptors in the p-layer 
is only 2 x 101% cm-%, or about one per million lattice atoms. Yet after this stage 
has been reached each bombarding ion must destroy as many acceptors as it 
creates. It is not easy to see how this can occur unless we postulate an extremely 
large effective cross section for the defects. Finally, there is the question of the 
thickness of the p-layer. Few measurements have been published of the 
penetration into solids of positive ions with energies in the range under 
consideration, but it seems unlikely that ions of oxygen and nitrogen could 
penetrate to the depths here recorded for the thicknesses of the p-layer. What 
is still more unlikely is that the depth of penetration for a given energy should 
be independent of the nature of the ion. 

‘The alternative theory is that the energy of the ion is given up to a group of 
germanium atoms which are in proximity to each other so that, effectively, a 
small ‘spot’ of the crystal is melted. It is then assumed that solidification of 
this spot will occur so rapidly that a number of defects will be frozen in. In 
support of this theory it was formerly stated that thermal defects could be produced 
in bulk germanium by melting it and allowing it to solidify quickly, but more 
recent work (Slichter and Kolb 1952) appears to show that the defects in this case 
are caused by contamination with copper. However, the rate of cooling that 
can be achieved in macroscopic experiments of this kind is in no way comparable 
with that which would occur in the melted spot produced by the impact of an 
ion, when re-solidification might take place within atime of 10-12 second. ‘There 
is therefore no fundamental objection to this theory and on other grounds it 
appears to fit the facts very well. 
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Using the data for bulk germanium given by Conwell (1952) the energy of 
an 80 kev ion should be sufficient to raise a volume of about 3 x 10-18 em? of the 
material from room temperature to its melting point and to melt it. Such a 
volume would contain say 10° atoms and this is a large enough number to make 
the use of constants for bulk germanium not unreasonable. In all the experi- 
ments it was found that little further change was produced after the bombarding 
charge had reached 6c cm, and the volume of germanium melted by this 
quantity of 80 kev ions would be 1-2 x 10-4 cm’, for an area of 1 cm?. But the 
volume of the p-layer for the’same area was found to be 1-3 x 10-> cm’. 
Apparently, therefore, the affected material has been melted about ten times. 
This factor is to be expected because the ions fall at random on to the surface 
and some regions will be melted several times before all have been melted once. 
Furthermore some of the incident energy will be conducted away by the lattice 
before it has contributed to the melting of a spot. 

This theory provides a simple explanation of the fact that no further change 
occurs after a bombardment of 6c cm~?. Once the whole of the p-layer has 
been melted, additional melting will not increase the number of defects. The 
theory is also consistent with the fact that the depth of the p-layer is independent 
of the nature of the bombarding ion so long as its energy is the same. To explain 
the linear variation of depth with energy we must assume that the melted spot 
always has about the same average area of cross section parallel to the surface, 
and that the linear dimensions of this area are about 5x 10-7 cm. ‘This does not 
seem unreasonable, although somewhat different assumptions have been made in 
connection with theories of the sputtering of metals. In any case the accuracy 
of the present experiments was not very high and the range of energies investigated 
was only about fourfold. Hence the suggested linear variation of depth of 
penetration with energy may be an over-simplification of the truth. ‘This however 
would not invalidate the other conclusions reached above. 

The results reported here for germanium are quite different from those 
which Ohl obtained with silicon. ‘The reason for this difference has already 
been discussed by Lark-Horovitz (1951) in another connection, and is to be 
found in the differing heights of the defect levels. It is assumed that in silicon 
these levels lie in the middle of the forbidden gap so that they are not ionized at 
room temperature.f 
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+ Note added in proof.—Since the present paper was submitted for publication, a paper 
by Lawrance, Gibson and Granville (1954) has appeared in which some results of the 
ionic bombardment of germanium are described. These authors, also, found that 
bombardment destroyed the rectifying properties of point contacts. 
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Abstract. Samples of fused quartz (‘ Vitreosil’) have been irradiated by pile, 
gamma or X-rays and three absorption bands are produced with maxima at 
2-3ev, +-lev and approximately 5-6ev. It is suggested that the 2:3 ev band is 
due to sodium borate impurities in the glass. 

All three bands can be bieached either optically or thermally or, more rapidly, 
by a combination of both processes. An empirical law describing the thermal 
bleaching rate of the 2-3 ev band over a large range of m is dn/dt = — Ae’” where 
n is number of colour centres per cm? at time ¢; A, 6 are constants. 

Bleaching of the 2-3 ev and 4-lev bands can also be brought about by large 
doses of pile irradiation. ‘his is attributed to vacancies caused by atomic 
displacements combining with electron traps to produce new centres. These 
latter are assumed to give an absorption outside the range of observation in these 
experiments, viz. 6-2 ev to 1-2ev. 


§ 1. INTRODUCTION 
(Yani effects cannot be used to study radiation damage in metals 


and the variation of some other physical property, e.g. change in 

electrical resistance, must be used. ‘This in general requires a large 
number of defects (~10!% cm?) to produce a noticeable change. ‘The alkali 
halides and glasses however are much more sensitive to radiation damage as, 
according to Smakula’s (1930) formula for F-centres, 10! colour centres per cm 
are sufficient to give a measurable absorption band. 

Radiation and chemically induced absorption bands in the alkali halides and 
glasses have been extensively studied for many years. Pohl (1937) and his 
co-workers, Mott and Gurney (1940) and Seitz (1946) are notable in the field 
of the alkali halides, and their researches have indicated that the visible absorption 
bands are due to electrons trapped at lattice defects. Frohlich (1947), Turner 
and Lewis (1947) and Simpson (1950) have also said that there are a large number 
of defects that can act as trapping centres in a glass. If fused quartz were a 
purely homopolar substance, then it should not be radiation coloured by the 
mechanisms usually associated with ionic materials such as the alkali halides 
and ordinary glasses. However, it has been observed by many workers that both 
quartz crystal and fused quartz may be coloured similarly to the alkali halides, 
therefore either the fused quartz has characteristics of the polar bond or 
impurities are responsible. In the discussion that follows it is suggested that 
the latter explanation is the most likely. 

Several workers have observed the 2-3 ev, 4-1 ev and 5-6ev absorption bands 
in fused quartz : Mayer and Guéron (1952) and Yokota (1952 a) by x-irradiation, 
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Mitchell and Paige (1954) by neutron radiation and Dainton and Rowbottom 
(1954) by x- and, y-rays. Yokota also made fused quartz in an oxidizing 
atmosphere and only observed the 4-lev and 5-6ev bands, i.e. no visible 
coloration; this case of no coloration being produced by radiation has also been 
observed by Gale and Bickford (1953) for electron irradiated specimens of 
Corning fused silica. 

Mayer and Guéron (1952), Yokota (1952a) and Dainton and Rowbottom 
(1954) have all observed that there is a relationship between the 2:3 ev and 5-6ev 
absorption bands both in their increase in height with increasing radiation dosages 
and in their behaviour on optical or thermal bleaching. Mayer and Guéron 
and Dainton and Rowbottom have observed that the 4:1 ev band bleaches more 
quickly than the 2:3ev and 5-6ev bands on optical or thermal bleaching. 
Dainton and Rowbottom have also observed that the 4-lev band may grow at 
the expense of the 5.6ev band on selective optical bleaching and vice versa. 
These authors have all reported the presence of a small absorption band at 
approximately 5-2ev in unirradiated specimens which, according to Dainton 
and Rowbottom (1954), increases in size with increasing impurity of the 
specimen. 

Concerning the radiation of quartz crystal, Mitchell and Paige (1954) have 
observed broad bands having maxima at 2:8 ev and 5-6ev, whereas Yokota (1952b) 
only observed a general absorption with no distinct absorption bands. ‘Thomas 
et al. (1949) observed that synthetic quartz, either coloured purple or smoky 
brown, and again Brown and ‘Thomas (1952) found that synthetic quartz, grown 
by the temperature gradient method to give a high purity crystal, did not colour 
at all on x-irradiation. ‘The first indication that the colouring in quartz might 
be due to impurities was a result of the work of Brown and Thomas (1952) who 
found that the smoky colouring in quartz crystals sometimes followed the 
rhombohedral planes and this was thought to be due to the way the crystal was 
grown. Additions of copper, chromium, manganese and arsenic increased the 
rate of coloration through x-irradiation. 

The object of this paper is to report upon the effects of radiation on fused 
quartz and in the light of the information obtained to offer a tentative explanation 
of the absorption bands observed together with suggestions for further work. 


§ 2. EXPERIMENTAL 


The glasses used throughout all experiments, except where otherwise stated, 
were ‘ Vitreosil’ (fused quartz) optically flat discs 20 mm in diameter x 3 mm thick, 
manufactured by the Thermal Syndicate Co. Ltd. 

A spectrographic analysis of the glass revealed that it contained about 0-4% 
by weight impurities, made up of 0-3°% boron, 0-04°% copper, 0:05% sodium, 
0-005 °%, iron. 

Sodium borate and sodium silicate glasses were made from ‘Analar’ 
chemicals by melting in an oven and pouring the melt on to a steel plate, then 
flattening into discs 1 mm thick and about 15mm in diameter. These were 
only irradiated in a gamma source and not in the pile, as this would have caused 
high activities and thus have delayed our observations. The pile-irradiated fused 
quartz needed a few days for its associated activities to die down but it has 
been observed that the absorption spectrum of the glass does not alter appreciably 
after storing it in the dark for a period of months. 
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Sources of radiation for colouring the glass specimens were either 40 kv 
15 ma x-rays with the specimen 1} inches from a copper target, a 100 curie 
cobalt 60 gamma source giving a flux of approximately 4-5 x 10‘r/hour, or 
Bepo pile radiation giving an integrated slow neutron flux of approximately 
10’ nem sec !. All three sources of radiation gave rise to the same three 
absorption bands, the pile producing them the most rapidly due to the higher 
fluxes involved. It has been observed that 14 hours’ x-irradiation as defined 
above, 10°r gamma irradiation or 2x10!nem-2 pile irradiation produce 
approximately the same intensities for the A, B and C bands. A high pressure 
Ediswan MBL/D mercury arc was used for bleaching experiments, with or 
without selective ultra-violet filtering. 

Observations of absorption spectra were made with a Unicam SP.500 
Spectrophotometer in the range 6:20 ev (200 mp) to 1:25 ev (1000 mu). Absorp- 
tion spectra have been recorded in terms of absorption coefficient as a function 
of the photon energy and all readings have been corrected for reflection losses. 


§ 3. RESULTS 


The coloration induced in all fused quartz specimens was the same patchy 
purple for x-rays, gamma rays or pile irradiation, the patchy effect increasing 
on further time of irradiation. Figure 1 shows the absorption spectrum of a 
fused quartz sample both before and after 2-5 x 10°r gamma irradiation. In 
the unirradiated curve there is a small absorption band at 5-14 ev and indication 
of a general increasing absorption in the far ultra-violet region. The irradiated 
curve shows three absorption bands, each about two electron volts wide, with 
maxima situated at 2-3ev, 4-lev and about 5-6ev. These will in future be 
referred to as the A, B and C bands respectively and the associated centres the 
A, B and C centres. 
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Figure 1. Absorption spectrum of radiated fused quartz. 


Figure 2 shows the effect on the absorption spectrum of optical bleaching by 
light of photon energies smaller than 4-0 ev obtained by using a mercury arc with 
a hysil glass filter. The B band diminishes the most rapidly and the A and C 

‘bands appear to decrease at the same rate. Figure 3 shows how the same effect 
‘is obtained with ultra-violet light (3-5-5-Oev) bleaching alone and also shows 
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how unfiltered mercury arc bleaching causes the whole absorption spectrum to 
decrease until the initial unirradiated absorption spectrum is obtained. 

Figure 4 shows the effect of 5 x 10° r gamma irradiation on a sodium tetra- 
borate glass. The absorption edge or strong absorption band at about 5-2ev 
appears to move to about 4-4 ev and an absorption band at 2:3 ev is observed ; 
this is the same shape and at the same position as the A band in irradiated fused 
quartz. 
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Figure 2. Optical bleaching by light of photon energies less than 4 ev 
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Figure 3. Optical bleaching by ultra-violet and mercury arc radiation. 


Figure 5 similarly shows the effect of 2-5 x 10° r gamma radiation on a sodium 
silicate glass. A broad band appears in the visible region, having no distinct 
maximum and merging with the tail of general absorption in the ultra-violet. 

Figure 6 shows the effect of increasing pile irradiation on the absorption 
spectrum of a sample of fused quartz. ‘The A and B bands appear to reach a 
maximum and then begin to decreaseand thus the glass itself becomes less densely 
coloured. It is difficult to judge the behaviour of the C band as there is a marked 
increase in yz in this region. The apparent shift of the C band maximum to 
higher energies is thought to be due to a shift of a general absorption towards 
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Doped 


lower energies which after about 2x10!%ncm- almost reaches the visible 
range. ‘This is thought to be due to the absorption of the SiO, itself, initially 
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Figure 4. Absorption spectrum of irradiated sodium tetraborate. 
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Figure 5. Absorption spectrum of irradiated sodium metasilicate. 
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outside the range at about 7ev towards longer wavelengths, i.e. lower photon 
energies; the phenomenon is thought to be a property common to the homopolar 
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bond. Figure 7, showing the effect of increasing pile irradiation ona homopolar 
acrylate, illustrates how a strong absorption band moves from 4-2 ev to 3-Oev 
after nearly 10!’ nem pile irradiation. 
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Figure 7. Effect of pile radiation on the absorption edge of a co-polymer. 


Thermal bleaching at about 300°c brings about measurable changes in the 
absorption spectrum of an irradiated sample in a reasonable time, this is illustrated 
in figure 8 where it may be noted that the B band diminishes more rapidly than 
the A and C bands. It has been observed that it is necessary to maintain the glass 
at this temperature for several hours in order to obtain the initial unirradiated 
absorption curve. ‘The rate of thermal bleaching is fast above 300°c, and at 
500°c the initial unirradiated absorption curve is obtained in a few minutes, 
whereas at temperatures below 200°c the rate is very slow indeed. Figure 9 
illustrates how the thermal bleaching rate is best expressed by the empirical 
relation dn/dt = — Ae’” at temperatures of 200, 255 and 290°c for three different 
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Figure 8. Thermal bleaching at 300°c. 


Thermoluminescence accompanies thermal bleaching of irradiated fused 
quartz specimens, and the colour, an intense blue, appears the same for both 
irradiated {used quartz and irradiated sodium tetraborate glasses, whereas in the 
irradiated sodinm silicate glass the effect is hardly noticeable. ‘This effect of the 
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thermoluminescence of irradiated fused quartz has also been observed by Yokota 
(1952a) and Dainton and Rowbottom (1954). 

The combined effect of optical and thermal bleaching on the A band using 
a mercury arc and maintaining the specimen at 250°c has been studied. Such 
optical or thermal bleaching by itself causes the A band to decrease by the same 
amount for the same period of bleaching, but when combined they cause the 
A band to diminish at five times the rate and not twice as would be expected 
if the effects were additive. ‘The effects on the B and C bands have not yet been 
studied and such research will be undertaken in the near future. 
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Figure 9. Effect of thermal bleaching on the A band maximum. 


§ 4. DIscUSSION 
(a) The Nature of Irradiation induced Colour Centres 
Neutron, gamma and x-irradiation all gave rise to the same three absorption 
bands in fused quartz; the fact that x-rays are not thought to be able to produce 
displacements in homopolar materials and that all three bands can be bleached 
optically implies that the colour centres are associated with electronic excitations 
and not atomic displacements. 


(b) Sodium Tetraborate 


There is a great deal of experimental evidence to support the interpretation 
that the A band is associated with sodium tetraborate impurity: (1) The 
coloration of the fused quartz is always patchy irrespective of the particular 
sample or of the nature of the ionizing radiation. ‘T’his implies that the cause 
of the visible coloration, i.e. the A band, is due to impurities. (ii) Sodium and 
boron are known impurities in the glass. (iii) The A band in the irradiated 
glass samples was in all respects identical, i.e. same in position and shape, as 
the absorption band observed in irradiated sodium tetraborate. An absorption 
band at 2:3 ev has also been observed in irradiated sodium tetraborate by Sojka 
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(1940) and in borax by Urbanek (1951). (iv) The irradiated sodium tetraborate 
glass and fused quartz glass exhibit the same colour on thermoluminescence. 
(v) The strong absorption in the unirradiated sodium tetraborate glass at about 
5-2 ev corresponds to the same position as the small absorption band in specimens 
of unirradiated fused quartz, see figure 1. 

The evidence against associating the A band with sodium silicate impurities 
is that the irradiated sodium silicate glass exhibited neither an absorption band 
at 2-3ev nor such an intense thermoluminescence as the sodium tetraborate. 
In addition the strong absorption of the unirradiated sodium silicate glass 
occurred at much lower photon energies than that of the unirradiated sodium 
tetraborate. 


(c) A and C Band Relationship 


Figures 2 and 3, illustrating the behaviour of the absorption spectrum of 
irradiated fused quartz on optical bleaching, indicate that the A and C bands 
diminish at the same rate and the B band diminishes at a much greater rate than, 
and apparently independently of, the A or C bands. As reported in $1, the 
literature supports these observations and it is suggested that the A centres 
arise from electrons in traps associated with the sodium tetraborate and the 
C centres are the associated positive holes whence the electrons in the A centres 
were initially ejected; thus the A band feeds the C band on bleaching. In 
addition the C band can be bleached by illuminating with light in the A and 
B bands, as illustrated in figure 2; this is yet another piece of evidence showing 
the relationship between the A and C bands, as bleaching in the B band alone 
causes very little change in the A or C bands (see figure 3, curve 2). 


(d) B Band 


The only experimental observation, apart from those mentioned in §1, of 
the 4-1 ev band in glasses is that of Yokota’s (1954) experiments of the x-irradiation 
of various alkali silicate glasses in which he observed in about twelve different 
glasses a strong absorption band at about 4ev. It is tentatively suggested that 
the B band is associated with electron traps in the vitreous quartz, probably 
with a degree of polar character in the SiO, network. 


(e) The Effect of Neutron Bombardment on the Absorption Spectrum 


Figure 6 illustrates how the absorption spectrum of a sample of fused quartz 
changes on increasing pile irradiation. The A band reaches a maximum at 
4x 10!°ncm~? and the B band reaches a maximum at 2-5 x 10!®ncem-?; 
thereafter both decrease with increasing time of irradiation. The effect on 
the C band is not known as it is masked by a movement towards longer wavelengths 
of a strong absorption which is possibly associated with the silica network. 

It is suggested that the bleaching of the A and B bands is due to a combination 
of pile created vacancies with A and B centres to give new centres whose absorptions 
lie outside the observable range, viz. 6:-2-1-2ev. There are grounds here for 
further research as the suggestion for the destruction of the A and B centres is 
only tentative. It would also be of advantage to study the effects of increasing 
x- and gamma irradiation on the absorption spectrum to see whether there is any 


decrease in the intensities of the absorption bands on increasing doses of these 
irradiations. 


Radiation Induced Colour Centres in Fused Quartz Doi 


The observation that the absorption edge in homopolar organic compounds 
moves towards longer wavelengths on increasing pile irradiation is well known 
and has been observed in certain plastics by Monk (1952) and Best (1953). In 
figure 7 an example of this is illustrated in the case of a co-polymer where the 
strong absorption band or edge moves one electron volt after 5-6 x 10!® ncm~? 
irradiation. It is feasible that the same effect could occur in fused quartz which 
is generally assumed to be a homopolar substance. 


(f) Destruction of A Centres by Increasing Pile Irradiation 


Figure 10 shows the effect of increasing pile irradiation on the number of 
A centres; there is a rapid increase up to an integrated flux of 0-5 x 1017 nem-? 
followed by an approximately linear decrease with increasing irradiation dose. 
The number of centres was calculated from Smakula’s formula: 


18mc n’ 
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where m is the number of centres per cm’, f is the oscillator strength of each 
centre, m’ the refractive index of material, .,, the absorption coefficient at the peak, 
W the width of the band in ev at half maximum height, m, h, c, e have their usual 
meanings. 

For the vitreosil glass n’ = 1-5, W=1 ev and we have assumed f=1. Therefore 
n~2u,. (n=10- xno. of colour centres per cm? in all equations.) 

It has been found that the initial part of the curve in figure 10 approximates 
to the equation dn dt=(N '—n)a where N is the number of available negative 
ion vacancies, and a is a constant. 

Now both the available number of vacancies and the A centres produced 
are assumed to be destroyed by pile-induced displacements. Therefore N is a 
function of tand dN/dt = —bN, whence N(t)= Be-"' (B, b are constants). Further, 
dn’, the number of A centres destroyed in time dt, is such that dn’/dt = —cn, so 
that the number of centres formed in the interval of time dz is 


Hence = =aN(t)—(a+c)n=aBe-"'—(a+c)n 
A?n = An _ An An 
and qe = — abBe —(a+c)— oF = —b—- —b(at+cn—(a +e) ae 


This has a general solution n= Re" + Se‘’, where R, 7, S, s are all constants. 
Choice of suitable values of these parameters gives good agreement with the 
curve in figure 10. 

In calculating the effect of displacement formation on the number of A centres 
it is assumed that all the sodium is present as sodium tetraborate, the remaining 
boron being distributed throughout the glass at random. ‘The sodium tetraborate 
is assumed to be segregated, as is inferred from the patchy coloration resulting 


from irradiation. 
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‘The fission fragments from the reaction !B+2=3Li+ 2h have been calculated 
to cause approximately tenfold the displacement damage 1n the sodium tetra- 
borate networks as the fast neutrons themselves cause. 
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Figure 10. Bleaching of A centres by pile radiation. 


Using the equations derived by Seitz (1949) for the proportion of energy of 
a fast particle, viz. jLi, in causing displacements, and assuming that fission 
fragments only cause displacements in the region where they are formed, 1.e. in 
the sodium tetraborate networks, an interesting result can be derived. 

If we assume that the Na,B,O, networks consist of a monatomic lattice of 
atom '?Y with a fast neutron cross section of 6 barns, we can show that as the 
number of Y atoms per cm? ~102°, the number of primary collisions is of the 
order of 5 x 10" per day, assuming a fast neutron flux of 10!? cm? sect. 

Assuming the displacement energy to be 25 ev, each primary collision results 
in approximately 63 displacements and so the fast neutrons cause approximately 
4 x 10! displacements per day in the sodium tetraborate networks. 

On similar consideration, the 1-5mev {Li and 1 Mev 3« particles resulting 
from slow neutron fissions of the boron cause approximately 4 x 101° displacements 
per day, also in the sodium tetraborate networks. 

Hence, the total number of displacements in sodium tetraborate is approxi- 
mately 4-4 x 1016 per day. 

Now figure 10 shows an initial pile bleaching rate of approximately 4 x 101° 
centres per day, which suggests that for every atom displaced in the Na,B,O, 
networks approximately one colour centre is destroyed. 
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Abstract. A method of studying the entrainment of air by a moving gas stream 
is presented which consists, in effect, of constructing entrainment curves for 
specified positions within the stream. Curves such as these have not, so far as is 
known, been published previously. They are of interest in showing the change 
from laminar to turbulent flow in the stream with particular clarity. A comparison 
with entrainment curves for gas burners is made. 

The profile of the gas flow in the region of the laminar—turbulent transition 
region has also been studied experimentally, and a correlation obtained with the 
previous results. 


§ 1. INTRODUCTION 


N investigating the entrainment of primary air by a gas burner, it is usual to 

show the results in the form of an entrainment curve, in which the total air 

entrained by the jet is plotted against the gas flow (figure 6(b)). The present 
method of interpreting these curves theoretically is to calculate the entrainment 
from the conservation of momentum principle and energy considerations (Silver 
1948). ‘The equation so obtained gives a fairly good agreement with experiment, 
andcan be improved by taking into consideration extra factors such as gas buoyancy, 
although only at the expense of extra complexity in the final equation. The 
method is also only feasible for relatively simple systems, e.g. those having plain 
cylindrical mixture tubes. 

In the present paper, the dependence of entrainment on the flow conditions in a 
free gas stream is shown by means of entrainment curves plotted for specific 
points within the stream. ‘These provide a clear picture of the large and sudden 
change in entrainment between the laminar and turbulent regions of the stream, 
and also of the position of the break region between the two. 

By comparing the curves with the usual type of gas burner entrainment curve, 
the characteristic rise in entrainment of the latter with increasing gas flow is seen 
to be capable in part of interpretation as a gradual change from laminar to turbulent 
conditions in the gas stream. 

Proceeding further from the above, the profiles of flow in the laminar and tur- 
bulent conditions have been studied experimentally, and some suggestions put 
forward as to the possibility of deducing entrainment in gas burners froma physical 
picture of the flow conditions in the entraining section. 

‘T'wo gas flow systems have been investigated. One is the straightforward 
case of a free jet in air. The other is that of the radial gas film formed by the 
impact of a gas jet on a plane surface, and it is actually on this system that the more 
comprehensive work has been carried out. ‘The reason that such a system was 
chosen is that the work reported in this paper developed out of a previous 
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programme which was concerned with investigating the mechanics of the target 
impact burner (Simmonds and Willett 1951), a system in which combustion takes 
place in a radial stream of fuel gas produced by jet impact in the manner stated 
above. 


§ 2. MeETHOD AND APPARATUS 


The object of the study was to measure the entrainment at a given position in 
the field of flow outside an orifice from which gas is issuing. This was to be done 
over a range of gas flows, covering the regions of both laminar and turbulent flow. 
The method adopted was to withdraw samples by means of a hypodermic needle 
whose tip was placed in the stream and then to analyse these for mixture composi- 
tion. Carbon dioxide was chosen as the working fluid for the following reasons: 
(1) ease of analysis: a Haldane apparatus was used for measuring the CO, content 
of the samples; (ii) non-toxicity; (iii) high density: the jet (directed downwards) 
and sampling apparatus were placed within a box having openings to atmosphere at 
top and bottom, and it was assumed that all the CO, would eventually leave the box 
from the bottom. 

Figure 1 shows the gas delivery tube (diameter 0-7 mm) and sampling arrange- 
ment for the radial flow measurements. The hypodermic needle can be moved 
by micrometer screws in the horizontal and vertical directions over the steel plate. 
For the experiments on a free jet the steel plate was removed and a vertical sampling 
needle used. The gas flow rate was measured by means of a variable-orifice 
flowmeter. ‘The aerated gas sample was collected in a glass bulb from which 
mercury flowed out at a rate controlled by a capillary tube constriction. An 
appropriate sampling rate was calculated by ensuring that the gas velocity in the 
hypodermic needle was less than that in the external gas and air stream. After 
collection, the samples could be transferred directly to the Haldane apparatus and 
analysed for CO, content. 


| C0. 


Figure 1. Apparatus for production and sampling of radial gas stream. A, polished steel 
plate; B, CO, delivery tube; C, hypodermic sampling needle movable in radial 
and vertical directions. 


The degree of accuracy of the measurements with this apparatus is obviously 
governed by the fact that the gas jet must be some degree in contact with the 
outside atmosphere in order to ensure the disposal of used gas, and is therefore 
subject to the effects of draughts. ‘These effects have been minimized by allowing 
the minimum contact between the jet and room air, and by ensuring a reasonably 
still atmosphere outside the box. The degree of reproducibility of results at the 
lower flow rates is within approximately 1°, and gives a measure of the success of 
these precautions. 
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§ 3. Composit1ioN-FLow CurRVES FOR RapiAL FLow 


‘The curves of figure 2 show the fraction of carbon dioxide in the sample plotied 
against gas flow in the nozzle for a given radial distance a of the sampling needle. 
Inall the measurements the needle was resting upon the plate surface, and the outlet 
of the gas delivery tube was at a height of } cm above the plate. 
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Figure 2. Composition—flow curves for a radial gas stream in air. 


‘The curves are presented in terms of gas fraction in the mixture rather than air 
entrainment, since if the latter had been chosen it would have been difficult to 
show all the curves upon one graph. ‘The curves are in shape approximately the 
inverse of the corresponding entrainment curves. ‘The relationship between 
fraction of gas in the mixture M=Q,/(Q, + Q,) and entrainment ratio R= Q,/Q, 
is simply R= M-!—1. For comparison, figure 6(a) shows a curve of the above 
type redrawn in terms of entrainment ratio. 


§ 4. EVALUATION 


Upon inspection of the curves it will be noticed that they all correspond 
approximately in general outline, consisting of a slowly rising section at the lower 
range of flows, then a sharp drop in CO, content to a lower and almost constant 
value. ‘This sharp drop, which corresponds to a sudden rise in entrainment, is 
seen to amount almost to a discontinuity in the curve, and might in fact prove to be 
so were it possible to sample accurately at a given point instead of over the area of 
the sampling needle (diameter 0-25 mm). This entrainment rise is apparently due 
to a change in flow conditions at the sampling point, i.e. from Jaminar flow at the 
lower gas flow rates to turbulent flow at the higher rates. This view is 
strengthened by noting that the break position occurs at lower flow rates for greater 
radial distances of the sampling needle. Thus turbulence commences at the 
outer regions of the stream and moves progressively inwards as the flow rate is 
increased, as is the case with a free jet in the air. In fact it is possible to compare 
the two very closely in the following manner. From the curves of figure 2 radial 
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distance to position of break can be plotted against Reynolds number in the tube 
(figure 3). For comparison the right-hand side of the figure shows a typical 
‘height to turbulence’ graph for an open jet, as determined by Scholefield and 
Garside (1949) by shadow photographs of unignited gas streams. It appears that 
the ‘ distance to turbulence’ graph for the radial flow case is the equivalent of the 
section marked AB in the free jet ‘ height to turbulence’ graph. 

The entrainment curves for specific points in the field thus show very exactly 
(a) the change in entrainment between laminar and turbulent conditions of the 
flow, and (4) the position of the laminar-turbulent break for a given flow rate. 


25 
s aS 
2 
“_— oO 
2 2.0 
oe uu 
“3 z B 
< w 
WwW = 
a = 5 
a3 oO IS 
a 
O° = 
= = 
Ww Lo 
g2 2 
< 
oa Ie 
2 Se 
2 F OS o5 
iy = 
=z ee) 
a a6 
< 
Ps A 
re) : —o4 oO eee | ee eee ees 
oO 4000 2000 2500 3000 
Re Re 


Figure 3. Left, variation of flow break position in radial gas flow. Right, a typical 
‘height to turbulence’ curve for free jet. 


§ 5. FLOw PROFILE AT THE BREAK TO TURBULENCE 


In order to obtain a profile of the gas stream before and behind the break it was 
necessary to measure the mixture composition at various distances from the axis, 
and at various heights above the plate, and from this information to build up a 
picture of the flow. It will be realized that in the case of radial gas flow it is not 
possible to take shadow or Schlieren photographs through the stream as can be done 
with a free jet, since the disc of gas in front of and behind the section which it is 
desired to photograph will interfere excessively. 

A gas flow of 16 cm*® sec! was used in the apparatus already described. From 
figure 3, this gives a break position of 0-585 cm from the centre. At five positions 
about this break point, the gas composition was measured at various heights above 
the plate. From these measurements, it was possible to find the height at which the 
CO, content had decreased to an arbitrary standard value and to plot the contour 
of this height along the plate. The standard decided on was that of one half the 
maximum CO, fraction at each radial distance. ‘The curve is shown in figure 4. 
It reveals a rapid thickening of the stream beginning at the break point, which 
appears to be more pronounced than that seen in free jets by means of shadow 
photographs such as those in Scholefield and Garside’s paper. It also confirms 
the break position of 0-585 cm from the jet. It may be pointed out that a contour 
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for a standard of 1/10 of the maximum CO, fraction showed the same general 
outline at a greater height above the plate surface. 

The break shown by the flow profiles therefore correlates with that shown by 
the entrainment curves. 
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Figure 4. Profile of radial gas flow by jet impact. 


§ 6. COMPOSITION—-FLOW CURVES FOR A FREE JET 


Air entrainment at the axis of a free jet was measured by an experimental 
arrangement of which the sampling section is shown inset in figure 5. Apart from 
this, the apparatus was the same as that used for the radial flow experiments. ‘The 
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Figure 5. Composition—flow curves for a free gas jet in air. 


sampling rate was enabled to be higher (~4cm* min~!) owing to the fact that the 
fall-off in velocity in a free jet is far less than in the radial stream formed by jet 
impact. As before, it was calculated by equating the gas velocity in the sampling 
needle to the minimum gas velocity encountered on the axis of the jet. The 
concentration-flow curves obtained at six different distances from the gas outlet 
are shown in figure 5. All are for axial positions of the sampling needle in the gas 
jet. 
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§ 7. EVALUATION 

The top curve, for distance 0-5 is identical with that for zero radial distance 
in the previous set. The other curves at increasing distances from the nozzle 
show a gradual smoothing-out of the sharp drop in CO, content, so that the latter 
occurs over a range of flows instead of at one particular flow. The reason for 
this may be the difficulty of aligning the jet and needle precisely. In the present 
case, alignment was carried out mechanically. A more satisfactory method would 
probably be to fix the axis of the gas jet by determining the position of maximum 
gas pressure in the stream cross section. 

The appearance of a sharp rise before the drop in the lower curves is almost 
certainly due to the increasing effect of the gas density. It is the equivalent of the 
effect of buoyancy on entrainment by a lighter- than-air gas issuing from an upward 
pointing nozzle. 

There appears to be no obvious reason for the ‘ double maximum’ on the lower 
three curves. There is, however, always the possibility that with this type of 
sampling the presence of the needle in the stream will have some effect on the results. 


§ 8. APPLICATION TO Gas BURNER ENTRAINMENT 


A few suggestions may be put forward as to the connection between the present 
curves and the problem of primary air entrainment in gas burners, though at this 
stage they must be regarded as tentative. 
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Figure 6. (a) Entrainment curve at the axis of a Figure 7. Flow conditions in the 


free gas jet. (b) Typical gas burner entrain- entrainment section of a gas 
ment curve. burner. X=Turbulent re- 
gion. 


In figure 6 (a) is shown an entrainment curve for a point on the axis of a free jet, 
calculated from the upper curve of figure 5. For comparison, figure 6(b) shows a 
typical entrainment curve for primary air entrainment in a Bunsen type burner. 
Since the sharp rise AB in (a) is due to the onset of turbulence in the stream, it is 
reasonable to regard the portion A’B’ of (b) as being due in part to the same cause. 
It appears that the more gradual rise in entrainment in the gas burner is due to the 
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fact that we are considering the whole section of the flow bounded by the burner tube 
wall instead of at one point. 

The profile graph of figure 4 suggests a possible method for predicting the 
entrainment to be expected in a given burner. Figure 7 shows the equivalent 
profile in a burner tube, assuming that the back pressure effect of the burner ports 
is not so great as to affect the stream profile appreciably. Sucha diagram could be 
drawn to scale knowing the height to turbulence for the given flow, and the 
divergence angles of the laminar and turbulent sections. ‘There is evidence to 
show that these angles remain constant with flow (‘Tollmien 1926, Farquharson 
1952). From the diagram, the height above the nozzle at which the cross section 
of the gas stream meets the burner wall can be found, and above this point no 
further entrainment will take place. If this height is known the resulting entrain- 
ment could then be read off at any given gas flow from a corresponding entrainment 
curve. 

Itis hoped to test this method of predicting entrainment as soon as the necessary 
practical data has been obtained. 
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Abstract. ‘The fluorescence characteristics of organic crystals differ appreciably 
from those of the emitting molecules due to self-absorption of the molecular 
fluorescence. These differences are investigated and properties of the fluorescence 
of the crystal are related to the corresponding properties of the molecular 
fluorescence; the equations developed are made the basis of an experimental 
determination of molecular quantum efficiencies of photofluorescence for the 
crystalline state. This method avoids the considerable errors involved in a 
direct measurement which are occasioned by having to integrate numerically 
over the whole sphere of emission inside an optically anisotropic crystal the 
fluorescence intensity that is measured directly only within a certain solid angle 
external to the crystal. 

The method developed is particularly applicable to crystalline anthracene 
which has considerable overlap of absorption and fluorescence spectra. Experi- 
mental data for this substance are presented. These include the molecular 
and crystal fluorescence spectra and decay times; the latter are found to be 
6-4+0-2mpsec and 18:0+0-5 mysec respectively. The molecular quantum 
efficiency of photofluorescence of crystalline anthracene at a temperature of 
290°kK is found to be 0-94 + 0-02 which is reduced, by the effects of self-absorption 
of fluorescence, to a quantum efficiency for the crystal of 0-80 + 0-05; efficiencies 
of photoluminescence are found to be the same within the limits of experimental 


error. 


§ 1. INTRODUCTION 


DIRECT measurement of the absolute quantum efficiency of photo- 

fluorescence is exceedingly difficult to make even to any moderate degree 

of accuracy. Apart from requiring a knowledge of the spectral sensitivity 
curve of the detecting instrument and the spectral distribution of the fluorescence 
emission, the fluorescence intensity is measured directly only within a certain 
solid angle and this has to be integrated over the whole sphere of emission ; 
assumptions made for this purpose are never very satisfactory and are the major 
source of error in a measurement of this nature (see for instance Gilmore et al. 
1952, Forster and Livingstone 1952). Even for liquids and transparent glasses 
the problem of ascertaining the precise fraction of the fluorescence received is 
complicated by the effects of anisotropic emission of fluorescence (Ganguly and 
Chaudhury 1954) and re-absorption of fluorescence; for the crystalline state 


the effects of optical anisotropy constitute an almost insurmountable obstacle 
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in a direct determination. For this reason reliable measurements of quantum 
efficiencies for the crystalline state are completely lacking although such measure- 
ments are of fundamental importance. In this communication an indirect 
method is described for the experimental determination of quantum efficiencies 
for crystals. 

It is well established that the photofluorescence of organic materials is 
inherently a molecular property which nevertheless can be considerably modified 
by the physical environment of the molecule. In addition, however, re-absorption 
of fluorescence which occurs when the absorption and fluorescence spectra of 
the molecule overlap modifies the characteristics of the molecular fluorescence. 
In the present communication the decay time and quantum efficiency of the 
fluorescence of the crystal are related to the corresponding molecular quantities 
from which they differ due to the effects of spectral overlap and the equations 
developed used as the basis of an experimental determination of photofluorescence 
quantum efficiencies for the crystalline state. 


§ 2. CRYSTAL FLUORESCENCE 


The most obvious modification of the molecular emission is suppression of 
a part since only those wavelengths to which the crystal is transparent are observed. 
This has been studied in detail for some crystals by Wright (1954) and Birks and 
Wright (1954) and the existence of very considerable overlap verified in certain 
cases, notably anthracene. The molecular and crystal fluorescence spectra of 
this material are reproduced in the figure to illustrate the extent of the effects of 
spectral overlap. 
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Fluorescence spectra of crystalline anthracene at 290°K : a, fluorescence of microcrystals; 
b, fluorescence by transmission through 1 cm crystal. The areas of these curves 


are adjusted to be proportional to the molecular and crystal quantum efficiencies 
respectively. 


In addition, the decay time of the crystal fluorescence is longer, due to the 
re-absorption processes occurring in the overlap region (Birks and Little 1953) 
and the quantum efficiency is less. For excited molecules surrounded by 
a large number of unexcited molecules these effects may be readily calculated, 
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Each excited molecule has probability pdt in time dt of losing its excitation 
energy radiatively and probability ’ dt of losing it non-radiatively. The rate of 
disappearance of excited molecules is accordingly p+k and the quantum 
efficiency is g=p (p+). However, since the crystal is opaque to part of the 
molecular emission each photon has only chance « of being emitted in that 
part of the fluorescence spectrum to which the crystal is transparent and thus 
of escaping through the crystal. Consequently, the probability of emission 
from the crystal is reduced to px dt. For the crystal then the rate of disappearance 
of excited molecules is px +k and the quantum efficiency is 


g=pei(pet+R) -  vewevn (1) 
In general, fluorescence is excited with wavelengths for which the extinction 
coefficient of the crystal is high compared with its value in the region of spectral 
overlap. ‘his results effectively in surface excitation of the crystal and a more 
involved discussion is necessary. For initial simplicity we shall consider a 
semi-infinite crystal. 


(1) Quantum Efficiency of Fluorescence of Crystal 


If the total number of excited molecules initially is NM, a number gN, emit 
fluorescence photons of which a fraction 6, determined by the optical constants 
of the crystal, escape immediately through the surface of the crystal. The 
remainder of the photons, g(1 —35).No, travel into the crystal, a proportion « finding 
it transparent and a proportion 1 —« being re-absorbed to produce further excited 
molecules. ‘The photons emitted by these molecules follow the same sequence 
of events and the whole cascade process continues until eventually no excited 
molecules remain. 

The total number of photons emitted through the surface is: 


N,= 95N,[1+(1 —8)(1 —«)g+(1 —8)?(1 —«)?g? + ....] 
goNo 


bees fegtetSey? ou. os (2) 
and the number escaping into the crystal is: 
N,=9«e(1—8)N,[1+(1—8)1—«)g+(1—8)*41 —x)?q? + ....] 
N, i ite aa (3) 


~ T—9q(1—8)(1 =x) ° 
The ratio (N,+N,)/No gives the quantum efficiency of the crystal fluorescence 


as: 
g(3 + — 8x) 


CS (1—q)+9q(d+« —9d«) : 


When the escape coefficient « is unity this reduces to Q=q but when « is less 
than unity Q is less than gq. 


(ii) Decay Time of Crystal Fluorescence 


The rate of disappearance of excited moleules is: 


dN=—{k+p[1—(1—8)(1—«)]}Nat=—ANdt —......(5) 


giving N= Nye e, 
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The intensity of the emission through the surface is J,=pdNdt and the 
intensity of that escaping through the crystal is 1,=px(1—6)Ndt. We have: 


AT fe ia) pong 6 
N= | l= gaan ee (6) 
. pr(1—d)Ny 


N= | 0 Cb pd + —6k) 


in agreement with equations (2) and (3) for N, and N, respectively when the 


substitution g=p/(p +k) 1s made. . { 
The decay time of the crystal emission is obtained from equation (5): 


T= [R+ pK =—on)| 2 eee (8) 
which may be compared with the decay time of the molecular emission: 
Tv = (Pick) i) elie ele (9) 


The only unknown quantity in equations (1) to (9) is the molecular quantum 
efficiency g since in principle both x and 6 may be evaluated from optical data 
and both +, and 7,, can be measured. Solving equations (8) and (9) for the 
molecular quantum efficiency we have: 

é Lara 

4= 1—(64+nK—6k)" 
This equation for g contains quantities which can be readily determined and 
therefore forms a suitable basis for an experimental measurement of the quantum 
efficiency; its application to the particular case of anthracene is described in the 
next section. Anthracene was chosen since for this material the quantities 
Tm/T. and 6+«—é« are both much smaller than unity; this makes the result for 
q relatively insensitive to experimental errors of measurement. 


§ 3. EXPERIMENTAL 


The fluorescence characteristics of the crystal were measured using the 
experimental approximation of a 1cm cube crystal. This is justifiable since 
these dimensions are large compared with mean photon path lengths for re- 
absorption which mostly range between 10 4cm and 10°!cm in the region of 
spectral overlap. Anthracene crystals as supplied by the Larco Nuclear Instru- 
ment Company for scintillation counting were used, both transmission and 
reflection spectra being observed. 

For observation of the molecular fluorescence characteristics microcrystalline 
layers were used in which self-absorption was negligible. These were prepared 
by allowing a few drops of a weak solution of anthracene to evaporate on a clean 
glass disc. In this way thin, uniform layers were obtained. 

‘The fluorescence spectra were measured using a Cenco grating monochromator 
with a photomultiplier detector. Calibration curves for these instruments had 
been previously measured and allowed the spectra to be plotted in terms of 
relative quantum intensities. 


(1) The Absorption Escape Coefficient x 
This quantity is readily determined from a comparison of the molecular 
fluorescence spectrum, obtained from the microcrystalline layers, and the 
spectrum given by transmission through a lcm crystal. These are the spectra 
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shown in the figure. In the region to which the crystal is completely transparent 
these spectra are identical as expected and if normalized at these wavelengths 
the ratio of their areas gives the absorption escape coefficient x. This procedure 


is valid since the spectra are plotted in terms of relative quantum intensities. 
For anthracene we find « = 0-24. 


(ul) Zhe Optical Escape Coefficient 5 
Anthracene is optically very.anisotropic having principal refractive indices 
for the crystal of 1-959, 1-786 and 1-555. However, the crystal was considered 
isotropic with a mean index of 1-767 and 5 calculated as 0-089; the effects of 
optical anisotropy and re-absorption of fluorescence are discussed later. 


(ui) Measurement of Decay Times 

These have been previously measured for anthracene by other workers. 
However, the results obtained using various techniques are not in very close 
agreement and accordingly these measurements were repeated. The decay 
times were determined by measuring the relative modulation of the fluorescence 
light and the exciting light using an apparatus of improved design which is to be 
described elsewhere. ‘The exciting light covered the wavelength range 3000 A 
to 3900 A and could be modulated at a frequency of 25-80 Mc/s per second or 
38:70 Mc;s per second. Measurements at each frequency gave the same results: 
7. 042+0-2mpsec, 7,— 15-0 £0-5 mp sec. 


(iv) Calculation of the Quantum Efficiency q 

Before these measurements are substituted in equation (10) to obtain the 
molecular quantum efficiency of fluorescence it is necessary to consider the 
various sources of error inherent in this determination. 

The most serious is due to uncertainty in the estimated value of the optical 
escape coefficient 6. Since all organic crystals are optically anisotropic 5 has 
a different value for different crystal surfaces. ‘This is shown experimentally 
by small variations of the decay time of the fluorescence when different crystal 
faces are excited. ‘The differences observed indicate variations in 5 of about 
boy. 

‘The value of 5 is also modified by photon migration in the cascade process 
of re-absorption and emission. After the initial emission, re-absorption of 
photons produces excited molecules lying deeper within the crystal. Even 
though these may then emit photons towards the surface a large number of 
these will be re-absorbed before they can reach the surface and escape. ‘This 
reduces the effective value of 6. ‘he magnitude of this reduction can be obtained 
by comparing the molecular spectrum with the reflection spectrum from the 
crystal surface. When these are normalized at long wavelengths they should 
be identical but re-absorption of photons emitted towards the surface causes 
the short wavelength peaks of the reflection spectrum to be depressed (Birks and 
Wright 1954). [he ratio of the areas of these spectra is 0-46 and as a first 
approximation we may consider that 6 is reduced in this ratio. 

A further modification of the value of 6 is caused by surface irregularities. 
Because of their softness anthracene crystals'cannot be optically polished and in 
any event constant sublimation produces surfaces with a slightly translucent 
appearance. ‘These surface irregularities increase the effective value of 6 and 
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thus oppose the decrease caused by photon migration. ‘The resultant effective 
value of 8 is obtained most readily by experimental methods. 

It is evident from equations (2) and (3) that the fraction of fluorescence 
received by a detecting instrument looking at reflected or transmitted fluorescence 
is sensitive to the magnitude of 5 whereas the quantum efficiency is little affected. 
This may be used to obtain an estimate of 5. ‘The first absorption maximum of 
crystalline anthracene occurs at A=3950A ; excitation in this wavelength region 
therefore corresponds to surface excitation for which equations (2) and (3) are 
applicable. ‘The transmission limit of the crystal was measured to be at 
\=4240A; excitation with light of slightly shorter wavelength thus produces 
excited molecules lying deep within the crystal and equation (1) is applicable. 
Freshly cleaved surfaces were polished smooth on soft-tissue and used for these 
measurements, being excited with monochromatic light obtained from a Beckman 
Model D.U. absorption spectrophotometer used as a monochromator. At each 
wavelength the intensity of the exciting radiation was normalized to the same 
quantum flux using the calibrated photomultiplier. As expected the intensity 
of the transmitted fluoresence was greater when excited with the longer wave- 
lengths, the mean ratio of intensity for several measurements being 1:25 :1. 
Using the calculated value 6 =0-089 in equation (10) an approximate value for 
the quantum efficiency was estimated and used in equations (1) and (3), from 
which an effective value of 5=0-10 was obtained. The accuracy of this measure- 
ment is estimated at + 10%. 

Thus far it has been tacitly assumed that for a given material x is a constant 
determined only by the extent of overlap of the molecular absorption and 
fluorescence spectra. Since the absorption edge of the crystal is not vertical, 
however, the value of « will depend slightly upon the dimensions of the crystal as 
a very small fraction of the emitted photons will have mean path lengths for 
re-absorption of the order of the crystal dimensions. ‘To reduce this source of 
error all measurements were made with the same size of crystal in order that the 
value of «, deduced from the spectral curves, and the decay time measurements 
could be used together. ‘The uncertainty in « is thus due predominantly to 
experimental error and a generous estimate of +5°, will be allowed for this. 

Lastly the assumption that use of microcrystalline layers enables the true 
molecular fluorescence to be observed requires some justification. The estimated 
thickness of the layers used varied between 0-5 », and 0-05 . and while it is certain 
that there must be a small amount of re-absorption taking place very little difference 
was observed in the spectrum and decay time of fluoresence from different layers. 
We may therefore conclude that re-absorption is very small in layers of these 
thicknesses. 

Substituting the above experimental results in equation (10) the photo- 
fluorescence quantum efficiency of the anthracene molecule in the crystalline 
State and at a temperature of 290° k, is found to be g=0-94+ 0-02. The quantum 
efficiency of the surface excited crystal fluorescence, which is that generally 
observed, is given by equation (4) as 0-83+0-05 while for the infinite crystal 
equation (1) gives a quantum efficiency of 0-8) + 0-05. 

It should be noted that the phosphorescence of anthracene is not involved in 
the present measurement; this is due to transitions from metastable triplet 
levels and will be considered now. ‘The direct radiative transition from the first 
triplet state of the molecule to the ground state gives an exceedingly weak emission 
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at longer wavelengths than the fluorescence emission and may be neglected 
(Kasha 1944, Reid 1952). The corresponding absorption band is too weak to 
be detected. Accordingly, for illumination in the fundamental absorption band, 
the triplet state is reached by a non-radiative transition from the first excited 
singlet state. The formation of excited triplet states thus constitutes a mechanism 
for non-radiative depopulation of the excited singlet states. In the previous 
discussion this process is thus included in the non-radiative transition constant k. 
Thermal de-activation of the triplet states back into the singlet states gives 
phosphorescence with the same spectrum as fluorescence and results in the 
luminescence efficiency being greater than the fluorescence efficiency. However, 
since the phosphorescence fluorescence intensity ratio for crystalline anthracene 
is SO very small that it may be neglected, we may conclude that, within the limits 
of experimental error, the photoluminescence quantum efficiency is the same 
as the photofluorescence quantum efficiency. This conclusion is supported 
by the measurements of Bowen et al. (1949) who have observed that the luminesc- 
ence efficiency of powdered anthracene increases only slightly at liquid air 
temperature and from this and other relevant data infer that the quantum 
efficiency at this temperature is unity. This gives a photoluminescence quantum 
efficiency of 0-9 at room temperature agreeing with the present measurement. 


§ 4. CONCLUSION 


The experimental method described for the measurement of photofluorescence 
quantum efficiencies for crystals is particularly suitable for substances such as 
anthracene which have a large overlap of absorption and fluorescence spectra. 
The uncertainties which are introduced into a direct determination by the very 
anisotropic optical properties of the crystal are largely eliminated with the present 
technique and reliable results are given notwithstanding considerable uncertainty 
in measurement of the optical data. 

For compounds which cannot be obtained in suitable crystalline form or 
which do not possess sufficient spectral overlap an indirect method may be used 
based on comparison with the established value for anthracene. Direct com- 
parison of relative fluorescence intensities is not reliable even if the spectral 
response of the detecting instrument is known for equations (2) and (3) show 
that although the optical escape coefficient 5 hardly affects the result for the 
quantum efficiency it strongly influences the proportion of fluorescence received 
by a detecting instrument looking at reflected or transmitted fluorescence. A 
more reliable method is to use the area under the absorption curve as a measure 
of the radiative transition probability p, from the first excited level and the 
microcrystalline decay time, 7,,, as a measure of the total transition probability. 
Using the equation g=/pr,, the quantum efficiency may be found by comparison 
with the corresponding values for anthracene. 
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Abstract. Thermoluminescence curves of NaCI KCL Nace nl Kel land 
mechanical mixtures of TICl with NaCl and KCl have been recorded. The 
samples have been excited by 10 kv cathode rays at liquid oxygen temperature, 
and a high rate of heating (5-6 deg sec!) has been employed. The emissions 
and the temperatures have been continuously recorded during heating. The 
trap depths of these phosphors have been estimated and the effects of heat 
treatment on the samples have been studied. 


§ 1. INTRODUCTION 


\ X J HEN an alkali halide is excited at low temperature, energy is stored 
in the various trapping centres, and it is indicated by the long period 
phosphorescence. ‘The manner in which energy is released at different 

temperatures, when the temperature of the sample is being steadily raised, 
indicates the nature of traps present in the phosphor. The shallow traps give 
the luminescence peaks at low temperatures and the deeper ones are released 
at higher temperatures. ‘Thus thermoluminescence provides us with a method 
of investigating the trap depths in a phosphor. 

Randall and Wilkins (1945), Garlick and Gibson (1947), Bull and Garlick 
(1950) have developed approximate methods of determining the trap depth 
from the thermoluminescence curve. ‘The frequency factor s for alkali halide 
phosphors has been assumed by some of the authors (Dutton and Maurer 1953) 
to be of the order of 10°*'sec’!; the approximate formula (Randall and 
Wilkins 1945, Leverenz 1950) for F, the trap depth in ev, if this value of s is 
used, reduces to EH=21RT,, where k is the Boltzmann’s constant and Tq the 
absolute temperature of maximum glow. 

In the present work, measurements on NaCl, NaCl: Tl, 2:5%, KCl, 
KCl: Tl, 25% have been reported. The samples were pure reagents of 
FE, Merck and the same as were used in the study of fluorescence spectra (Bose 
and Sharma 1950) and decay of the afterglow (Bose and Sharma 1953). ‘The 
activated samples were prepared by mixing requisite amounts of thallium 
chloride and melting the mixture in an electric furnace. 

Although a low rate of heating (0-25 deg sec~') is usually preferred for the 
study of thermoluminescence, yet it has been observed that in the case of these 
phosphors, the weaker peaks get flattened out unless the rate of heating is 
high. So throughout the present work a high rate of heating was maintained. 
A fine film of powdered phosphor on the sample holder has been found more 
suitable for this purpose than a single crystal. 


+ Now Assistant Professor of Physics, Indian Institute of Technology, Kharagpur, 
India. 
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§ 2. EXPERIMENTAL ‘TECHNIQUE 


The demountable cathode-ray tube described previously (Bose and Sharma 
1953) has been used in the present investigation. A thin-walled silver specimen 
holder was fitted with a copper-constantan thermocouple which, connected to 
a Moll type galvanometer (7'=1-8 sec), recorded temperature during heating. 
The experiment was carried out in a dark room and the photomultiplier, placed 
in front of the sample holder, was connected to a separate Moll type galvano- 
meter (7'= 1-5 sec). The photomultiplier tube was operated from a conventional 
type of electron tube regulated power unit, furnishing variable voltages between 
800 and 1200 volts. ‘The deflections of the two galvanometers were recorded 
photographically on a rotating drum. As fluorescence spectra of the phosphors 
were known (Bose and Sharma 1950), suitable photomultipliers (931A, 1P28, 
1P22) could be selected for recording the thermoluminescence. The sample 
at liquid oxygen temperature was excited to saturation, with 10 kv cathode rays 
for a few minutes. The rate of heating employed was 5 to 6 deg sec”?. 

For recording the spectral nature of the glow peaks, two photomultipliers, 
sensitive in different regions, were made to record the thermoluminescence 
simultaneously during the same experiment, and optical filters were used to 
separate the emissions. Simultaneous records eliminated the effects of 
uncertainty due to individual excitation. While measuring the temperature 
of maximum glow from the records, necessary correction of the effects of the 
lagging of the galvanometer was made. 


§ 3. RESULTS AND DISCUSSIONS 


A summary of the results is given in the table. ‘The thermoluminescence 
curve of pure NaCl is shown in figure 1, curve a. The peak emitted at 240°K 
is richer than the peaks at 650°K in ultra-violet emissions, while the latter is 
richer in emissions of the blue region; the low temperature peak at 165°K consists 
of visible as well as ultra-violet emissions. Introduction of thallium in NaCl 
has very little effect on the peak at 240° and practically no effect on the peak 
at 165°K, but in place of the peak at 650°K, it produces two peaks at 375°K and 
420°K (figure 2, curve a, the last peak has not been shown). The thermo- 
luminescence of a mechanical mixture of NaCl and TICI has been found similar 
to that of NaCl. The peaks at 225°k and 375°K of NaCl: Tl are comparatively 
rich in ultra-violet emissions (figure 2, curves a and 5), 


Sample Tg (CK) E (ev) tT Sample Ta (Ck) E (ev)t 

NaCl (@) 165 0-30 KCl Guys WAG 0-22 
(ii) 240 0-44 Gi), 205 O37 

(111) ~650 ileily (ii) = 285 Dey! 

(iv) ~620 ipa 

NaCiainies @) 165 0-30 IE s I Wess Gi £85 0-33 
(ta) 225 0-41 (i) 280) 0:42 

Gia) BAS 0-68 Git) =305 0:55 

(iv) 420 0:76 (iv) 390 0-71 

+ Based on assumption s=109+! sec7l. 


The thermoluminescence of pure potassium chloride (figure 1, curve d) 
consists of a strong peak at 205°k and a few weaker peaks. The strong peak 
of KCl yields emissions, both in the visible and near ultra-violet region of the 
spectrum. ‘Thallium activated KCl gives thermoluminescence (figure 3, curve a), 


Thermoluminescence of Alkali Halide Phosphors Zoi 


UNITS 


IN ARBITRARY 


INTENSITY 


190 150 200 250 300 . ea = ee oa = oa = oul ‘ reac pA a) 
TEMPERATURE IN ABSOLUTE SCALE SY eee 


Figure 1. Thermoluminescence curves of a NaCl; 6 KCl, 
with RCA 931A photomultiplier tube. 


consisting of four strong peaks, the peaks at 305°K and 390°k being comparatively 
rich in ultra-violet emissions (figure 4). The mechanical mixture of KCl and 
TICI gives thermoluminescence somewhat similar to that of thallium activated 
KCI (figure 3, curve 4). 
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Figure 2. Simultaneously recorded Figure 3. 'Thermoluminescence curves 
thermoluminescence curves of of a, KCl : Tl, 2:5°%; 6, mechanical 
NaCl : Tl, 2:5%, with a, 931A; mixture of KCl and TICl, recorded 
b, 1P28. with 931A. 


The fluorescence spectra of alkali halides lie in the visible and ultra-violet 
portion of the spectrum (Bose and Sharma 1950). But, as shown in figures 2 
and 4, and mentioned above, the thermoluminescence peaks differ in the spectral 
nature of their emissions. ‘This leads to the conclusion that electrons from 
different traps, released at different temperatures, undergo preferential transitions 
during emission, so that the spectral natures of the peaks are not identical. This 
conclusion is also supported by the fact that the decay rate of phosphorescence 
varies in different parts of the spectrum (Bose and Sharma 1953). 
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The energy stored in different traps, as revealed by thermoluminescence, 
is dependent on the temperature of excitation. The relative prominence of 
different peaks can be altered by changing the temperature of excitation. As 
shown in figure 5, in the case of KCl: Tl excitation at higher temperatures 
reduces the low temperature peaks, but the other peaks become prominent. 
When the temperature of excitation is slightly above the maximum glow 
temperature of a particular trap, it has been observed that the corresponding 
peak appears but the light output becomes poor. 
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with Wood’s glass. 


‘The thermoluminescence curve in most cases is dependent on the intensity 
and duration of the cathode-ray bombardment. The high energy traps are not 
filled up unless the excitation is continued for a fairly long time (2-5 minutes). 

‘Thermoluminescence of NaCl, NaCl: Tl, KCl: Tl is not easily affected by 
temperature treatment of the sample, but that of KCl is susceptible to temperature 
treatment. When the sample is heated to 600°K the glow peak loses its intensity. 


ACKNOWLEDGMENTS 


This work was made possible by the award of an I.C.I. (India) research 
fellowship and a research grant by the National Institute of Sciences of India. 
The author is thankful to Professor S. N. Bose, Khaira Professor of Physics, 
Calcutta University, for his keen interest and helpful discussions. The author 
is also indebted to his student, Mr. J. Sharma, for help received during the 
experimental work. 

REFERENCES 


Bose, H. N., and SHarma, J., 1950, Proc. Nat. Inst. Sct. India, 26, 47; 1953, Proc. Phys. 
Soc. B, 66, 371. 

Bui, C., and Garuick, G. F. J., 1950, Proc. Phys. Soc. A, 63, 1283. 

Dutton, D., and Maurer, R., 1953, Phys. Rev., 90, 126. 

Garick, G. F. J., and Gipson, A. F., 1947, Proc. Roy. Soc. A, 188, 485. 


LEVERENZ, H. W., 1950, An Introduction to Luminescence of Solids (New York : J. Wiley), 
Dene 


RANDALL, J. 'T., and Witkins, M. H. F., 1945, Proc. Roy. Soc. A, 184, 365. 


253 


DEEPER TO, THE EDITOR 


Borazole and Boron Nitride Scintillators 


The work of Hoover and Dohne (1954) and others on borazole as a neutron 
sensitive scintillator indicates a renewal of interest in this problem and it is 
thought that the following information may be of some value. 

Published work (Kirkbride 1953) of the writer on borazole-xylene-terphenyl 
systems was carried out alongside work similar to that of Hoover and Dohne on 
borazole-solute systems, and the conclusions reached were in agreement with 
theirs. At the same time it was decided that the borazole-xylene-terphenyl 
system was the most promising scintillator so far concocted. The main difficulty 
in obtaining scintillations from borazole is believed to be that its fluorescence is 
restricted to wavelengths less than 21004 (Platt et al. 1947); this is some 600A 
less than exciton wavelengths readily transferred to solutes such as terphenyl 
or carbazole from aromatics such as xylene. It may be possible that a substituted 
borazole, e.g. phenyl borazole, may act as a solute which could bridge the gap 
between 21004 and the visible or near ultra-violet spectrum. It may also be 
possible that a substituted borazole may be a natural scintillator, for it was found, 
along with the original investigations (Kirkbride 1953), that well crystallized 
boron nitride was an excellent scintillator; it responded to alpha-particles at least 
as well as anthracene. Boron nitride is, however, micro crystalline (cf. zinc 
sulphide) and is very limited in application. Since boron nitride is, in a sense, a 
substituted borazole, other, clear, substituted borazoles might be synthesizable 
scintillators. 


Atomic Energy Research Establishment, J. KIRKBRIDE. 
Harwell. 
8th January 1955. 


Hoover, J. I., and Doung, C. F., 1954, Rev. Sci. Instrum., 25, 922. 
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CORRIGENDUM 


The Computation of Electric Dipole Moments, by E. A. GUGGENHEIM (Proc. Phys. 
Soc. B, 1955, 68, 186). 
The left-hand side of the last (unnumbered) equation should read Q(d,/Mg). 
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REVIEWS OF BOOKS 


Theoretical Elasticity, by A. E. GREEN and W. ZeRNA. Pp. xiv+442. (Oxford : 
Clarendon Press, 1954.) 50s. 


In this book three topics in the theory of elasticity are described in some 
detail, namely, finite strain, two-dimensional infinitesimal theory and the theory 
of shells, much of the material appearing here for the first time in text-book form. 
The development throughout rests entirely on general tensor methods, thus 
leading to a concise formulation of the theory. 

The first section provides an introduction to tensor analysis, differential 
geometry of surfaces and some fairly sophisticated complex variable theory, 
followed by the formulation of finite strain theory. Stress and strain are defined 
and the compatibility relations follow naturally from the vanishing of the relevant 
Riemann—Christoffel tensor. The strain-energy function is then discussed and 
leads to the stress-strain relations. A few special problems are worked out in 
detail, in all of which a displacement is assumed and the system of forces 
responsible for the displacement is derived. ‘The number of problems soluble 
in this way is very limited and they are rather artificial, but it is dificult to see how 
any other method can be adopted, since the governing equations are non-linear, 
the final shape of the deformed body is not known and the compatibility equations 
are of alarming complexity. Finally, there is a discussion of a small deformation 
superimposed on an initial finite one. 

In the next section infinitesimal theory 1s derived as the limit of finite theory. 
Only a few general problems are considered (mainly indentation and crack 
problems), the main object being the discussion of two-dimensional problems 
using complex variable methods and an extension of these methods to non- 
isotropic media. A large class of problems can be treated in this way although 
most of the solutions have been found previously by other means. 

The last section of the book is devoted to the general theory of shells, followed 
by a general discussion of various simple types of shell. 

The book will be of great value to mathematicians who are already familiar 
with the physical aspects of elasticity (which are very much obscured by the 
formal treatment and concise notation), and who can cope with the tensor 
manipulation called for. ‘Those familiar only with cartesian tensors will find 
the subject-matter very heavy going. A. N. GORDON. 


Rocket Exploration of the Upper Atmosphere, edited by R. L. F. Boyp and 
M. J. SEATON. Pp. vili+376. (London: Pergamon Press, 1954.) 75s. 


This is a collection of papers read at a conference arranged by the Upper 
Atmosphere Rocket Research Panel of the United States and the Gassiot Com- 
mittee of the Royal Society at Oxford in August 1953. Work in this field has 
been carried out almost exclusively by American scientists who seized upon 
the opportunities offered by the capture of the German V-2 rockets at the end 
of the war to make physical measurements up to unprecedented heights in the 
upper atmosphere. ‘The programme, boldly conceived, ambitious in scope, 
consumptive of much time, effort and money, has suffered many setbacks and 
disappointments, but is now beginning to achieve some very interesting and new 
results unobtainable by other methods. 
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‘The first section of the book, which deals with rocket techniques, gives some 
idea of the great technical difficulties involved in obtaining reliable, represen- 
tative readings from sensitive instruments when mounted on such an unstable 
platform and subjected to very large accelerations. 

In the next section are described the various methods used in measuring 
temperature, pressure and wind in the upper atmosphere—occasionally up to 
heights of 220 km. Here some authors give the impression of being far more 
concerned with techniques than with the results. A careful assessment of the 
data obtained by the various methods and more discussion of the discrepancies 
would have been most valuable. 

The discussion on the composition of the high atmosphere produced some 
interesting contributions. It appears that sampling from rockets reveals no 
diffusive separation of gases up to heights of 60 km. At higher levels, though 
the analysis would appear to point to some gravitational separation of argon from 
neon and helium, there is reason to believe that the result is spurious and arises 
from a defect in the sampling system. Measurements with a radio-frequency 
mass spectrometer fail to indicate separation up to 140 km. 

Rocket-borne instruments have been used to explore the ionosphere and to 
measure the effective electron density, collision frequency and to investigate 
propagation modes over long paths. Interesting data on the electron density as 
a function of altitude in the E layer have been obtained by Lien et al. 

Among other important contributions, one may mention the use by Johnson, 
Purcell et al. of a grating spectrograph to obtain highly resolved solar spectra 
down to wavelengths of 2100A, and the measurement of the intensity and 
composition of the primary cosmic radiation by Johnson, Davis and Siry. 

There can be little doubt that the rocket has proved an important new 
research tool in atmospheric physics. But so far, very few soundings have been 
made outside New Mexico and the danger of inferring too much about atmos- 
pheric behaviour from measurements made at one point must always be borne 
in mind. The enormous cost of obtaining data on a synoptic basis would appear 
prohibitive, but some encouragement is given in this book by van Allen and 
Gottlieb who propose that a small instrumental rocket be lifted into the lower 
stratosphere by a balloon and then fired in a nearly vertical direction, thus 
eliminating the aerodynamic resistance of the lower atmosphere. Five suc- 
cessful launchings of this type in which payloads of 30 pounds were sent to 
altitudes of 64 miles have been made at a cost of 2000 dollars each, which may 
be compared with nearly half a million dollars involved in the launching of a 
U.S. Viking rocket. 

In the published proceedings of a conference one must expect an uneven 
standard of subject matter and presentation. Some of the papers in this volume 
are admirably concise and well written, others could hardly be worse. Had the 
editors insisted on the elimination of all repetition, overlap and unnecessary 
detail, they could have produced a considerably smaller volume without sacrifice 
of scientific content, but, of course, only at the expense of considerable delay. 
The present book is handsomely produced, but one wonders whether something 
cheaper would have been more appropriate, in view of the preliminary character 
of the work, the results of which may soon be superseded, B. J. MASON, 
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Recovery and Recrystallization in Metals examined in terms 
of the Restoration of the Transient Creep Properties 


By A. J. KENNEDY 


The British Iron and Steel Research Association, London S.W.11 


MS. received 1st December 1954 and in amended form 28th December 1954 


Abstract. Pure lead wires extended by creep under identical conditions have 
been subjected to a period of anneal, during which the stress was removed, and 
then re-tested under the original creep conditions. The effect of the temperature, 
the time of the anneal, and the grain size on the subsequent creep properties have 
been examined. As far as the grain size is concerned, there appears to be very 
little effect until the grain diameter becomes commensurate with the specimen 
diameter, when the amount of recovery softening, under any particular conditions, 
increases. ‘The general features of interrupted creep observed previously by the 
author in leads which did not recrystallize are again exhibited, in particular, the 
creep results can be fitted by assuming some fraction N of the material to have 
had its original creep properties fully restored. This fraction is now made up of 
both recovered, m, and recrystallized, X, material. The time function of the recovery 
process is the same as that observed in the non-recrystallizing leads, and it is thus 
possible to compute the values of 2 and_X in any particular case. A theory of re- 
crystallization is developed based on the concept that nuclei are formed by 
the recovery process; this is shown to satisfy the observations and provides an 
activation energy for the growth of new material of 31000 calmole!. The 
activation energy for recovery is found to be 19 800 cal mole and that for creep 
18 400 cal mole-!. Some consequences of this approach are reviewed in the light 
of previous work. 


§1. INTRODUCTION 


HE creep behaviour of metals subjected to interrupted stressing has been 

examined fairly extensively (Kennedy 1952, 1953 a). ‘The main studies 

have been directed towards solving the problem of the creep behaviour of a 
metal subjected to pulses of constant stress under isothermal conditions. It has 
been shown that the type of phenomena observed can be interpreted on the basis 
that a certain fraction of the metal recovers in full its transient creep properties: 
the variation of this fraction with the load time and the off-load time has been 
established, and certain consequences of the mathematical treatment worked out 
and confirmed experimentally. Possibly the most notable fact is that it is possible 
to achieve a greater creep strain under interrupted conditions than under con- 
tinuous stress for the same total test time. Further experiment (Kennedy 1953 b) 
has shown that if the stress is reduced during the ‘ off-load’ period, as distinct 
from being removed altogether, the amount of recovery is less, being greatest at 
zero stress. It is also clear that grain size has an influence on the amount of 
recovery that occurs and is particularly important when the grain dimensions 
approach that of the specimen cross section. The extreme case is that of a 
single crystal, which shows a very rapid recovery (Slifkin and Kauzmann 1952) 
compared with that of the polycrystalline material. It would appear valuable, 
then, to examine more closely the dependence of recovery on grain size. 
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In the above interrupted creep work, the restoration of the creep properties 
has been used as an index of the amount of recovery which has taken place. 
A great deal of work has already been done, of course, on the recovery of other 
properties during annealing : for instance, electrical conductivity (Manintveld 
1952, Druyvesteyn and Manintveld 1951) hardness (Wilson and Thomassen 1934) 
and modulus (Smith 1953) with particular attention being paid to the temperature 
dependence of the processes involved. As a result of such work, the main features 
of recovery have been reconciled with dislocation theory (Burgers 1949, Mott 
1951, Cottrell 1955), notably the phenomenon of polygonization (Cahn 1948, 
1949), 

As a new approach to the recovery and recrystallization problem, it appeared 
valuable to attempt an extension of the original interrupted creep work by deter- 
mining the dependence of the recovery on the temperature of the specimen during 
the recovery period. Such work would not only yield fundamental information 
on the recovery mechanism itself, but would also constitute a first step towards the 
solution of the important applied problem of the creep response of metals in 
structures and machines when both stress and temperature are varied. By using 
a pure lead, which recrystallizes under suitable conditions, it has also been possible 
to demonstrate the difference in behaviour of this material compared with that 
of a non-recrystallizing lead. As recrystallization brings about a new mean grain 
size, the dependence of recovery on this factor has also been examined. On the 
basis of the observations, a new treatment of the nucleation problem is proposed: 
this clarifies the relationship between recovery and recrystallization and accords 
with much of the work previously reported on the subject. 


§ 2. COMPARATIVE TESTS ON RECRYSTALLIZING AND NON-RECRYSTALLIZING LEADS 
AND THE EFFECT OF GRAIN SIZE 


The leads used in these series of experiments may be conveniently designated 
‘ recrystallizing’ and ‘ non-recrystallizing’, such terms being taken to apply 
only over the range of experimental conditions used. The ‘ non-recrystallizing ’ 
materials certainly recrystallize if strained at a sufficiently high temperature. 

The recrystallizing leads used were (a) super-purity Tadanac lead (99-999 %) 
supplied by British Non-Ferrous Metals Research Association, and (b) a less pure 
lead (99-99°,,) extruded for us by Associated Lead Manufacturers Ltd. The 
non-recrystallizing leads were (a) a lead containing 0-05 % tellurium supplied by 
British Non-Ferrous Metals Research Association and (6) a commercial lead 
(99:0°%). ‘The non-recrystallizing leads are of the same composition as those 
previously used in the original interrupted creep work (Kennedy 1952) and a 
short summary of the analysis of this work is interposed here. 

Suppose the transient creep curve of a metal under constant stress can be 
represented by an equation of the form 


e=e lei). 2 (69) 


where « is the length of the specimen at a time ¢ after the imposition of the stress, 
and «9, 8 and p are constants. Ifthe stress is interrupted after a time 7, and the 
stress removed fora period of recovery R, then the curve on reloadingis given by the 
sum of two components : (i) that exhibited by a fraction z of the material which 
behaves as if its original transient creep properties were fully restored, and 
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(ii) that exhibited by the remaining fraction 1—n which behaves as if unloading 
had not occurred. ‘Thus the form of the subsequent curve is given by 
€=eq{(nb(t—7)?+(1—n)B(t?-—7”)4(14Br?)}. ws, (2) 

The dependence of » on both 7 and R has been investigated in commercial 
leads and in a lead containing 0-05°% tellurium for which p = } under the particular 
conditions of the test; thus equation (1) above becomes the transient creep 
equation of Andrade (1910). The recovery temperature in these original tests 
was the same as the creep temperature, and under these conditions the materials 
showed no recrystallization. 

It was demonstrated, in particular, that the expression 

(90) tt Ara ER i ecurch (3) 
where 4 is a constant, applied unless R exceeded some critical value R, in which 
case the fractionm recovered was less than given by equation (3). Theconstant may 
be said to characterize the recovery properties of the material. High values of A, 
the recovery constant, imply a low recovery rate, and conversely. It is an em- 
pirical fact that the value of A is largely independent of the test conditions. It 
should be noted that this formulation of the interrupted creep behaviour of 
metals is the simplest that could be found to fit the observations and that no other 
treatment of the creep and recovery problem has been proposed. It can be readily 
demonstrated that recovery, when examined in this way, is not characterized 
by a logarithmic law, such as that proposed as the relation between x-ray line 
breadth and time (Paterson and Orowan 1948). The work in this paper is based 
upon the empirical validity of the foregoing analysis as far as non-recrystallizing 
materials are concerned. 

The creep work in all the experiments reported in this paper was carried out 
on 20 cm wires, annealed at 120°c for six hours before being cooled slowly to room 
temperature. ‘The test apparatus itself 1s conventional: the wires are extended 
in a thermostatic enclosure by means of a constant stress device, the extension 
being measured by a travelling microscope reading to 0-005 mm. 

The influence of recrystallization on the general form of the creep curve is 
well known (Sully, Cale and Willoughby 1948, Andrade 1948). The results 
shown in figure 1 compare the behaviour of the Tadanac and the commercial 
leads (curves A and B) under conditions such that each exhibits the same initial 
transient properties (that is, the early stages of the two curves coincide). ‘The 
general character of the difference is what one would expect. 

We now subject each to cycles of interrupted stressing in which the stress 1s 
applied for 10 minutes and removed for 10 minutes. In the case of the tellurtum 
lead (curve D), the result is in accord with the treatment already proposed. ‘The 
super-purity lead (curve C), however, shows a markedly higher " recovery i 
taking as a measure the magnitude of the new transient exhibited on reloading. 
A further test on this material (curve E) under cycles of five minutes load and 
five minutes off load (i.e. the same on-off ratio) is also shown. ‘There is no dis- 
tinctive difference between the two results as far as the strain achieved is concerned. 
As has been shown for the non-recrystallizing material, the final strain depends 
on the stress on—off ratio rather than on the frequency. We note also that there 
is a significant instantaneous extension of the Tadanac lead on reloading—an 
effect not so far observed at all with the non-recrystallizing materials, although 
it is possible that such a phenomenon might be observed under extreme conditions. 
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The question which at once arises is how much of this apparent “recovery. 
or restoration, of transient creep is due to true recovery (involving no structural 
change) and how much is due to recrystallization (involving the nucleation and 
erowth of new stress-free grains). It is clear that if true recovery is a function of 
the grain size (which is changing throughout the test), and if recrystallization 
itself is in any way dependent upon the progress of the recovery process, then the 
whole problem is a very complex one. 

We first attempt to examine how the grain size affects the rate of recovery. 
The Tadanac lead recrystallizes under the creep conditions of figure | (a), so that 
if such a test is stopped at some point, and the metal annealed, a new mean grain 
size will be obtained. In figure 1 (5) the results are shown of creep tests on the 
different materials obtained by such pre-straining treatments. Curve E is the 
creep curve for the original material, with a mean grain diameter of 0-12 mm 
(the wire diameter is 2 mm), and curves J, H, Gand F are for materials subjected 
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Figure 1. Interrupted creep curves of recrystallizing and non-recrystallizing leads. 
Details of the curves are given in the table. 


to progressively greater strain, under creep conditions, prior to a final anneal at 
110°c for 24 hours. The grain sizes lie in the ranges indicated in the table, which 
also sets out the results of analysing the test results. It will be seen that although 
the linear grain size increased by a factor of about 10, the fraction recovered 1, 
and hence the recovery constant A, showed no significant trends. A large number 
of tests on polycrystalline lead (including those previously published (Kennedy 
1952)) indicate an average value for A of about 9-0, and this is very near to the 
A-values here observed. It will be noted that the 6-values increase progressively 
with the creep strain imposed prior to the anneal, and may be taken to indicate a 
progressive increase in grain size. ‘The fact that the ratio of the grain to the 
specimen diameter can affect the transient creep in this way has already been 
demonstrated (Andrade and Kennedy 1951). ‘The tests in figure 1 (5), then, 
show that a relatively large change in the grain size has little effect on the recovery 
properties, Yet it is highly likely, if Slifkin and Kauzmann’s experiments (1952) 
are at all representative, that single crystals exhibit a very much higher rate of 
recovery than the polycrystalline material. It appeared desirable, therefore, to 
extend the tests of figure 1 (b) by working with materials containing very large 
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grains to see if a trend towards this higher recovery rate was exhibited. These 
large-grained materials were prepared by successively straining and heating in 
the standard way. 

In figure 1 (c) some of the results of these tests are plotted, showing the 
behaviour of the materials under different conditions, the curves being analysed 
in the table. Again, only a range of mean values of the grain diameters is given, 
as the grain size was extremely non-uniform. In the case of K, for instance, some 
grains extended for about 2 cm along the wire. The broad result of these tests is 
to show that much higher rates of recovery (that is, lower A-values) can beachieved 
if the grain size is made large enough compared with the specimen diameter. In 
general, the results of the table indicate that grain size does not affect the recovery 
properties of the metal until the grain diameter d becomes commensurate with 
that of the specimen, when a relatively sudden increase in the rate of recovery 
occurs. No more exact description of the (A, d) relation is possible until tests can 
be made on very uniform aggregates consisting of a few grains only. 


§ 3. Recovery ‘TESTS ON RECRYSTALLIZING LEAD 


A series of experiments was next conducted on the pure lead supplied to us 
by Associated Lead Manufacturers Ltd. 'The object of these fairly extensive 
tests was to establish the nature of the difference in the behaviour of recrystallizing 
and non-recrystallizing metals, when each is subjected to interrupted creep. ‘The 
behaviour of the non-recrystallizing lead has already been examined and analysed 
(Kennedy 1952). 

‘The present work was carried out on 20 cm wires 1-5 mm in diameter, annealed 
at 120°c for 24 hours before being cooled slowly to room temperature for testing 
under constant stress. ‘The first part of the test, for all the wires examined, 
consisted of an extension under a constant stress of 112 kg cm~? at 22°c for five 
minutes. ‘The stress was then removed and the wire under test placed in a constant 
temperature enclosure set at the desired ‘ recovery temperature’ for a chosen 
period. At the end of this period it was replaced in the extension apparatus, 
where its temperature returned to 22°c, and then extended under the same 
constant stress. ‘I'he creep extensions were observed by a travelling microscope 
reading to 0-005 mm. The results obtained from a series of such experiments are 
shown in figures 2 and 3. Each set of results shows the effect of recovery at 
different temperatures for the same time. In addition to those reproduced a few 
tests were carried out for very short recovery times. There is clearly a limit to the 
shortness of this period if the temperature changes involved take a finite time to 
complete—as they do when the specimen is heated or cooled in an air enclosure. 
‘The results will also be less accurate, as the cooling and heating periods take up a 
significant part of the total recovery time. ‘The results for these cases were 


obtained, in fact, by using liquid baths, and by restricting the temperature change 
to a fairly small range (about 30°c). 


§ 4. INTERPRETATION OF RESULTS 
The first step in the examination of these results was to fit the observations 
according to the treatment already proposed (Kennedy 1952). 
Uhe curves plotted in figures 3 and 4 were fitted to expression (2), and the 
values of m deduced. It was found that, at the higher temperatures, in addition 
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Figure 2. Creep curves of a pure lead under a stress of 112 kg cm at 22°c, interrupted 
after 5 minutes creep and annealed for the times shown. ‘The temperature of the 


anneal is given against the subsequent creep curve. 
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Figure 3. Creep curves of a pure lead under a stress of 112 kg cm~ at 22°c, interrupted 
after 5 minutes creep and annealed for the times shown. ‘The temperature of the 


anneal is given against the subsequent creep curve. 
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to a B-recovery, there was a recovery of the instantaneous extension &) — L (where 
L is the original specimen length) as well as some visible recrystallization. 
Throughout this paper we shall denote the extent of the restoration of the 
B-flow properties by the fraction N, that is, the symbol N replaces the symbol 1 
in expression (2). This fraction now represents the effective sum of the recovered 
and recrystallized fractions. Inherent in such an approach is the assumption that 
the original f-flow is restored by recrystallization, just as it is by recovery, though 
obviously by a different mechanism. ‘This is only approximately true: the 
creep characteristics are certainly dependent on the grain size (as we have seen 
in §2) and on the degree of preferred orientation. ‘The results show, however, 
that grain size does not appreciably affect the recovery properties until the mean 
diameter of the grains becomes commensurate with that of the specimen. Even 
in these cases, the amount of recovery is still distinctly less than that which has 
been observed in single crystals (Slifkin and Kauzmann 1952). 
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Figure 4. The fraction N which has had its full transient creep properties restored by 
the anneal plotted against annealing temperature for different anneal times. 


We shall denote the measure of the ey-recovery by Aeg/(«7 — L), where Ae, is 
the recovered instantaneous extension, and «y—L that exhibited at the original 
loading. 

The fraction N, deduced from equation (2) with N replacing n, is plotted in 
figure 4 against the recovery temperature for different recovery periods. The 
most notable general feature of these isochronal curves is the very critical increase 
in N at about 50°c. For any particular curve, over a range of temperature from 
absolute zero to the melting point of lead, a range of 600°c, the N-value changes 
from a very low value to unity in a temperature band only about 60°c wide. 
This critical feature is very similar to that observed in measurements on other 
properties, both mechanical and electrical (e.g. Wilson and ‘Thomassen 1934). 

The results obtained for recovery temperatures below 22°c were less con- 
sistent than those for temperatures above 22°c, and in particular, m did not fall 
towards zero, but remained roughly constant at about 0:3. Indeed, there appeared 
to be a tendency for x to increase as the temperature was reduced. This is possibly 
due to the fact that cooling was effected very rapidly by plunging the wire into a 
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cold bath, with the result that the sudden surface contraction set up highly 
inhomogeneous internal stresses. ‘The return to room temperature after such 
a quenching may in fact provide conditions more favourable for recovery than 
those which exist when the internal stresses are more unitorm. Clearly the 
problem needs more examination. — In the results to be discussed here, only the 
consistent region, above 0°c, was used in the quantitative work. 

From figure 4a set of isothermal curves can be plotted showing the relationship 
between the value of Vand the time of recovery R for a fixed recovery temperature. 
Replacing x by \, we may rewrite expression (3) as 

INCL aN = (AR einen (4) 
=const. x R13 if 7 is maintained constant. 

If recovery alone is operative, a plot of N/(1—N) against R"? should yield a 
straight line, the slope of which will depend upon the recovery temperature ; 
according to previous experiments, this line will curve over at higher R-values 
where the amount of recovery is less than that predicted by expression (4). 

In fact, we know that both recovery and recrystallization are operative and 
figure 5 shows the actual results obtained when N/(1— JN) is plotted against R1*. 


. | I Ib T | 


N/-N) 


i jee 
is) 2 4 6 8 10 12 14 16 
R* (min) 


Figure 5. The results shown in figure 4 replotted as N/(1—N) against R! 
(where R is the anneal time) for various temperatures. 


From figure 5 it is clear that initially the curves obey the recovery function 
originally proposed (Kennedy 1952); at low recovery temperatures N/(1—N) 
falls away from the straight line, as in previous results, whereas at high temperatures 
N/(1—N) increases more rapidly than expression (4) predicts. We attribute this 
increase in the rate of N-recovery to recrystallization. Assuming that in the early 
stages the fraction is wholly due to recovery, then in this range we may therefore 
substitute 7, the recovered fraction, for N in equation (4). ‘The results cannot be 
developed any further without making certain assumptions. ‘The best that 
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can be done is to maintain the established form of the recrystallization problem 
as being a process of nucleation and growth, and to select the most reasonable 
assumptions on the evidence at present available. ‘The predictions, or results, 
of such a treatment may then be compared with other work. ‘The important 
point in the following, it is suggested, is not the particular quantitative values 
that are obtained, but rather the principle that recovery can be introduced into 
recrystallization theory as a nucleus-creating process, and that such a treatment 
is in harmony with much of the experimental evidence, in particular with that 
reported in this paper. 


§ 5. "TEMPERATURE DEPENDENCE OF CREEP AND RECOVERY 


The first question which arises in dealing with these results is how temperature 
is to be introduced into the recovery process represented by expression (4). 
Noting the parallel which exists between (4) and the creep equation « = ft'* one 
considers how temperature is introduced into transient creep theories. 

Although several forms of temperature dependence have been proposed for 
transient creep, the most acceptable appears to be that adopted by Mott (1953) 
for the particular case of cubic creep. Basically, this provides the same type of 
function as that advocated by Dorn (1955) who has subjected this type of for- 
mulation to a rigorous examination in the light of his experimental results. ‘This 
type of approach proposes that 


e=dlPexp(—HiRT)| 2 = eee (5) 


for a constant stress co. R is the gas constant and 7' the absolute temperature. 
It is thus equivalent, in the case of cubic creep, to saying that f? is operated on 
by the temperature factor exp(— H/RT). 

The results shown in figure 6 for the creep of lead under the same stress at 
different temperatures are in accord with this treatment. Figure 7 shows the 
same results plotted against (time)"?, and in figure 9, 3 log,)8 is plotted against 
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Figure 6. The creep of the lead used in the experiments under the same stress 112 kg em=? 
at different temperatures. 
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T-! to give a slope of H=18 400 cal mole? (+5%). ‘This is in good agreement 
with the value of 19 000 cal mole~! found by Smith (1941) and McKeown (1937) 
for pure leads (purer than 99-997%) and with the value of 23 000 cal mole ! 
obtained by Smith and Howe (1945) for a 99-92% lead. ‘The stress response of 
the lead used is shown in figure 8. 

The question remains whether similar temperature considerations can be 
applied to recovery behaviour. ‘There is certain evidence that the temperature 
dependence of the two processes is similar: for instance, in a load—unload—reload 
experiment, 7 is substantially independent of temperature if the times involved 
are kept constant (Kennedy 1955). A particular statistical creep model (briefly 
indicated by Kennedy (1953 c)) also suggests that creep strain can be significantly 
represented by a quantity of the form q/(1—q) where g is a proper fraction. 
The similarity of the creep and recovery equations thus becomes even more striking. 
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Figure 9. Demonstrating the validity of equation (5). The slope of the line drawn 
provides an activation energy for the creep process of 18 400 cal mole™?. 


‘Temperature has therefore been introduced into equation (4) in accordance 

with the foregoing to give 
[z/(1—2)|*=Bexp( =O; RT) serene (6) 
where B is a constant and Q is the activation energy of the recovery process. 

It should be made clear that this is simply stated as the most likely equation. 
Whilst the exact form of (6) influences, of course, the numerical activation 
energies obtained, it does not affect the main propositions of this paper. 

If S is the initial slope of the curves in figure 5, we therefore have 


3a S=C=O RT = ee (7) 


where C is a constant. Plotting 3 log,)S against T+ provides the points shown 
in figure 10, ‘These, with the exception of the last point, lie on a very good straight 
line, the slope of which provides a value for Q of 19 800 cal mole? (+5%). 


§ 6. RECRYSTALLIZATION ‘THEORY 


‘The next step in the examination of the results is the development of a theory 


of recrystallization which will enable a rational interpretation of the results to be 
made. 


We assume that recovery is the restoration of softness by some mechanism 
not involving structural changes. 


If there is no recrystallization, the fraction recovered after any time is given 


by n=f(R) or dn|dR=f'(R). ones lon 
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From empirical evidence (Yokobori 1951, Burghoff and Mathewson 1941, 
Gensamer and Mehl 1938) we say that recovery is a necessary prelude to re- 
crystallization. 

Let us suppose that the recrystallization nuclei are formed by the recovery 
process. ‘Thus no nuclei are created, within any zone, either before or after that 
zone recovers; the nuclei are considered to be products of the action of recovery. 
When recovery is complete no more nuclei are formed. Then, if the number 
of nuclei formed in the time from « to « + dx is dZ 

OS= Kf (a) dx nae (9) 
where K is a constant. 

From these nuclei recrystallized zones grow, the total volume of which, at any 
instant, we represent by X. Thus at'any time R the amount of material in which 
recovery can be effective is reduced, and equation (8) must be written as 


Onda f (RW XY cir (10) 
where X is the amount of recrystallized material present at the time R. 
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Figure 10. Demonstrating the validity of equation (7): the slope of the straight line 
drawn gives an activation energy for the recovery process of 19 800 cal mole7. 
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Consequently the rate at which nuclei are created in the unrecrystallized 
matrix is given by 


GL aN dia eo Vac (11) 


Now if the volume v of material recrystallized by growth from a single nucleus 
is related to the time ¢ subsequent to the nucleus formation by 


C= FL = sae” ed eee (12) 
then the amount of recrystallized material present, after a recovery time R, due 
to nuclei formed at R=z, 1s 


IRF Ro \le2\dan eis (13) 


Therefore the total volume formed in the period R is given by 
X “R 
| teal he | KF(R—a)f(x) de. eid) 


The general form of this equation is naturally similar to that put forward by 
other authors working from the same nucleation and growth concepts, but recovery 
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is here specifically introduced and replaces the arbitrary nucleation function of 
Johnson and Mehl (1939) and the exponential nucleation function of Avrami 
(1939, 1940, 1941). It differs fundamentally from Cook and Richards’ approach 
(1947) in that the growth of new grains is not restricted to the recovered regions 
only. ‘Three major considerations remain. These are: (a) the form of 7(k—«), 
(b) the form of f(z) and (c) the limitation to growth imposed by the impingement 
of grains. We shall discuss these points separately. 

(a) Ina medium in which growth is uniform in all three dimensions F(R —«) 
should be of the form gD(R—«)* where D is a shape factor and g the linear velocity 
of growth: in two dimensions this becomes gD(R—«)? and in one dimension 
gD(R—«). Itisan experimental fact that growth is not uniform in three dimensions 
but is a function of the relative orientation of adjacent crystals. Further, when 
the specimen is in the form of a wire, as it is in these experiments, crystal growth 
in directions normal to the specimen axis is restricted, and ultimately growth 
proceeds almost wholly in an axial direction as a one-dimensional process. 
Measurements made by Anderson and Mehl (1945) on the fraction recrystallized 
in aluminium assuming a two-dimensional process are, indeed, not incompatible 
with a linear function gD(R—«) if the recovery function exponent is taken to be 
about 0-6 rather than 0-33. A precise reconciliation is not possible because the 
recovery function for this material was not separately determined. 

We shall therefore accept the function gD(R-—«) as a working hypothesis and 
it will be shown that this leads to results in reasonable agreement with the ob- 
servations. 

(b) The form of f’(«) has been determined already for a material that does not 
recrystallize (equation (3)), and it has been shown that the same function applies 
to the earlier stages of the combined recovery-—recrystallization process in the 
pure lead used here. We therefore write f’(«) as d[a1/#/(C + «1/%)]/dx. It should 
be made clear that this is not proposed as a universal function; it is, however, 
possible that the function «”/(C +”) may be widely applicable with p being the 
creep law exponent. 

(c) The question of grain impingement is generally recognized as being 
extremely difficult to formulate with any exactness. In this work we shall deal 
only with that region where X is small enough (say less than 0-5) for impingement 
considerations to be ignored. 


§ 7. APPLICATION OF THE THEORY TO THE EXPERIMENTAL RESULTS 


In order to apply the theory to the experimental results, we convert equation 
(14) into a more practical form. 
Integrating, we have 


In [11 XY] =9DK | (Ra) | 


-R 
=gDK | o Ma) dx. 


R 


+ | fla) ax 


If our simple link between recovery and nucleation is valid, K is a constant 
for fixed pre-straining conditions (as in these tests), being the constant of pro- 
portionality in equation (9). For instance, if the recovery of each element or zone 
of the matrix produced one nucleus, K would be unity. D, the shape factor, is 
also a constant. 
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‘Thus the temperature dependence of gDK is simply that of g, the linear growth 
rate of the recrystallized material. Embodying the constants, we can therefore 
write gDK as Gexp(— P/R7). 

We thus have 


7R 
In [1/(1—X)]=Gexp(—P/RT) | [a8/(C+a49)] da ...... (15) 
“0 
where G is a constant and P the activation energy of the recrystallization process. 
‘The expression within the integral is, of course, temperature dependent and must 


be treated according to the previous recovery propositions. 
Thus 


In [1/(1 —X)] =3G exp (— P/ RT)[4(R¥3 + CR —$C(R12# + C)P 
SoCV Re C)—C* lak? C)—Cal-s3—inC)), 2.2 (16) 

In order to compute the right-hand side of this equation, it is convenient to 
use the fact that m)/(1 —)) = R/C where ny is the value of the recovered fraction n 
according to equation (3), after a time R. ‘That is, it is the value of m if no 
recrystallization had occurred. ‘This value can easily be deduced from figure 5 
by extending the initial straight line to cut the ordinate through R"3. It should 
be noted, of course, that 7) is not the value of m which satisfies the quantity 
(X +n) [1—(X+n)] as plotted in figure 5. Figure 11 (@) shows diagrammatically 
the recovered regions m, superposed on the recrystallized regions X. Assuming 
that the amount of iz, which lies within the recrystallized regions is proportional 
to X, then the amount outside is proportional to 1 — X, and therefore n=n,(1—X). 
Thus the amount of material which has had its original properties restored by the 
combined recovery-recrystallization processes may be considered as made up 
of the sum X +2 as shown in figure 11 (6). 


(a) 


Figure 11. (a) The overlapping of the recovered regions po (vertical hatching), with the 
recrystallized regions X (horizontal hatching). We may consider this to be made 
up, as shown in (b), by X+n, where n=n,(1—X). The vertical hatching now 
represents the quantity x. The region within the thick line N has thus had its 
full creep properties restored, whilst that outside remains unchanged. 


By using the quantity m, and neglecting the small final term, equation (16) 
may be reduced to 


In {1/1 —X)}=3Gexp(— P/RT) 
Ril. 3 ’ . / R13 } 
x E a — 5 (1-1) + 3(1 —1%9)®— (1 = %9)* In (“| hee (17) 
and the bracketed function on the right-hand side computed. 
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From the graphs plotted in figure 5 we can obtain the value of M(=X +n) at 
any time R. As N=X+m, (1—X) we have 


XS(N=7;\1=1)0 eae (18) 
where both N and np are known. 
Thus, as equation (17) is equivalent to 


in x)/R R,m)=G exp (—P/RT) 
we have In E (=) /7 (Ree) | =M=IPi/ RT Pie (19) 


where is a constant. 
By plotting the left-hand side against 1/7, for various times Ak, and temperatures 
T, we obtain the results shown in figure 12. 


34 
1/T (Tink) x10° 
Figure 12. Demonstrating the validity of equation (19), the ordinate being logarithmic. 


The slope of the full line provides a value for the activation energy of the 
recrystallization growth process of 31 000 cal mole. 


The slope of the line drawn provides an activation energy for the recrystalliza- 
tion growth process of the order of 31 000 cal mole-1(+10%). This is very 
near to the activation energy for the self-diffusion of lead (Barrer (1941) gives 
27 900 cal mole“). 

It should be noted that the derivation of X and m must proceed differently for 
those cases where the rate of recovery becomes less than that exhibited initially 
(the curves for 30°c, 20°c and 0°c in figure 5). The method assumes that the 
straight line region holds for a recovery period R,: after this time it is assumed 
that no further recovery occurs (in fact recovery does occur but, as has been 
shown before, at a lower rate than that predicted by the initial recovery function). 
The increase in the value of (X +n)/[1—(X+n)] after time R, is taken to be due 
solely to recrystallization by growth from the nuclei created up to the time Rp. 
Using the same thermal activation factor as appeared in equation (16), we have 
that the amount recrystallized, X, is related to the time R subsequent to R, by 

X =GRexp(—P/RT) 
where G is a constant, or 
In AR)= Pi RT eee (20) 
M being a constant. 


Recovery and Recrystallization in Metals 273 


The expression In (X/R) therefore replaces, for these cases, the left-hand side 
of equation (19). 

The points deduced by both methods lie reasonably close to a common 
straight line (figure 12) although there is a deviation at higher values of We 
Considering the approximations made in interpreting the curves obtained at the 
lower temperatures, and considering also that the smaller amount of recrystal- 
lization makes the fitting of the results less sensitive, it is thought that nothing 
significant can be deduced from the form of this deviation from linearity in 
figure 12. It is certainly possible, however, that a genuine change of slope does 
occur at lower temperatures. 


§ 8. THE RECOVERY OF THE INSTANTANEOUS EXTENSION 


The recovery of instantaneous extension, represented by using the quantity 
Ae, /(<) — L), is shown in figure 13 for different recovery temperatures. Ae, is the 
recovered instantaneous extension, and e)— LZ the instantaneous extension at the 
original loading, L being the original specimen length. Under prolonged 
annealing at the higher temperatures, the value of Ae, rises to a maximum and then 
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Figure 13. The recovery of the instantaneous extension on loading, represented by the 
expression Ae,/(e,—L) plotted against the annealing temperature for different 
anneal times. 


steadily falls. ‘This fall is certainly due to an oxide-hardening effect, which can 
be large enough to prevent creep altogether under the original test conditions. 
Light etching of the surface restores in full the creep properties of the material. 
The curves of figure 13 are not regular enough to be examined in the way that the 
recovery-recrystallization curves of figure 4 have been, and consequently no 
accurate activation energy for the Aey-recovery can be deduced. It is evident, 
however, that the critical band of temperature, for the same range of recovery 
times, is somewhat higher than that of figure 4; alternatively, we may say that the 
Ae -recovery appears to be associated with the later stages of the recovery process, 
and not with the initial stages. It is suggested, therefore, that Aey-recovery is a 
result of recrystallization rather than of recovery, and that it is due to the in- 
stantaneous extension of the new strain-free crystals, inhibited, as they must be, 
by adjacent crystals of the original matrix, 
PROC. PHYS. SOC. LXVIII, 5—B T 
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§ 9. GENERAL DiscussION AND SUMMARY OF RESULTS 


The foregoing experimental results on the recovery—recrystallization processes 
are consistent with the view that the recovery process provides the recrystal- 
lization nuclei. The recovery process itself has been shown to follow the same 
time function as that obtained previously for a tellurium lead which did not 
recrystallize. 

This view of the origin of the recrystallization nuclei is very similar, in principle, 
to that put forward by Cahn (1950). Cahn considers the nuclei to arise in the 
highly distorted regions (‘local curvatures’) when these polygonize under 
annealing. ‘The features of such a recrystallization model of this type, and their 
reconciliation with the published empirical data, have been so comprehensively 
reviewed by Cahn that it is pointless to retrace the arguments here in any detail. 

It is important, however, to note in what respects the present work differs 
from that of Cahn. Whilst the present approach considers nuclei to be a product 
of a recovery process, and indicates that these nuclei may be logically expected 
to occur at a boundary between recovered and unrecovered material, it does not 
involve any assumptions regarding distributions of incubation times, or of degrees 
of local hardening. ‘The number of nuclei zctive at any instant is here assumed 
to be simply proportional to the amount of material which has achieved recovery 
(whatever the physical process of that recovery may be). It may be argued that the 
distribution problems have been simply embodied within an empirical recovery— 
time relation, and this is true, but it is significant that no complex functions occur 
in this relation, the time function being similar to that for the forward creep curve. 
‘Thus, while there is no basic conflict with Cahn’s propositions, it does appear as if 
the two mechanisms of creep (or hardening) and recovery (or softening) should be 
capable of a fairly simple theoretical reconciliation. 

It is likely that polygonization is not the only process by which recovery can 
occur, although a clear experimental demonstration of this has not yet been 
achieved. For instance, the conclusion has been drawn that experiments on 
recovery after pure shear (such as those of Kochendérfer 1937) restrict the 
recovery to a non-polygonizing process, yet the more recent considerations of 
dislocation theory, in particular those of Mott (1951, 1952) make it clear how 
polygonization can occur under pure shear by the piling up of dislocations and by 
their movement out of the slip plane. 

It is to be expected that the smaller the strain to which the metal is subjected, 
prior to annealing, the less will be the lattice curvature, and the smaller the number 
ot polygonized blocks after recovery. Higher strains will result in an increase 
in the number of these blocks. If the nuclei are created at the discontinuities 
afforded by block boundaries, then the number of such nuclei (or the constant 
in equation (17)) will be proportional to the number of polygonized blocks, and 
therefore proportional to the amount of lattice curvature. The grain size, which 
is inversely proportional to the number of nuclei, will therefore increase as the 
pre-strain is diminished, and will be greatest for the minimum pre-strain necessary 
for recovery and recrystallization to eccur. ‘This agrees with the general experi- 
mental evidence (e.g. Eastwood, Bousu and Eddy 1935). A neat demonstration 
of the effect has been obtained by annealing tin sheets subjected to bullet impact: 
the results are reproduced by Doan and Mahla (1941). 

The question of the dependence of the final grain size on the annealing 
temperature is less readily resolved. Previous work on «-brass (Eastwood, Bousu 
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and Eddy 1935), aluminium (Anderson and Mehl 1945) and rock-salt (Miiller 
1935), has shown that for these materials the activation energy for nucleation 
(corresponding to the quantity Q in this paper) is very nearly the same as the 
activation energy for growth P, so that temperature had little effect on the final 
grain size. Certain deviations from this have been observed, notably at small 
prior strains, and in these cases Q was somewhat greater than P, so that the grain 
size increased with the annealing temperature. 

If the problem of final grain size can be treated as simply as this, and the process 
of true grain growth (that is the growth of certain of the new grains at the expense 
of neighbours) ignored, then the results for lead presented in this paper suggest 
that the final grain size achieved by primary recrystallization will diminish with 
increasing temperature because Q (recovery) is less than P; actually Q~2P/3. 
There is not yet sufficient evidence to verify this prediction. In any case, it is 
possible that P falls off at higher temperatures, as it does in copper (Karnop and 
Sachs 1930) and aluminium (comparing Kornfeld and Pavlov 1934, 1937 with 
Anderson and Mehl 1945). 

The effect of subjecting the metal to recovery anneals prior to the recrystal- 
lization test is a question on which there is no general agreement. For instance, 
Collins and Mathewson (1940) observed that the rate of nucleation in aluminium 
single crystals decreased with prior annealing whereas Kornfeld and Schamarin 
(1937), working with aluminium crystals of commercial purity, observed that it 
increased, resulting in a smaller final grain size. If indeed it is the recovery 
process which provides the nuclei for recrystallization, then clearly a prior anneal 
must provide a larger number of nuclei at the outset and thus the grain size must 
be smaller. The theory therefore supports the observations of Kornfeld and 
Schamarin. 

As far as the growth rate is concerned, this should remain unaffected by the 
prior anneal (ignoring impingement considerations), a result in general agreement 
with experiment (e.g. Miller 1935, Kornfeld and Pavlov 1934, 1937). Another 
consequence of the theory is that prior annealing should lead to a more uniform 
grain size; no reliable experimental evidence on this point appears to be available. 


§ 10. CONCLUSIONS 

Grain size appears to have little influence on the rate of recovery softening 
(as evidenced by the restoration of the transient creep properties) until the grain 
diameter becomes commensurate with the specimen diameter. ‘The difference 
in the behaviour of leads which recrystallize and those which do not (under the 
same test conditions) can be reconciled by assuming that the recovery process 
provides the nuclei for recrystallization. ‘Treated in this fashion, the activation 
energy for the recovery process is found to be 19 800 cal mole“, near to the value 
of 18 400 cal mole“! obtained for creep. The activation energy for the growth of 
new material was found to be 31 000 cal mole“! which is near to the value for the 
activation energy of self diffusion in lead (27 900 cal mole’). 
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Abstract. Solutions are presented for determining the position of the solid— 
liquid interface and the temperature-time history of the surface of solidifying 
or melting materials initially at the fusion temperature. These solutions include 
treatment of the cylinder, the sphere and the semi-infinite solid. Solutions were 
obtained by analytical methods and by means of an electrical analogy to the thermal 
system. ‘The application of the electrical analogy to the solution of problems 
in solidification is described. 


§ 1. INTRODUCTION 


N most heat conduction problems the addition or subtraction of heat from 

any element serves only to change its temperature. In the case of solidification 

or melting however the system is essentially more complicated due to the 
release or absorption of the latent heat of fusion which introduces a non-linearity 
in the equations describing the process of solidification or melting. Existing 
solutions to the solidification and melting process have either been limited to 
particular boundary conditions which eliminate the non-linearity (Stefan 1891, 
Frank 1927, Ingersoll et al. 1948) or have been obtained by postulating that the 
unit heat capacity of the material is zero (Stefan 1891, London and Seban 1943, 
Pekeris and Slichter 1939). 

This paper presents two new analytical solutions to problems for which 
the non-linearity is eliminated and two solutions to problems for which the 
non-linearity is present. The latter two solutions were obtained by means of an 
electric analogue to the thermal system. 

As will be discussed in more detail, a solution to a problem in solidification 
is also a solution to the corresponding problem in melting. ‘The following 
development will be arbitrarily restricted to the process of solidification in order to 
facilitate the presentation. 

The solutions presented in this paper are limited to the unidimensional 
solidification of the semi-infinite solid, the cylinder and the sphere with the latter 
two shapes solidifying toward the centre. ‘The systems treated are further 
defined by the following postulates: (i) The material has a definite fusion 
temperature. (ii) Initially the liquid is uniformly at the fusion temperature. 
(iii) All thermal properties of the material are uniform and constant. (Properties 
of the liquid phase however, are not necessarily equal to the corresponding proper- 


ties of the solid phase.) 
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In accordance with the foregoing definitions the equations describing the 
process of solidification are given as follows. Within the solidified phase the 
temperature is determined by the diffusion equation 
vi 

a oo 

At the solid—liquid interface the temperature is equal to the fusion temperature. 
‘Thus for the semi-infinite solid at x =e and for the cylinder and sphere at r=7) —« 
(see figures 1 (a) and 1(d)) one of the boundary conditions is 


T=T. 2 wg eee (2) 


INTERFACE 


Figure 1. (a) Semi-infinite solid; (6) cylinder and sphere. 


A second condition at the solid—liquid interface is obtained by means of a heat 
balance which equates the rate at which the heat of fusion is liberated by the 
solidifying material at the solid—liquid interface to the rate at which the heat is 
transferred from the interface into the solidified phase. For the semi-infinite 
solid this heat balance gives 
kdT/0x = pLde/d0 awe 4 Fee (3) 

where L is the heat of fusion and p the mass density of the solidified material. 
The corresponding equation for the inward solidification of both the cylinder 
and sphere is 

kdT/Or = —pLde/dé at F=es6ae oho eeuane (4) 
‘The initial conditions are that no solidification has occurred and that the tem- 
perature of the liquid is uniformly at the fusion temperature 

at — 0 0) ands? i. 


Table 1 
Solution Boundary condition 
number Shape Location Condition Equation 
1 Cylinder r=ry—e = =G (6) 
oT 
2 Sph =ry— = 
phere i—To— © a G (7) 
arp 
3 Semi-infinite solid x=€ set =G (8) 
ox 
4 » ” x=0 T= T (9) 
oT 
5 ” ” x=0 be nT) (10) 
i 
oT 
6 r» x x=0 ree (11) 
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An additional boundary condition is required before the conditions under 
which the liquid solidifies are completely specified. ‘Table 1 summarizes the 
solutions which are presented in this paper by indicating the remaining boundary 
condition required for complete specification of the problem. 

Solutions 3 and 4 have been previously treated by J. Stefan (1890), and 
Ingersoll et al. (1948) and are included in this presentation for completeness and 


for comparison with solutions to the other systems indicated in table 1. 


§ 2. SOLUTION 1 


If the temperature gradient in the solidified phase at the solid—liquid interface 
is specified to be constant as indicated by equation (6) (or by equations (7) and (8)) 
it then follows from equation (4) that the rate of travel of the interface is constant. 
Thus it is easily shown from equations (4) and (6) that the position of the interface 
at any time # after the initiation of solidification is given, for the solidification of 
the cylinder, by the equation 


Elites RGU, © hana (12) 


where the outer radius 7, of the cylinder has been introduced in order to express 
the relation in a convenient dimensionless form. ‘The dimensionless modulus 
€ 1% may be noted to vary from an initial value of zero to unity when the cylinder 
is completely solidified. 

In order to determine the temperature distribution in the solidified phase 
at any time, and, more particularly, the temperature-time history which must 
be imposed on the outer surface of the cylinder in order to maintain a constant 
rate of solidification, the solution to equations (1), (2), (4), (5) and (6) must be 
obtained. ‘These equations may be written in the convenient dimensionless 


form 
T+ } 
] ae Ped _ Gt 0d | 
rt or "oF aor 
Rin ras uses (13) 
at Pelee, 2 H0e0 OT Hors ode deta al 
at 6+=0, T+=0, ers) j 
upon defining the following dimensionless moduli: 
Loo r OkG P Ger, 
oS We ie fas, Qi 
= TG ” i ry pLro i ro L 


where 7; is the temperature of fusion and ¢ is unit heat capacity. 

The solution to equations (13) may be obtained by means of a method of 
iterative approximation in which the temperature modulus 7'* is expressed in 
the series: 


re. Maeach oem lice cctel art: ores tae mer yeanne (14) 
Each term of this series may be related to the preceding term by the equation 

es or, oT, —1 

-— = + —_—_ Sirorel LS 

(pani G ort =) = G Oh ) 


where, by definition, 6=1+ 4". 
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After integration this equation becomes 


opt 


T =G* \ =| ite (16) 
: d 


” $ rt 


The first term, 7, of the series is obtained by setting Gt =0 in equation (15). 
The first five terms of the series are presented below. (The superscript + 1s 
omitted from the moduli G* and r*.) 


‘y. r 
SFE 


v2 3 r fp? r2 
Bhs A al asbenne e ihe ct age 
Th = Gl (G+ 7H) 9g +5 5 | 


" 
| 
| 

See BE OO oo eer ass | 

T= G| (Fes gor) ing + Gd Tor gg 
| 
| 
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oa 4 24-2 wt 2 
+3304? — 256%" ~ 128” * 2304? | 


198 35 15 ; 
= (Fb aye ie a ee Se Be 
PRG [Ge Figge tras ars) Ing 
PR yh hele | Reg RR Bee he 
+ a3a9g? + Zeqg?” — 2048? 
i 78 1 78 


1536 § 73728 |" | 


For values of the modulus G* less than about —1-5 the series converges 
very slowly with the result that the first five terms given above are insufficient for 
an accurate evaluation of 7+ when G* is less than about — 1-5. For values of Gt 
equal to or greater than — 1-5 the evaluation of 7* by means of the first five terms 
given is estimated to be accurate to within one or two per cent of the exact value. 

‘The teinperature-time history which must be imposed on the surface of the 
cylinder in order to maintain a constant rate of travel of the interface has been 
evaluated from the series solution and is presented in figure 2 for values of the 
modulus G* from zero to —1:5. Discussion of figure 2 will be deferred until 
the solidification of the sphere has been presented. 


§ 3. SOLUTION 2 


If the sphere is solidified in such a manner that the temperature gradient in 
the solidified phase at the solid—liquid interface is maintained constant, it follows, 
from equations (4) and (7), that the position of the interface at any time is given 
by the equation 


which is identical with equation (12) given previously for the cylinder. 
In order to determine the temperature distribution in the solidified portion 
of the sphere at any time the solution to equations (1), (2), (4), (5) and (7) must 
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be obtained. Employing the same dimensionless parameters defined for the 
cylinder the equations for the sphere can be expressed in the form: 


ae ake bs Orc? bs z . } 
a a) =o Sy at rt+=]—e1 | 
aT det | focttee (19) 
= SS eee S11, T= 0 at 670: Jet S06 (Mie 
or dé : j 


The solution to these equations may be obtained in a manner exactly 
analogous to that used for the cylinder. Thus, expressing the solution in series 
form 


P= Tye de Petes Le cas ee .eypiuer'e (20) 
any term of the series may be related to the preceding term by the equation 
ieee eOul oT 
ale ee il 
rte ort G or t) = G Ob 4116. a1,¢n0) 0 (4) 
which gives, on integration 
sds | cael ee oe Be 
= soe = ey yea a 
T,=G is | eat (Cb (22) 


As was done for the cylinder the first term 7, of the series is obtained by setting 
G* =0 in equation (21). Upon evaluation of the first several terms of the series 
it is possible, by inspection, to determine the law by which the series progresses. 
The solution obtained in this manner, which may be shown to be an exact solution 
of equations (19), is 


a 2i+j +2 
=. Nan + = t—1(7i+)7,3-1fi42 
> Gr a I +> si MGs oT EEa Dql enn (23)) 


n=1 === 0 
(In this equation the ee oes + has been omitted from the moduli G* and r+.) 
The temperature-time history which must be imposed on the outer surface 
of the sphere in order to maintain a constant rate of travel of the solid—liquid 
interface has been evaluated from equation (21) and is presented in figure (3) 
for values of the modulus G' varying from zero to —1°5. 
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Figure 2. Temperature-time history which Figure 3. "T'emperature—time history which 
must be imposed on the surface of a must be imposed on the surface of a 
cylinder solidifying at a constant rate. sphere solidifying at a constant rate. 


Inspection of both figure 2 for the cylinder and figure 3 for the sphere shows 
that it is not possible to solidify either shape in such a manner that the velocity 
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of the solid—liquid interface is maintained constant during the final stages of 
solidification. Near the end of solidification, as the solid—liquid intertace 
approaches the centre of these two shapes, the surface temperatures required by 
the solutions to cases 2 and 3 of table 1 exceed the fusion temperature of the 
material. In other words, to maintain a constant rate of travel of the interface 
it would be necessary to raise the temperature at the outer surface above the 
melting point. This would cause the surface layer to melt, a condition not 
provided for in the mathematical formulation of the problem. Hence, the 
solutions as given by equations (17) and (23) apply only until @* and «* reach the 
value at which the curves of 7+ cross the abscissae of figures 2 or 3 (for instance, at 
Gt = —1-0 for the cylinder the solution is valid until 6* =0-89 1.e. until the frozen 
interface reaches a distance 0-117, from the centre). If the surface temperature 
would be maintained from that time on at the fusion temperature, the interface 
would advance at an increased rate. ‘This rather curious result becomes apparent 
when one observes that in the last stages of a constant rate solidification of a 
cylinder ora sphere (i.e. beyond the maximum of the 7* curves) the frozen material 
between the solidifying interface and the surface acts as a heat sink having a 
capacity exceeding the requirements. ‘Therefore, to maintain a constant rate 
of advance of the interface as the flow rate of latent heat from the centre decreases, 
it is necessary to increase to surface temperature in order to reduce the temperature 
gradient at the interface. Once the surface temperature reaches the melting 
point and is maintained there, the temperature gradient at the solidifying interface 
will increase and, as stated previously, cause the centre portion to freeze at an 
increased rate. 


§ 4. SOLUTION 3 


The solidification of a semi-infinite solid in such a manner that the solid—liquid 
interface proceeds at a constant rate has been previously treated by Stefan (1891). 
This mode of solidification is described by equations (1), (2), (3), (5) and (8). 
The solution to these equations gives for the temperature distribution in the 
solidified phase 


(T—T;)c = GRO sex 
L OP | Giana 


‘The position of the solid—liquid interface is simply determined from equations 


(3) and (8) to be given as 
epljkGeslo 2 |) ae (25) 


‘The temperature-time history which must be imposed on the free surface 
of the semi-infinite solid in order to maintain a constant rate of travel of the solid— 
liquid interface is presented in figure 4. 


§ 5. SOLUTION 4 
The solidification of a semi-infinite body of liquid initially at a uniform 
temperature above fusion was first solved analytically by Franz Neumann 
(Frank 1927, Ingersoll et al. 1948) for the case in which the surface temperature 
was suddenly depressed to and maintained at a constant temperature 7) below 
the fusion temperature. This solution was later simplified by Stefan (1891), and 
Ingersoll e¢ al. (1948) to the case in which the liquid was initially uniformly at the 
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fusion temperature. This latter process of solidification is described by equations 
(1), (2), (3), (5) and (9) which give upon solution 

T—T; ti erfx/2./(a0) 

T—T, 15 wa 


for the temperature distribution within the solidified phase. ‘lhe position of 
the solid—liquid interface is expressed by the equation 


elad=48% (27) 


In these two equations the parameter f is an eigenvalue which is determined 
from the eigenfunction 


\/ wp exp (2) ert 6 = ae ee (28) 


Figure 4. 'Temperature—time history which must be imposed on the surface 
of a semi-infinite solid solidifying at a constant rate. 


From an inspection of equations (27) and (28) it is apparent that the position 
of the interface is expressible in the form 


a, (a.) tty eee (29) 


This relationship is presented in figure 5 for values of the dimensionless parameter 
L/(T;— T )c ranging from 0-10 to 100. 


§ 6. SOLUTION 5 


The solidification of a semi-infinite body of liquid initially at the fusion 
temperature is described by equations (1), (2), (3), (5) and (10) for the case in 
which the free surface is exposed through a constant and uniform thermal con- 
ductance to a fixed temperature below the fusion temperature of the liquid. 
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Before considering the solution to these equations it may be observed that one 
of the boundary conditions for the diffusion equation 1s non-linear ins 
Specifically, since 7 is a function of both time and position, one may write: 


oF oT 
= dee db, core 30 
dT = or dx + a0 dé. (30) 


Employing equations (2) and (3) it follows from equation (30) that one of the 
boundary conditions at the solid-liquid interface may be expressed as 


or = - a(S) (31) 
60 a pk: ax «© i seitevetsiere 


oul 1.0 : 10.0 100.0 
Ue 
Figure 5. Curve for determining depth of solidification of a semi-infinite solid the surface 
temperature of which is maintained at a constant temperature T). 


Due to this non-linearity it may be expected that solutions to the problem 
of solidification will be difficult to obtain by mathematical methods. ‘That the 
solutions considered thus far have been relatively simple is due, in the case of the 
first three solutions, to the fact that the temperature gradient at the interface 
was stated to be a constant, which naturally eliminated the non-linearity involved 
in equation (31). In the case of the fourth solution the depth ¢ of solidified ma- 
terial was found to increase proportionately with the square root of time. ‘This 
relationship, as may easily be verified, also served to make equation (31) linear. 

The solution to the solidification of a semi-infinite solid with its face exposed 
through a thermal resistance to a below-fusion temperature was, in view of the 
difficulties implied by the boundary equation (31), not obtained by mathematical 
methods but by means of athermal analyser. ‘The thermal analyser is an analogue 
device by means of which the thermal system is simulated by an electrical network 
consisting of electrical resistors and capacitors. A description of the thermal 
analyser and an account of the methods employed in obtaining solutions to 
problems in solidification is given subsequently. 

A dimensional analysis of equations (1), (2), (3), (5) and (10) shows that the 
position of the interface may be expressed as a function of two parameters : 


chiens L ah? 
be ees eae ] pnts (32) 
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and that the temperature within the solidified portion is a function of three 
dimensionless parameters : 


fe . F ah?@ hx 
bd be =Se i (oe ke =| (le int ies (33) 


The position of the solid—liquid interface, as obtained by means of the 
thermal analyser, is presented in figure 6. The temperature-time history of 
the surface (hx/k=() of the semi-infinite solid is presented in figure 7. ‘These 
solutions, obtained on the thermal analyser are estimated, by methods presented 
in the description of the thermal analyser, to differ by less than three per cent from 
the exact solution to the differential equations. 


Figure 6. Depth of solidification of a semi- Figure 7. 'Temperature-time history of the 
infinite solid the surface of which is surface of a solidifying semi-infinite 
exposed through a constant conductance solid the surface of which is exposed 
to a constant below-fusion temperature. through a constant conductance to a 


constant below-fusion temperature. 


It is of interest to note that the depth of solidification predicted from figure 6 
for the semi-infinite solid exposed through a constant surface conductance to 
a below-fusion temperature 7',, when compared with the depth of solidification 
predicted by means of equation (26) for the case in which the surface is suddenly 
depressed to and maintained at the same temperature 7, shows that the two 
depths of solidification differ by less than ten per cent provided the modulus 
ch/k is greater than unity. ‘The agreement of the two predicted depths of 
solidification improves as <h/k becomes larger, being better than the scatter of 
data for the thermal analyser solution when the modulus eh/k becomes equal to or 
greater than 10. . . 

The depth of solidification predicted by the thermal anlyser solution will 
always be somewhat less than that predicted by equation (26) due to the thermal 
resistance on the surface of the semi-infinite solid in the former case. ‘The 
agreement between the two solutions in predicting the depth of solidification 
at large values of ch/k is easily explained by the following reasoning. The heat 
transferred from the travelling interface ‘sees’ two thermal resistances in series ; 
the resistance to flow from the interface to the surface of the semi-infinite solid 
and the resistance (represented by the reciprocal of the unit thermal conductance /) 
to flow from this surface to the surrounding medium. (For a fixed surface 
temperature this latter resistance is zero.) ‘Thus when the depth of solidification 
becomes sufficiently large the resistance to flow of heat from the surface becomes 
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negligible in comparison with the resistance of the solidified material and, con- 
sequently, the solidification rate will proceed as though there were no surface 
resistance. 

During the initial stages of solidification the thermal capacity of the solidified 
phase has little effect on the solidification rate of the material particularly if 
the modulus L/(7;— T.,)c is large. Thus a first approximation to the position 
of the interface is obtained by setting the unit heat capacity equal to zero. ‘The 
equations describing the solidification of the solid are then equations (2), (3), (5) 
and (10) with equation (1) replaced by the equation 


areecao) (34) 


The solution (London and Sebian 1943) to this set of equations for the depth 
of solidification may be expressed in the form 


Z =—1+ 1 +2 (oy yaaa (35) 


Comparison of the position of the interface calculated by the equation (35) 
with the position given by figure 6 shows that the two solutions are in agreement 
to within one per cent for <//k less than 0-01 for all values of L/(7T,— T,,)e covered 
by the thermal analyser solution and that this same agreement is realized for all 
values of eh/k given in figure 6 for values of L/(T;— 7T.,)¢c >25. ‘Thus for rapid 
rates of freezing or for materials having a high fusion temperature and a small 
ratio of latent heat to specific heat, equation (35) does not apply. For instance, 
at L+=0-1 the depth of freezing predicted from equation (35) at 0+ = 1-0 is twice 
as large as the value of «+ determined by means of the thermal analyser. Figure 6 
should thus be used for metals such as lead, lithium, magnesium and aluminium 
as well as for refractory materials such as are used in certain rocket motors and 
other high temperature devices. 

From the foregoing discussion it is concluded that the solution to equations 
(1), (2), (3), (5) and (10) for the position of the interface is available for any depth 
of solidification provided that L/(7;— 7.,)c > 0-10. 


§ 7. SOLUTION 6 


The solidification of a semi-infinite solid when the rate of heat transfer from 
the surface is maintained constant (i.e. when the temperature gradient at the 
surface is maintained constant) 1s described by equations (1), (2), (3), (5) and (11). 
When these equations are written employing dimensionless parameters it is 
easily seen that the position of the interface and the temperature of the surface of 
the semi-infinite solid are functions of a single variable. ‘Thus 


eGc aG?c?6 

cole =i a es (36) 
T= Te aG?c*6 
a i (Ss): eee (37) 


The solutions represented by these two equations have been obtained by 
means of the thermal analyser and are presented in figure 8. A partial check on 
the accuracy of the solutions was made by obtaining the solution to the equations 
by means of finite difference calculations. The difference solution, which was 
tedious to obtain, was not carried out for a depth of solidification greater than 
eGc/ L = 3-0, but within this depth the thermal analyser and difference technique 
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solutions differed by less than 5°. It is estimated that the solutions represented 
by figure 8 differ by less than 5°,, from the exact solution to equations (1), (2), (3), 
(5) and (11). 


20, 


10 70 10 


. acic’e 
{le 


Figure 8. Depth of solidification and temperature-time history of the surface of a semi- 
infinite solid from the surface of which heat is transferred at a constant rate. 


§ 8. THE Process oF MELTING 


The preceding solutions have been obtained specifically for the process of 
solidification. However, the solutions are equally applicable to the process of 
melting of the different systems considered if it is postulated that the transfer 
of heat within the liquefied (i.e. melted) material is purely by conduction without 
convective heat transfer. ‘The solutions given by figures 2-6 may be applied 
directly to the process of melting by the simple artifice of defining the heat of 
fusion to bea negative number for melting but a positive number for solidification. 
For melting, the thermal properties, k, c, a and p are naturally evaluated for 
the liquid phase. 


§ 9. METHOD OF ANALOGUE SOLUTION 


The thermal analyser (Kreith 1949, Paschkis and Baker 1942) is an analogue 
computer in which thermal capacity and resistance are simulated by electrical 
capacities and resistances and in which heat flow and temperature differences 
are analogous to electrical current and potential differences respectively. In 
the application of the analyser the thermal system (e.g. the solidified phase of 
a solidifying semi-infinite solid) is divided by surfaces parallel to the exposed 
surface into sections of thickness Ax. Each section has a thermal capacity and 
thermal resistance, both of which are treated as lumped parameters. ‘This system 
of lumped thermal resistances and capacities is then simulated in the analyser 
by a network of lumped electrical resistances and capacities. For the case of 
constant thermal properties the analogy existing between the lumped thermal 
circuit and the electrical network is exact. 

Figure 9 shows the electrical network and associated components used to 
solve the problem of the solidification of a semi-infinite solid initially at the fusion 
temperature. For this problem the thermal system has been divided into sections 
of equal thickness so that the thermal capacities, C and thermal resistances R 
(and consequently the analogous electrical capacities C’ and resistance R’) are 
the same for each section. ‘The thermal resistance of a section of thickness » 
and area normal to heat low A is R=Ax/RkA. The thermal capacity of the section 
is C=AxApc. Approximately 45 resistance-capacity sections were employed 
for the solution of the solidification problems presented, 
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Before any one section of the lumped thermal system can be solidified the heat 
of fusion of the section must be conducted into the solidified portion of the semi- 
infinite solid. The heat of fusion L, for a section is LpAwA. Previous to and 
during the removal of this heat the section remains at the fusion temperature. 
In the electrical network this boundary condition is satisfied by use of an electrical 
component (the integrator shown in figure 9) which maintains the electrical 
potential of the section being solidified at its initial value (corresponding to the 
temperature of fusion) and which integrates the current flowing from the section 
until a predetermined electrical charge, L,’, corresponding to the heat of fusion 
of the section L, has been conducted away from the section. 
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Figure 9. Schematic diagram of the electrical components of the thermal analyser. 
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Figure 10. Schematic diagram of the [7dt integrator. 


The integrator, shown schematically in figure 10, consists essentially of a 
d.c. amplifier across which a condenser is shunted. The amplifier has a gain 
which produces a large positive voltage # for a small drop in voltage e on the 
input side. When a current z flows from the selector switch towards the 
amplifier and produces a small negative voltage this voltage is amplified through 
a free-grid electronic tube, and a large positive voltage is imposed on the 
condenser. ‘The condenser then absorbs the current flowing towards the 
amplifier from the network while at the same time a constant voltage is maintained 
at the particular section in the process of ‘freezing’. It can easily be shown that 
for the type of electronic network described above the rise of voltage E is propor- 
tional to the time integral of the current, {zdt, which is the electrical quantity 
analogous to the latent heat of fusion. 
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When the voltage # has reached a certain predetermined value (1.e. the charge 
L.’ has been transferred from the section) the integrator energizes a solenoid 
which switches the integrator to the next section and the process is repeated. 
As the integrator is switched to the next section, a brush recorder records a pip 
which indicates the time when each section is solidified. 

Figure 9 shows the thermal analyser network for the solidification of a semi- 
infinite solid, the surface of which is exposed through a constant thermal 
resistance R, to a fixed below-fusion temperature. In the electrical network 
this thermal resistance (R,=1/hA) is simulated by the electrical resistance R,’. 
‘The temperature difference 7;—7., between the fusion temperature and the 
fixed temperature of the medium to which the semi-infinite solid is exposed is 
simulated in the analyser by a constant voltage Ey supplied by the constant voltage 
source shown in figure 9. ‘The temperature-time history of the surface of the 
slab is determined from the tape of the brush recorder which is shown connected 
through a high impedance amplifier to the ‘surface’ of the semi-infinite solid. 

Translation of data obtained on the thermal analyser into thermal terms is 
most easily accomplished by noting that, due to the exact analogy existing between 
the lumped thermal and the electrical systems, dimensionless moduli in the 
electrical system must be numerically equal to the corresponding moduli in the 
thermal system. ‘Thus, employing relations previously given, 


L febhgee ts) 
(aes ffs Je a (l= Lee 2 c Ey 


Ae Fc oy 
T-T, E 


To span the ranges of variables of practical importance a survey of materials 
and operating conditions of interest in engineering and geology was made prior 
to the construction of the thermal analyser. For a thorough coverage of the 
variables it was found necessary to build each section with two variable resistors 
which were logarithmically wound and covered a range of resistances from 
103 to 10®ohms and provide each section with six oil-filled paper condensers of 
0-25, 0-5, 1-0, 2:0, 4:0 and 8-0 microfarads capacity. 

The accuracy of the solutions obtained on the thermal analyser was estimated 
by solving on the thermal analyser the problem of the semi-infinite solid with 
an infinite surface conductance (i.e. no electrical resistance R,’). Since this 
boundary condition corresponds to that of solution 4 for which an exact analytical 
solution is available, the accuracy of the thermal analyser solution could be 
estimated by comparing the analyser and analytic solutions. By this method the 
solutions obtained by means of the analyser are estimated to differ from the exact 
solutions by less than three per cent. 1 gait 

It is of interest to note that solutions 5 and 6, which were quite simply obtained 
by means of the thermal analyser, were not obtained by analytical methods 
due to the mathematical difficulties implied by the non-linear boundary conditions. 
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In contrast, solutions 1, 2 and 3, which were quite simply obtained by analytical 
methods, could have been obtained on the thermal analyser only by a trial and 
error method due to the form in which the boundary conditions occur. In 
particular, attainment of solutions 1, 2 and 3 by means of the thermal analyser 
would have entailed the assumption of a surface temperature-time history, 
application of the analogue of this history to the analyser, and a comparison of 
the resultant travel of the liquid—solid interface with the travel required by the 
boundary condition. This process would then have to be repeated until the 
surface temperature-time history consistent with the requirement of constant 
rate of interface travel was attained. Thus, for the solutions presented in this 
paper the two methods of solution were complementary. 


Table 2. Survey of Physical Properties for Typical Materials of 
Interest in Melting and Freezingt 


Name (1) (2) (3) (4) (5) (6) (7) (8) 
Aluminium 27 ~=©168 168 150 0:26 1200 3°44 646 
Ammonia 7. 50 0-3 1-0 —122 0-015 
Aniline 93 198 63 0-1 0-46 21 0-035 430 
Benzene Tiesy NW 44 0-1 0:42 43 0-054 410 
Beryllium 9 622 IOS aS 0-43 2370 Deis) 1450 
Bismuth 209 22-4 605 A 0-03 520 0-22 TA7 
Copper 64 78 555 200 0-11 1980 3:28 709 
Lead 207 9-8 700 18 0-033 621 0:78 297 
Lithium 10 59 3S 25 0-80 360 0-95 73°8 
Magnesium 24 126 106 92 0:25 1200 3°45 504 
Mercury 200 5:0 840 5 0-03 —38 0-02 167 
Nickel 5 1S 555 30 0-14 2640 0:38 950 
Sodium 23 49°5 63 80 0-3 208 4-23 165 
Steel Omni) 485 20 0-14 2790 0-29 836 
Tin 119 26 460 30 0-05 450 1:30 520 
‘Tungsten 184 79 tS ORS 0-04 ~6000 2°43 1975 
Water 18 144 63 0:3 1-0 32 0-048 144 


+ The following references were consulted : 
Heat Transmission by W. H. McAdams, 2nd Edn, 1942, New York : McGraw-Hill. 
Chemical Engineers’ Handbook by John H. Perry, 2nd Edn, 1941, New York: 
McGraw-Hill. 
Metals Handbook, 1939, Ed. American Society for Metals. 
Mechanical Properties of Metals and Alloys, Circular C 447. Dec. 1943, U.S. Govern- 
ment Printing Office, Washington, D.C. 
Mechanical Engineers’ Handbook by L. S. Marks, 4th Edn, 1941, New York : 
McGtaw-Hill. 
(1) Molecular weight; (2) heat of fusion L (ru Ib~'); (3) density p (Ib ft~*); (4) thermal 
conductivity k (Btu ft~' deg-'h~'); (5) specific heat (BTU Ib~! deg~!); (6) fusion tempera- 
ture (°F); (7) thermal diffusivity (ft? h-4); (8) L/c (Cr). 


In order to facilitate the application of the results of this study in practice, 
the physical properties of a variety of materials commonly met in engineering 
are given in table 2. From this tabulation the pertinent values of L+, 0+, T! 
and G* can readily be determined and by means of the charts of this paper applied 
to specific problems. 

‘The thermal analyser is suitable and easily adaptable to the solution of other 
one-dimensional problems in solidification such as the solidification of a cylinder 
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or a sphere. It is also possible to use the analogue for different boundary 
conditions. For example, a variation with time of the thermal conductance 
at the surface of the body can be simulated on the analogue network by a corres- 
ponding variation of the electrical resistance R,’ in figure 9. A variation of the 
temperature of the surrounding medium can be simulated by a corresponding 
variation of the voltage potential across the electrical network. A specified rate 
of heat flow can be simulated by replacing the voltage supply shown in figure 9 
by acurrent supply. A superheated melt with convection heat transfer from the 
melt to the interface can be simulated by inserting appropriate resistances in 
each of the electrical leads from individual sections to the selector switch contact 
points shown in figure 9. Also the solution of two dimensional problems is 
feasible although a separate integrator would be required for each lumped section. 
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Abstract. A study has been made of the low-frequency noise which occurs in 
hot cathode discharges through mercury vapour at low pressure. Under non- 
saturated conditions the whole plasma fluctuates in potential coherently, probably 
on account of fluctuations of the cathode sheath. ‘The effects of these fluctuations 
on probes, used under different conditions, are discussed. There is evidence 
for the existence of a second type of noise, associated more directly with fluctua- 
tions of ion sheaths on the wall or probes. 


§ 1. INTRODUCTION 


OW frequency noise from low pressure gas discharges has been investigated 
by Cobine and Gallagher (1947), Martin and Woods (1952), and others. 
The noise is mainly ‘ white’, with a frequency spectrum extending up to 
about 1 Mc/s, above which there is a rapid decrease in amplitude. The transition 
frequency is related to the ion mass of the gas, and the noise amplitude integrated 
over all frequencies can be as large as two volts. The noise is not related to plasma 
volume and is quite different from shot or thermal noise. The present paper 
deals mainly with the speed and mode of propagation of the noise in the plasma 
and the manner in which it affects internal and external probes. The results 
indicate that it is closely connected with the fluctuation of space-charge sheaths. 


§ 2. EXPERIMENTAL ARRANGEMENTS 


. ‘The experimental tube is shown in the figure. It was connected to a mercury 
diffusion pump backed by a rotary oil pump, and contained mercury vapour at 


Discharge tube. A anode, C cathcde, R mercury reservoir, 1, 2, 3 leads to probes, the 


latter not shown in detail. In some experiments the filament of C was to the right 
of probe 3, i 


t Now at Physics Department, University of Malaya, Singapore 
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pressures between 7 x 10-4 and 2x 10°? mm Hg. The cathode was a 200 micron 
tungsten filament 4 cm in length, and the anode a hollow cylinder of thin nickel 
sheet 2-5cm in diameter and 6 cm long. ‘The tube current saturated approximately 
at about 30 v between anode and cathode. Maximum tube currents of about 
300 ma were passed. The probes were squares of molybdenum 0-2 x 0:2 cm2, 
0-015 mm thick, or fine wires, supported at the ends of glass-shielded thin nickel 
or tungsten wires. All electrodes were mounted on standard ground joints. The 
positions of the probes were readily altered by having their leads skew, as indicated, 
and rotating the joints holding them. 

Accumulators were used for the h.t. and I.t. supplies, in conventional tube and 
probe circuits. Probe circuits were connected to the anode, which was earthed. 
‘Two identical filter systems were used in part of this work. In each, the filter 
was preceded by a cathode follower and an amplifier. Both the cathode-follower 
and amplifier circuits were conventional. The filter was based on a circuit 
described by ‘Terman ef al. (1939) ; a frequency range of 60 kc/s to 3 Mc/s was 
covered and narrow bandwidths were used, e.g. 300 c/s at the 3 dB point for a 
centre frequency of 70 kc)s. 

The simplest way of viewing and measuring the integrated noise was to use 
an oscilloscope with an amplifier response covering the required frequency range. 
A Furzehill oscilloscope, type 1684 D/2 was used for this purpose. Its amplifier 
response is uniform from d.c. to 1 Mc/s. Since the noise amplitude for a mercury 
vapour discharge above | Mc/s is low and rapidly decreasing with frequency, the 
falling amplification characteristic above 1 Mc/s will have a negligible effect. 

When a quantitative measure of the noise for different discharge parameters 
was needed, an estimate of the mean noise amplitude, obtained over the full 
bandwidth, was made over several superposed sweeps of the repetition time-base 
of the oscilloscope. ‘This mean value was treated as if it had been a sine-wave of 
the same amplitude, and the integrated noise then calculated in decibels above a 
convenient reference level, viz. 9 mv peak to peak. 

The experiments were done in an electrostatically shielded cage. 


§ 3, EXPERIMENTAL RESULTS 


With the cylindrical anode, anode spots, which are very unstable at a disc 
anode, were either absent or appeared inside the cylinder. ‘The discharge was 
then stable and the tube filled with plasma. ‘The low frequency noise persisted, 
however. The results of Martin and Woods (1952) concerning the relationship 
between tube noise and the tube characteristic curve were confirmed for the 
integrated tube noise. In particular, throughout the non-saturated part of the 
characteristic curve, the noise was found to be high. It dropped to a low level 
with current saturation. . 

An attempt was made to measure the velocity of propagation of tube noise, 
using the probes two at a time, with each connected to a voltage bias system. 
One probe was connected to an X and the other to a Y plate of the oscilloscope, 
through the identical filter systems, and the two remaining plates of the oscilloscope 
were earthed. In this manner a narrow frequency band of the noise was selected 
from two different parts of the plasma to form an ellipse on the oscilloscope. 
A change in phase shown by the ellipse with change in probe position would 
indicate the presence of a travelling wave. It was found, under non-saturated 
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conditions, that the fluctuations constituting the noise occurred simultaneously 
throughout the tube, within the limits of accuracy of the experiment. For example, 
the speed of the noise component with frequency 70 ke/s could not have been less 
than 107 em sec-!. This is several orders of magnitude greater than the speed 
of positive ion plasma waves of small amplitude (Tonks and Langmuir 1929) 
under the conditions of ionization in the tube, and shows that the noise is not 
associated with these oscillations. 

Ionic space-charge sheaths at the probes both attenuated the probe current 
fluctuations and introduced a phase change. ‘This is probably due to their 
capacitive reactance, which has been studied more directly by Appleton and 
Childs (1930). 

In a non-saturated discharge a sharp maximum of noise occurs at a probe at 
space potential (Armstrong, Emeléus and Neill 1951). ‘The probe noise amplitude 
under these conditions was found in the present experiments to be dependent 
on the value of the impedance of the probe circuit. When this was sufhciently 
large for the lowest frequency present in both the probe and the tube circuits 
the appearance and amplitude of noise in both circuits were identical. Using 
large impedance circuits, comparisons of appearance and amplitude were made 
along the non-saturated and saturated sections of the discharge characteristic 
curve for various values of filament current. Different positions along and across 
the discharge were tried and different areas and orientation of the probe plates 
were used. In all cases the oscilloscope records for noise across the tube and for 
a probe at space-potential agreed closely in both appearance and amplitude. 

The fact that the noise is a maximum for a probe at space potential may be 
used to find the latter rapidly. It was established in this way, and checked by 
conventional probe measurements, that the anode in this tube was invariably 
positive to the plasma, when the discharge was not current saturated. It was 
shown in similar ways that potential differences between different points in the 
plasma were always less than a volt. 

Although the results show that the noise observed below saturation is not 
transmitted by plasma ion waves, they are not at first sight incompatible with 
transmission by the primary electrons. ‘This is considered unlikely, however, 
because the noise amplitude was independent of probe position and orientation, 
and was unaffected by interposing a mica sheet between the cathode and a probe. 
Itis concluded that low frequency noise in a non-saturated discharge is a coherent, 
random fluctuation of the whole plasma. ‘This fluctuation will be equally effective 
across the discharge electrodes and at a probe anywhere in the plasma at space 
potential. 

To test this idea, a controlled fluctuation of the plasma space potential was 
created and its effect studied. Space potential fluctuations of about 1 v were 
produced with a repetition rate of the order of a few hundred or thousand cycles 
per second by using one of the probes as a control electrode and applying a sinu- 
soidal potential of this frequency to it. The effect of this on the current to another 
probe was studied for different values of the potential of the latter. At space 
potential the second probe showed a maximum fluctuation amplitude; this 
agreed in appearance and amplitude with that appearing across the tube. At 
other potentials the presence of an electron or ion sheath attenuated the probe 


current fluctuations, an ion sheath proving again more effective than an electron 
one, 


Noise from Hot-cathode Discharges 295 


. A * floating’ probe, or one connected to the anode only by a meusuring 
instrument of high impedance, will assume almost the potential of the tube wall. 
This was about 20 v negative to space potential so that a sheath of ions will form 
at the probe, confining the field close to it. When this sheath was disturbed it 
was found that a new type of noise appeared. Its wave-form was coarser than that 
previously referred to, and it was confined to the anode-probe circuit and not 
transmitted to the anode-cathode circuit nor to other probe—anode circuits. 
The new probe noise could be as large as 1 v in amplitude. ‘Two methods of dis- 
turbing the space-charge sheath were used : (a) bombardment with 50 to 100 v 
electrons from the cathode under conditions of tube current saturation, and 
(5) making use of the natural plasma potential fluctuation of the tube under non- 
saturated conditions. ‘The results obtained by both methods were the same. 


§ 4. SUMMARY AND DISCUSSION 


This work has confirmed and extended the experimental results of previous 
workers, although some of the results obtained remain incompletely explained. 
Anode glow disturbances have been eliminated and low frequency noise isolated 
for study. ‘The plasma space potential in the tube used was found to be negative 
to the anode when the discharge was not current saturated. 

In a non-saturated discharge, the instantaneous occurrence of tube noise 
throughout the plasma, its high propagation speed, the good agreement between 
probe and tube noise and the absence of any directional effects lead to the 
conclusion that the plasma space potential was fluctuating coherently. ‘his was 
confirmed by experiments under controlled conditions. 

Essentially, the plasma of the discharges studied can be considered as a 
virtual anode with the tube voltage drop taking place across the cathode double 
space-charge sheath. Should this sheath fluctuate, the potential difference 
across it will vary, thus giving rise to a similar variation of the plasma space 
potential. The noise in the discharges, therefore, could be closely related to the 
stability of the cathode sheath. 

Under such conditions an internal probe is most affected when it is at space 
potential. At other probe potentials the existence of a space-charge sheath at the 
probe produces attenuation and a phase change. 

In the case of a ‘ floating’ probe, equilibrium of its space-charge sheath is 
disturbed somewhat differently by this space potential fluctuation and a coarser 
noise recorded. The same effect is obtained at a ‘ floating’ probe if the equi- 
librium of its space-charge sheath is disturbed by primary electron bombardment. 
This coarser noise may therefore be due partly to vibration or fluctuation of the 
ion sheath at the probe itself. Since the wall of a tube is covered on the inside 
by an ion sheath, the latter will govern to a considerable extent the response of an 
external probe to noise fluctuations in the plasma. 
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Abstract. Experiments have been made to investigate some of the causes of the 
hysteresis of the angle of contact of mercury against steel. It is shown by 
experiments 7m vacuo and in gases at low pressures, that adsorption on the solid 
surface is a principal cause of hysteresis. In contrast to the results of earlier 
work, however, roughness does not affect the hysteresis, though the angles of 
contact themselves are altered. Some agreement with theoretical predictions 
is obtained. 


§ 1. INTRODUCTION 
HE first observation of the fact that the angle of contact between a liquid 
and a solid depends on the direction of motion of the liquid relative to the 
solid surface was made by Rayleigh (1890), and subsequently confirmed 
by Pockels (1914). Sulman (1920) termed the phenomenon ‘hysteresis’ and 
since then several theories have been proposed to account for it. 


§ 2. 'THEORETICAL DISCUSSION 


Since the angle of contact appears to depend upon whether the liquid moves 
over a previously wetted surface or not, it is clear that the conditions of the solid 
surface must be a contributory factor. In the first place the roughness of the 
surface will have a definite effect on the angle of contact. Bartell and Smith 
(1929) and Wenzel (1936) considered this aspect, and the latter proposed the 
formula cos 6’ =rcos@ where 6’ is the observed angle of contact, # the theoretical 
angle of contact with a smooth solid, and r the roughness factor, defined as the 
ratio of the actual surface area to the geometric surface area. 

Irregularities on the surface of the solid appear to play the role of small 
capillaries and their effect has been shown by Lee (1936) with tar on rough stones, 
by Fogg (1947) with water on leaves, and by others. Doss and Rao (1938) showed 
that a theoretical interpretation similar to the empirical relation of Wenzel could 
be obtained. Shuttleworth and Bailey (1948) concluded from a theoretical 
investigation that ‘‘the inevitable roughness of solids is sufficient to explain 
hysteresis’, and that in fact there existed a unique equilibrium angle of contact. 
Bicerman (1950) endeavoured to make a practical determination of the variation 
of the angle of contact of water on steel plates of varying roughness as determined 
by means of a tracer instrument. Results of his early experiments appear 
inconclusive but serve to show the difficulties in obtaining quantitative con- 
firmation of theory. This emphasizes the view expressed by Cassie (1948) 
that the variation in published values of @ is due to the difficulty in obtaining 


comparable surfaces. 
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Adsorption on to the solid surface is an undoubted cause of hysteresis. 
However, here the problem is complicated by the type of adsorption and the phase 
state of the adsorbed molecules. Bangham and Razouk (1937) consider that 
the adsorbed molecules differ from the bulk liquid. They picture the adsorbed 
film of liquid vapour on the solid as a Langmuir type monolayer, the molecules 
of the film having fixed sites. Cassie assumes that molecules are adsorbed in 
clusters on single sites and that the film is altered by passage of the bulk liquid 
over it. In this way a qualitative explanation of the fact that the ‘advancing’ 
angle is greater than the ‘receding’ angle is given. This theory predicts that the 
receding angle may have various values while the advancing angle is unique. ‘This 
conclusion is in contradiction to the theory of Yarnold and Mason (1949) who 
extended the methods of Doss and Rao in an attempt to allow for the adsorption 
of air as well as of vapour and also for an effect due to the time of immersion of the 
solid. Their conclusions indicate that the possible ranges of values for the two 
angles are similar. 

Attempts to obtain decisive experimental evidence on this point have until 
now been inconclusive. In this work the problems undertaken were to investigate 
how the hysteresis of the angle of contact varied with adsorption from the atmos- 
phere in which the solid was placed, and to attempt some qualitative experiments 
on the effects of roughness. ‘lo this end the hysteresis of the angle of contact 
of mercury against various specimens of steel was measured 7m vacuo, in hydrogen 
and in carbon dioxide at low pressures and in air at atmospheric pressure. 


§$ 3. EXPERIMENTAL DETAILS 

Several methods of measuring contact angles have been devised. It is, 
however, apparent that it is not always the same quantity that is being measured. 
Claims have been advanced for the existence of at least seven different ‘angles of 
contact’ classified under dynamic or static, advancing or receding, and equili- 
brium angles. Only by the method of Yarnold (1946) does it seem possible to 
measure a true advancing or receding angle of contact and thereby investigate 
the hysteresis. 

Yarnold’s method consists in determining the upthrust on a spherical specimen 
as itis gradually immersed in a liquid (figure 1). Let U be the total upward force 
on a sphere of radius a immersed in a liquid so that its centre is at height y above 
the plane of the liquid surface. Let U, be the corresponding force for complete 


immersion. 
@ i Sy nanlaey Ve 
Zoe ea) Rete (1) 


It may be shown that 
when the liquid surface is accurately horizontal to the surface of the sphere, and 
—cos#=y/a. ‘This condition may be determined by the intersection of a 
theoretical curve obeying equation (1) with the experimental curve of U/U, 
against y/d. 

As in Yarnold’s original method a Sucksmith ring balance was used also in 
the present experiments to measure the upthrust U. The ring balance was 
made of spring steel, of cross section 0-58 cm by 0-01 cm, bent into a circle of 
radius 5-2cm. Observations were made by means of telescope and scale using 
two mirrors attached to the ring in the usual positions. 
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To measure y, the depth of immersion of the sphere was obtained by observing 
the movement of the profile of the mercury surface over the eyepiece scale of a 
travelling microscope. A correction had to be applied for the vertical movement 
of the lowest point of the ring. This correction was found to be linear. 

An improvement to the original method of altering the level of the liquid 
surface consisted in raising a reservoir of the liquid on a piston operated by a 
phonic motor, controlled by a beat frequency oscillator. This ensured a con- 
tinuous even movement of the liquid surface and allowed variations to be made 
in the rate of advance. Preliminary experiments indicated that the balance 
itself was free from any hysteresis effects. For example, at the instant at which 
the sphere became free from the mercury surface, the reading of the balance 
returned to its zero without any drift. In order to obtain a true value of the posi- 
tion of the liquid surface when first contact with the sphere was made, it was 
necessary to take readings through the microscope and telescope at regular intervals 
of time, whence by interpolation the starting position could be accurately defined 
in relation to the instant of time when contact was first made. 

The ring balance was contained in a brass box fitted with a lid (figure 1) and 
connected to the remainder of the apparatus by a ground joint. Vibration of 
the balance was minimized by a small damping vane which moved in a dash pot 
filled with Apiezon oil ‘ B’ of low vapour pressure. 


Scale fe hell ad Teese 
Ring Balance 
to Gauge, —__..!| ||! water 
Gas Inlet” === ‘Jacket 
& Pumps Beh 
Bea “Furnace 
Sphere: | C) |: 
; Microscope 
Mercury 
Reservoir 


Figure 1. Apparatus for the determination of the angle of contact between a steel ball 
and a moving mercury surface in vacuo (Yarnold’s method). 


The main portion of the glass apparatus consisted of a wide tube extending 
below the balance box, and connecting through a capillary tube to the mercury 
reservoir. ‘The wide tube was of 5 cm diameter, thus ensuring that the liquid 
surface at the centre could be considered plane, following the work of Gibson 
(1932). A side tube made connection to a McLeod gauge, the gas inlet system 
and the oil rotary pumps. A furnace wound in two half cylinders was fitted 
so that it could be swung into position around the wide tube for degassing purposes. 
A water jacket kept the remainder of the apparatus cool when the furnace was in 
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use. The length of the capillary tube was such that when the apparatus was 
evacuated the level of the mercury surface was still within the capillary. As 
the reservoir was raised a fresh surface could then be formed by overflowing. 
According to Burdon (1935), a mercury surface formed at a pressure of 10° * mm 
does not take up an adsorbed layer. 


$ 4, PREPARATION OF SPECIMENS 

The steel specimens used for these experiments were 3 in. ball bearings. 
The treatment of each specimen was similar, so that any alteration of surface 
characteristics is of little importance for comparative purposes. Before use, 
the ball bearings were washed in carbon tetrachloride, several times in methyl 
alcohol, and finaily in ether of AR standard. For some of the experiments a high 
degree of polish was obtained with jewellers rouge, and electrolytic polishing 
was also tried. Spheres used were carefully measured after polishing to ensure 
that there was no departure from a spherical shape. ‘The mercury used was of 
AR standard. When required, purification was carried out by a standard method 
of washing with dilute nitric acid, and repeated distillations under vacuum. All 
the glass portions of the apparatus were cleaned by washing with a concentrated 
chromic acid solution followed by distilled water and thorough drying. 

With the steel sphere in position, hanging in the centre of the wide tube, 
the apparatus was evacuated. ‘The furnace was placed in position and the main 
portion of the apparatus and the steel sphere was degassed by heating to 500°c 
for three quarters of an hour. Although it cannot be claimed that this process 
leaves the solid surface entirely bare from all but adsorbed mercury vapour, 
it is considered that a substantial cleaning of the surface is achieved. 

‘he gases used were hydrogen and carbon dioxide. Hydrogen was prepared 
by the electrolysis of a barium hydroxide solution, dried and stored over phos- 
phorus pentoxide. Carbon dioxide was prepared by heating AR sodium 
bicarbonate. 

A few experiments were made when hydrogen had been introduced following 
the initial degassing and then pumped off. This flushing out procedure was 
attempted to help in the removal of any vapour impurities so that the specimen 
had effectively been in an atmosphere of hydrogen immediately prior to the 
experiment. No significant difference in results was found by this means and 
the procedure was abandoned. 


§ 5. ACCURACY 

The accuracy of the method depends both upon the accuracy of readings 
taken with the telescope and microscope and upon noting the instant at which 
contact is made between the solid and the liquid. Since the rate at which the 
cosines of the angles vary depends upon the angle, the advancing angle was 
accurate to + 4°, and the receding angle to + 4° in any one experimental run, 
Since there was no lag in the balance, the values of the angles of contact obtained 
were those of the true advancing and receding angles. ‘The experimental curve 
(figure 2) commences below the y/a axis due to the initial adhesion of the mercury 
tothesphere. Similarly, for the receding angle, the experimental curve continues 
below the same axis, though at a different value, as the characteristic neck due 
to adhesion forms when the surface tension forces act downward. The bead of 
mercury reported by Yarnold as remaining attached to the sphere after contact 


Hysteresis of Contact Angle 301 


between the liquid and solid had been broken was not observed in this work. 
‘The inference is that in this case the solid surface was at least freer of impurities 
than in the former work. 


Figure 2. Typical experimental curves: a, liquid advancing ; b, liquid receding. 
Theoretical curve: c, representing the relation U/U,=}$—#y/a+4(y/a)®. The points 
of intersection give the angles of contact from the relation —cos 6=y/a. 


§ 6. RESULTS AND DISCUSSION 
6.1. Roughness 

Due to the varying state of polish of the steel specimens it was difficult to 
compare results between different specimens. Some qualitative comparisons 
are enlightening, however. ‘The table shows the cosines of the angles obtained 
with two unpolished specimens, and for comparison the values obtained with 
three polished specimens. Both angles are affected individually by roughness, 
but the hysteresis, as given by —(cos@, —cos6, is not significantly affected. 


Specimen —cos 64 —cos On,  — (cos 0,— cos $y) mean 
( 0-884 0-624 | 
ie Polished 0-891 0-699 ( 0-199 
| 0-893 0-748 j 
2. Unpolished 0-980 0-810 ) 
i ‘186 
3. Unpolished 0-951 0-749 os ee 


6.2. Effect of Vacuum 

With the apparatus slightly modified to allow experiments to be made at 
atmospheric pressure in air, results could be compared with those obtained with 
the same specimen in vacuo. ‘The general result obtained was that the difference 
in the cosines fell by about one third im vacuo. ‘This indicates that a large 
proportion of the normally observed hysteresis is in fact due to adsorption of 
a layer of gaseous molecules on to the solid. It cannot be claimed that this layer 
was completely removed in the present experiments im vacuo but a substantial 
clean-up of the surface was obtained. The reduction in the hysteresis showed 
itself mainly as a large change in the value of cos 8p. 


6.3. Hysteresis in Gases 
Compared to vacuum conditions, the hysteresis of the angle of contact 
increased when gas was admitted to the system. Pressures used ranged from 
(-005 mm to about 1 mm and no significant variation with pressure could be found, 
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The magnitude of the hysteresis was greater with carbon dioxide than with 
hydrogen, suggesting that the carbon dioxide forms an adsorbed layer on the 
solid more easily. Forming the mercury surface either before or after the gas 
was admitted had no apparent effect, suggesting that adsorption on to the liquid 
surface played little part in the hysteresis. 


Observer Condition — cos 6,4 —cos 6, —(cos 04— cos Og) 
Yarnold Air 0-860 0-610 0-250 
” f ():806 0:°575 0-231 
in i 0-930 0-624 0-306 
Wright . 0-916 0-655 0-261 
se = 0-899 0-629 0-270 
a Vacuum 0-893 0-748 0-145 
a a 0-891 0-699 0-192 
36 46 0-980 0-810 0-170 
0-951 0-749 0-202 


>? be] 


6.4. Speed of Advancement of the Liquid 
No differences were detected in any of these experiments when the speed of 
advancement or recession of the liquid surface was altered by a factor of two by 
means of the beat frequency oscillator, which controlled the motion of the mercury 
reservoir. "The speeds used were of the order of two millimetres per minute. 


Specimen Conditions — cos 04 —cos 0p —(cos 6,— cos Op) 
12 Vacuum 0-893 0-748 0-145 
Hydrogen 0-886 0-699 0-187 
Carbon dioxide 0-891 0-646 0-245 
7. Vacuum 0-883 0-699 0-184 
Hydrogen 0-900 0-680 0-220 
Be Vacuum 0-917 0-688 0-229 
Carbon dioxide 0-940 0-681 0-259 


6.5. Consistency of Results 

A satisfactory aspect of the work was the reproducibility of the results obtained 
with the same specimen under similar conditions. For example, the variation 
in — cos @, for one specimen was only 0-001 over a series of several determinations. 

The values of the two quantities — cos#@, and — cos@, measured for the 
same specimen under different conditions was also of interest: cos@,4 proved to 
be constant to + 1%% over a series of sixteen determinations, while cos @_ varied 
over a much greater range. ‘This is of interest in conjunction with Cassie’s 
theory, that cos, has a unique value. 

The results quoted clearly indicate the difficulties to be met when attempting 
to compare the results from different specimens directly. However, that does 
not render invalid the quantitative conclusions that may be drawn from the study 
of the grouped results. 

§ 7. CONCLUSIONS 

(i) The hysteresis of the angle of contact of a liquid with a solid has been shown 
to be due in part to the adsorption on to the solid surface of gases from the atmo- 
sphere in which the solid is placed. ‘This hysteresis may be reduced by degassing 
and measuring the angles in vacuo. 

(ii) In agreement with the theory of Wenzel, it has been found that roughness 
of the solid affects the absolute values of the angles measured. However, contrary 
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to the view expressed by Shuttleworth and Bailey, the variation of roughness 
used in these experiments did not affect the magnitude of the hysteresis. 

(iii) The consistency in the values of the advancing angle under different 
conditions lends credence to the theory of Cassie that the advancing angle has 
a unique value. This result is contrary to that obtained by Yarnold with an 
earlier form of apparatus which employed a discontinuous alteration of level of 
the liquid surface. 
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The Heat Changes Accompanying Magnetization Processes in Ferrites 
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Abstract. Measurements have been made, for the first time, of the thermal 
changes accompanying the step-by-step magnetization of a number of ferrites. 
The method was that used with metals by Bates and his co-workers, with the 
added improvement that the thermal deflections were recorded via a split 
photocell amplifier. 

Measurements were made on certain mixed ferrites of the nickel—zinc series. 
The results showed that the major part of the heat changes can be explained 
satisfactorily in terms of the changes of intrinsic magnetization with field. In 
some of the specimens a slight irreversible heating was observed ; it therefore 
appears that domain rotational effects make a very small contribution to the 
thermal changes. An anomalous, low field effect previously found in certain 
metals occurred in some of the ferrites. ‘This effect is not yet fully understood, 
although some qualitative suggestions are made to account for it ; it is con- 
cluded that the observed thermal effects in ferrites can be explained on the same 
lines as those for metals. 


§ 1. INTRODUCTION 


HEN the magnetic field applied to a ferromagnetic material is changed 
there are, in addition to the change of magnetization, changes in the 
magnetic and thermal energies of the material. ‘These result in a 
small change of the temperature of the specimen (the magnetothermal effect). 
Much has been done in recent years to make accurate measurements of these 
temperature changes as the ferromagnetic materials are taken step-by-step 
around a hysteresis cycle (Bates 1951). Such investigations may be of value 
in the analysis of magnetization curves, particularly from the point of view of 
associating the observed energy changes with particular magnetization processes. 


§ 2. "THERMAL MEASUREMENTS ON FERRITES 


The rapid development and wide application of ferrites make it important 
to perform magnetothermal investigations on them. A preliminary experiment 
on a nickel-zinc ferrite (Bates and Sherry 1953) showed that the measured 
heat changes varied linearly with the change in magnetizing field over almost 
the whole range of a hysteresis cycle. ‘These measurements suggested that the 
only outstanding energy process which occurred was that associated with the 
usual, small, change of intrinsic magnetization with magnetizing field. This 
effect can be calculated from the simple thermodynamic relation 


/ , oly 

AQ'= —Ty-AH Se reetlal) 
in which AQ" is the energy change corresponding to a field change AH, I, is 
the intrinsic magnetization and 7’ the absolute temperature. Numerical cal- 
culations employing this formula showed reasonable agreement with the 
measured heat changes, 
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Now, it would appear from this single investigation that magnetothermal 
measurements were of only limited interest in the case of ferrites. It was 
realized, however, that the low Curie point (104°c) of the particular 15° NiO, 
35% ZnO, 50% Fe,O; ferrite examined would result in such a large value of 
01, 0T that the energy term corresponding to equation (1) would probably be 
sufficiently great to obscure any other processes that might occur. Accordingly, 
measurements were made on a series of nickel—zinc ferrites of different composi- 
tions. In this series of materials (ferroxcube B) an increased percentage of NiO 
is accompanied by a rise in the Curie temperature. ‘The specimens used were 
commercial samples in the form of rods some 15 cm long and 5 mm in diameter. 

The heat changes accompanying magnetization of the ferrites were measured 
using the apparatus previously employed for similar measurements on silicon— 
iron (Bates and Marshall 1953), but a noteworthy improvement was made in 
the method of observing the deflections of the sensitive long period galvanometer. 
Previously, optical magnification had been obtained by using a telescope with 
a scale set at a distance of eight metres from the galvanometer. ‘This system 
was now replaced by a split photocell amplifier similar to that described by 
Preston (1946), with the exception that negative feedback was not employed. 
The use of the amplifier resulted in a slight improvement of the overall sensitivity 
of the apparatus but gave the great advantage that the thermal deflections could 
be observed much more easily. 

The nickel-zinc ferrites had the following approximate compositions : 


specimen 1.- 15% NiO 35%, ZnO 50°, FeO, 
223 7 IO) 25%, 2nO 507, be,0, 
3. 39% MIO 119, ZnO 50%, FeO, 
4, 489%, NiO. 29, ZnO: 50% FeO, 


The results for specimen 1 were reproduced in the graph already published 
(Bates and Sherry 1953). The result for the remaining specimens are shown 
graphically in figures 1 to 3. In these graphs the total energy changes Q’ are 


td, 
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Figure 1. Thermomagnetic curves for specimen 2 : 25% NiO, 25% ZnO, 50% Fe,O3. 
H=effective field in oersteds, Q’=Energy change in 10° erg cm™’. 
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plotted as usual against the effective field H. he value of the thermal sensitivity 


adopted in these measurements was obtained by suddenly applying a known 
tensile force to the specimen. 
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Figure 2. Thermomagnetic curves for specimen 3 : 39% NiO, 11% ZnO, 50% FezOs3. 
H=eftective field in oersteds, O’=energy change in 10® erg cm7~*. 
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Figure 3. ‘Thermomagnetic curves for specimen 4:48% NiO, 2% ZnO, 50% Fe,O,. 
f1—effective field in oersteds, O’=energy change in 10° erg cm~?. 


— 


§ 3. Discusston 


‘The most striking feature of the magnetothermal effect in all the four ferrites 
investigated are the extended linear portions of each graph. Some of the graphs 
show slight departures from linearity in low field regions, but it is clear that the 
major cause of the liberation or absorption of heat is associated with change in 
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intrinsic magnetization. This can be readily checked by applying the simple 
relation 


A 
= = 2 | Ci ——) — es (2) 


first given by Stoner and Rhodes (1949). For this purpose measurements, on 
small samples of the materials, were made of the relative variation of intrinsic 
magnetization with temperature, using the well-known method of Weiss and 
Forrer. Reasonable agreement was found between the directly measured values 
and those calculated from the overall heat change, the calculated values in each 
of the four cases being the smaller. 

In specimen 4 alone is there any marked irreversible process. In the above 
curves this appears in the form of a step, cf. figure 3, which is superimposed on 
the magnetocaloric effect in the low field region. The work of Rhodes (1948) 
suggests that this irreversible effect should be centred about the coercive field 
value. ‘This is supported by the experimental results. As would be expected, 
the magnitude of the irreversible step is equal to the overall heating per half- 
cycle. ‘Thus, the remainder of the cycle may be assumed to show ane reversible 
effects. 

The observations on ferrites have also given further examples of the interesting 
anomalous low field magnetothermal effect, ‘the dip’, previously noticed in 
work on iron and silicon-iron. If the linear portions of the thermal curves of 
the ferrites (specimens 2, 3 and 4) are extended to the low field region, it is 
seen that greater cooling and heating effects are present than would be expected 
on the grounds of the magnetocaloric effect alone. Careful investigation has 
shown that this phenomenon is real and not due to experimental error. At 
the moment no completely satisfactory explanation of ‘the dip’ in ferrites 
can be offered. 

A qualitative explanation suggested by Bates and Marshall (1953) is based 
on a flux-closure mechanism postulated by Bozorth (1947), who pointed out 
that in a material which possesses only small strain and crystal anisotropy a 
domain boundary may be moved comparatively easily. ‘Thus, when the applied 
field is removed the wall energy is so small that the demagnetizing field may 
tend to cause part of the domain to reverse its magnetization. ‘This can take 
place by growth of a nucleus separated from the original by a 180° boundary, 
and may give rise to regions in the material where the flux, to a considerable 
extent, follows a closed path. The effect will be to reduce the overall magneti- 
zation to a value which is dependent on the extent of the flux closure. ‘The 
tendency to form regions of reverse magnetization is opposed by the stability 
of the domain boundary. The expression for the energy of a domain wall 
as given by Bloch (1932) shows that its energy decreases with rise in temperature. 
Thus, the obstruction to flux closure decreases with rise in temperature so that 
the value of di/dT will be negative. It then follows from thermodynamic argu- 
ments that this will give rise in the low field region to an effect which forms a 
dip. 

Now, although the original argument applies strictly only in the absence 
of an external applied field, there remains the possibility that the effect may 
occur to a limited extent in small fields. In fact, Bates and Martin (1953) have 
shown by powder pattern experiments that the formation of demagnetization 

X-2 
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nuclei at imperfections takes place over a comparatively wide range of applied 
field. The appearance of these regions of reverse magnetization must give rise 
to an effective flux closure. In materials with low anisotropy the growth of 
reverse magnetization regions may be favoured by a rise in temperature. ‘This 
implies, in just the same way as in the Bozorth explanation, that the sign of 
dI/dT will be negative and a dip may occur. 

As a qualitative test of this explanation thermal readings were made on a 
material with low anisotropy. It is known that the nickel-iron series of alloys 
shows a minimum anisotropy in the region of 79°, Ni, and therefore a permalloy 
rod was selected having a composition 78% Ni, 4% Mo and 18% Fe. The 
thermal results showed a large magnetocaloric effect with a clear ‘dip’ in the 
zero field region (figure 4). 
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Figure 4. Thermomagnetic curves for a Permalloy specimen : 78°%, Ni, 4°% Mo, 18°% Fe. 
AH=effective field in oersteds, O’=energy change in 10? erg cm~?*. 


The anomalous effect has been discussed extensively here as it is thought 
that the * dip’ may arise from some important magnetic process that is not yet 
fully appreciated or understood. For example, all the specimens used were 
polycrystalline, and free poles must have been present at the grain boundaries, 
and may have played a big part in the thermal changes in materials of such 
low coercivity and high initial permeability. Some experiments are now in 
hand in this laboratory to try to measure their effects and test the suggestions 
made in the above discussion. 

The thermal contribution of rotational processes has been found to be very 
important in some metals. However, in the ferrites investigated here the 
agreement between the measured and calculated magnetocaloric effects is suffi- 
ciently good to show that the effect of rotational processes is very small, and it 


is therefore not possible to derive information about the value of the Stoner 
and Rhodes 6” coefficient in ferrites. 
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§ 4. CONCLUSION 


It is seen from the new magnetothermal measurements on ferrites that, 
in spite of the great differences between the ferrites and normal ferromagnetic 
metals, the heat changes that occur are explicable in terms of the same basic 
causes, although the relative importance of the various contributory processes 
may be very different. 
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Abstract. Carrier concentration disturbances in semiconducting filaments 
are discussed by reference to the composition of the current at the end contacts. 
Four types of disturbance must be envisaged, of which carrier injection is the 
best known. Carrier exclusion and extraction have also been experimentally 
observed, but carrier accumulation has not yet been reported. ‘These phenomena 
are discussed in terms of a unified set of equations on the assumption that the 
disturbances are much smaller than the equilibrium concentration of majority 
carriers. 


§ 1. INTRODUCTION 


N the case of those semiconductors in which holes as well as electrons play 

a part in conduction it is possible to change the concentration of current 

carriers by adding or subtracting equal numbers of both types of carrier. 
Concentration disturbances of this kind which arise when current is passed 
through a contact placed on the surface of a semiconductor can be conveniently 
discussed by considering the conditions which prevail in an n-type semi- 
conducting filament with suitable end contacts (figure 1(@)). For simplicity, it 
will be assumed that the filament is long so that the carrier disturbances arising 
near the two contacts can be considered separately. Under equilibrium 
conditions, a fraction yp=pyPo/(Un% +HpPo) of the total current in the bulk of 
the semiconductor is carried by holes. The corresponding quantity which 
governs the composition of the current at the end contacts is the injection (or 
extraction) ratio, denoted by y. If y=yY, at both contacts, then the carrier con- 
centration throughout the specimen remains undisturbed by current flow. 
In all other cases the concentrations in the neighbourhoods of the contacts are 
functions of the current. The condition y>y, at the contact biased positively 
with respect to the filament corresponds to the familiar case of carrier injection, 
whereas y <y, at the same contact must lead to a decrease of carrier concentration 
which will be called carrier exclusion. Correspondingly, at the contact biased 
negatively with respect to the filament, a decrease of carrier concentration is 
expected for y>y, and this is the phenomenon known as carrier extraction. 
The converse process, carrier accumulation is expected to occur at this same 
contact for y<¥p. 
_ The purpose of the present note is to discuss these four types of disturbance 
in terms of a unified set of equations. The nomenclature of these phenomena is 


not yet generally standardized. ‘The terms used in the following discussion are 
those defined above. 
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§ 2. SHOCKLEY’s GENERAL EQUATIONS 


Carrier recombination in a system such as that shown in figure 1 (a) has been 
discussed (Shockley 1950) for the case of concentration disturbances which are 
small compared with the equilibrium concentration of majority carriers. Under 


= (Q) 


Direction of hole flow —»> 
Po Injection 
rl Exclusion 
Po Extraction i 


2 
Po Accumulation 


Hole Concentration 


Distance along Filament 
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Figure 1. (a) Diagram showing the dimensions of the filament. The contact discussed 
lies in the plane x=0. (6) Plots showing the variation in hole concentration along 
the filament associated with each type of disturbance. 


these conditions it can be assumed that the electric field in the filament is unaffected 
by the disturbances. Consequently, the components of the hole current density 
(z,) can be written as 


0 

tpn = CHppE, —eD, f oer (1) 

: Op 

tp, = —eD — ene) 

‘DY Poy 

0 

ine = —eD ye NG) 
where the symbols have their usual meanings. ‘The continuity condition 

Op soap Ve. 4 

ry = ie 2 Vin 0.0 6 ( ) 


must be satisfied, where 7, is the bulk lifetime and p, is the equilibrium con- 
centration of holes. Substituting for 7, and putting p; =p — Py leads to 


0; 0 ; 
Pi Pt _ yp Ft + DV, vereee (9) 


A solution of this equation, symmetrical in y and also in 3, is 


p~pi=Aexp(—vt—ax)cosbycoscz wae ees (6) 
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where A is a constant and v, a, b and c are constants related by 


; 1 1 
y+ Da == byl a = aa = D,(6? ae c*) => a Sao (7) 


(7; is defined as the filament lifetime). 


§ 3. CARRIER INJECTION AND EXCLUSION 


Shockley used the above equations to discuss the steady state condition 
arising from carrier injection. This corresponds to p, being independent of 
t, i.e. v=0, and hence from equation (7) 

Pe [yp x ic (Os re 5 4D,/7,¢)"” 
- 2D» 


The solution of interest is given by the positive sign. For p,£,>(D,/7,.)"” 
i.e. if diffusion in the x-direction is small 


a= Vie ee (9) 


The equations derived above are also applicable to carrier exclusion, but in this 
case the constant 4 is negative, and consequently so is p,. ‘The quantity 1/a, 
which has the dimensions of length, may be termed the down stream diffusion 
length as the electric field assists in the propagation along the filament of the 
disturbances due to injection and exclusion. 

Experiments frequently involve the measurement of the change of conductance 
of the filament due to injection or exclusion. ‘This can be found from the change 
in the total number of holes, which under steady state conditions is given by 


C id lala) 
| pidxdydz = | | ja ee exp (— ax) cos by cos czdxdydz 
a pe ee ee ee (10) 


where v has been put equal to zero. It is convenient to find an expression for A 
by considering equation (6) for x =0 and, as before, v=0. This leads to 


pi(0) 
cos by cos cz" 
By differentiating equation (6) and substituting for dp/dx in equation (1) the 
relation inp =CUy(PotPi)EwteDyQPy nnn (12) 
is obtained, and this may be used to find a value of p,(0) for substitution into 
equation (11). Thus oe equations (10), (11) and (12) 


=i is ie ty (0) — Ce PoE 
JoJ—B)—c¢ C(upH,+4aD,) 
_ 1,0) —4BCe uy Pok, 
ae(uyE, + aD,) a 
where J, ,(0) is the total hole current atx=(0. ‘This is given by yI where J is the 
total current through the filament. A simplification may be brought about by 


observing that 4BCeup Ey, i. ee (14) 
so that if ? I oe eee (1) 


exp (— ax)dxdydz 


= exp (al), & Ve rae: (13) 


(ye ae ay I exp(—aL)}. eee eee (16) 
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‘The ratio y, may be called the effective injection ratio and it is this quantity which 
is actually measured experimentally by the methods described by Shockley, 
Pearson and Haynes (1949) and by Many (1954). at 

If diffusion in the » direction is negligible, the change of conductance of the 
filament can be found as follows. It has been shown (Shockley 1950) that, 
provided p, <n, (a condition which applies throughout the present discussion), 
the effect of additional carriers on the conductance is independent of the manner 
in which these carries are distributed. The change of conductance is then given 


b T 
: AG = (uy +p) LP 
= (ee ue oy da) exp (Gi aca sis (LA) 


where aD, has been neglected compared with .,£,,and where a has been eliminated 
by the use of equation (9). This equation confirms a similar expression which 
has been derived by Many (1954) by another method, based on the assumptions 
that injected holes recombine with a lifetime of 7; and that the filament is long 
enough to permit this recombination. Equation (17) does not involve these 
assumptions. For long filaments it leads to the same result as the steady state 
solution of Many’s expression and it also includes the case of short filaments. 

Carrier injection, both by point contacts and p—n junctions, has been extensively 
discussed in the literature. Carrier exclusion has been observed by Arthur et al. 
(1955) (called by them extraction) and by Dr. R. Bray (private communication), 
using specially prepared contacts of low injection ratio. 


§ 4. CARRIER EXTRACTION AND ACCUMULATION 


Provided that the sign of EF, is reversed the equations derived in §2 apply 
equally to contacts biased negatively with respect to an n-type semiconductor. 
Under these conditions the steady state solution of equation (7) is 


“a= [pl sl (a ae ae 4D o/r¢))? 
2Ds 


where the positive sign corresponds to the solution of interest. It will be observed 
that the greater the relative importance of diffusion the greater is the distance to 
which the disturbance is propagated along the filament, and consequently the 
quantity 1/a’ may be termed the up stream diffusion length as the electric field 

- opposes the propagation. However, even if there is no electric field, the value of 
1/a’ is only (7,D,)1, i.e. a diffusion length. The total steady state change in 
the number of holes may be found by the same method as that used in the previous 
section. Consequently, provided that a is changed to a’ and that the sign of 
E,, is reversed, equation (16) can also be applied to extraction and accumulation. 
On the other hand, as these phenomena are inappreciable when diffusion is 
negligible, the expression found for the change of conductance (equation (17)) is 
not applicable. 

Carrier extraction was first envisaged by Bardeen and Brattain (1949). It has 
been observed by Banbury (1953) using evaporated contacts on germanium and 
lead sulphide, and by Angello and Ebert (1954) (called by them ‘ egression ’) using 
a p-n junction of indium alloyed to germanium. So far as is known, carrier 
accumulation has not been observed experimentally.t 

+ Since the preparation of this paper Dr. A. F. Gibson has informed the author that he 
has observed accumulation using an n—n junction in germanium. 
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Abstract. The temperature dependence of the dielectric constant of diamond 
has been measured over the temperature range 50-200°c. The value of 
« ‘de dT over this range is +1x10~>. Details of the method of measuring 
the temperature coefficient of dielectric constant are also given. The 
magnitude and sign of «-1de/dT for diamond has been theoretically calculated 
using Maxwell’s relationship and Kramers—Heisenberg theory. The agreement 
between theoretical and experimental values is extremely good. 


$1. INTRODUCTION 


N the course of their extensive measurements on the dielectric constant of 

diamond, Whitehead and Hackett (1939) noticed that the value showed a slight 

increase with temperature at about 60°c. This increase was of the order of 
1-5 to 2-5°,, but with the limited accuracy of their apparatus they could only 
point out that the dielectric constant of diamond is substantially independent of 
temperature and thus in accordance with the Lorentz theory. The value of 
5-68 + 0-03 obtained by these authors is identical with the square of the refractive 
index for infinite wavelength, n,. Thus Maxwell’s relationship «=n,,? (€ is 
the static dielectric constant) is very well obeyed (see also Frohlich 1949). Now, 
accurate determinations of the variation of the refractive index of diamond at 
optical frequencies (Ramachandran 1947) show that the value of dn/dT is 
appreciable and has a positive value at temperatures above —100°c. From 
the order of magnitude of the dn/dT values it is evident that the variation of the 
dielectric constant of diamond with temperature will probably be of the order of 
only 10-*. Even in the case of ionic crystals the values of «1de/dT are known 
to be of the order of only 10-4 (Bretscher 1934, Eucken and Biichner 1935). 
The slight increase in the value of the dielectric constant observed by Whitehead 
and Hackett was explained by Hartshorn (see the discussion following the paper 
of Whitehead and Hackett 1939) as due to the increased conductivity of the 
liquid mixture used in their measurements. In fact with the apparatus of 
Whitehead and Hackett the true effect could not have been measured at all 
owing to the very small order of magnitude. In the present work we have been 
able to measure the value of «'de/dT of diamond in the temperature range 
50-200°c by means of a heterodyne beat, apparatus and have found that the 
value is indeed of the order of 10~° and is positive. 

Ramachandran (1947) has derived a quantitative expression for the value 
of dn/dT on the basis of Kramers—Heisenberg theory from a knowledge of the 
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characteristic frequencies and strength of the harmonic oscillators (vo, and Tor 
respectively). Since Maxwell’s relation has been known to hold good in the 
case of diamond it is possible to calculate the temperature coefficient of the 
dielectric constant of diamond on lines similar to Ramachandran’s. Remarkable 
agreement between the theory and experiment has been found, as will be seen 
presently. 


§ 2. EXPERIMENTAL DETAILS AND THE VALUE OF €! dedT 


The changes in the dielectric constant were measured by changes in the 
capacity using the heterodyne beat apparatus which has been already described 
elsewhere (Narasimhan 1953). The voltage supply for the entire unit was 
taken from a constant voltage transformer. ‘The frequency stability of the 
apparatus was remarkable (one beat per 10 seconds could be maintained for a 
period of several hours). For the measurement of the small capacity changes 
due to temperature an accurate variable air condenser of the stepped-rod type 
(Watson, Rao and Ramaswamy 1934) was used in parallel with the crystal 
condenser. This variable condenser had a total capacity of about 20 ur with 
a variable capacity of about 1:-2uF corresponding to about sixty revolutions of 
the graduated drum (360 divisions). A revolution counter attached to this 
drum made the readings easier. ‘The condenser was calibrated as usual, before 
use. In the circuit was also a precision variable air condenser of the vane type 
which served the purpose of getting the heterodyne note within the coverage of 
the Watson condenser. After this adjustment, the precision condenser was 
kept ‘locked ’. 

‘The diamond used in the present measurements was in the form of a nearly 
rectangular plate (length 6mm, breadth 45mm, thickness 1-:1mm, weight 
69:-4mg). ‘The two broader surfaces of this plate were aluminized fairly thickly 
so as to form the two plates of the crystal condenser. ‘The crystal cell consisted 
of a brass container (3in. in diameter, 2.in. thick, 2}in. high) with a removable 
lid screwed on top. It was first silvered and then given a thick coating of gold 
in the interior. In the inside bottom of the cell was mounted a circular piece 
of ceramic insulator (2in. in diameter, }in. thick) on which was screwed a brass 
disc (131m. in diameter, }in. thick) carrying a terminal for connecting the radio- 
frequency lead. ‘This brass disc was also gold coated. The aluminized diamond 
plate was placed over this disc while a thick earthed metal probe contacted the 
other side of the diamond plate. ‘The lead from the brass disc was taken out 
through a hole (}in. in diameter) made at the side of the outer brass vessel. 
Covering this hole was a ceramic insulator carrying a terminal to which was 
connected the lead from the brass disc. The crystal cell was connected to the 
heterodyne apparatus by a shielded lead, the brass vessel forming the earthed 
electrode. The crystal cell could be heated to desired temperatures by means 
of a wire resistance heater strip placed at the outside bottom of the cell. 

‘Temperatures were measured both by a mercury thermometer and a thermo- 
couple at various points of the cell. The difference in temperature between the 
inner brass disc and the outer vessel was less than 0-5°c and thus it was found 
convenient to measure temperatures from outside. Regulation at desired 
temperatures could be effected not only by varying the input current to the 
heater strips but also by use of a bi-metallic strip arrangement. It was found 
desirable to work above room temperature since at lower temperatures the 
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etfect of moisture made the readings unreliable. ‘Thus the temperature range 
50—200°c was found convenient and the capacity changes were also within the 
coverage of the Watson condenser. ‘The measurements involved in the first 
instance the accurate determination of the capacity change due to the crystal 
cell itself, i.e. without the diamond plate. This was obtained by a series of 
measurements over the required temperature range, the values being consistently 
reproducible. Measurements were then carried out with the diamond plate 
in the cell whereby the capacity C of the diamond plate and its variation with 
temperature dC dT were obtained. ‘The average of a series of determinations 
gave the value of 
Lae 


Cap7 thltolx 10” 


over the temperature range 50-200°c. According to Eucken and Bichner 
(1934) 

Ide ~ Vac 

ear Ae ds 
where x is the coefficient of linear expansion of the crystal. The thermal 
expansion of diamond has been accurately determined by Krishnan (1946 a) 
over a wide temperature range. From Krishnan’s data the value of « is seen 
to be only of the order of 1 to 2x 10~® over the present range, and since the 
uncertainty in the value of C-1dC/dT is also of this order we may omit this 
correction here. In our measurements, the variation with temperature of 
« ‘de dT, if any, could not be measured, chiefly due to the small size of the 
diamond. 


a 


§ 3. DISCUSSION 


If we assume with Whitehead and Hackett that the Lorentz relationship 
holds good in diamond, that is, 
e—11 
=—s=CONStant 0 Nets 1 
mae constant (1) 
then the value of «1de/dT will be given by 


1 de iWreg eel 0p) 


= Ses DW) = iG. (Ai eeee 2 
elt “e ) por (2) 
Now, since p-!0p/8T= —y where y is the coefficient of cubic expansion, we 
have 
1 de 1 (c2+¢€-—2) 


: here ee 

Thus we should expect a diminution in the dielectric constant with increase 

of temperature. The observed positive value cannot therefore be explained 

as a pure density effect. On the other hand we can calculate the value of 

€!de/dT on lines similar to those used by Ramachandran (1947) for the calculation 
of dnj/dT. We have according to Kramers—Heisenberg theory 


W=1+> — Sox RT ce (4) 
TE Von — 
Since Maxwell’s relation holds good in Aeon we also have 


Sie er lS TO CTO (5) 
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From this it follows that 
e=1+> fox. ee ee (6) 
kK Yok 


Differentiating (6) with respect to 7’ we get 


de = for dvop, ; 1 for rahe (7) 
at = tn cae ge aie ae 
Following Ramachandran it can be shown that 
1 fox 
Introducing the quantity 
| Ao. es Bibs dvoy 
Mad Iara! 
P dvox, 
we may write aT = — XxKVor- 
Finally we get 
1 de 1 ( forXk 
= == 4 (e= ee eee 8 
xa lp fe 1 AC 1)+23 Vor? (8) 
or iscdesas L | 
Sas r{=Hle=N42E fordon*xe re neee (9) 


For diamond, Peter (1923) has given the following values: k=1, 2; 
For = 9' 899% 10" 5 Fag — 1-080 10° o Agn= 1060 AS AG — 17 50) Ramachandiam 
has taken the value of y;,= x, =x. and has shown it to correspond with the lattice 
frequency 1332cm™}. Taking Krishnan’s (1946b) value of ~»=9-6x 10° 
the calculated value of e-1tde/dT is found to be + 1-25 x 10-° in very good agree- 
ment with the experimental value of +1 x 10-°. 
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Auger Effect in Semiconductors 


It was suggested in 1950 by Fan and by Pincherle in unpublished reports 
that the Auger effect may be an important cause of recombination of holes and 
electrons in semiconductors, ‘i.e. that the energy liberated when an electron 
and a hole recombine may be transferred to another free carrier. ‘The importance 
of this effect, considered as the converse of impact ionization, is now recognized 
(see for example Burstein, Picus and Sclar 1955); its characteristic is that, when 
it operates alone, the lifetime of minority carriers is inversely proportional to 
the square of the density of the majority carriers. Such a dependence was 
demonstrated first by Moss (1953) in impure PbS and more recently by Haynes 
and Hornbeck (1955) in silicon. 

The latter results will be compared with theory. As in this case the minority 
carriers recombine at deep traps, the theoretical treatment is simplified. Such 
traps may be thought of as foreign atoms, or ions, of radius R, only slightly 
perturbed by the surrounding periodic potential, and an atomic treatment may 
be used. 

The probability per unit time that an Auger transition takes place is given by 


ie : 21 
Wy = — = = o(E) 


TA 


where 7, is the lifetime of the minority carriers due to the Auger effect, F is the 
depth of the traps and p(£) the density of states at energy £ from the edge of the 
band occupied by the majority carriers. p() will be taken as given by the standard 
expression 


p(E)= — ae , Where V=47R?/3 


r 1 
z = | bi, * (ty), *( re) eee P(r; )b(ry)dr dry 
Ty92 3 | r,— Vo | 
(neglecting exchange). ‘The sufhxes i and f refer to the initial and final states. 

If one assumes that for all particles kR <1 (where k 1s the crystal momentum) 

and takes spherically symmetrical wave functions, one finds 

Cre 
m?l2¢e4 Buz Rip? ) 
p being the density of majority carriers. ‘The numerical coefficient C’ depends 
on the particular form chosen for the wave functions, and with the above hypotheses 
is of order 10-2. It is one or two orders of magnitude larger with p-type wave 
functions, depending on the k values. 

For the case under consideration E=0-8 ev=1-3 x 10 erg; thus, inserting 
numerical values, +, p?=8 x 10-2? CR“ seccm™®. ‘The biggest uncertainty is 
in the value of R, as one does not know the nature of the foreign atom. From 
the values of the most common ionic or covalent radii, one may expect R to be 
included between 0:7 and 1-4x 10-°cm. ‘ Thus considering also the range of 
variation of C, one finds the limits 102° <7, p?<10** sec cm-®. ‘The experimental 
values are 10%2 for n-type and 16% for p-type silicon. ‘The agreement may be 


ta 
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considered satisfactory in view of the many uncertainties in the theory. ‘The 
effective mass m of the ejected particle may also differ from the free electron mass 
and constitutes another unkown factor. 

If recombination does not occur at a deep trap, but at a shallow one, or at 
a normal atom, the Auger lifetime is predicted to be smaller. This, according 
to Moss’ results, would seem to occur in PbS. 


Thanks are extended to Dr. J. M. Radcliffe for profitable discussions. 
Acknowledgment is made to the Chief Scientist, Ministry of Supply and the 
Controller, H.M. Stationery Office, for permission to publish this letter. 


Radar Research Establishment, 
Malvern, Worcs. L. PINCHERLE. 
31st January 1955. 
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An Improved Miniature Liquefier-Cryostat 


Miniature liquefier-cryostats in which the experimental working space is 
contained in the liquefier have a number of special advantages for work at liquid 
hydrogen and liquid helium temperatures. In the author’s laboratory several 
such cryostats are in use of the type described by Chester and Jones. An 
improvement in design has recently been made in which the glass Dewar vessel 
containing the pre-coolant (liquid oxygen) surrounding the main vacuum case 
is replaced by a metal vessel of re-entrant type, which now serves also as the 
vacuum case. ‘This is illustrated schematically in the figure for the case of 
a liquid hydrogen cryostat. 
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By making the upper portion of this vessel of stainless steel tubing and 
providing a battle to disperse the stream of evaporating oxygen, the temperature 
of the outer wall may be maintained only slightly below room temperature. 
The vacuum case can then be broken at an ‘O-ring seal at a level above that 
of the top-plate of the cryostat, where a semi-permanent soft-soldered ring-joint 
is made as the last operation during construction. (As before, all other 
vacuum joints are hard-soldered.) ‘The low-temperature part of the apparatus 
is protected by a copper radiation shield thermally linked to the top plate at 
90°K by means of a greased screw-thread, and bearing a number of holes near 
this level to assist rapid evacuation. Under normal conditions we have noted 
a temperature difference between the bottom and top of the shield (of length 
about 30 cm) of about 30 degrees. ‘This is no inconvenience, since the working 
space can in practice be protected by further shielding where appropriate to the 
experiment. 

‘The new design leads to very greatly increased flexibility and accessibility. 
Limitations of space more or less disappear because the main vacuum case can 
now be made of any size or shape. It can be much more easily removed and 
also, being at room temperature, it can be fitted with additional openings or 
‘windows’, or with appendages which may be separately detachable. For 
example, we have used a ‘tail’ of small diameter, attached via an ‘ O’-ring 
seal. In this application the radiation shield also can be fitted with an easily 
detachable tail, thermally linked with the main shield via a greased screw thread 
A minor difference during operation follows from the fact that it is not 
possible to use ‘exchange gas’ to assist in cooling the contents to the 
temperature of liquid oxygen, but the only effect of this is to add a few minutes 
to the starting time. ‘The over-all consumption of liquid oxygen is appreciably 
reduced by the new design. 


I wish to acknowledge the help of Mr. W. A. G. Baldock and Mr. C. D. 
Murray in constructing and testing the new cryostat, and the support of the 
Department of Scientific and Industrial Research through a grant-in-aid. 


Queen Mary College, G. O. JONEs. 
(University of London), 
London, E.1. 
30th March 1955. 
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Table of Sine and Cosine Integrals for Arguments from 10 to 100. U.S. Depart- 
ment of Commerce, N.B.S. Applied Mathematics Series 32 (Reissue of 
Mathematical ‘Table 13). Pp. xv+187. (Washington: U.S. Government 
Printing Office, 1954.) $ 2.25. 


This is a re-issue with minor modifications and additions of a table issued in 
1942 by the Mathematical ‘Tables Project. ‘The interval is 0-01 in the argument, 
and entries are given to 10 places of decimals. Second differences are printed in 
the table, and an ancillary table of coefficients is provided to facilitate the use of 
Everett’s interpolation formula. H. H. HOPKINS. 


A-Concise History of Mathematics, by D. J. Srruik. Pp. xix+299. (London: 
Bell, 1954.) 14s. 


Professor Struik has attempted to summarize the development of the main 
ideas in mathematics prior to 1900. ‘The result is a very readable account of the 
subject for those who know rather more about mathematics than he presupposes. 
A particularly useful feature of the book 1s the inclusion of a good bibliography at 
the end of each chapter. H. H. HOPKINS. 


Meteor Astronomy, by A. C. B. Lovett. Pp. xiv+463. (Oxford: Clarendon 
Press, 1954). 7 60s: 


During the past quarter of a century a considerable effort has been devoted 
to the study of meteors. ‘The development of radio techniques in recent years 
has enabled many of the outstanding problems to be solved so that the present 
time is appropriate for a comprehensive survey of the subject ; and as the 
number of original papers that have been published is very large and as some of 
the more important o° these are not readily accessible the need for such a survey 
has been much felt. This need is met by the admirable book which Professor 
A. C. B. Lovell has written. 

In the early chapters the main observational methods (visual and photo- 
graphic as well as radio) are lucidly described. The diurnal, seasonal, number 
and mass distribution of sporadic meteors are next discussed in detail, and a 
critical account is given of the measurements that have been made on their 
velocities, it being concluded that the percentage having hyperbolic velocities 
is very low and that the few cases of small hyperbolic velocities which appear 
to exist can probably be explained as arising from planetary perturbations. 
Most of the remainder of the volume concerns meteor showers. All the major 
showers are treated separately. The history of each is summarized and data 
given on the activity, radiant, velocities and orbit. 

A vast amount of information is collected. It is presented clearly—mainly 
in the 175 tables and the 187 diagrams. The main-text was completed in the 


early part of 1952 but an Appendix has been added in which results obtained 
up to the end of 1953 are included. 
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Professor Lovell is to be warmly congratulated on Meteor Astronomy which 
is certain to become a standard source of reference. : 

The physics of meteors (their evaporation while passing through the Earth’s 
atmosphere, the luminosity and ionization they produce, etc.) is reserved for a 
later book. D. R. BATES, 
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Lectures), by E. J. GumBet. Pp. viii+51. (Washington: United States 
Department of Commerce, National Bureau of Standards, Applied 
Mathematics Series 33, 1954.) 


Reviews of Research on Problems of Utilization of Saline Water. Pp. 96. (Paris : 
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Chromatography (British Medical Bulletin, Vol. 10, No. 3, 1954). Pp. xi+ 252. 
(London: The Medical Department, The British Council.) 15s. 
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The Scattering of Light in Sodium Chloride Monocrystals 


By S. P. F. HUMPHREYS-OWEN 


Birkbeck College, University of London 
MSS. received 15th November 1954 and in amended form 24th Fanuary 1955 


Abstract. The total intensity of light scattered at 90° by specimens of natural 
and synthetic NaCl single crystals has been investigated as a function of wave- 
length from 6600 A to 25004. The scattered intensity is found to be of an order 
40 times greater than that expected from thermal theory, and the wavelength 
function is not inverse fourth power throughout the spectral region studied. 

Therefore only a small part of the scattering can be attributed to thermal 
fluctuations and the bulk is attributed to a submicroscopic block structure of 
the crystals. From the wavelength function an estimate has been made of the 
linear dimension of the blocks, and this is found to differ little from specimen 
to specimen and from place to place in one specimen; it is of the order 15004. 
Thus the above-mentioned structure seems to be an intrinsic feature of the real 
structure of single crystals. 


§ 1. INTRODUCTION 


HE order and the closeness of packing of the atomic scattering centres of 

a perfect crystal at 0°k would result in zero scattering of light of optical 

wavelengths because of destructive interference. At higher temperatures, 
however, sound waves of thermal origin traverse the crystal in all directions, 
causing stratifications of density which give rise to a type of scattering called 
thermal. The intensity of this scattered light is inversely proportional to the 
fourth power of the wavelength of the irradiating light (hereafter referred to as 
the X-4 law), and directly to the absolute temperature. 

A real crystal would be expected to yield an additional scattered intensity, 
superposed on the thermal scattering, by reason of imperfections which act as 
locations of optical discontinuity and modify the total optical interference. 
Experimentersin the past have sought to isolate the thermal fraction of the scattered 
light on the assumption that imperfections are accidental and not intrinsic to 
the crystal, and not therefore a significant source of scattering. For example 
Krishnan and Chandrasekharan (1950) concentrate on the wavelength-shifted 
Brillouin components peculiar to thermal scattering, and Landsberg and 
Mandelstam (1932) confine attention to the temperature-dependent fraction on 
the assumption that only thermal scattering is a function of temperature. But 
this expedient will fail if there is another source of scattering, itself temperature- 
dependent. 

The present study was suggested to the author by Dr. R. Furth who (1949) 


put forward reasons for supposing that the real structure of a crystal, apart from 
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accidental dislocation, consists of a mosaic of perfect blocks located in a three- 
dimensional net of disordered material. The existence of this ‘intrinsic block 
structure’ had first been proposed, on theoretical grounds, by Born (1947), who 
in a discussion of the consequences of the anharmonic character of the restoring 
forces in a perfect lattice (also responsible for the thermal expansion) was led to 
the consideration of a certain length / which he expressed by 


2a 0 
ger ipa Fee ee (1) 
where a is the lattice constant, 6 the coefficient of linear expansion, @ the Debye 
temperature of the substance, and T the Kelvin temperature. ‘This expression 
yields values for / of the order 1000 at room temperature for most materials. 

This length roughly represented a limit to the validity of the method of 
approximation employed, but Born, at the time, thought it probable that in 
addition it might represent a real limit to the extent of the perfect lattice. In 
later publications (Born 1951) he expressed doubts as to this view. I understand, 
however, from Dr. Firth that the latter has in the meantime been able to give 
a more convincing proof of the existence of a real critical length on the basis of 
rigorous lattice theory, which he hopes to publish in the near furture. 

A system of this kind will have a finite scattering power because the net of 
disorder around the perfect blocks provides the necessary optical discontinuity, 
just as transparent particles in a transparent medium will scatter light if there is 
a relative refractive index different from unity. Moreover, the scattered intensity 
will have characteristics provided by the shape and size of the blocks, and in 
particular will not obey the A? law if irradiated by light of wavelength comparable 
with 1000A; for the X-* law ceases to hold when the linear dimension of the 
scattering particle becomes greater than about one tenth of the wavelength. 

Thus an investigation of the scattered intensity as a function of wavelength 
as far as possible into the ultra-violet should yield information by virtue of depar- 
ture from the A4 law; and furthermore, if the experimental wavelength function 
contains features common to many crystal specimens, this will be evidence for 
something intrinsic and not accidental. ‘The method by which an estimate of 
the size of the crystal scatterers has been obtained from the experimental wave- 
length functions is outlined in the next section. 


§ 2. A MOopDEL FOR THE INTERPRETATION OF THE WAVELENGTH FUNCTIONS 


Let it be assumed that the blocks are of irregular compact shape of linear 
dimension 7, whose lattice in their interior is perfect, but whose boundaries are 
defined by a thin (of atomic dimension) net of disordered atoms. The scattered 
light is then entirely due to the superposition of the wavelets issuing from the 
disordered atoms, and hence, toa first approximation, should have the same angular 
and spectral distribution of intensity as that due to an assembly of spherical 
particles of radius and refractive index equal to that of the crystal. The scattering 
behaviour of isolated spherical particles has been fully computed from the well- 
known theory of Mie (1908). One cannot, however, apply this theory to the 
present model of close-packed blocks without further justification. If the close- 
packed blocks were all exactly alike and of regular geometrical form the light 
scattered by many block boundaries would possess definite phase relationships 
and would sum to a total effect which would be different from that obtained from 
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randomly distributed blocks. But our assumption is that the blocks are irregular 
in shape and not all exactly alike. In this case it is permissible to argue that the 
regularities of phase of light scattered from many boundaries will be largely 
destroyed, and that the total effect will approximate to that of blocks of similar, 
regular, shape, but randomly distributed, thus enabling the Mie theory to be 
employed. 

Let the incident light be of wavelength A and be unpolarized, and let 7 be the 
total (sum of polarized components) flux scattered per unit solid angle at 90° 
to the incident beam, per unit incident intensity per unit volume of scattering 
material. Let the scattering system be a random assembly in vacuo of similar 
dielectric spheres of radius r. For them, the function 7 will be made up of two 
factors, 4. and v say: jy almost independent of wavelength and a function of the 
number of spheres per unit volume and of their refractive index, and v which is 
a function of the parameter 27r/A. There is no reason to expect a direct relation- 
ship between the function ». for the assembly of blocks and the corresponding 
function for the assembly of spheres as long as the number of dislocated atoms on 
the block boundaries is not specified. But, on the other hand, it is to be expected 
that the function v should be approximately the same in both cases. Thus, 
although no information about the block structure can be obtained by measuring 
the absolute magnitude of 7 at constant A, an investigation of 7 as a function of A 
will give information on 7 from the behaviour of the function v(r, A), using the 
sphere model. 

When, from tables of the Mie theory (see references), for spheres of given r, 
the function zis plotted against A (the vacuum wavelength in this model), and other 
variables are held constant, there are two salient features in the curve: 

(1) there is a wavelength A, say, below which the power n inz cc A” begins to 
fall below 4 (with accuracy to 1°), and 


Dies Oe | ee ee Se (2) 


(ii) there is a shorter wavelength A, say, at which the curve passes through a 
maximum, and 


iron) Fp a me 9 (3) 


In order to evaluate the equivalent diameter 27 of the crystal blocks either or 
both of these features may be employed, but if both can be observed experimentally, 
the confirmation of the relation 


eee =o os i eee (4) 


will lend confidence to the underlying assumption that the blocks approximate 
in their behaviour to spheres. 

A third test may be tentatively applied: if 27r/A is small, the scattering of 
a sphere at constant A is proportional to r°, other variables being held constant. 
If therefore 7, at a fixed long wavelength, is compared for different crystals or 
different parts of one crystal, we might ascribe differences inz to differing equivalent 
radius if ¢oc r? is found to hold (r having previously been estimated). But in 
view of the arbitrariness in the number of dislocated atoms emphasized above, 
it will be no loss to the model if this is found not to be the case, for the individual 
history of each crystal would be expected to have an unpredictable effect on the 
number of dislocated atoms. 
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§ 3. EXPERIMENTAL 


The study of the wavelength variation of 7 consists of measuring a ratio of 
scattered flux to incident intensity under conditions in which A is the only variable. 
The experimental arrangement is shown schematically in figure 1. “The source 
of light was a Siemens xenon gas arc type E.2, which provides a continuum whose 
energy output is level from 6800 A to 3800 A, and then falls to a fifth at 2500 A. 
This source was found preferable to a line spectrum. After monochromation 
(by a Hilger Barfit wavelength spectrometer with adaptor D.222) the light was 
modulated to provide a frequency of 22 c/s; a 44 c/s oscillator drove a Ferranti 
synchronous motor which (designed for 375 rev min at 50 c/s) rotated at 
330 rev min !. A four-sector chopper thus yielded a square wave of 22 c/s. ‘This 
frequency avoids beating between a Fourier component of the square wave and 
the 100 c/s modulation of a light beam whose source is run from 50 c/s mains. 


mm «a 
H 44 c/s 
Thee Oscillator 
Entrance Choppin 
Sica Sectors 


—— calibrated in 
wavelengths 


Mirror 


Monochromator 
M2 
Anode P 
IMQ S$ —~* 21M2 


Differential Amplifier 


Figure 1. Schematic experimental arrangement, and circuit of differential amplifier for 
comparing outputs from two photomultipliers. 


The beam was focused on to the centre of a crystal specimen in the form of 
a cube block of about 2.cm side. All faces were highly polished, and then the 
three not wanted for the transmission of light were painted black. Scattered 
light was detected by a photomultiplier (M1 in the figure) of RCA type 1P:28 
which has a special glass envelope transmitting to about 24004. In principle, 
the ratio is required, wavelength by wavelength, of the resulting photocurrent 
to that produced when M1 views the incident beam directly. Photomultiplier 
outputs are, however, linear with luminous flux only for low flux levels, and there- 
fore, in a second experiment, M1 (‘second position’ in the figure) received a small 
fraction of the flux diffusely reflected from a magnesium oxide surface. After 
a small correction for the wavelength variation of the reflectance of MgO (Menzies 
and Skinner 1949) the response of M1 in the second position is proportional 
to the intensity incident in the crystal. Experiment showed that the difference 
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in air path to M1 between the two positions introduced no detectable new wave- 
length variable, at any rate as far as 2500.4. As regards the path in the crystal, it 
will be seen that, in each case, the same path length and transmission through two 
crystal surfaces is involved. 

In order, however, to eliminate errors due to changes in light output and 
electronic characteristics occurring in the course of the two experiments, a null 
method was devised in which, in each experiment, a fraction of the output of 
a second mutiplier, M2, viewing the MgO surface, was made equal to that of M1. 
The position of M2 was never changed. At a given wavelength, let this fraction 
be p, in the first (scattering) position of M1, then the outputs are in the ratio 

M1 (scattering)/M2=p,. 

Similarly, when for M1 in the second (incident) position, equality is obtained 

at a fraction p, of M2’s output, we have 
M1 (incident)/M2 = p,. 

Thus the ratio p,/p, eliminates the characteristics of M2, which acts merely 
as a transfer instrument, and this ratio, which is proportional to the desired function 
7, is studied asa function ofA. Of course it is not necessary to use a photomultiplier 
for M2; any ultra-violet sensitive cell would serve. But another 1P.28 happened 
to be available, and in any case for the null technique described next it was desirable 
to have two cells of similar electrical characteristics. 

In the differential amplifier of figure 1 equal signals at the grids produce zero 
output apart from a small residue proportional to the sum of the two signals. 
This residue can be reduced to a negligible value by choice of the resistance s 
(McFee 1950) which is fixed empirically and 1s of the order 150 kQ in the circuit 
shown. Since an a.c. null is required phasing must be correct and in practice 
it was found sufficient to make components on each side of the amplifier equal, 
to 1%, tolerance. ‘The output of M2 was controlled by the constant impedance 
potentiometer P (two 1 megohm carbon potentiometers ganged), and the fraction p 
was calibrated directly on a dial. ‘The double triode was type 6SL7. 

The off-null output from the differential amplifier was further amplified in 
a narrow bandwidth voltage amplifier and finally displayed as a sinusoidal 22 c/s 
signal on an oscilloscope. ‘The scattered flux from good crystal specimens is 
very small indeed, especially after monochromation and in the ultra-violet where 
the output from the arc falls off. Even with an amplifier bandwidth as low as 
a fraction of a cycle some residual noise remains, and it was found that the cathode- 
ray oscilloscope display was the best way of seeing the signal through the noise. 

The resistances S, and S, in the respective lines to the potential dividers 
supplying the multiplier dynodes were variable and served the purpose of 
producing a null at a convenient initial setting of the potentiometer P. In order, 
however, to preserve the purely transfer function of M2, the setting of S, was not 
altered once it had been set in the first (position 1) part of an experiment. 


§ 4. RESULTS AND DISCUSSION 
The onus of accuracy falls on the linearity of the multiplier M1, which is 
required in this work to detect over the full range of its spectral sensitivity. In 
a preliminary note (Firth and Humphreys-Owen 1951) certain kinks in the curve 
of 7 plotted against A were recorded which have since been found to be spurious 
and due to non-linearity in a multiplier. ‘The present communication should 
therefore be regarded as superseding the above report. 
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Scattered light entered the multiplier from a region in the crystal about 5 mm 
long and 1 mm? across; this is small enough for different parts of one crystal to 
bestudied. Results for five crystals are presented, three natural and two synthetic, 
of which one was grown from melt (method of Kyropoulos by Messrs. Hilger and 
Watts) and one from solution (by Prof. Chapelle of the University of Nancy). 
Except for the latter, which had a higher scattering power than the others, the 
monochromatic beam in the crystal was almost invisible to the naked eye when 
viewed at 90°, but could be seen when viewed from the forward direction. ‘This 
is a first indication that there are scatterers in the crystals which are not small 
compared with the wavelength, for the scattering from small particles, small 
enough to yield the X 4 law, is symmetrical about 90° to the incident beam. Before 
any experiment, care was taken to view the beam and ensure that no bright spots 
indicating gross imperfections were in it. ‘The general appearance of the beam 
to the eye was recorded in each case, viewed from the forward direction. ‘The 
three natural crystals and the synthetic crystal from the melt presented a similar 
beam, not uniform in brightness, with the ‘ milky’ smoothness of a beam in dust- 
free liquid, but slightly ‘ spotty’. In one natural crystal it was possible to select 
two regions for study, one with beam apparently almost free of these discrete 
spots and the other with considerable concentrations of them; it should, however, 
be noted that the spots were only slightly brighter than their background. ‘The 
synthetic crystal grown from solution, on the other hand, had a much brighter 
beam than the others, bright enough to be seen at 90°, and it was apparently 
uniform in brightness. ‘This crystal was peculiar in its history: it had been 
ground in the form of a cylinder, for the purpose of angle measurements in France, 
and then annealed and polished. None of the other crystals was annealed. 
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Figure 2. Logarithmic curves from which scatterer size is estimated from wavelength of 
departure A, from A~! law, and from turning points (A,). 


‘The presentation is in the form of the ratio R=p,/p, as a function of the 
vacuum wavelength A. In order to show the behaviour of the power n in R oc Am 
log R has been plotted against log A (figure 2) 
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The absolute magnitude of R did not differ sufficiently from crystal to crystal 
tor the curves to be conveniently drawn in correct relative location on the axis of 
log R, therefore comparison between crystals should be made of their slopes only. 
The comparison of magnitudes at fixed wavelength is presented in the table 
(see below). 

It is seen that in no case is the A~? law obeyed through the spectral region 
studied, but there is initial obedience at long wavelengths, and to show this, the 
straight line of slope —4 has been drawn in each case. The wavelength \, of 
departure from the law is indicated, and also the wavelength A, at which the curve 
turns over, in the two instances where this was observed. Neither of the synthetic 
crystals could be studied further into the ultra-violet than shown, because of 
fluorescence. 

Two curves for one crystal (crystal 2) are shown, one for a region in which 
the beam was clear, and the other for a region in which it was ‘spotty’. At the 
bottom of the figure is a theoretical curve for a system of spheres of equal radius. 

Certain control experiments were carried out, and are illustrated by the curves 
of figure 3. These are of R plotted against 44, and show actual experimental 
points in order to indicate the degree of random error in the technique. The 
curves are: a@a typical curve for crystal 3, 6 and c respectively curves for large 
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Figure 3. Scattering ratio plotted against A~!, for a crystal and for various other scatterers, 
in order to show absence of consistent error in the experimental technique. 


imperfections in a block of fused silica and for a liquid (benzene). __ It is important 
to show that there is no appreciable spurious curvature introduced into scattering 
curves for any reason. Experience showed that a serious cause of such spurious 
effects was when the multiplier M1 was not operating on the same linear response 
curve throughout all experiments. It was therefore arranged that in all experi- 
ments M1 gave the same response at the wavelength of its peak response. From 
the fact that the correct curves, namely 7/(A) for the large imperfections, and 
ioc X~* for the liquid, have been obtained in these control experiments, we may 
have confidence that, in the other experiments also, spurious curvature 1s absent. 

Curve d is a curve for diffuse reflection from a crystal surface. Because 
of imperfect polish and slight moisture haze there is some diffuse reflection from 
the entrance and exit faces of the crystal, and this light is in its turn diffusely 
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reflected at the face through which scattered light enters the multiplier. The 
expedient of immersing the crystal in a liquid of similar refractive index so as to 
reduce such reflections was not followed in this work, because of absorption 
in the ultra-violet. Hence some criterion was necessary that diffuse reflections 
were negligible. This was provided by the fact that the curve for diffuse reflection 
does not pass through the origin, whereas the curve for true crystal scattering 
does, and by the fact that the curve for diffuse reflection continues to rise in the 
ultra-violet, whereas the curve for crystal scattering decreases in slope. 

Curve e is for dusty air in a closed cell after the heavier particles had been 
allowed to fall. This is to emphasize the different form of curves, on the one hand 
for a distribution of particle sizes (dust), and on the other hand for a system 
(the crystal) whose scattering elements appear to differ little in size. 

The table gives the values of A,, Ay, A,/Ay, estimated 27, comparative scattered 
intensity at 6400 A, comparative 7° relative to the smallest block size, and com- 
parative intensity for benzene. 


Crystal A, (A) A,(A) — Ad/Ae 2r (A) Int. 7 
1 5300 1360 1-00 1-00 
2b 5300 1360 2:6 1-0 
5 5800 1490 2-0 ilog) 
2a 5900 2700 2:20 1550 2:9 1-5 
4 5900 1550 =. 20 iS} 
3 6500 2900 2-25 1670 2-6 1:85 

Benzene 5-0 


For comparison of orders of magnitude with thermal theory we may use the 
Smoluchowski-Einstein expression 


eae 
77 
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where x is the compressibility equal to 4:23 x 10-2 cm? dyn'!, for rock-salt, 
and 6=2npdn/dp relates refractive index m and density p, and has the value 0-96 
(Landsberg and Mandelstam 1932). At 20°c, di/dX-4=7-8 x 10-% cm’. 

Now a recent determination of this quantity for benzene is (Kushner 1954) 
1-66 x 10°»? cm*, and so, on the thermal theory of crystal scattering, the ratio of 
intensities NaCl to benzene should be 0-0047. Actually it is 0-2 in the case of 
crystal 1, the weakest scatterer of this research, and thus the scattering is at least 
40 times more intense than predicted on thermal theory. 

We shall therefore ignore the thermal contribution to the scattering in 
discussing the results. 

Referring to the curves of figure 2, we notice first the general similarity of 
their form to that for a theoretical distribution of spheres, and secondly the good 
correlation between A, and A, in the two relevant cases. These observations lend 
Support to the assumption that the scattering system approximates to that of 
isolated spheres, and that, at least within the volume viewed in one experiment 
the elements of the system are of the same size. The purpose of showing he 
scattering curve for airborne dust in figure 3 is to emphasize that the technique is 
sensitive to the distinction between a distribution of sizes and an assembly of 
elements of nearly equal size. 
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We may note in passing that another assumption, namely that the elements 
are compact in shape, is supported by the observations, and that therefore the 
suggestion (Taurel 1952) that non-thermal scattering is due to one-dimensional 
cracks seems difficult to accept. | 

Next, it can be noted that when different crystals, and different regions of one 
crystal, are studied, there is a remarkably small range of difference amongst 
the sizes inferred for the scattering elements. The correlation between size 
and absolute intensity of scattering is, as seen from the table, not good; but this 
correlation, as mentioned earlier, is not necessarily to be expected. 

Now one would expect that accidental imperfections caused by non-ideal 
growing conditions or by later disturbances would have a wide distribution of 
size, and the contrast between this expectation and the uniformity of size actually 
observed gives one the right to suggest that something truly intrinsic is being 
observed. 

It is perhaps too much to say that these results form a close verification of 
the views of Born and Firth; their conclusions as so far published are still only 
as to order of magnitude. But nevertheless these views do predict a structure 
with properties which are in accordance, not only with the present experiments 
on light scattering, but also with other aspects of physical behaviour such as 
melting and tensile strength. Since I understand that Dr. Furth has under 
preparation a paper dealing in fuller detail with these matters, as well as with 
comparison with x-ray observations, they will not be pursued further here. 

In conclusion, reference may be made to the temperature dependence predicted 
by equation (1). Experimental work is now in progress on this aspect of the 
problem elsewhere (private communication from Mlle. 'Taurel). 
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Experimental Investigation of the Motions of Electrons in a Gas in the 
Presence of a Magnetic Field 
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Abstract. Results are given of experiments to measure the drift velocities of 
electrons diffusing in hydrogen under the influence of both electric and magnetic 
fields. Two cases are considered: (a) the magnetic field B in the same direction 
as the electric field Z, (b) B perpendicular to Z. ‘The experimental results are 
interpreted in terms of a convenient microscopic model. 


§ 1. INTRODUCTION 


HE theory of the spread of a stream of electrons from a small source in 
a gas in the presence of a magnetic field has been given previously (Huxley 
1940, Huxley and Zaazou 1949). 

In the present experiments the electrons enter the diffusion chamber through 
a small central hole in the cathode and move through the gas under the action 
of aconstant and uniform electric field. ‘The anode isa plane electrode partitioned 
into sections appropriate to the particular measurements. ‘The spread of the 
stream and the characteristics of the motion are found by measuring the ratios 
of the individual currents to the constituent sections of the anode. Hydrogen 
was the gas chosen because of its general suitability. 

The aim of the present investigation was to show that the theory of this 
method as formulated by Huxley (1940, 1949) describes correctly the spread of 
the electron stream. It is also shown that by adopting a well-known kinematic 
model (Appendix I) describing the collisions between the electrons and the gas 
molecules consistent values for the various microscopic parameters of the electron 
motion can be obtained. 


§ 2. DIFFUSION WITHOUT A MacGNeTiIc FIELD 


Two forms of division of the anode have been employed: (a) into annuli, 
(6) into strips (figure 1). 


It 


a b 
Annular Electrode Strip Electrode 


Figure 1. Annular and strip electrodes. 
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(a) Division into annulli. 
It has been shown (Huxley 1940) that 


exp [—Ah{(1 + b2/h?)¥2 — 1} ' 
(Lee (1) 


ol 


where R, is the ratio of the current falling on an annulus of radius 4 to the total 
current entering the chamber, and Ah=20-15Zh/k, where h is the length of the 
diffusion chamber (=2 cm), and Z is the electric field strength in vem}. 

This expression has been thoroughly tested (Crompton and Sutton 1952, 
Crompton, Huxley and Sutton 1953) and as shown in a recent note by Huxley 
and Crompton (1955) describes accurately and uniquely the distribution of 
electrons in the stream. 


(b) Division into strips. 
The ratio R,, of the current falling on the central strip of width 24 to the total 
current is (Huxley 1940) 
R= OK Aree te dad OIC Ata eae dx 
“s | 0 (one ate pee | 0 (ae = faye 
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In the apparatus used b/h=0-25 and the value of the integral was computed 
(using Simpson’s rule) for varying values of A. R, is shown as a function 
of Zh k,(=hW)/40-3K) in figure 2; k, 1s proportional to ‘Townsend’s energy 
factor, W is the electronic drift velocity and K the coefficient of diffusion. 
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Figure 2. Ratio curve for strip electrode Figure 3. Ratio curves for W/W =constant. 


with b/h=0:25. 


The ratio R, is measured for a chosen value of the electric field Z and the 
pressure p, and Zh/k,, and hence k,, found from the curve. As for the case 
when the anode is divided into annuli the agreement between the values of f, 
measured at different pressures for the same value of the ratio Z/p is excellent, 
and although the geometry differs markedly in the two cases, the values of ky 
are practically identical as can be seen from the examples given in table 1. 


+ K, is a modified Bessel function. 
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Table 1 
PAs (Oi Coal vaavaate) 0:2 0:5 10) 
k, (strip electrode) DANY) So! 7/ 9-10 
k, (annular electrode) POSS) Sly 9-04 


The vacuum system, electrometers and current measuring devices used were 
the same as those employed by Crompton and Sutton (1952), and as in their 
experiments the source of electrons was an uncoated platinum filament. 


§ 3. DirFusION AND DrirT IN A TRANSVERSE MAGNETIC FIELD 


In this case the magnetic field B is perpendicular to the electric field Z. 

(a) Huxley and Zaazou (1949) obtained the following expressions for the 
ratio R, of the current falling on the halves of the anode when the field B is 
parallel to the central slit (figure 1 (4)). 
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These formulae are obtained from the differential equation for the electron 
concentration given in Appendix II. Although they are correct they were 
originally deduced on the hypothesis that the point source behaved as a dipole 
source. However experiment shows, as described in the note by Huxley and 
Crompton, that the point source acts as a pole source and when the mathematical 
procedure is correctly followed it is found that formulae (3) are obtained. 

The graphs giving the ratio R; as a function of Zh/k, for specific values of 
fb/A= W/W were computed from formulae (3) and are shown in figure 3. 

For a given value of Z/p, Zh/k, is determined by the methods described in 
the previous section and the value of R, in the presence of the magnetic field 
then determined. From Rz the value of W,,/W can be easily found from the 
family of curves given in figure 3. 

From general considerations of similitude it can be shown that the drift 
velocity W at a fixed temperature of the gas is a function of Z/p only. When 
a magnetic field B is applied in a direction perpendicular to that of the electric 
field Z, the cloud of electrons acquires a component of drift in a direction mutually 
perpendicular to B and Z, the velocity of which is denoted by W,. Between 
collisions with gas molecules each individual electron will now move, not in a 
straight line, but along a curved path which is an element of a trochoidal helix. 
However, if the field B is small and the pressure p at least of the order of two 
millimetres of mercury, these elementary paths may be considered as approxi- 
mately straight. In that event, for constant B and Z/p, it is easily seen that 
W’, will be inversely proportional to the pressure p of the gas, that is to say the 
product plW,/W should be found to be constant. 

The results in table 2 support this expectation and indicate that formulae (3) 
together with the macroscopic assumptions upon which they are based suffice 
to describe correctly the distribution of electrons in the stream under the conditions 
which apply in the present experiments. 
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Table 2. Table of Values of pW,,/W when B=21-5 


Z|p D2 mm 3 mm 4 mm 5 mm 6 mm 
O-l 0-660 0-654 
0:2 0-520 0°515 0-510 
0-3 0-440 0-432 0-432 0-445 

O-4 0-382 0-390 0-382 0-385 

OPS 0-336 0-334 0-336 0-335 

0-6 0-302 0-300 0-300 

7 0-278 0-276 0-276 

0-8 0-254 Os252 0-256 

0-9 0-234 0-234 0-232 

1-0 0-224 0-226 0-224 

1-5 0-184 0-183 0-184 

2-0 0-162 OS oe 

3-0 0-140 0-142 


(5) As yet no assumptions have been made concerning the nature of the 
collisions between the electrons and the gas molecules, but on the basis of the 
model as described in Appendix I, it has been shown by ioc (1937, 195 1)that 
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where w= Bem and T=//U=the time between collisions for an electron moving 
with speed U along a free path of length J. 
In the present experiments w?7*<1, whence 


Wi 2 wT? 
Ly aA a, : 
and we = 37Be oF= 35 (q) =. 


The formulae show that pW,,/W is constant for fixed B and Z/p, thus providing 
a particular illustration of the general result discussed above. 

It is impossible on the basis of the kinematic model to derive an expression 
for the drift velocity W from the ratio W/W without making some assumption 
regarding the law of distribution of the speeds of agitation of the electrons. For 
instance 


ZW. mee a ] 

Wy=0-85 — BW = (Maxwell’s distribution) | 
ZW, Huxley and Zaazou (1949). 

W, =0-943 BW (Druyvesteyn’s distribution) | 

J 


If the values of W as a function of Z/p as found by Nielsen and Bradbury 
(1937) using an electrical shutter method be adopted, then it becomes possible 
to find the correct value of the constant factor in the above expression, and thus 
to obtain an indication of the prevailing law of distribution. Consequently 
it is possible, in principle, to determine whether the distribution changes from 
that of Maxwell, which must prevail as Z/p+0, to one more closely represented 
by Druyvesteyn’s or some other distribution at the larger values of Z/p. 
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Comparison of the results of the two experiments does in fact show that good 
agreement may be obtained in hydrogen at the higher values of Z/p only if a law 
of distribution approximating to that of Druyvesteyn be assumed, but neither 
method of measuring W has been performed to a sufficient degree of accuracy 
at the lower values of Z/p to warrant any reliable conclusions being drawn as to 
the range of values of Z/p over which the transition occurs. 

Table 3 shows the agreement between the measured values of W obtained from 
magnetic deflection and assuming Druyvesteyn’s distribution and those obtained 
by Nielsen and Bradbury (N.B.). 


ales) (ons 
Z/p p—2 mm 3 mm 4mm 5 mm 6 mm 8 mm INDIB, 
0-05 1:81 
(1:79) 2-0 
2:98 2°94 3-02 
Weil (2:95) (2-98) (3-01) 32 
4-45 4:55 4-54 
0-2 (4:53) (4:45) (4:48) 4-8 
6:96 6:98 7:03 6:92 
0-5 (7:02) (6:95) (6-98) (7:02) 73 
9-70 9-63 9-68 
1-0 (9-71) (9-68) (9-65) 9-9 
4-0 20:6 Dilee 


The values in brackets are for B=32:3 gauss, and the others are for B=21:5 
gauss. ‘The comparison is more easily made by reference to figure 4. 


wy « Wo| Transverse Magnetic 
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Figure 4. Drift velocities in hydrogen. Figure 5. Graph of o? as a function of s 


(assuming Maxwell’s distribution). 


Because the curve for the Druyvesteyn distribution almost coincides with 
that of Nielsen and Bradbury in the range of values of Z/p shown, it is not drawn. 
For Z/p <0-2, the experimental error precludes the possibility of stating which 
is the actual distribution. 

The field was obtained from a pair of Helmholtz coils. Other parameters 
remaining the same, ratios were always measured corresponding to each sense 
of the magnetic field. Since the ratio was found to be unaffected by the reversal 
of B it followed that there were no errors due to geometrical asymmetry of the 
anode or of the magnetic field. 
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§ 4. DirFusIon aND DrirT IN A LONGITUDINAL MAGNETIC FIELD 


In this case the field B is applied in a direction parallel or antiparallel to that 
of the electric field Z. 

Bailey (1930) investigated the effect of a longitudinal magnetic field on the 
electrons in the diffusion chamber and obtained measurements of the drift 
velocity WV. In this work no account was taken of the distribution of the velocities 
of agitation of the electrons about the mean. ‘The present experiment enables 
mean free paths to be measured_,taking into account the velocity distribution which 
is known from the experiments described in the previous section. 

The apparatus used was that in which the receiving electrode is divided into 
annuli (figure 1(a)). In the absence of a magnetic field the ratio R, of the current 
falling on the annulus of radius 6 to, the total current entering the chamber is 
given by (1). Whena field B is applied parallel to Z, the divergence of the stream 
is reduced, consequently the ratio R, is increased to a new value R,’. Huxley 
(1940) has shown that R,’ is the ratio appropriate to an electrode with a central 
disc of radius b/o with B=0, where o?=K,/K. (Kz is the coefficient of 
diffusion normal to B.) 

If the law of distribution of the speeds of agitation U is 

ee ae eee 
Ua = ae 75s be dU 


then it can be shown that 
Ta 


LZ ire) ns* i exp (—7”/?) 


2 = Sel ere aes 
0 Vass) 


— Fay + oTap. dia piece (5)+ 


where s=wl/x, and w= Be/m where e and m are the electronic charge and mass 
respectively. This result follows from the formulae 


K 1 Gh _f UW? 
BY 3] 1+w?T? | 3 \wtl?+ U2 


where it is assumed that the mean free path / has a constant value equal to its 
mean value appropriate to f(U). 
The case when n=2 corresponds to Maxwell’s distribution and 


fejetmen, Weer ener tak o>. 4/0 (Kia) Me | aot e) en Rn eS. (6) 


The values of Ei( —s?) were obtained from Jahnke and Emde’s Tables of Functions, 
and the curve showing o? as a function of s is given in figure 5. With n=4, 
corresponding to Druvyesteyn’s distribution 


-exp'( — x7) 
p.  &+s? 


eaten m+ 2s! | ii. . eee (7) 


and the value of the integral was calculated numerically, a similar curve being 


obtained for o? as a function of s. 
Now s=wl/a=1-758 x 107Bl/«, where B is measured in gauss. If Maxwell’s 


law of distribution be assumed, then «=most probable velocity = U\/7/2 
(Huxley and Zaazou 1949). Furthermore [(U?)]#?=1-15./k,x 10" and 


+1am indebted to Professor Huxley for this formula, which has not been published hitherto. 
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U)(U2)#2=0-92, whence «=0-94 x 107\/k,, and s=1-87Bl/\/k,. On the other 
hand, according to Druyvesteyn’s distribution 


US exp(— U/a)?. U*dU 


4 - 00 
al 3/4) | 5 
whence «2? = 1-35(U2), and (U2)!2= 1-08 x 1074/k,; thus s=1-40Bl/k,. Thus for 
a given Z, p and B, to determine the value of the mean free path /, it is necessary 
first to measure the ratio R, with B=0, thus obtaining Zh/k,, and then to apply 
Band measure R,’. o can then be determined from the family of curves in figure 6. 


o Results of Crompton & Sutton using Nielsen 
& Bradbury's vaiues for W 


o From experiments with longitudinal 
° magnetic fields 


%S 28h 
= 
26+ 
03 24L 
02 22h 
ome 20 
0 
Figure 6. Ratio curves for varying values of Figure 7. Mean free paths in hydrogen, 


b/h, for the electrode divided into annuli. 


If we know o, s can be found from figure 5, and hence / can be calculated. 
The mean free path at unit pressure L =/p, and good agreement is found between 
values of L for constant Z/p obtained for varying pressures and magnetic fields 
(table +). The field B was provided by a pair of Helmholtz coils as in§3. Results 
of greater accuracy could be obtained by using much stronger fields than those 
employed in the present case. 


‘Table 4 
Z|p=0°5 p=2 mm p=4 mm 
B=98:°9 gauss L=2-43x102cem L=2-45x10-%cm 
86:0 2°45 2-42 
64°5 2-49 2-44 


These values of LF are calculated on the assumption of Druyvesteyn’s law of 
velocity distribution, and may be compared with a value of 2-44 x 10-2 em which 
is obtained for the mean free path at unit pressure L, for Z/p=0-5, assuming 
Crompton and Sutton’s values for k, and Nielsen and Bradbury’s values for W. 
From figure 7 it can be seen that the values of the mean free path at unit pressure 
show excellent agreement with the values calculated from the formulae 

Wk)!” 


Shop 9 : 
De 7 Leet) Zip cm (Maxwell) 
a Wh, )u2 
L733 10° Alle cm (Druyvesteyn) 


using values of k, obtained by Crompton and Sutton and Nielsen and Bradbury’s 
values for W. 
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EP ae IN eX 
By E.G. HUXLEY 


The following supplementary comments on the subject matter of Miss Hall’s 
paper may be of interest. 


1. The equivalent collisional cross section of the molecules of a gas for the 
processes of diffusion and drift 


Measurements of the spread of a stream of electrons diffusing in a gas and 
drifting in a uniform electric field Z, permit the ratio W/K of the drift velocity 
to the coefficient of diffusion to be directly determined as some function F(p, Z/p) 
of the pressure p of the gas (at 15°c) andthe ratio Z/p. If Wis separately measured 
as a function of Z/p then it follows that K may be separately expressed as a function 
of p and Z/p. It has been found convenient to interpret the macroscopic 
experimental quantities W and K in terms of the microscopic parameters of a 
simplified model gas in which the W and K in the model are the same functions 
of p and Z/p as those measured in the actual gas. ‘The model that has been used 
most frequently is the following. ‘The trajectory of an electron through the 
gas comprises a sequence of rectilinear segments with abrupt changes in direction 
at the junction of successive segments. Thus, the trajectory is that which an 
electron, regarded as a small particle, would follow were the molecules to behave 
as rigid particles, but this interpretation is of no theoretical consequence since 
the model is essentially geometrical and not dynamical. It is moreover assumed 
for simplicity that all directions of motion following the terminating deflections 
at the ends of a set of free paths, all parallel to a fixed direction, are equally probable. 
That is to say the electrons considered as particles are scattered isotropically in 
collisions with molecules as if the latter were small, smooth, rigid and, relative to 
the electrons, massive spheres. If J, is the mean free path and NV the number of 
scattering centres in unit volume then the equivalent scattering cross section of 


a molecule is 


VEN. 
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The application of the theory of diffusion and drift to this model leads to the 
following well-known formulae for the diffusion coefficient K and drift velocity 
W of the electrons 


et io eae) 
eee, & Al) 
Pg Geral ( 


where U is the agitational speed of an electron. 

In general the assumption of isotropic-scattering will not correspond to the 
physical facts and formulae (Al) require further discussion. 

Many years ago Townsend (Electricity in Gases, § 83) discussed non-isotropic 
scattering in relation to the diffusion of massive ions in a gas, but the argument, 
being geometrical in character may be applied to non-isotropic scattering in 
general. It is found that formulae (A1) are still correct (except that Townsend’s 
formula for W does not contain the factor 2/3) if J, is replaced by 


l=.+i. =e (A2) 


The correction /, to the free path J, when the molecular concentration N is 
specified would demand detailed calculation in each gas studied, using the 
dynamical theory of gases or the quantum mechanics of collisions and it would 
be implicit in any formula for K so derived. Such, however is a separate study 
and is not our present concern. ‘The equivalent cross section for scattering now 
becomes 4=1/N/ and the case of non-isotropic scattering 1s thus expressed in 
terms of a model based on the assumption of isotropic scattering by replacing 
1, by 1. The quantity J, for the model gas has the following interpretation: 
Consider a large group of electrons starting normal to a plane and moving into 
the model gas. After each electron has received a collision the members of the 
group move isotropically and its centroid is brought to rest at a distance /, from 
the plane. However, when the group is projected into an actual gas, although 
the specification of what is or is not a collision may be difficult or imprecise, 
yet the members of the group will ultimately move isotropically and the centroid 
will be brought to rest at some distance / from the starting plane. This is the 
distance /=/, +/, that is to be used in formulae (A1). 

It is evident from the geometrical basis of the model upon which formulae 
(A1) are based that nothing is postulated concerning exchanges of energy between 
electrons and gas molecules beyond the fact that in a steady state of motion in 
a uniform electric field Z, electrons must lose energy to the gas at the mean rate 
ZeW per electron and that neither the magnitude of the mean energy of agitation 
»mU of the electrons nor the law of distribution of the speeds Ucan be deduced for 
it. 

In order therefore to deduce the value of / from equations (A1) it is necessary 
to make use of the experimental measurements of W and 2A=W/K. 


It is assumed for convenience in considering the mean values JU and (i/U) 
that / does not change rapidly with U and that the law of distribution of the speeds 


U is sufficiently narrow to justify the approximations JU and (U~) respectively 
to these averages. 
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With these approximations it follows that 


2\=W/K=(Ze \nU2)f ent 2) i 
where f=(U? Sis) U ah (5) (a3) 
also (Ala) We 2Ze, al . | ee. 
ead = ) toes 


Equation (A3q) is exact in the limiting case of W-+0, and as it is independent of 
the properties of the model expressed through /, it is probably exact or almost 
so for any gas in general. Since there are three unknown quantities, the mean 
kinetic energy 3mU?, the dimensionless factor f whose value is determined by the 
law of distribution of the speeds U, and the mean free path /, but only two experi- 
mental quantities 2\ and W from which to determine them, it is clear that some 
further postulate or some additional experimental quantity must be measured if 
these three unknowns are to be determined. ‘The simplest procedure is to postu- 
late alternative <nd probable laws of distribution, for instance that of Maxwell 


or of Druyvesteyn and to deduce the values of }mU? and /=1/NA on the basis 
of these postulates. It is found, for instance that 4, considered as a function 
of U, 1s relatively insensitive to the law of distribution adopted. 

Another and more satisfactory procedure is to measure a further physical 
quantity associated with the motion of the electrons in the gas such that its 
behaviour can be expressed by means of a formula based on precisely the same 
model as that employed above. If a further physical quantity can be measured 
then the self-consistency of the model may be checked with respect to the three 
parameters, 37 U2, Aandf. Miss Hall’s measurements of the magnetic deflection 
of an electron stream and of the diffusion in a longitudinal magnetic field provide 
the measurements of the additional quantities required for those purposes. 

It may be remarked that it would be illogical to suggest that formulae (A1) 
and (A3) should be adjusted to conform with other formulae based on other 
models or derived on other principles, for as explained above, formulae (A1) and 
(A3) serve to define the equivalent cross section of the gas molecules and when 
applied to the experiment values of Wand K yield the equivalent cross section of 
the molecules for collision with electrons and the electron temperature as functions 
of Z/p. 

The model is moreover a useful transfer device for making available the 
macroscopic properties of electronic motion in gases in situations where direct 
experiments are not possible. ‘Thus the formulae based on this model may be 
used to deduce the macroscopic behaviour of electrons in the ionosphere under 
the action of the alternating electric field of an electromagnetic wave, as for instance 
in the theory of radio wave interaction. 


Il. Comment on the differential equation for the electron concentration tn 
the presence of a magnetic field 


The equation of continuity for the concentration n of the electrons is 


Ol pee: 

ap divan(W+w)=0 — —  ..eeee (A4) 
where nW is the flux density of electrons due to drift in an electric field and nw 
that due to diffusion. It is customary to assume that the cartesian components. 


2 A-2, 
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of nw are linear functions of the components of grad n. Also when W is zero 
a group of electrons with axial symmetry about an axis parallel to the magnetic 
field B retains that symmetry as it spreads by diffusion. Thus, in the presence 
of a magnetic field B parallel to Oz, the vector 2w may be written 


d - (on 
Wy | | Ke Ke 0) Ax 
: é on 
—nsw,}+ = || Kp Kez 0 4 Ti aa (A5) 
Ww 0) 0) K s 
y) es 


where K,, K,,’ and K are coefficients of diffusion. 
When B=0, then K,=K; K,=0: 

It follows from equations (A4) and (A5) that when W is independent of 
position and of time, then 


fon “On _0'n on 
Kz & + 58) +Ka5 =W. gradn+ ay alin ae 
The differential equation fora steady state distribution of 7 follows from (A6) 
by equating 0n/dt to zero. 
It may be remarked that the coefficient K;,’ does not appear in (A6) nor does 
it contain any explicit term corresponding to a supposed volume force density 
e(nw x B). 
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Abstract. Measurements have been made to demonstrate the effect of temperature 
on irreversible magnetic viscosity in different types of precipitation alloys: 
Pt—Co, Ni,;Au and Alnico in an undeveloped state. In this type of alloy, the 
intensity of magnetization varies as a function of time according to the law 
J=S,|nt + const. On the activation energy model of irreversible magnetic 
viscosity if AF is the change in activation energy produced by a small change in 
applied field AH, AE=qAH. For the Alnico and Ni,;Au specimens the two 
magnetic viscosity parameters S, and R7/q are approximately linearly related 
to temperature. For Pt-Co the viscosity parameters and the coercivity decrease 
rapidly with increasing temperature. ‘The results are interpreted in terms of 
Néel’s disperse field theory of magnetization with the additional assumption 
that strains set up between coherent precipitate and matrix are responsible for 
the production of the disperse fields. It is predicted from the observations of 
magnetic viscosity that in Pt-Co the disregistry between precipitate and matrix 
decreases on increasing the temperature. ‘This has been verified by measure- 
ments of the differential thermal expansion between the material of precipitate 
and the matrix by x-ray methods. 


§ 1. INTRODUCTION 


HE present communication is an extension of the work previously reported 
by Phillips, Street and Woolley (1954, to be referred to as I). ‘The relevant 
background will therefore be given only briefly here and reference should 
be made to I for more detailed consideration. Experimentally the effect of 
irreversible magnetic viscosity is such that in a constant applied field, almost 
invariably the intensity of magnetization J varies as a function of time ¢ according 
to the law 
Los inieconst.s 99 6) ese (1) 
where ¢ is measured from the instant the applied field becomes fixed and Sy is 
a constant characteristic of the state of the material, its temperature and the point 
of measurement on the magnetization curve.f It is generally agreed that the 
underlying physical mechanism responsible for irreversible magnetic viscosity 
phenomena is the effect of thermal agitation on the processes of magnetization. 
Similar theoretical analyses have been given by Street and Woolley (1949) and 
Mee (1950) 1951): 
+ In practice it is usually necessary to correct for the effects of demagnetizing fields, 
as discussed by Street, Woolley and Smith (1952). The results presented here have been 
corrected in this way. 
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In the first of these, the effect of thermal agitation as an activation process 1s 
considered. Each irreversible magnetization process requires a certain activation 
energy E. By assuming that over limited ranges of £ the number of such processes 
with activation energies in the range # to £+dE is a constant p, it may be shown 


that 
S,=pRT- oy eee (2) 


where 7 is the mean contribution to the intensity of magnetization of the specimen 
resulting from a successful activation and 7 is the absolute temperature. 

The effect of small changes AH in the applied field can be represented by a 
change in activation energy AF and it is found experimentally that 


ARS @gh ile (3) 
g and SS, are related by the equation 
g=yekL/ See eae Ue ee (4) 


where y;,, is the irreversible susceptibility at the point of measurement. In 
Néel’s analysis, the variation of / as a function of time is shown to be 


[=H lint = CONSE i) eae er (5) 


Hence from equations (1), (4) and (5) the constant S, in Néel’s analysis 1s related 


to q by the relation 
Sy=RTgo \ 2S 5 NP eee. (6) 


The form of equation (3) relating energy changes to field changes suggests 
that g may be interpreted in terms of the volume of material involved in certain 
magnetization processes. By considering the energy variation of 180° boundary 
wall movements it can be shown that 


G=2kI NOP Aiiea! Sie Wt eer eee: (7) 


where k depends on the orientation of the boundary wall with respect to the field, 
and has a maximum value of 1, /, is the spontaneous magnetization and Av is the 
mean volume swept out by the boundary wall before irreversible displacement 
occurs. 

The influence of temperature on magnetic viscosity is obviously of importance 
although relatively few investigations on a number of different materials have 
been carried out. In I it was demonstrated that, for Alnico and Fe,NiAl, S, 
is an accurately linear function of the absolute temperature of measurement in 
the range 90°K to 900°K. ‘Thus for these materials the product 7p of equation (2) 
is independent of temperature. For Alnico g is constant, within the limits of 
experimental error, at temperatures above 300°k, but it is probable that from 
90°K to 300°K the results are in better agreement with a law of the form ga 74. 
The measurements described in I were made at the coercive force point of an 
Alnico of coercivity 356 oersteds. Barbier (1953) investigated the influence of 
temperature on S, (equation (6)) using an Alnico specimen of almost the same 
coercivity. His measurements were made in the Rayleigh region of magnetization 
over the temperature range 20° to 373° and again could be represented by a law 
of the form S, xc 734, i.e.gaT"*. Courvoisier (1945) investigated a steel specimen 
over the range 193°k to 368°k and his results show that q is independent of 
temperature. However the last result is of little significance since the temperature 
range is not sufficiently large. 
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The work described below was undertaken to extend measurements on the 
influence of temperature on magnetic viscosity to materials other than the 
previously studied Alnico of coercivity 350 Oe approximately. 


§ 2. RELEVANT PROPERTIES OF ALLOYS INVESTIGATED 

The specimens examined in this investigation were alloys of Pt-Co, Ni-Au 
and Alnico which had been heat treated to have relatively low coercivity. All 
these materials are precipitation alloys, i.e. at high temperatures the equilibrium 
state is single phase but on cooling to lower temperatures separation into two or 
more phases occurs. ‘The extent of precipitation may be controlled by the speed 
of cooling from the high temperature state and also by annealing at temperatures 
below the solution temperature. Alnico is a complex alloy and the nature of the 
precipitate has not been determined precisely. Metallurgically the binary 
Ni-Au system is much simpler as there is a single broad miscibility gap extending 
from about 10-98 atomic °% Ni, the maximum occurring at 840°c for 70 atomic °%, 
Ni (Bozorth 1951). Above the gap there is a continuous series of solid solutions 
having face-centred cubic structure. In the miscibility gap the equilibrium state 
is two phase consisting of nickel rich and gold rich face-centred cubic phases. 
The special interest of Ni—Au alloys here is that it is possible to produce precipi- 
tation alloys in this system for which the Curie temperature is lower than the 
solution temperature. ‘Thus it has been possible to study magnetic viscosity at 
temperatures close to the Curie temperature without introducing metallurgical 
changes during measurement. 

The Pt—Co system has been studied by Gebhardt and Koster (1940) and by 
Newkirk et al. (1950, 1951). At lower temperatures in the range 25-55 atomic 
°,, Co the alloys in equilibrium are ordered and have face-centred tetragonal 
structure. ‘The boundary of the ordered phase region has a maximum at 825°C 
for the 50-50 atomic °% alloy. At higher temperatures the equilibrium state 
is single phase with face-centred cubic structure and this may be retained at 
lower temperatures in non-equilibrium conditions by sufficiently rapid quenching. 

The precipitation alloys described above may be developed by suitable heat 
treatment to have relatively high coercivities, i.e. for Alnico ~500 Oe, for 50-50 
°%% Pt-Co ~3000 Oe and for Ni,Au ~150 Oe. Geisler (1953) has given an 
empirical relation between coercivity and the disregistry between the precipitate 
and the surrounding matrix. ‘The disregistry is measured as the percentage 
difference of the lattice parameters of the matrix and precipitate if these have the 
same structure. If the two crystal structures are different then disregistry may 
be measured as the percentage difference of the areas of the conjugate planes of 
the precipitate and matrix. Geisler (1949, 1953) supposed that in the earlier 
stages of precipitation for which the coercivity has the greatest values, the precipi- 
tate and matrix are coherent and can give rise to large internal strains. In I these 
highly localized internal strains were considered to produce fluctuations in the 
directions of the elementary spontaneous magnetization vectors setting up regions 
of disperse field as considered by Néel (1946) in his theory of coercive force. 
A region of disperse field effectively acts as a magnetic unipole, possessing a high 
magnetostatic energy, when not intersected by a domain boundary wall, but 
when it is intersected it is converted into a dipole of lower magnetostatic energy. 
Thus in the course of magnetization to move a boundary wall away from an 
intersection with a region of disperse field energy must be provided by the external 
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field to convert the dipole into an effective unipole. In the absence of detailed 
information of the metallurgical processes occurring during precipitation it is 
not possible to develop these suggestions more precisely. However it has been 
shown that the results of the measurements described in I, on the progressive 
development of precipitate in precipitation alloys, are in general agreement with 
the above summary. Particular consideration of the interpretation of q in 
equation (7) shows that Az is related to the mean volume of the regions of disperse 
field. Thus, for highly localized disperse field regions set up by coherent 
precipitates, Av and hence q will have relatively low values. Development of 
precipitation by heat treatment eventually leads to the breakdown of coherency. 
Consequently the highly localized intense coherency strains disappear leaving 
less intense non-localized disperse field regions, set up for example by quenching 
strains, which may spread over larger volumes. Thus development of the 
precipitate above a critical size results in decreasing coercivity and increasing 
values of q. 


§ 3. MreTHOD OF MEASUREMENT 


Measurements of the time variation of the intensity of magnetization of the 
rod specimens were made as described in I, by a magnetometric method using 
a fluxgate. "The maximum magnetic field available from the solenoid used for 
magnetizing the specimens was 1300 Oe, and for this reason it was necessary to 
limit measurements to specimens having coercivities of a few hundred oersteds. 

S, and y;,, were determined as functions of temperature from which 
RT/¢ =So/ Xi, from equation (4) was calculated. 

The specimens were heated in a non-inductively wound electrical furnace 
mounted inside the magnetizing solenoid. During the measurements it was 
necessary to maintain the specimens at elevated temperatures for appreciable 
periods of time. ‘lo ensure that metallurgical changes did not occur during such 
time the room temperature values of the magnetic parameters were checked 
after each high temperature run. If these values differed significantly from the 
initial room temperature values, measurements were discontinued. 


§ 4. RESULTS 
4.1. Platinum Cobalt 


The alloy was of 50-50 atomic percentage composition in the form of rods 
19 cm long and 0-39 cm in diameter. Preliminary measurements showed that 
the magnetic parameters varied with heat treatment in a way similar to that of 
the Alnico type of alloy described in I. From these observations it was possible 
to determine the heat treatment required to produce specimens having relatively 
low coercivities of the order of a few hundred oersteds at room temperatures. 

Typical values of Sy, R7/q and H, as functions of absolute temperature are 
plotted in figure 1 from which it is seen that all three quantities decrease rapidly 
with increasing temperature. This is in direct contrast to the behaviour of 
the Alnico and similar specimens described in I for which Sy and RT/q increase 
almost linearly with temperature while H, decreases approximately in the same 
way as the spontaneous magnetization. 

Measurements were also made on 50-50 atomic °% Pt-Co specimens subjected 
to heat treatments producing coercivities of 100 Oe and 600 Oe at room 


temperature. In both cases the temperature variations of Sy, RT/q and H, were 
of the same form as those in figure 1. 
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Figure 1. Variation of S,, RT/q and H, with temperature for Pt—Co. 


4.2. Nickel Gold 

The alloy, of 25 atomic % Au, 75 atomic %, Ni, corresponding to Ni;Au, 
was in the form of rods 22 cm long and 0-6 cm in diameter. For this composition 
the solid solution temperature is 1113°k and the Curie temperature 613°k. 
Preliminary investigation of the effect of heat treatment on magnetic properties. 
gave similar results to those described in §4.1. However the values of Sy were 
much smaller than those for Pt-Co and Alnico; but this is to be expected as the 
spontaneous magnetization of the Ni,Au alloy is relatively low. 

The values of S,,R7/g and H.as functions of absolute temperature are shown 
in figure 2 fora Ni,Au specimen having a coercivity of 110 Oe at room temperature. 
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Figure 2. Variation of Sj, RT/q and H, with temperature for Ni,Au. 


From room temperature to about 450°kK, Sy increases approximately linearly 
with temperature according to a law of the form S)=const. x 7, but above 
450°k S, decreases rapidly. Again R7/q is almost a linear function of 7’ in the 
range 290°K to 560°K, and H, decreases relatively slowly with increasing tempera- 
ture. 
4.3. Alnico 

Previous investigations of the temperature dependence of magnetic viscosity 
in Alnico were all on specimens of relatively high coercivity corresponding to an 
appreciable development of the precipitate phase. ‘The present results were 
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obtained with an Alnico specimen in which precipitation was in a much earlier 
stage of development. The specimen, in the form of a rod 30 cm long and 0:6 cm 
in diameter, was prepared by quenching in oil from 1250°c, and had a coercivity, 
measured at room temperature, of 44 oersteds. 

The values of S,, R7/q and H, as functions of absolute temperature are plotted 
in figure 3. Within the limits of experimental error, S, is a linear function of 7 
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Figure 3. Variation of S), RT/q and H, with temperature for an undeveloped 
specimen of Alnico. 


and over the limited range 290°K to 510°K, R7/q is also linear. H, increases with 
increasing temperature in direct contrast to the behaviour observed for Alnico 
specimens of greater coercivity. 

The temperature dependence of g for all three specimens, Alnico, Ni,;Au and 
Pt-Co, is shown in figure 4. For comparison the g values for Alnico having a 
coercivity of 350 Oe, measured at room temperature, are also shown in this figure. 
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Figure 4. Variation of q as a function of absolute temperature for Ni;Au, Pt-Co and 
undeveloped Alnico. ‘The results for Alnico of coercivity 350 Oe at room temperature 
from measurements by Street, Woolley and Smith (1952) are included for comparison. 


§ 5, Discussion 
‘The results given in §4 for Alnico and Ni;Au are generally similar to those 
already described in I in that both S, and R7/q are approximately linear functions 
of absolute temperature. The relatively slow variation of H, with temperature 
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for Ni;Au is similar in form to that of Fe,NiAl described in I. The anomalous 
increase in H,, with temperature for the Alnico specimen is similar to that reported 
by Jellinghaus (1943) and McCaig and Clegg (1954) for materials in the under- 
developed state. Within limits of about + 10%, q is independent of temperature 
for both materials. This behaviour was discussed in I in terms of the ideas 
described in §2 above and shown to be characteristic of materials for which the 
state of coherent strain is independent of temperature. This condition will 
hold when the crystal structures of the precipitate and matrix are cubic, as is the 
case for Ni;Au and probably for Alnico, and the differential thermal expansion 
between precipitate and matrix is zero or small. 

The crystal structures of the precipitate and matrix in Pt—Co are dissimilar 
($2); the disordered face-centred cubic matrix will have isotropic thermal 
expansion whereas the ordered face-centred tetragonal precipitate might be 
expected to show anisotropic expansion with change of temperature. Thus the 
state of coherency strain (see Geisler 1949, 1953) in this alloy between precipitate 
and matrix will inevitably be temperature dependent. The very rapid 
temperature variation of g (increase) and H, (decrease) strongly suggests that the 
coherency strains decrease as the temperature increases (§2). In order to verify 
this prediction x-ray analysis was carried out on small wire samples, taken from 
the Pt-Co rods used in the magnetic investigation, to determine the expansion 
coefficients of the ordered and disordered phases. Measurements were made 
over the temperature range 20°c to 400°c in an evacuated high temperature 
X-ray powder camera, and the approximate linear expansion coefficients were 
determined as 


Disordered Pt—Co 10:9 One degs* 
Ordered Pt—Co along a-axis 10-9 x 10~® deg 
along c-axis 46x 10° deg! 
Newkirk e¢ al. (1950, 1951) showed that (110) planes of the disordered matrix 


are the habit planes for the precipitated ordered phase. ‘They showed that for 
an alloy of 54 atomic °% Co, the percentage difference in the areas of the (101). ,aerea 


and (110) 4:conaereq Planes of the unit cells was smaller than for any other pair which 
included the (110)a:coraereq Habit plane. It was assumed from this that the 
(101) orderead 2NA (110) a:corderea WETe Conjugate planes. Similar considerations for 


the 50 atomic °% alloy show that here also it is probable that the same two planes 
are conjugate in the precipitate and matrix. Atroom temperature the (110)disoraerea 
plane of the unit cell is 0-18°% smaller in area than the (101),,aerea Plane. “The 
differential superficial expansion between these conjugate planes, calculated 
from the coefficients of linear expansion given above show that this difference 
in area will be reduced as the temperature increases. Calculation shows that the 
areas of the conjugate planes are equal at about 600°c. ‘Thus the x-ray results 
are in direct agreement with the magnetic observations showing that the volume 
of Pt-Co affected by disperse field regions (of decreasing strength) increases as 
temperature increases. 

For Ni,Au and undeveloped Alnico there are much smaller regular variations 
of g as functions of temperature as may be seen from figure 4. It is possible that 
these variations also are due to differential thermal expansion between conjugate 
planes of the precipitate and matrix in these alloys. However it is unlikely that 
X-ray measurements would be sufficiently precise to demonstrate the differential 


expansion directly. 
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The above discussion has been specifically confined to a consideration of the 
disperse fields set up by strain. Néel (1946) has shown that disperse fields may 
also be set up independently of strain effects, by inclusions or cavities in which the 
spontaneous magnetization is different from that of the surrounding matrix. 
This type of mechanism will also be operative to some degree in the materials 
studied here, but it appears difficult to account for the experimental results 
unless it is assumed that the strain mechanism is of primary importance. 
Additional support for the assumption is given by the work of Geisler (1953) 
who showed that the coherency strains due to disregistry are more significant 
in producing high coercivity precipitation alloys, than, for example, the differences 
in the spontaneous magnetization of the precipitate and matrix. 
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Surface Recombination in Germanium in the Presence of 
Strong Electric Fields 


By H: K.-HENISCH anp W. N.. REYNOLDS 


Department of Physics, University of Reading 
Communicated by R. W. Ditchburn; MS. received 22nd November 1954 


Abstract. Strong electric fields have been applied in a direction normal to the 
surfaces of germanium single crystals; such fields have been shown to have a 
large effect on the surface recombination velocity of injected minority carriers. 
The variation is in the same sense for n-type and p-type samples. A possible 
theoretical model for this asymmetry is discussed. 


§ 1. INTRODUCTION 


INORITY carriers injected into a semiconducting filament decay either 

in the bulk of the material or at the surface. If the bulk lifetime of the 

carriers is known and not too small, measurements of the effective lifetime 
of minority carriers in a filament can be used to evaluate the rate of decay at the 
surface. ‘This is expressed as the surface recombination velocity s, as defined 
by Shockley (1950). ‘To obtain more detailed information on the processes 
involved, it is necessary to alter the surface conditions so as to produce systematic 
changes of s. Many experiments, for example those of Brattain (1951), show that 
a potential barrier exists at a free etched surface which can be ascribed to the 
presence of charged surface states. One may then expect the surface recom- 
bination process to be influenced by the parameters of this barrier or, at any rate, 
by the distribution and occupancy of the surface states. External influences 
designed to vary these quantities systematically should lead to corresponding 
changes of s. Such changes can be produced by varying the ambient gas 
atmosphere, for example as shown by Keyes and Maple (1954). The present 
experiments were carried out to provide more information on these problems. 
Instead of varying the ambient gas atmosphere, a strong electric field was applied 
between the surface under test and an external metal plate. The surface 
recombination velocity was then determined as a function of this field. This 
procedure is completely reversible and does not involve permanent damage to 
the surface under investigation. 


§ 2. EXPERIMENTAL METHOD 


The measurements of filament lifetime 7; were performed using the pulse 
method described by Many (1954). In this method, the minority carriers are 
injected through soldered end contacts. ‘The single crystal specimen is connected 
as one arm of a bridge and its changing resistance with time during the pulse is 
balanced by an RC combination in another arm. ‘The specimens had resistivities 
between 5 and 12 ohm cm and were prepared in the form of long thin plates of 
about 0-05 cmx0-4cm cross section and 1:5 to 3cm length. The surface 
recombination velocity can then be calculated from the bulk lifetime and the 
dimensions as shown by Shockley (1950). The bulk lifetimes, about 75 p sec for 
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n-type and 40. sec for p-type material, were determined by previous measure- 
ments on much thicker specimens. The external electric field was applied as 
shown in figure 1. A thin leaf of mica (~15-20) was used as an insulating 
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Figure 1. Experimental circuit. 


spacer. The potential drop along the filament was negligible compared with 
the voltage applied to the external plates. All experiments were performed in 
darkness in air dried by P,O;. The experiments under discussion were carried 
out on surfaces etched with C.P.4 (Haynes and Shockley 1951). Thick oxide 
layers of the type produced by repeated cycling of the ambient gas atmosphere 
(Brattain and Bardeen 1953) are not to be expected here. 


§ 3. EXPERIMENTAL RESULTS 
Figures 2 and 3 show the general behaviour of etched n-type and p-type 
surfaces in the presence of strong electric fields at several different temperatures. 
The evaluation of these results requires a knowledge of the bulk lifetime as a 
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Figure 2. Experimental results for n-type germanium. 


function of temperature. This was determined by separate experiments on 


large well-etched specimens, cut from positions in the crystal adjacent to those of 
the filaments used in the principal experiment described above. As far as could 
be judged without accurate timing arrangements, the changes of s are complete 
within about 0-1 sec after the application of the plate voltage. Specimens which 
are ground or sand-blasted show no change of filament lifetime with applied 
field. ‘The magnitude of the external voltage applied was limited by the dielectric 
breakdown strength of the mica used. The experiments confirm a previous 
result (Reynolds 1953) according to which the surface recombination velocity 
for zero field increases sharply as the temperature falls below room temperature. 
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The total number of additional carriers and hence the number of carriers 
recombining is much greater at the injecting end of the filament than at the other 
end. ‘The region near the injecting end should therefore be much more sensitive 
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Figure 3. Experimental results for p-type germanium. 

to the applied field than the remainder of the specimen. This has been confirmed 
by a subsidiary experiment, using a metal plate which was split into two sections 
insulated from one another, one near to the injecting end contact and one further 
away from it. Similar methods can also be used for a transistor demonstration 
in which the emitter current is kept constant and in which the transmission 
probability of injected carriers to the collector is modulated by the external field 
(Henisch, Reynolds and Tipple 1955). 


§ 4. DiscussIoN 


The mechanism of surface recombination is not yet fully understood, but the 
following considerations may form the basis of a theoretical interpretation. 

The principal feature of the results shown in figures 2 and 3 is the fact that the 
observed changes of s are in the same direction for n-type and p-type material 
at alltemperatures. Rectification tests carried out with unformed point contacts 
on these particular surfaces showed pronounced and almost identical rectification 
properties, subject to the usual change of polarity. ‘This suggests that symmetrical 
contact barriers exist on the two types of material under these conditions. It 
is by no means certain that this still applies when the surfaces are covered with 
mica, though some kind of surface barrier may be expected. Whatever its 
height and shape may be, it cannot be a primary factor governing the surface 
recombination mechanism. Recombination under steady state conditions 
clearly involves the acquisition by the surface of electrons and holes at equal 
rates, accompanied by a redistribution of energy. ‘This must be true for all 
barriers and in this context it does not matter which are the minority and which 
the majority carriers. 

One of the simplest interpretations of the observed effect could be based on 
the postulate that surface recombination depends on the presence of recombination 
centres and that the concentration of such centres, in turn, depends on the 
capacitively applied field. Recombination centres may arise from adsorbed 
gas and the applied field could displace the prevailing equilibrium between the 
surface and the surrounding gas atmosphere. Such changes in the concentration 
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of adsorbed gas have also been inferred from measurements of surface conductance 
(Low 1955). On the other hand, no more detailed picture of this mechanism 
can be formulated at present, pending much more elaborate experiments in 
vacuum and in controlled gas atmospheres. Moreover, the quick response 
of the system to the applied voltage may be in conflict with the present hypothesis. 
The following alternative interpretation is therefore favoured. 

In the interpretation of bulk phenomena, electrons and holes enter as quali- 
tatively symmetrical concepts and this is a relation which is characteristic of the 
lattice and its band structure. However, a discussion of surface recombination 
must probably concern itself with the electronic interaction between the semi- 
conductor and adsorbed foreign layers. It is thus necessary to consider the 
probabilities of electron loss and electron capture by the ions, atoms or molecules 
which could constitute these layers. A fundamental asymmetry between holes 
and electrons then arises, inasmuch as electron capture enlarges the electron 
cloud associated with the capturing centre, whereas electron loss (hole capture) 
diminishes it. Electron capture would thus imply a movement of the capturing 
centre away from the germanium surface. By analogy with the Franck—Condon 
principle, these transitions should occur in a time too short to allow for any 
appreciable movement of any atomic nucleus involved. ‘The incident electron 
is in the neighbourhood of a capturing centre for only a very short time, and 
electron capture is thus a relatively improbable process. Electron loss leaves 
the centre in an excited vibrational state and the excess kinetic energy can be 
communicated to the lattice gradually without time restriction. On this basis, 
electron capture should be the rate determining process for surface recombination 
in n-type and p-type material.t| We may thus assume that the recombination 
centres at the surface are almost in dynamic equilibrium with the hole concentra- 
tion near the surface, but not with the electron concentration. The electron 
concentration depends on the magnitude of the external field, as applied during 
the present experiments. If the external plate is positive, the electron concentra- 
tion at the surface is increased and hence also the rate of electron capture by 
recombination centres. This would, in turn, lead to an increase of s. Conversely, 
a negative plate voltage should be associated with a diminution of s, as observed. 
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The Dielectric Constant of Aqueous Ionic Solutions 
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Abstract. ‘The variation with concentration of the dielectric constant of aqueous 
ionic solutions at low frequencies is explained in terms of the radial ordering of 
solvent molecules about the tons, and by the effects of temporarily linked ion pairs. 


§ 1. INTRODUCTION 

N order to explain the high-frequency dispersion of the ionic conductivity 
of dilute solutions of potassium chloride, it was proposed (Little and Smith 
1955) that each ion in solution was surrounded by a number of concentric 
shells of solvent molecules, each molecule oriented radially by the field due to the 
ion. It was shown that the application of an external field to such an arrangement 
would give rise to a reaction field at the centre of the system reducing the net 
field acting on the ion. At sufficiently high frequencies, owing to the finite 
relaxation time of the molecules constituting the shell, the reaction field would 

decrease and the conductivity would increase. 

It is the purpose of this paper to derive an expression for the variation of the 
dielectric constant with concentration of aqueous ionic solutions, using the 
hypotheses employed in the work mentioned above, namely (1) the existence of 
radially oriented spherical shells of solvent molecules surrounding each ion, and 
(ii) the dielectric constant everywhere within the ordered region of a shell system 
is unity. 


§ 2. THe ELecTRIC POLARIZABILITY OF A RADIALLY POLARIZED SPHERICAL SHELL 

In figure 1 a solvent molecule at P is shown in its equilibrium position under 
the influence of the radial field F due to a positive monovalent ion at O, and the 
field F (parallel to OA) arising from the application of an external field £. If the 
dielectric constant over the whole of the spherical shell of radius 7 is taken as 
unity, it follows that 
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Figure 1. 
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where J is the mean electric moment per unit volume throughout the whole 
medium produced by an externally applied field Z. If uy is the true dipole moment 
of the solvent molecules within the medium, the effective moment pz of the molecule 


at P is given approximately by the Langevin formula 
= pglcoth (tug F/RT)—RT |tyF] | neat % 
= poL (MoF /RT) 
where k is Boltzmann’s constant, and 7 is the absolute temperature. 
The angle of inclination ¢ of the molecule at P to the radial direction is given 


Ps tan ¢= Fsin6|(F + Fcos8) 


and provided ¥ > F it follows that 
cosd=1 and sng=FsimG/7. | eee (4) 
The contribution of the molecule at P to the moment in the direction OA is 
given by 
dm= (cos @ cos ¢ +sin@sin 4). 
With equation (4) this becomes 
dm=p(cos 04-2 sin? 0/7). eure (5) 
If x molecules are uniformly distributed over the surface of the shell of 


radius 1, it is possible to integrate equation (5), thus 


Pe } np {sin@cos 6+ F sin? 6/F \d0 = 2np F/3F 
40 


whence the electric polarizability of the shell may be written 


TP TT Ae Na er, (6) 


§ 3. ‘THE VARIATION OF THE DIELECTRIC CONSTANT FOR VERY DILUTE SOLUTIONS 


According to Debye (1929) the contribution of a molecule of moment ju, to 
the moment per unit volume of a liquid subjected to an extrenal field E is given 
by uo’ F/3RT where F is defined according to equation (2). Should 7 molecules 
be locked into a spherical distribution about an ion there will be a change in the 
moment of the liquid given by 


dM =(2nu/3F —mp?/3RT)F. eee (7) 


If each ion succeeds in orienting 7 concentric shells of ; molecules, the change 
in moment per unit volume will be given by 


g Ss dM,=AI*=q S 0, P(2p1,)F- ,—pe/RL)/3) esas. (8) 
where q is the number of ion pairs per unit volume in the solution, and AJ* is the 
change in the electric moment per unit volume produced by the positive ions. 


A similar expression will hold for the negative ions, and we may write for the net 
change in electric polarization of the solution 


Af=AI++ALr. 
The change A/ will give rise to a fractional change Ac in the dielectric constant 


Roe 
eiveniby Ac=4nAtE a ee (9) 
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Writing A/*=qJ*+F and Al =qJ-F (to express equation (8) for positive 
and negative ions respectively), equation (9) becomes 
Ac=4rqlJ++J-|F/E 


and since e=1+47//E 


Ae=4rq(e4+2)(Jtt+d-V/3 ae (10) 
using equation (2). 
In practice J* andJ~ are both negative, whence, writing « =e, — Ae where €, is 
the dielectric constant of pure water, substitution into equation (10) gives 


47g(e9+2)(J*+J~) (11) 
eke (Cer 3 a) ye 


The error involved in assuming « in equation (10) to be €, is never large enough 
however to necessitate the use of equation (11). 

For sufficiently dilute solutions equation (10) gives the rate at which the 
dielectric constant of an ionic solution is reduced as the number of ion pairs per 
unit volume is increased. 


Ne= 


§ 4. THE FORMATION OF JON Patrs aT HIGHER CONCENTRATIONS 

For any concentration there will be a finite probability of finding a negative 
ion lying at a distance between S and S+dS from a given position ion. This 
probability for one ion pair per unit volume is given by the Boltzmann expression 
47S*dS exp(— U/RT) where U is the potential energy of the negative ion. 

If there are g ion pairs per unit volume, and if it is assumed that the con- 
centration is such that the potential energy of the negative ion is almost exclusively 
due to the field of the positive ion at a distance S, then the number of pairs of 
ions separated by distances between S and S+dS is given by 


R=Prne ds explejeskT |)  — wae (12) 


where ¢ is the mean dielectric constant of the medium. 

We now make the assumption that when a pair of ions of opposite sign are 
separated by a distance lying between S and S + dS, they exhibit dipolar character- 
istics in the sense that a temporary linkage takes place, and the pair exists as a 
single unit with a dipole moment jz)’ given by 


De =n en Te Oe See (13) 
The contribution of m linked pairs of this kind, per unit volume, to the electric 
polarization will be given by Al’ =npy'P(p9' F/RT), and provided po kh <RT, 
Al'=np,F/3RT. This will cause a change in dielectric constant given by 


Ae’ =47n, *13RL EArt, (e 2)/9RT nes (14) 


as in the previous section. 
Combining equations (10) and (14), the total variation in dielectric constant 
d<« becomes 
ea 4rre2.S4dS 2 
de = Ae + Ae = 3 (+2) | at +I) +a ee ex (<7) | PRORTONC-6 (15) 
in which equations (12) and (13) have been used to substitute for jy’ and 7 in 
equation (14). 
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§ 5, THE EVALUATION J*+ AND J7 

The x-ray analysis of water by Morgan and Warren (1938) and the inter- 
pretation of this work by Pople (1951) led the author in a previous paper (Little 
and Smith 1955) to assume that in ionic solutions the radii of the shells of water 
molecules surrounding an ion may be considered to be essentially the same as 
the radii of the shells of nearest neighbours surrounding a given water molecule 
in pure water. ‘The error in assuming these radii to be 2, 4, 6, 8 10.2. .A,ewall 
not lead to any widely diverging results for the purposes of the present paper. 

The radius of the outermost shell surrounding an ion will be determined by the 
relative sizes of the forces acting on a molecule in the shell, due to the central ion, 
and to an adjacent molecule. For water these forces are almost equal in a shell 
of radius 10 A, assuming that the dielectric constant is unity. Beyond this distance 
the normal tetrahedral structure of the water will become re-established, and the 
dielectric constant will rapidly regain its normal high value. 

Pople’s calculation for pure water yielded 4, 11, and 22 for the number of 
molecules occupying shells one, two and three. Littleand Smith (1955) have shown 
that some evidence exists for the numbers 4, 12 and 27 to represent the population 
of the first three shells surrounding an ion. Unfortunately, there is no direct 
evidence concerning the number of molecules in the fourth and fifth shells which 
can contribute to the net polarization of the system. ‘The dispersion effect of 
the conductivity at very high frequencies could be explained satisfactorily in 
terms of the contribution of the 27 effective molecules in the third shell, assuming 
that the relaxation times associated with the molecules in the first and second 
shells were very small. ‘This assumption however implied that any molecule in 
the fourth or fifth shell which could contribute did so, and its contribution 
was reckoned as if it were occupying a position in the third shell. It is concluded 
therefore that the number of effective—as distinct from actual—molecules in 
shells four and five is very small. 

In table 1 are given the values of the contributions to / for the first five shells, 
computed from equation (7), remembering that dM =./,F and using equations 


(1) and (3). 


Table 1 
r (A) Shell If NOPE nN; 
D 1 —25'8 + 
+ 2 —22:9 (2 
6 3 —18:8 Di 
8 4 —14°8 N4 
10 5 == Iiley Ns 
20 oro — 9-0 0 


The third column was calculated using the values 
p= 1-8 x 10-18 for water, R=1-38 x 10-18, T=300°K, e=4-8 x 10-2%e.5.u. 


It will be noted that the value for./ ,, is only a little smaller than one-half of the 
value for J;, which is another sound reason for the rapid diminution of n, as 7 
approaches the larger values. 

The figures available for n, refer only to potassium chloride solution, and jt 
is assumed in this case that both potassium and chlorine ions possess the same 
shell structures. Some evidence in favour of this assumption is that these ions 
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have the same mobilities in aqueous solutions. Assuming that 7, is zero, the 
value of J* and-J~ is obtained by adding the products of the figures in columns 
” 2 : : 

3 and 4 of table 1, and doubling ; thus 


ped = = (17/0 og on, | 10 ee (16) 


$6. THe Dipot—E Moment or LINKED Pairs 

It has been assumed that a radial ordering of solvent molecules takes place 
about a positive and negative ion-in solution. If this ordering extends to a radius 
r about the ion, it follows that when two ions of opposite sign but with similar shell 
structures approach each other, there will be an ordering of the molecules between 
them as soon as the field at the centre of the pair is equal to the field at a distance 
r from either. From this it may be concluded that two ions will be linked by a 
bridge of directed solvent molecules when their separation is \/8r. The dipole 
moment of such a pair would be \/8re minus the net moment of the extra molecules 
constituting the bridge. If the ions approach to within a distance 27, then the 
axial field intensity at either end of the dipole will be less than it is for a single ion 
at asimilar distance. The effect of this will also be to cause some reduction in the 
dipole moment of the doublet. For simplicity it is assumed that linkages occur 
when the outermost shells of two ions of opposite sign come into contact, that 
is, when the separation between charges is 20A. A tolerance of 0-5 A chosen experi- 
mentally determines the limits between which dipole formation of the type 
described can take place. 

With these assumptions it is possible to express equation (15) numerically. 
Instead of g, the number of ion pairs in unit volume, it is more convenient to use 
the substitution 

G=613C OPN) Ly Oy ee (7) 


where C is the concentration of salt in gramme molecular weights per litre. 
Using this substitution, equation (16), and putting S and dS equal to 20 and 
0-5 A respectively, equation (15) becomes 


Sea sex C— [3702 0nC, ae ta (18) 


a parabolic form in which the coefficient of C? is determined by the formation of 
dipole type linkages, and the coefficient of C by the shell structure about the ions 
in solution. It will be noted that the parabolic form is not affected by the method 
employed in determining the coefficient of C?. 

At concentrations of the order 0-01 normal, the distance separating one linked 
pair from another is about 200A. This is about ten times the separation of the 
charges constituting the pair, and only five times the distance between the 
extremities of the shells of the pair. It may be expected therefore that strong 
dipole interaction should take place for concentrations of 0-01 normal and above, 
which would reduce the contribution provided by the rotation of the linked pairs. 

In figure 2 equation (18) has been plotted for values of C below 0-014 normal, 
and for values of 2, between 0 and 12. In addition the experimental values for 
potassium chloride solutions over the same range of concentrations obtained by 
Pechhold (1927) are plotted for comparison purposes. ‘The agreement is not 
good, but this may be due to the large experimental errors in the results for 
potassium chloride, and to the assumption that the chlorine and potassium tons 
have similar shell structures. 
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A curve could be made to fit the experimental results if it is assumed that the 
chlorine ion shell structure is more extensive than that of the potassium ion, but 
lack of adequate experimental evidence for this makes such a calculation pointless. 
It will be clear from equation (18) that any modifications to the coefficient of C? 
will tend to alter the width of the parabola at the point where it cuts the concen- 
tration axis drawn through the point «=80, without changing its initial slope. 
Hence, in order to obtain a bettcr fit with the experimental results, the value of 
J+ +J> in equation (16) must be increased, which implies a more extensive shell 
structure than has been assumed. 
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Figure 2. The variation of the dielectric constants of KCl solutions with concentration. 
Curves 1, 2, 3 are plots of equation (18) for n,=0, 6 and 12 respectively. 

The upward trend of the curve at higher concentrations shown in figure 2 
will be reduced by the effect of interaction between linked pairs, but it is not 
possible at present to give more than the rough estimate already given of the 
concentration at which this effect would become apparent. 


§ 7, ‘THE EXPERIMENTAL RESULTS OF PECHHOLD, AND MILICKA AND SLAMA 


The measurement of the dielectric constant of electrolytic solutions presents 
a very difficult problem owing to the effect of relatively large values of the con- 
ductivity. ‘The first successful attempt to measure the dielectric constant of 
sodium chloride solutions was made by Firth (1924), using an original method 
in which the couple acting on an ellipsoid suspended in the solution was measured 
as a function of the applied electric field and the dielectric constant. Fiirth 
reported that the dielectric constant of sodium chloride decreased to a minimum 
value as the concentration increased, and eventually increased to values in excess of 
the value at zero concentration. Later, Pechhold (1927), using Fiirth’s technique, 
carried out an investigation on the chlorides of hydrogen, lithium, sodium and 
potassium. These results are reproduced in figure 3. Unfortunately, the 
accuracy of these results for potassium chloride is not good, owing to the greater 
difficulty with this salt arising from its large conductivity at the concentration 
employed. However, there is little doubt that the variations of dielectric constant 
are of the same general form zs those for the more accurately reproducible curves. 

In 1931 a further investigation was carried out by Milicka and Siama on the 
halides of sodium and numerous other salts. Unfortunately, potassium chloride 
was not dealt with, but the sodium chloride curve was essentially the same as the 
results obtained by Pechhold. 

It is interesting to note that although all the curves of figure 3 exhibit similar 
characteristics, the curve for potassium chloride is much shallower than the 
curves for the other salts of the group. The explanation of this effect may be 
found if it is assumed that the shell structure around the smaller ions of lithium 
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and sodium is more strongly bound and more extensive than the structure around 
potassium. Some information concerning the nature of these structures can be 
obtained from the initial slopes of the curves in figure 3. These are determined 


by the coefficient of C in equation (18). Substitution of equation (17) into 
equation (15) gives the expression 


Initial slope =0-21(J+ +J-) x 104; 


hence the values of J+ and.J- may be tabulated for the curves in figure 2 and are 
given in table 2. 


Tier 


Figure 3. Pechhold’s results (1927) for the variation of the dielectric constant with 
concentration of solutions KCl, NaCl, LiCl and HCl. 


Table 2 
KCl NaCl Laie) IBKGil 
(J++J-)x10%  —2250 —5400  —5800  —11800 


Assuming that /*+ andJ~ are equal for KCl, the value of /* for the other positive 
ions may be obtained by simple subtraction, and yield the results in table 3. 


Table 3 
Clr Ineo Nat ice H+ 
Teese 1125 1125 4300 4700 11000 


By definition J is the electric polarizability per ion per unit volume and is given 


by 
J=SIin= P| 29( er \/F- gs |e ee ae (19) 


If the variation of the dielectric constants of other than monovalent salts is 
investigated, the variation being plotted against concentration in normality, 1.e. 
gramme equivalent weights per litre, the initial slopes of these curves would be 
given by the expression 


1 
Initial slope =0-21 Ea +s | x 10-24 


where the positive ion valency is v, and the negative ion is univalent. Milicka 
and Slama have investigated the chlorides of copper, barium, aluminium, lead 
and ferrous and ferric iron. Applying the above formula to these results and using 
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the value for Cl in table 2, the polarizabilities per ion per unit volume of these 
elements have been found and are tabulated in table 4. 


Table 4 
Feet Cu2+ ~— Ba?+ Pb2+ Al+ Fe?+ 
Ff SAMO" 20000 18000 37000 160000 48000 72000 


The results in tables 3 and 4 are subject to large errors, due to the fact that the 
slopes of the experimental curves of Pechhold, and of Muilicka and Slama, could 
not be accurately assessed at zero concentration. ‘The only conclusion which 
can be drawn at the moment is that for divalent positive ions, the polarizability 
per ion per unit volume appears to increase with the atomic number, whereas for 
monovalent ions the opposite is the case. Such a variation in the case of divalent 
ions is difficult to understand, and must await further experimental evidence. 
To account for the very high values of J+ for divalent ions it is clear from equation 
(19) and the third and fourth columns of table 1 that J, must fall off more slowly 
with 7 for divalent than for monovalent ions. ‘This will indeed be the case since 
F , will be greater for divalentions. In addition the numbers of molecules effective 
in the shells surrounding the ions must be greater. From the data in table 5 
which has been calculated for divalent ions by writing F,=2e/r;? it will be seen 
that it 1s possible to account for the large values of J+ if the numbers n, are in- 
creased. In a perfect tetrahedral structure, the numbers of molecules in 
successive shells about a given molecule would increase in geometrical progression, 
namely 4, 12, 108, 324, and so on. In the shell structure about divalent ions, it 
is not improbable that with radial packing these numbers could be exceeded. 
The values of n,, the number of molecules in a shell effectively contributing to 
the effect, could therefore assume fairly large values. For instance, the values 
of J* for copper, barium and lead in table 4 could arise from suitable combinations 
of values of n;, together with the corresponding values of J; taken from table 5. 


Table 5 
7 (A) shell J; x 1078 n,; max J, max x 1074 
2. 1 26-4 4 105 
4 2 25-0 12 300 
6 3 22°8 36 820 
8 4 20-1 108 2170 
10 5 i723 324 5600 
12 6 14-0 Dy2 13600 
14 7 12-9 2916 37600 
16 8 11-6 8748 101500 
ie ee 9 0 0 


In order to account for the very large values of J for barium and for lead, 
it may be assumed that the innermost shell is absent, thus reducing any screening 
effect which this shell could produce, and increasing the numbers of effective 
molecules in the outer shells. 


§ 8. CONCLUSION 


In its present form the theory throws some light on the manner in which 
water molecules are oriented by ions in solution. A detailed investigation of the 
variation of the dielectric constant of aqueous ionic solutions at very low con- 
centrations would provide valuable information concerning the extent of the 
field due to the ions, and possibly the effective size of the larger ions. 
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The fact that Debyes’ theory of dielectrics as applied above can be used to 
obtain some measure of quantitative agreement with experiment is encouraging, 
in spite of the known limitations of this theory. More exact numerical data 
could be obtained by using Onsager’s theory (1936), but it was desired in the 
present case to attempt an explanation of the dielectric constant variation with 
concentration in terms of the simplest, and most generally known model. The 
assumption in §4 concerning the formation of temporary dipoles is a 
simplified version of Bjerrum’s hypothesis (1926 a, b) that positive and negative 
ions could pair together temporarily and exhibit dipole characteristics, if their 
separation fell below a certain critical distance. This hypothesis was later given 
a more rigorous mathematical foundation by Fuoss (1934). It is interesting to 
note that the use of this assumption in the present paper to explain the positive 
slope of the (dielectric constant, concentration) curve, gives some measure of 
corroboration of Byjerrum’s initial hypothesis. 
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The Effect of Field-Dependent Mobilities on the 
Diffusion Theory of Rectification 


By P. T. LANDSBERG 


University of Aberdeen, Scotland 


Communicated by T. E. Allibone; MS. received 26th March 1954, and in final form 
4th December 1954 


Abstract. It is shown that, if the mobility and diffusion coefficient of the current 
carriers are subjected to a much smaller fractional change as a function of position 
in the barrier layer than is the electric field, then many results of the general theory 
of barrier layer rectifiers remain essentially unchanged. 


(1953) confirmed a predicted connection between the current-voltage and 

capacitance-bias voltage characteristics. ‘The analysis was based on a 
theory of these characteristics which is ‘general’ in that it does not presuppose 
a definite theoretical law for the space charge distribution in the barrier layer. 
Nevertheless some rather crude assumptions are still involved even in this work: 
(az) Einstein mobility relation eD/v=R7, (6) field-independent mobility 2, 
(c) single pronounced potential energy hump JV,, in the barrier such that 
V,,v/eD >1, (d) negligible effects due to minority carriers, (e) validity of the 
microscopic image force law (i.e. barrier must be at least about 20A thick), 
(f) neglect of space charge due to current carriers, (g) plane geometry. We 
wish to show that Lees’ conclusions are unaffected if (6) is omitted and (a) replaced 
by the much weaker assumption (a’) that for given applied voltage, temperature, 
etc., the fractional variation of mobility v and diffusion coefficient D in the barrier 
(0 <x <d) is much less than the fractional variation of the electric field. If (a) and 
(5) are retained, and one replaces assumption (c) by stipulating a certain presumed 
distribution of fixed space charge, and assumption (e) by stipulating neglect of 
the image force, one can obtain the older theories of Mott and Schottky. 

Dropping assumptions (@) and (4), integration of the diffusion equation of 
rectification is still possible, and yields 


4» aV aj “ » dV 
N 5 », = <= ) _— a ee = ——— oa — I 
CAVERP ( are ‘») teed oy ( an oF az) wae CID) 


wo 


|: recent experimental work on copper oxide rectifier characteristics, Lees 


as may be verified by differentiating. 7 is here the current density from the 
metal to the semiconductor, e and N algebraic charge and volume density of the 
current carriers respectively. wv, D and v/eD are allowed to depend on x. 
Assuming that close to the metal electrode a plane x =a exists such that 


V(aj)=0, N@=Co oe eee (2) 


independent of applied voltage, it follows that C= N(d) = N(a) (Landsberg 1951 a, 
equation (7)). Also (1) yields 


= ue {exp ( i , = dx) = i}, Mire (3) 


where ant ONOTAV: 
p= | per (- | ae) dx, nse (4) 
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The coordinate of the plane at which the exponent in (4) reaches its maximum 
is the coordinate at which V reaches its bay aoe. and has in previous papers 


(Landsberg 1951 b) been denoted by x=. By (a’), 
eS eee [(V(d)— V(b)] (5) 
» eD dx DG) fae | Pie 
The integral J is, by (c), of a form to which Laplace’s approximation 
do Dp \ ie 
| . I(x) exp [g(x)] io ( =) Vi EXpSm teens (6) 


‘can be applied, where the subscript m denotes values at the maximum of g(x). 
We shall also use (Landsberg 1951 b) 


ez - e 


Dep? —/) (b)= Deb3’ tees (7) 


where « is the dielectric constant of the semiconductor, and Vy is the potential 
energy difference between the top of the barrier, in the absence of image force 
and tunnel effect, and the bottom of the conduction band in the interior of the 
semiconductor when no current is flowing. This is also the zero of the potential 
energy. ‘There are obvious modifications in this definition when conduction 
is mainly by holes. Using cuackiy (3) to (7), 


Va=VO\= 


es ( d 

j=" aa wer | SF A dx) — 1} exp Wh via) |, eRe (8) 
; D(b 

Jo=(2/77)7e (da) aa ) exp | - Do V |. ee (9) 
ae 2ebIb). Ne (10) 


The values of v and D to be used in (9) and (10) are those which would be obtained 
in the limit of zero field, so that j, is independent of voltage on the present model. 
The product of the last two factors in (8) tends to unity for reverse voltages, 
and one obtains the same form for the reverse current-voltage relation as in the 
previous paper. If one bears in mind that the capacitance—bias voltage relation 
does not involve the mobility or the diffusion coefficient explicitly, it follows that 
assumption (b) can be dispensed with, when working out the theory of Lee’s 
experiments. Most of the RT terms that occur must then, however, be reinter- 
preted as eD(b)/v(5). 

If the Einstein mobility relation is assumed, equations (8), (9) and (10) do 
not involve the field dependence of the mobility. Thus, for barriers to which 
the assumptions stated at the beginning apply, the field dependence of the 
mobility cannot affect the current-voltage curves to any marked degree. 

Burgess (1953) pointed out that if, throughout the barrier, 


dV 
u(x) = =A, eD(x)Jo(x)=RT, = waves (11) 


where A is independent of x, then the diffusion equation can be integrated 
exactly. This is due to the fact that the introduction of (11) into (4) yields 


j= or | - a7 |e p| - “ele xp | - a |}: pone (12) 


and there is then no need to appeal to approximate methods of integration. 
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If, however, (11) is introduced into the approximate result (8), the formula 
obtained by Burgess is not reproduced. ‘The reason is that the present approxi- 
mate integration does not apply to the case represented by (11). For, by assuming 
that (11) is valid throughout the barrier, one is in fact implying that 
oe (O<w<bo (13) 
—-0o (b<x<d). 

Thus, since v and D are rapidly varying functions near x=6, assumption (a’) 
is violated, and (8) does not apply. 

If one wishes to take into account the fact that vdV/dx = A for strong fields, 
it is clear that Burgess sets up the problem approximately, by assuming this 
condition to be valid throughout the barrier, but performs the integration exactly. 
‘The treatment leading to (8), on the other hand, enables one to set up the problem 
exactly, but the integration is then carried out approximately. The advantage 
of the second method is that it gives a more accurate account of the conditions 
near the potential maximum. 


lim D(x) = lim v(x) = 


xb ash 
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Abstract. In this paper calculations are given showing how the ionization 
coefficient x, and the total multiplication in the avalanche, vary with the distance 
travelled when the positive ions formed have an appreciable effect. The time taken 
for an avalanche to develop is also worked out. Plane parallel geometry is con- 
sidered, and two important cases are treated, namely constant field at the electrodes, 
or constant potential across them. A simple and exact solution is obtained for 
constant field, and an approximate solution for constant potential. The latter 
shows that « may decrease or increase depending on the initial conditions, and 
that it tends finally to a constant value. The equations are general and thought 
to be of wide application. 


§ 1. INTRODUCTION 


LECTRONS driven by an electric field through a gas collide with gas molecules 
and, by virtue of their random motion, ionize some of them. ‘The number 
of electrons increases by the factor e*” as the swarm moves a distance w in 

field direction ; more generally by exp(fxdx) if the field is not uniform. « is 
Townsend’s ionization coefficient. ‘This formula is usually applied only when the 
total number of ions and electrons is too small to distort the applied electric field. 
But in many physical systems large numbers are produced giving fields comparable 
with and often equal to that applied. If we say that m, initial electrons are 
multiplied to m) exp ({xdx) it is clear that large numbers can be produced in two 
ways. A few initial electrons may be enormously multiplied by moving a large 
distance in the field (e.g. lightning, sparks in long gaps), or a relatively large 
initial number may be multiplied by some reasonable factor, say 10 or 100, by 
moving a short distance. ‘This latter can occur when a secondary process gives 
rise to a series of successive avalanches, the last few of which have a large no, 
e.g. current pulses in low-frequency electrodeless discharges. 

The initial electrons, colliding with gas molecules, produce more electrons 
which move rapidly in field direction leaving behind them a tail of almost stationary 
positive ions. These slow down the electrons and retard multiplication until 
finally so many ions have been created that virtually no further ionization is 
possible. 

The electrons at the head of the avalanche thus move in a field which varies 
both in space and time. The purpose of this paper is to calculate, on the simplest 
assumptions, how this field varies in space, and by using the appropriate value of 
«to calculate [xdx, and hence the multiplication up to any point x. The physical 
assumptions, discussed below, are admittedly open to criticism on a few points, 
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and it is also questionable whether in strongly non-uniform fields it is permissible 
to use the concept of « at all, because the electrons are not in equilibrium with the 
field. However, they have the merit of leading to a manageable mathematical 
treatment which gives general results. 

It should be emphasized that these calculations refer only to multiplication 
in a single avalanche, no secondary processes being invoked. Here we consider 
only a single process (ionization by electron collision) in the gas and the results 
are therefore equally applicable whether the gas is contained between metal 
electrodes or insulating walls. Radial diffusion is also neglected. 


§ 2. THe PuysicaL ASSUMPTIONS AND THEIR VALIDITY 


The physical assumptions are illustrated in figure 1. We assume that (1) 
Initially , electrons start at a plane and move in a uniform field £. (11) As the 
avalanche develops the electrons travel in front in an extremely thin layer whose 
thickness can be neglected. This layer contains no ions, which are all left behind. 
(iii) The motion of the electrons is determined by the field X,,, at the centre of the 
electron layer when it is in the position x. Thus X,, determines both the value 
of « at this point, «,, and the drift velocity of the cloud of electrons. (iv) Toa 
first approximation « ,,is proportional to X,. (v) It is permissible to use the normal 
Townsend equation for multiplication even in non-uniform fields. (vi) No 
secondary processes affect appreciably the growth of the one avalanche being 
considered. 


Thin layer 
of electrons 

Be 

72, electrons 
E + 
Ly 
0 mays Uf Z 
Initial Conditions t=0 Any Time & 


centre of electron layer. Unit cross section considered (the width of the electron 
layer is exaggerated for clarity). The curve illustrates only the growing density of 
positive ions, and does not imply lateral diffusion, see § 4. : 


Figure 1. ‘The physical picture. £,,—field at trailing edge of electron layer, X,=field at 


Assumptions (ii) and (ii1) are valid over a very wide range. Two factors tend 
to widen the electron layer : diffusion, and the screening effect of the electrons 
themselves, in that those at the leading edge of the layer suffer little retardation 
from the positive ions and so move further ahead. This screening effect becomes 
serious only when the number of electrons is extremely large, so that a large 
difference exists between the fields at the two edges of the layer (EZ, and E 
figure 1). In other words the layer begins to widen only when the space shares 
almost cancel the applied field, and this marks nearly the end of the avalanche 
Similarly, until this stage has been reached the field at all points in the layer is in 


very different (e.g. + 20%) from the field at its centre, which can thus be taken 
to determine the behaviour of the whole cloud. 
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The spreading by diffusion has to be compared with the time taken for the 
avalanche to progress, i.e. with the drift velocity of the electrons. The drift 
velocity depends upon X’ 9, diffusion upon 1/p, and so for avalanches occurring 
at comparable values of Xp the spreading of the layer will become less at higher 
pressures. ‘lake a typical numerical example: an avalanche in hydrogen with 
X/p=30 takes 2 x 10-7 sec to cross a 2 cm gap, in which time the electrons have 
diffused rather less than 1 mm from their centre, if the gas pressure is 10 mm Hg. 
Thus the layer is never more than 2 mm wide. In general the approximation of 
a thin layer is reasonable at pressures between 1 and 10 mm Hg, and extremely 
good at higher pressures. In long gaps the spreading by diffusion becomes less 
in proportion to the gap length. 

It is easily seen that the layer consists of electrons alone, and that there is 
negligible overlapping with the ions. Consider the cloud of 2 electrons passing 
the point x. All » electrons will occupy the layer between x and x +dx, but the 
only ions in that layer will be dx =nxdx, a negligible number, compared with the 
electrons. 

The assumption that « is proportional to the local field is tolerably good 
provided X p is not large, for example, less than about 50 for hydrogen, nitrogen 
or air. This is one of the few assumptions that becomes more valid towards the 
end of the growth of the avalanche, when local fields become low. 

Assumption (vi) is arbitrary but reasonable, and the validity of using « 
(assumption (v)) is questionable only in very non-uniform fields. 


$3. THE Basic EQUATIONS 


The conditions are as shown in figure | at time ¢. « refers to the general value, 
when the electron cloud has reached a point x. 

We consider throughout unit area of cross section. ‘The number dn of 
electrons and ions formed when a cloud of n electrons moves from x to x + dx is 


GE=NGGE ) ~ | © ©. aingeeae (1) 
giving the number of electrons 7, at x as 
iN, EXD ( | x) ese (2) 
wt) 


where 7, is the initial number at x=0. 

Since «=f(x) this formula includes all variations of « due to the changing 
local field. 

Applying Gauss’ theorem between the planes LM, RS (figure 1) we find 


X,=E,—2nnme exp ( | 7) Be” ell eae (3) 
0 
Applying the theorem between the planes PQ, RS (figure 1) we find 
E,=E,—47ne exp( | zd) tee ae eee (4) 
“0 


If x is proportional to X,,, then 

TNE RO 2 ye eats (5) 

where 6 is a constant. , oar 
We may now consider two sets of conditions of physical importance. In one 

the field at the boundary of the gap is constant, i.e. the charge on the electrode 
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or wall is constant during the growth of the avalanche. This would be true in 
certain stages of the lightning discharge. In the other the potential across the gap 
is kept constant, which would be so in most laboratory experiments. As the 
avalanche develops the field distribution alters, and hence the field at the boundary. 
We have then two alternative equations : 
For a given boundary field 


k= 2o=constant. eee (6) 


For a given applied potential V, 
1 
V = E, dx 
“ 0 
which, with equation (4), gives 


V=E,l—4ane ‘ {exp ( | sx) | dis, & abe eee (7) 
. “0 


0 


$4. SOLUTION WHEN THE APPLIED FIELD IS CONSTANT 
Equations (1) to (6) now apply. 


In equation (3) substitute for XY, from (5), and differentiate with respect 
tone: 


1 dx te 
; - = —a2nn,e exp ( | 2d) LE eS, & (8) 
‘ J 0 
Differentiating this equation and dividing the result by (8), 
d*x,/dx? 1 do 
ai nt oe (9) 


Substitution of p=dz/dx leads to a first-order linear equation 


=(2) ett (eee (10) 


Integration, with the boundary conditions 


v=); =a, laae=Oland (=) as given! DyatS), else Gia} 
’ ¥ a“=0 
leads to 
0 a i 
ee LP expiC3a) = a | i ee 
where B=a)+2rn,eb 
2Zrnyeb | 4nnge 
== ae ee CN fl wa SG {3 
% © EG Ce 


i.e. one-half the ratio of initial space charge field to applied field. Both B and P 
are positive constants. 

‘This equation shows that as x-> 00, «->0 which is physically sensible. 

‘The multiplication M is obtained simply as follows: 


me Lee P 
(ax. ———_____ 
J x Beale qmarees (aah Spe ae (14) 
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The constant of integration being defined by (11), 


= Weewe 
M=ex 1 | ee ts~S=Ss 
exp ( | “adv Pater obs) (15) 
Here again a simple check shows that as x-+ 00 
JM eonstant]aT31/P 7 ances (16) 


which is also physically sensible.. 

These results also show, as we would expect, that the rate at which « decreases 
and theavalanche comes toa standstill depends on mp, the initial number of electrons 
and also upon the relation between « and the local field (factor 6). A large number 
my of initial electrons and a strong field (large %», hence large B) both produce a 
rapid falling. Figure 2 shows a numerical example, calculated from equation (12). 


--- V=7500v 
— Ap=2s 


Constant 


eS aa 


6 
ac (cm) 


Figure 2. A numerical example, for Hg, illustrating how the assumption of constant 
potential (equation 24) leads to a less rapid fall in x than a constant field at the 
electrodes (equation 12). p=30mm Hg, 10cm gap, and either V=7500 volts 
(constant potential) or X/p=25, constant at electrodes. m)=10°. Note how, when 
constant potential is applied, « does not become zero but tends to x=2/l. 


§ 5. SOLUTION WHEN THE APPLIED POTENTIAL IS CONSTANT 
When the applied potential is constant equations (1) to (5), and (7) apply. 
In equation (3) substitute for X, from (5), multiply by / and subtract 
equation (7): 


ii ih os 7 “2 
Hie Je 0. ix —Les TENE ler oases) 
i V =2inye |2{. ‘exp (| ade) | dy exp( [2 v) | (17) 


Differentiating with respect to x 


: es rae {exp ( faas) (2—Ix). meas) 


This equation has an important significance which will be discussed in §11. 
Differentiating again with respect to x, and dividing the resulting equation by (18) 
and putting p =dx/dx, we obtain 


d Pp ak 
= (pos) = pos ee) 


Here we substitute /x =e” (implying, as is physically consistent, that « is always 
positive), and integrate with respect to w using the same boundary conditions as 
before, except that (dx/dx),,) is now given by (18). 
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Introducing the new variable 


y= SEP eo) exp () = ag) (20) 
“exp (up) —2 lag —2 
and putting exp(uj)—-2=k, and C’= Play wwe (21) 
leads to: dz = hee (22) 


(1—s)[kz+C’—2log(1—2z)] 7 
and the solution of the problem lies in the integration of the left-hand side. ‘This 
cannot be done rigorously but good approximations can be found over appreciable 
ranges, depending on the initial conditions. 

Range of values of 2. 
The space charge reduces « as the avalanche develops; thus from (20) z is 
of constant sign and if, as in most physical applications, lx) >2, then z is always 


positive. ke 2 
Initially when «=a, 7=0. Finally, if « becomes zero, z= [RED =1+ ie 
Later we shall see that « does not reach zero, and hence z does not extend over 
this whole range. 
Approximate integration of equation (22). 
If we assume z small, and put 


log(l—=s)=—2 1) 9) ee (23) 
integration is possible and with the same boundary conditions leads to 
(lq 2) [exp flag(1 + P)x/l}—1 
a ee Or csi em ror) i; fee (24) 


A few simple checks show that when x=0, a=a 9, da/dx=2mn,eb(2 —Ix,)/I, 
agreeing with (18), and also that « decreases as x increases, which is consistent with 
the physical picture. 

It can also be seen that when «//+1 (if the solution is valid up to that value, see 
$6), a+2/1: also if lap< 2, then « increases as the avalanche develops. This is 
discussed in § 11. 


§ 6. RANGE OF VALIDITY OF THE APPROXIMATE SOLUTION 


The approximation (23) is itself accurate to within 10% for values of z up 
to 0:2. But the total error may be much less than this because log (1—) is only 
one of three terms in the denominator of (22), all of them positive. 

k depends on /x, and C” on mp, i.e. both depend only on the initial conditions. 
If x, is large k is large and this has two favourable results: not only is the error 
in the above approximation very much reduced, so that the solution can be used 
up to larger values of z, but the total range of z (0 to 1+2/k) is much reduced. 
Thus when k is very large the solution (24) may be used over the whole range of 
%, Le. from 7=%) to «=0. C” can have a range of values from almost zero up to 
that determined by the largest value of no. 

The largest value of C’ likely to have any practical application occurs, 
let us say, when the field due to the m, electrons is about 10°% of the applied field, 
leaving a multiplication of about 10 necessary before the avalanche ceases. This 
leads to C’ < Ix /10. C" has a much smaller effect on the expression than k, 
although again a large C’ reduces the error resulting from the approximation. 
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Some practical values. 


Consider, for example, hydrogen in a plane parallel gap to which starting 
potential V’, is applied. Now the whole treatment is valid only for those values 
of X/p for which we can regard « as proportional to the field. For hydrogen this 
is X/p <50, roughly ; from the curve of V’, plotted against pl (pressure x gap 
length) this occurs when p/ > 12, and then eae Oy iney/ Rieke 

The most unfavourable eoatimone for using this approximate solution in 
hydrogen are p/= 12, lx) = 3 when the maximum error is 9% for range x = 0 to 0-25, 
C’=0, i.e. m) very small, and 6% for range z=0 to 0-25, C’ =Jax,/10, i.e. mp2 10". 

Better conditions occur at larger values of pl. For example, when p/>45 then 
lay >6, i.e. k>4. The solution may be used then with less than 6° error up to 
z=0-3, or 9% error up to z=0-4 when, C’<0, with the errors becoming 1°% less 
when 7, becomes large. 

When fl is greater than about 200, lx) > 12 andk>10. Under theseconditions 
the solution applies over the range from z=0 to s=1 with less than 5% error. 

Figure 2 shows a numerical example, calculated from (24), which is compared 
with that given by constant field. As would be expected from physical reasoning 
g falls less rapidly when charge flows on to the walls to keep the potential constant. 


§ 7. EXTENSION OF THE APPROXIMATE SOLUTION 


In circumstances where it is possible to use the solution (24) already given 
only over a restricted range say from z=0 to z=f, it would be useful to have 
another solution over an adjacent range. 

This can be achieved by returning to the left-hand side of equation (22). 


If we put z@=ft+yandw=y/l—f) jj  — sesees (25) 


we get an equation, with w as the variable, of the same form as (22) which can 
be integrated by using the same kind of approximation, i.e. for w small put 
log (1—w)=—w. 

The boundary condition is chosen so that both the formulae, i.e. equation (24) 
and the result we are trying to find, will be satisfied by the same values of « and x 
at the point s=f. Thus when z=/, w=0 and x//is given by putting z=fin (24). 

This leads finally to 


= lag — 2 { r = Ls G exp at 26 
eS aa ac Da C emp {((p+q)x/Bf (26) 


where in the previous notation: 
q=hf + C’ —2log(1—f) =la( f+ P)— 2f—2log(1—f) 
p=R(1—f) +2=lay—flluy—2) 
ee —f)=la,(1+ P)—2log (1-f) 


and C= “Lee ze ie +l, 
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§ 8. RANGE OF VALIDITY OF THE EXTENDED SOLUTION 


A treatment as outlined in § 6 shows that the permitted range of w is greater 
than that of x for the same percentage error. A numerical example, similar to 
that given for z (e.g. f=0-3, C’ negligible, k >4) shows that the error is less than 
6% forw <0-4. Remembering that y = w(1—/) we find that this extension roughly 
doubles the original range of = provided this original range was less than about 
0-3, i.e. if (24) was valid for the range z= 0 to f then (26) will be valid for the range 
z=f to 2f, and the range of w will be from 0 to f/(1—f) provided f<0-3. The 
total error when both formulae are used will be the sum of the errors involved 
in each. 

Further extensions of this kind can obviously be made, but each one requires 
more tedious labour which hardly seems justified. 


$9, MULTIPLICATION GIVEN BY THE APPROXIMATE SOLUTIONS FOR « 


Equation (24) and its extension (26), giving « as f(x), can both be put in the 
a exp (mxil)—T 
a=R- S| | scoalias) 


exp (mx/l)+V 


where R, S, 7, V, m are constants. The method of integration is the same for 
both equations, but with different boundary conditions. For the first range 
(equation (24) z small) Jadxv=0 when x=0, and integration gives the multi- 
plication MV as 


2 1 (la, —2)P la 
M= exp ( “sd => Feseeniesoanl exp [ {log(1 SF Ne) = Z2Pyxit |. 
eee (29) 


If this equation is valid only for the range z=0 to z=f, and the multiplication 
is M, when z=f, further multiplication is given by using equation (26) with the 
appropriate boundary conditions: from (24) the value of x// corresponding to 


CIS Log bt bt fC’ 1 1+//P 


[> Olly 2 Seat Pane) a ae 
Substitution of this value in (29) gives M). 
Integration of (26) then gives for the next range the total multiplication M as 


Pe eo D+] ato —2)(1—f)[p 
M= exp (| ade) =I, |= (Pp +q)Xo/L} + p/G] -BA—Miz 
0 exp (p+ q)x/1} + p/G 


% Xp {| #40 + (luo=2) {a =a -7} 5%. eee (31) 


§ 10. THE Time TAKEN FoR AN AVALANCHE TO DEVELOP 
The solutions for «, equations (12), (24) and (26) can be written generally 


=). = | (32) 
OX px) eee (33) 


But X,, the field at the centre of the electron cloud determines the drift velocity 
dx/dt of the electrons. If some simple relation between them is known equation 


which combined with (5) gives 
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(33) can be integrated giving the time taken for the avalanche to progress to a 
distance x. 


For the molecular gases (Hy, N,, O, and air) we have approximately 
V ariee = dx/dt => iL, + INES @evrc0ee (34) 
where L, N are constants. 
Using equations (33) and (12) in (34), 
ier Nia 
dt ple Pexp(bx Yio) Ue 
which can be integrated with the boundary condition ¢= 0 when = 0, giving finally 
- b aE aN, e NB + Lb{1+ Pexp(Bx)} 
~ Tb+NB\"" Tb °? NB+ Lb(1+ P) ; 


The use of equations (24) and (26) for the variation of « at constant potential 
leads to exactly similar relations between time and distance, only with different 
constants. 


t 


sree) 


§11. THE FrinaL EQUILIBRIUM VALUE OF « WHEN CONSTANT POTENTIAL IS 
APPLIED 


One rather surprising result emerges from equations (24) and (26) giving « 
as f(x); this is that ~« never becomes zero, but as x//+1 « tends to a limit 


| i a ee 7 (37) 
(see, for example, figure 2). 
This is true whatever the initial conditions; the above equations show that if 
la, >2, « decreases from a, to 2//, while if la)<2 then « increases from a to 2/l. 
Moreover, this final result does not depend upon any approximations made in 
the solution of the equations, because equation (18), derived without any approxi- 
mations from the basic equations, gives 


; -. eee {exp ( ['aax) Cee (18) 


and hence da/dx=0 when «=2/l. aersge (oo) 


Since all the other terms are positive the sign of dx/dx depends directly upon 
(2—Ix). Thus « will first approach and, if the multiplication is sufficient, finally 
reach and remain constant at the value 2/1. 

These arguments imply that, with the physical assumptions made, the avalanche 
never stops but multiplication continues indefinitely, with a constant « =2//, after 
a certain stage of the development has been reached. Such an unexpected result 
needs further consideration. 

Suppose that figure 3 represents the field distribution at some instant during 
the development of the avalanche. ‘The discontinuity 2/4 represents the change 
in field across the electron layer; its height represents the number of electrons 
in the layer and hence the multiplication, while « is given by the mean field in 
the layer, i.e. the mid-point of the discontinuity. 

Now assume that « remains constant: we shall try to find its value. Let the 
electrons move forward a distance €, when the dotted line will show the new field 
distribution. Conditions to be satisfied are: (i) The multipilcation, and hence 
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the height of the discontinuity, will have increased by the factor e*> but because 
x is constant the mid-point remains at the same level. With the dimensions as 
shown on the diagram this gives 


Wi d=he®; ievd=her— 1), eee (39) 


(ii) The field at both electrodes must be the same and so the whole diagram is 
lifted up by the height d. (iii) The curve between x and €, given by the ion dis- 
tribution produced as the electrons move forward with constant «, must be of the 
form 2 he”, from y=0toy=€. (iv) The total area under the curve, representing 
the potential, must remain constant. The shaded sections added, and the dotted 
section subtracted from the original area must balance. 


Field 


ae Z 
Distance —> es Metatlics acid 


Figure 3. The field distribution produced by an advancing avalanche when constant 
potential is applied. This diagram shows how, after a certain stage, a can remain 


constant. The curved part on the left represents the field distribution due to 
stationary ions formed in earlier stages of the avalanche. 


Now the areas added are easily seen to be: xd on the left, d[/—(« + &)]‘on the 
right. . 


The total area added =a). ee (40) 


The area subtracted (see small side diagram) is best regarded as 


rE 
ABCD-CDEF=2h| edy—éd. 
J ~ O 


2 
Total area subtracted = = h(e* — 1) — Ed which, using (39), 


(; f 
C : ) . ee A ) 


ro a a (42) 

Hence all the necessary conditions are satisfied and clearly « can remain 
constant i.e. 2//, Multiplication thereafter continues and increases as e%S. 

Physically this may be explained as follows. The development of an avalanche 
in a gap having a constant potential across it produces two effects: the ions 
reduce the field in the electron cloud in the manner already explained, but at the 
same time the motion of charge alters the field distribution in the gap, and more 
charge flows on to the electrodes to keep the potential constant. This increases 
the field on the electrons. When the initial field is low (dx) <2) this latter effect 
predominates and « increases; if the initial field is large (/x)>2) the reverse 
happens, When the avalanche has developed in space until at some point lx =2 
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the two effects are equal. The electrons then move in constant field and multi- 
plication continues at a constant rate. Of course there comes a time when the 
number of electrons becomes so enormous that they no longer move in anything 
approximating to a plane, and this treatment is no longer valid. Even so we have 
deduced enough to disprove the generally accepted idea that the avalanche comes 
to a standstill, and also to show that much larger multiplications and concentra- 
tions of electrons can be produced than might previously have been imagined. 


$12. Some PracticaL APPLICATIONS 


This analysis would be expected to apply chiefly to the development of a 
single avalanche in a long gap between parallel electrodes, and at pressures above 
1 mm Hg where the electrons would remain in a relatively thin layer, and for 
values of X p less than 50 for molecular gases, or less than 30 for rare gases. If 
starting potential or less is applied this corresponds roughly to p/ greater than 15 
or 30 respectively. ‘The application of the formulae becomes more convenient 
and accurate at larger values of p/. Since secondary processes are neglected the 
treatment is only applicable in circumstances where the secondary mechanism 
coefficients are small, or where there is a relatively long time delay between 
primary and secondary processes, for example when further avalanches are started 
by ions hitting the cathode. A sufficient number of ions (usually 100 to 1000) 
must be produced by the first avalanche which will have proceeded a great distance 
by the time the ions reach the cathode: the second avalanche will have then little 
effect upon the development of the first. A photoelectric effect at the cathode, 
although acting rapidly, often gives a low y because many photons are lost by 
geometry. The treatment would apply to the initial stage of spark breakdown 
between parallel plates, where cloud chamber photographs show the growth of an 
avalanche before a streamer is formed. Here the potential is kept constant. 

The initial stage of the lightning discharge from a negative cloud 1s believed 
to consist of a series of choked avalanches, with X/p=~40. Considering the size 
of the cloud relative to the extent of an avalanche, and remembering that the 
charge on the cloud does not change during the growth of any one avalanche, 
the conditions can be regarded as a uniform constant field, and the treatment of 


§ 4 should apply. 


§ 13. CONCLUSIONS 

By making simple assumptions it has been found possible to calculate how 
Townsend’s ionization coefficient « varies with distance x as an avalanche develops 
due to the retarding effect of the positive ions left behind, and to calculate the 
multiplication of the avalanche as a function of the distance and determine the 
time taken for it to develop. 

If the field at the boundary of the gap is constant the equations derived are 
simple and exact (granted the physical assumptions). ‘The assumption of constant 
potential results in more difficult equations which can be solved approximately 
in steps of increasing complexity. In many circumstances one such step only is 
necessary and the equation can be solved to an accuracy within 10%; two steps 
would be sufficient for most problems, and would give an accuracy to about 
20% or better. 
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One important conclusion results from the assumption of constant potential : 
x may decrease or increase with distance depending on the initial values of « and 
np, and does not tend finally to zero as might be expected but to a constant finite 
value. This implies that multiplication continues indefinitely, at least until the 
physical assumptions of this treatment no longer apply. 
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RESEARCH NOTES 
A Note on the Diffusion in a Gas of Electrons from a Small Source 


By L. G. H. HUXLEY anp R. W. CROMPTON 


Department of Physics, University of Adelaide 


MS. received 23rd December 1954 


introduced by Townsend (Crompton, Huxley and Sutton 1953 and references 


le recent studies of the motions of electrons in gases based on the methods 
therein), diffusion chambers of the design indicated in the figure were used. 


SoS ee 


Electrons enter the diffusion chamber through a small hole O in the cathode 
and move towards the anode in a steady state of motion under the action of a 
uniform electric field Z which gives them a mean drift speed W. The stream spreads 
by diffusion with a coefficient K. The differential equation describing the dis- 
tribution of the electron concentration is V?2=2A¢en/dz where 2A= W/K. 

‘The source O was made small, in contrast with the earlier designs of apparatus, 
in order to obtain solutions for n, when O is in the origin of coordinates and 
the cathode the XOY plane, in the form of a series whose (m+ 1)th term is 


eR AZ) ee ee) (COS Uae resect (1) 

It was hoped that in practice the series would be found to reduce in effect to a 
single term, but it does not seem possible to predict a priori with any confidence, 
which term ; consequently recourse must be had to experiment. 

The experimental technique for determining A= W/2K consists in measuring 
the ratio R of the current 7, to a central insulated portion (radius b) of the anode 
to the total anode current 7,.. The formula which has been used throughout this 
work to derive A from R is 

R= 2 =1— sexp [-Ad—A)] en) 
and experimental evidence, as shown below, established that this is beyond 
doubt the correct formula over a wide range of values of A. 

This formula was first obtained by adopting as a solution that term from 
equation (1) for which m=1, that is to say, a dipole solution which gives 

gz d[exp(—Ar 
N= Ay exp (Az) oF jae | - 


r 
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In order to satisfy the boundary condition n=0 over the anode z=/ an image 
source of suitable strength was supposed to exist at the point (0, 0, 2h), and the 
electron flux (— Kdn/dz),_,, was then integrated to give the currents 7, and 2). 

It may be shown, however, that this procedure with a dipole source does not 
in fact lead to formula (2) but to the following formula : 


h)8(1+Ad) 
=1—|- | +——<exp[-A(d-A)]. wee ees 3 
R=1-| 5] eyes [-Ad-) (3) 

In order to obtain formula (2), which agrees with experiment, it is necessary 
to suppose that the correct term to adopt from (1) is that corresponding to the 
pole (m=0) for which 


n=A,(A)-1? exp (Az) exp(—Ar)/7r. nea nee (4) 


It would thus appear that either the cathode boundary solution given by the 
dipole solution (m zero in that plane except at the origin) is not an adequate 
approximation to the true boundary condition, or more probable, the differential 
equation, because of the departure from uniformity of the electric field and the 
possibility of self-repulsion of the electrons, is appreciably inaccurate in the 
vicinity of the source. 

It remains to show how it was established by experiment that formula (2) is 
correct. 

For some measured values of R let Ap be the value of A derived from formula (2) 


and A; that from formula (3). Then it may then be shown that 


1 
hAp+ =— =hAp—1+(smallterms) ~—_......... (5) 
dp 
However, by definition, the true A is W/2K which from general considerations 
of similitude satisfies the following functional relationship : 


N= WOR=ok ge ee (6) 


where p is the gas pressure at constant temperature. 

It follows therefore, from equation (5) that whichever of Ap or Ap is the true A 
therefore satisfying some relationship (6), then the other cannot accurately satisfy 
such a relationship. 

In practice the quantity A has been written \=20-15 p (Z/p)/k, where k, is 
given the interpretation 

electron temperature 
temperature of the gas’ 


Ry OC 


It therefore follows from equation (6) that k, is a function of Z/p only ; con- 
sequently, if (k,)p and (k,)p correspond to Ap and Ap, then if one is a function of 
Z/p only, the other is not. 

The following table of experimental results shows clearly that (k,)p does not 
change as p is changed, if Z/p is held unchanged. On the other hand (ky) p shows 
a pressure dependence with variations much greater than the experimental error 
which was about 2%. A more extensive example of the fact that (k,)p is a function 
Z|p only, is given in the paper by Crompton and Sutton (1952). ~ lisaoumd; 
moreover, that the same quantitative functional dependence of (k,)p upon Z/p is 
obtained in pieces of apparatus with different dimensions and with the anode 
divided by cross cuts instead of by circular cuts. 
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Z|p p R (Ri)p (Rip 
1-5 0-556 5-14 6°85 
0-5 2 0-653 5-07 5-96 
3 0-775 5-15 5-77 
1:5 0-592 9-05 11-5 
1-0 2 0-690 9-01 10-4 
3 0-813 9-10 10-0 
1 0-546 14-3 193 
2-0 1:5 0-671 14-4 16-7 
2 0-761 14-4 16-1 
0-75 0-559 25-6 33-7 
5-0 1 0-637 26-1 31-3 
1-5 0-770 26-3 29-4 


Table of values of (k,)p and (k,)p obtained in hydrogen at 15°c in an apparatus 
for which bh=0-5. 
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Diffusion in Moving Striations 
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HE positive column of a discharge at pressures of the order of 1 mm and 

above often consists of striations moving with high speed towards the 

cathode. These have been investigated electrically, using Langmuir probes, 
by Pupp (1932, 1935). The data published by him are not extensive, and besides 
being subject to the errors which arise in use of probes in steady discharges, may 
be liable to further errors from the presence of oscillations. It is known, however, 
that they account for some of the features of the spectra (Sloane and Minnis 1935). 
The present Note is a short account of an attempt (Farris 1954) to develop a 
diffusion theory of the striations, and to test it from Pupp’s measurements. 

Pupp (1935) has summarized his results for a discharge in argon at a pressure 
of 1 mm in a tube 4:8 cm in diameter, as charts of instantaneous contours of 
electron concentration n, electron temperature 7, and space potential. The 
variations of T and n along the axis of the tube are shown by curves a and 4 in the 
figure. The corresponding space-charge distribution can be found by applying 
Poisson’s equation to the space—potential contours, assuming that the discharge is 
symmetrical about the axis. It proves to be considerable only near where the 
electron temperature has its maximum, the maximum space-charge density 
being equivalent to an excess N of 1-5 x 10% singly charged positive ions per cm’. 


Now at the Research Laboratories, General Electric Company Ltd., Wembley. 
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Pupp does not give absolute values for n, but from the values of found in other 
discharges its maximum value was probably about LOe cm’. Comparison with 
N of Pupp’s curves for m, normalized roughly in this way, indicates that there was 
little departure from plasma conditions in the column. 


—— Distance from cathode 


Axial discharge data for moving striations. a, temperature 7, unit 4800°K; 6, concentration 
n, units arbitrary; c, rate of ionization from diffusion equation s/n, unit 0-35 x 104 
ions cm~* sec~!; d, rate of ionization from ionization equation s/n, unit 10° ions 
cm~*sec~!. Distance between peaks, 17:5cm. Striations moving from right 
to left. 


If it is now assumed that the small difference between the ion and electron 
concentrations has the same effects axially as radially, and that mean values of 
mobilities and diffusion coefficients may be used, the theory of a stationary 
positive column may be readily generalized to include changes of concentration 
axially and with time. Eliminating the current and field from the usual con- 
servation and current density equations gives 


On 
ay} i ep te. 1 
is, DV?2n (1) 
where s is the rate of production of ions per unit volume per second, and D the 


Schottky ambipolar diffusion coefficient, given to a close approximation by 
(Loeb 1939) 


D=RID ce. ~ ee (2) 
where 6 is the positive ion mobility. 
Examination of Pupp’s graphs for n and T shows that the former varies with 
radius r approximately as J,(2-4r/R), where R is the tube radius, whilst the radial 


change in T over a given cross section is much smaller, and will be neglected in 
what follows. 


If p/27 is the frequency of the moving striations and 27/k their spacing along 
the direction of the axis z, the curves for n may be analysed into a Fourier series 


t= {i + > a, sin [U(pt—kz)+6)] } (ear Ne) SE eae (3) 


s can be expressed by a similar series, 


‘= { Ay+ > A,sin [U(pt — kz) +] \ Oak) oe (4) 
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and from equation (1) the amplitudes and phases will be connected by the relations 


A Spots Oe ee ee 2 (5a) 
A,=Ipa/sin(e;—8,) 5 wes (55) 
(tan «,— tan 6,){(2-4/R)? + (/k)?}D =lp(1+tane,tan$,). ...... (5c) 


Actually, since absolute values of m are not known, the analysis will give not s 
but s/7, as a function of s and r. In carrying out the calculation of s/n from 
equations (3), (+) and (5) numerically it was found that the Fourier components 
were negligible for / greater than 5. The values of p and k were 7037 sec-! and 
0-363 cm respectively. The value of 3-7 x 10? cm? sec"! was adopted for D, 
based on a mean electron temperature of 2 x 10+ °K, and values for the mobility 
given by Massey and Burhop (1952). The resulting curve for s/n along the axis 
(r=0) is shown in the figure as curve c. Its peak lies between those of the curves 
for m and T. 

If the ionization were due to collisions between electrons and argon atoms in 
the ground state, and the electron energy distribution were accurately Maxwellian, 
the rate of ionization would be given by 


s/n=2-0 x 10°W12(V,+4W/3)exp(—3V;,/2W) —...0. (6) 


where I, is the ionization potential, and W the voltage equivalent of the electron 
temperature, 450 RT \e (cf. Loeb 1939). The values of s/n calculated in this way 
are shown 1n the figure as curve d. 

Considering the approximations which have been made, the difference in 
shape and position of curves c and d is probably not significant. However, the 
absolute value of the maximum of curve d is 30 times that of curve c. The 
discrepancy would disappear if the value of s/n calculated from equation (6) were 
too big either because the values of W given by Pupp were about 40° too high, or 
because the actual electron energy distribution had a marked deficit of fast 
electrons compared with the Maxwellian distribution assumed. ‘This might be 
decided by fresh experiment using modern probe techniques. 
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A Resistance Thermometer for Use at Helium Temperatures 


By D. H. PARKINSON anp L. M. ROBERTS 
Radar Research Establishment, Gt. Malvern, Worcs. 


MS. received 16th December 1954 


§ 1. INTRODUCTION 


temperature characteristics of leaded brass wires annealed at a number of 

temperatures between 160°c and 400°c were reported. ‘The composition of the 
wires was 62% Cu, 36% Zn, 1-73% Pb, 0-08% Ni, and their diameter 0-004 in. 
The unannealed wire had a broad superconducting type of transition between 
4-0°K and 5-4°K and it was found that, except for temperatures between 240°c 
and 310°c, the resistance characteristic of the wire moved approximately parallel 
to itself and to lower temperatures as the annealing temperature was increased. 
It was remarked that two or more wires suitably annealed and joined in series 
could be used as a thermometer over the whole range 1:5°-4-2°K. Such 
thermometers have been made and used in this laboratory, but it is difficult to 
choose annealing temperatures and lengths of wire which produce a characteristic 
free from marked irregularities. ‘The characteristic would be expected to 
improve, however, as the number of wires used is increased. An equivalent 
result has been obtained by annealing a single length of wire in a suitable 
temperature gradient, the resulting thermometer having a nearly linear character- 
istic between 1-5°K and 4:2°K. The method and results are given below. 


[: a previous note (Parkinson and Quarrington 1954) the resistance— 


§ 2. EXPERIMENTAL PROCEDURE 


The temperature gradient for the annealing process was produced as follows- 
A slug of iron (2 in. long x # in. diameter), which fitted into an electric furnace, 
was hard soldered to one end of a copper rod (O.F.H.C. 24 in. long x 4 in. 
diameter) having a narrow groove cut along one side. Hard soldered into this at 
equal intervals were six thermocouples, the leads to which were protected by 
thin glass sleeves and fitted snugly into the groove. ‘These leads were brought 
out at the other end of the rod. Concentric with the rod was a heavily lagged 
1 in. Yorkshire copper tube, one end of which also entered the furnace, the other 
being water cooled. When the furnace was controlled at about 400°c the thermo- 
couples showed that the temperature gradient along the rod was nearly linear, and 
covered the range 120°-400°c. The leaded brass wire was wound evenly 
(3 turns/inch) on to that part of the rod whose temperature had been found to lie 
between 200°c and 385°c except between 225°c and 310°c where the minimum 
length of wire was used. ‘The furnace temperature was then maintained at the 
required value for 33 hours, previous experiments having shown this to be 
sufficient time to complete most of the changes produced by annealing. The rod 
was then removed from the furnace and allowed to cool to room temperature. 
After annealing the wire was wound on to a small former and its resistance 
measured at helium temperatures, using a constant current of 50 microamperes. 
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$3. RESULTS 


In the figure the reduced resistance R/Ryp (Roy is the resistance of the wire at 
20°k) has been plotted against temperature in the helium vapour pressure range 
and a straight line has been drawn through the points. There are two regions 
where the points depart appreciably from the line and, if a linear characteristic 
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Reduced resistance-temperature characteristic of leaded brass wire. 


were assumed, the measured temperatures would be in error by —0-02°K 
around 2-8°K and +0-02°k around 1-8°x. For rough measurements such errors 
can be neglected and the wire constitutes an extremely useful linear thermometer. 
Where greater accuracy is required the wire can be calibrated in a conventional 
manner. Its resistance is, of course, dependent on current and magnetic field. 

This work establishes a method by which a suitable sample of leaded brass 
wire can be converted into a sensitive and nearly linear thermometer covering the 
helium vapour pressure range of temperature. 
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Carbon Resistor Thermometers 


By F. E; HOARE, J; C. MATTHEWS ann b> YATES 


The Physics Laboratories, University of Leeds 
MS. received 10th November 1954, and in amended form 20th January 1955 


LTHOUGH the use of carbon resistor thermometers for the measurement 
of temperatures in the liquid hydrogen and helium ranges has become 
quite common, it is widely recognized that there are intrinsic difficulties 

in this form of thermometry. ‘The calibration obtained by plotting resistance 
against temperature is not sufficiently reproducible from day to day to do away 
with the necessity of a recalibration each time such a thermometer is used. We 
have been informed that there is greater constancy if the temperature of the 
thermometer is not allowed to rise above that of liquid nitrogen at any time, 
but for many applications such a procedure has disadvantages, even in those 
cases where it is possible. 

During the course of experiments in the liquid hydrogen and helium ranges 
extending over several months we have found that plotting the reduced resistance 
R,/Ry against temperature for one such thermometer, kept isolated from the 
refrigerant, the reproducibility of the curve is much improved although the 
thermometer is allowed to warm up to room temperatures between runs. Rp is 
the resistance at the temperature 7 and R, that at some fixed temperature, 
conveniently taken as the normal boiling point of hydrogen or helium. Our 
method of resistance measurement is to use a bridge circuit, operated under 
constant current conditions, and to regulate the current supplied to the bridge. 
In experiments at liquid and solid hydrogen temperatures the current was 
regulated by a meter but ultimately in the helium range the potential drop across 
a standard resistance in the supply circuit to the bridge was kept constant, with a 
noticeable increase in the reproducibility of the results. Owing to our experi- 
mental arrangements it is not easily possible to make measurements over the two 
temperature ranges successively without allowing the thermometer to warm up 
in between. Consequently the continuity of the calibration curves over the 
range from 1-6 to 20°K cannot be tested from our results. 

We have found that writing the equation proposed by Clement and Quinnell 
(1952) in the slightly modified form 


K nen 3 

Gul eee are 

where C is a further constant, a satisfactory representation of our results may be 
obtained. With suitable choice of constants the greatest difference between the 
calculated and observed resistance in the range 10—20°K was 0-1% (176 results 
over a period of three months); in the range 1-6-4-2°x the greatest divergence 
was ()-3% (348 results over a period of four months). ‘The corresponding tem- 
perature divergences are of the same order. This agreement in een 
over several weeks suggests that in many experiments a single measurement at 
or near a fixed temperature could subsequently be substituted for the tedious 


log (Rp/ Rp) + 
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re-calibration over the whole range of temperature which is necessary each time 
resistance rather than reduced resistance is employed. 

‘This note is written in the hope that other workers who have suitable data will 
test whether they give good reproducibility in the curves for temperature variation 
when treated in the manner outlined above. 
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The Effect of Adsorbed Air on Photoconductive Layers of Lead Sulphide 


Experiments have been carried out in these laboratories to investigate the 
change in properties of evaporated layers of lead sulphide (about 1 micron 
thick and with a crystallite size of the order of 4) which have adsorbed varying 
quantities of air. 

A layer of suitably sensitized lead sulphide was placed in a vacuum chamber 
designed so that Hall constant and photoconductive measurements could be made 
in situ. The layer which was initially prepared under vacuum was exposed to air 
at atmospheric pressure. When equilibrium was reached the following quantities 
were measured at room temperature : 7(j:A) the current through the unilluminated 
layer which had 10v across its electrodes, Az(wA) the increase in current when 
the layer was illuminated by a tungsten lamp, ~ the number of current carriers 
per cubic centimetre, » the Hall mobility of these carriers in cm? v-t sec}; 
finally the photoconductive decay time + microseconds was determined with a 
pulsed hydrogen—neon time constant apparatus. 

‘The chamber was then evacuated and the layer heated by passing an electric 
current through it. ‘This heating drove off the adsorbed air, so bringing the layer 
to a suitably high resistance. 

The current through the layer at room temperature, and with 10v across it, 
was taken as a direct measure of the adsorbed air. Different values of the current 
through the layer at room temperature were obtained by letting air into the 
chamber through a needle valve so altering the amount adsorbed in the layer. 
The measurements listed above were made for a range of currents up to the 
saturation current at atmospheric pressure. The cycle of measurements was 
repeated and the results showed that the effect of adsorbed air on the layer was 
reversible. ‘The results of these experiments for a typical layer are illustrated in 
the figures. Figure 1 shows the effect on Az, 7, p and w of the adsorbed air. 
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Figure 1. Variation of the time-constant, 
number of carriers, mobility and 
photoconductive response of a lead 
sulphide layer on exposure to air. 


Figure 2. Variation of photoconductive 
response with time constant as the 
quantity of adsorbed air varies. 
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Figure 2 shows 7 plotted against 7 using values from the curves in figure 1. It is 
clear that an increase in A/ is produced by an increase in the amount of adsorbed 
air up to the saturation value. ‘The number of majority carriers (which are shown 
by the Hall apparatus to be holes) increase considerably but remains relatively 
constant. As can be seen from figure 2, A? varies linearly with 7. 

Subsidiary experiments in which nitrogen, argon and oxygen were separately 
admitted to the previously evacuated vessel with no adsorbed gas in the layer 
have shown that oxygen is the constituent of the air which affects the layer. 

These experiments confirm those carried out by Ryvkin and Malakhoy (1952) 
except in one important particular. We find that the number of carriers does 
vary appreciably with varying amounts of adsorbed air whilst the mobility does 
not; Ryvkin and Malakhoy, however, found that the number of carriers was 
constant and the mobility varied. 

Now the photoconductive equation for Az can be written 

Ai= Ae[p(p—p') + 27 Nw] 
where 4 is a constant, e is the electronic charge, N is the number of photons 
absorbed in the layer per second per cubic centimetre and 1’ is the mobility under 
illumination. 

From the graph in figure 1 we see that where 7 is varying slowly or is sub- 
stantially constant, Az behaves in the same fashion ; p, however, varies considerably 
in the same region so that Az could only remain constant if ~—’ were close to 
zero. ‘Thus within the experimental error we conclude that the mobility in the 
layer does not change appreciably on illumination. 

It would then appear that a correct interpretation of these results is not a 
barrier theory as advocated by Ryvkin and Malakhov but a single crystal theory 
in which the time constant of the layer is increased by an oxygen trap mechanism 
and the sensitivity of the layer improved. 

It is believed that oxygen sensitization of photoconductive layers can in general 
be accounted for by the increase in effective time constant rather than by the 
setting up of barriers (Gibson 1951). Experiments are in progress at these 
laboratories to investigate this hypothesis and it is hoped that a more extended 
account of this work will be published later. 


Mullard Research Laboratories, M. SMOLLETT. 
Salfords, Redhill, Surrey. ReG, Prats: 
2nd March 1955. 
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On the Distribution of Impurity in Crystals Grown from Impure 
Unstirred Melts 


BY Ke FatiueMeE 
H. H. Wills Physical Laboratory, University of Bristol 


Communicated by F. C. Frank; MS. received 6th December 1955 


Abstract. ‘The existence of a boundary layer of different impurity concentration 
on the solid—melt interface during crystal growth into impure unstirred melts has 
been inferred by previous authors. The problem of how rapidly this layer attains 
its final form in the case of growth into an infinite unstirred melt, hitherto treated 
approximately, is shown to be capable of exact solution for all values of the 
segregation constant. The impurity distribution in the resultant solid is calculated 
and graphs are given for various values of the segregation constant. 


§ 1. INTRODUCTION 


HEN growing crystals by controlled solidification from impure melts 
it is of interest to know how the impurity will be distributed in the 
resultant solid. Unless the melt is stirred vigorously (by using an 
induction furnace to heat it for example) the impurity concentration in the melt 
is not uniform and a diffusion-controlled boundary layer of different impurity 
concentration is formed on the solid—melt interface; this boundary layer can 
under certain circumstances cause ‘ constitutional supercooling’ as described 
by Rutter and Chalmers (1953) ; if ‘ constitutional supercooling’ exists the 
solid-melt interface loses its flatness and the diffusion process ceases to be one- 
dimensional. The results quoted and derived in this paper are only valid so long 
as the interface retains its flatness, though they may represent approximations 
to the truth when the interface becomes corrugated. 
Tiller, Jackson, Rutter and Chalmers (1953) have given an expression for the 
distribution of impurity in the melt a long time after growth has commenced 
in an infinite melt free from stirring and convection; it is 


B(x)=do] 1+(5-1)exp (- 5) | ae (1) 


where 4(x) is the impurity concentration at a point in the melt at a distance w 
from the solid—melt interface, ¢, being the constant value 4(x) tends to as x a, 
R is the rate of advance of the solid—melt interface with respect to coordinates 
stationary in the melt, D is the diffusion coefficient of the impurity in the melt 
and k is the segregation constant of the impurity, i.e. the ratio of the impurity 
concentration in the solid at the interface to the impurity concentration in the 
liquid at the interface. iia te 

Frank (unpublished work) has considered the effect of taking into account the 
volume change on solidification. It is then necessary to define concentration 
more precisely, because the mass of solute per unit volume of solution will not be 
related to the mass of solute per unit mass of solution by the same factor in the 


PROC. PHYS. SOC. LXVIII, 7—B 25 


394 K. F. Hulme 


solid as in the liquid. Concentrations in both solid and melt are therefore defined 
in terms of mass of solute per unit volume and the segration constant k is defined 
as the ratio of concentrations expressed in these terms. 

Then, if there is no change of cross section of the crystal as growth proceeds 
(e.g. in growth in a vertical cylindrical mould where solidification starts at the 
bottom), the velocity of the solid—melt interface is different in the two coordinate 
systems which are respectively at rest in the solid and at rest in the liquid; this 
is a consequence of the change in volume on solidification. In fact, if R’ is the 
observed velocity in the former system, 


Rps=Rp,, Lenk =K(1=o) 


where «=(pg—p,)/pg, py, and pg being the densities at the interface of the liquid 
and solid respectively. 

The non-equality of R and R’ modifies one of the boundary conditions on 
d(x) (see equation (6) below) and then with « =A(1—«), so that « is the ratio weight 
fraction of solute in the solid to weight fraction of solute in the liquid in contact 
with it, equation (1) becomes, according to Frank, 


$(0)=do| 1+(2-1)ex(- FF) J. saree (2) 


From this expression we see that the impurity concentration at the solid—melt 
interface (v=0) is dy/e; if, when growth commences, the impurity concentration 
is uniform it will be ¢). The problem of how rapidly the transition from the 
concentration ¢ = d, to d= dy/e takes place at x =0 has been treated by Tiller et ai. 
(1953) and by Pohl (1954) ; the solutions obtained are not exact but are good 
approximations for small values of k. The analysis given below is closely similar 
to that used by Pohl (1954); it differs in the treatment of one of the poles of the 
integrand (at p= — 4e(1—e)) involved in the inversion of the Laplace transform 
and in that the integrals are evaluated exactly. The resulting solution does not 
give anomalous behaviour for large values of « as the previous solutions did. 


§2. THE DIFFERENTIAL EQUATION AND BOUNDARY CONDITIONS 


In the analysis given below it will be assumed that (1) R, Dand k are constants ; 
assuming the constancy of k implies idealization of the actual phase diagram 
and confining our attention to cases in which the solid will contain only one 
phase. (2) The melt is completely free from stirring or convection currents. 
(3) The cross-sectional area is constant. (4) The melt is infinite. (5) The 
interface remains flat. 

The axes of reference are chosen so that the axis of x is along the direction of 
growth and normal to the solid—melt interface at x=0; the melt then fills space 
for x>0. If (x, t) is the impurity concentration per unit volume assumed 
independent of (y, 2), the differential equation obeyed by ¢ is (Wilson 1904) 

ad 0h dd 
D 5x2 +R ay ant). fo eee (3) 
The boundary conditions to be satisfied by ¢ will now be considered. If the 
impurity concentration in the melt is uniform at the start then 


$=¢y at £0 for allie. ubalee be seni ke ne (4) 
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Further, since the impurity concentration at large w will be only slightly affected 
by the conditions near v=0), it may be inferred that 


@>b,asx>ooforallt, §  ...... (5) 


Finally there is a boundary condition at the plane «=O expressing the fact 
that there is conservation of impurity. Consider the fluxes of impurity in and 
out of the region between the planes x=0, v=Sx; then from figure 1: 


» Od a 0d 
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As 6x-+0 this gives the condition 
Ro nee 0 atia== 0 tor allt, 9 0 ees (6) 


Ox 


Putting A(1—«)=e and introducing the dimensionless variables X= Rx/2D, 
T = R*t/4D the differential equation (3) becomes 


Op Oh _ Op 
ax? +2 36 in i (7) 
The boundary conditions (4), (5), (6) are now: 
he py at: DO: forally Xo yet cee eee (8) 
b->Oy a8 A— co forall 7 oo 2 Be (9) 
26(1-«)+ & =o atey=Osor allie "= ind se (10) 


§ 3. SOLUTION OF THE EQUATIONS 
The Laplace transform is now applied to equation (7). If the Laplace trans- 
form of ¢ (X, T) is 4(X, p), ie. . 
HX p)=| ec?" 4(X, T)dT 
“ 0 
the Laplace transforms of 0°6/0X? and 0¢/0X are respectively d*¢/dX°, dd/dX, 


since integration with respect to ¢ and differentiation with respect to X are 
commuting operations on ¢ in this case. But the Laplace transform of 0¢/0T is 


‘ or ab ar=| es |" al eT bdT = — by +pd. 
Q OL 0 ’ 
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Equation (7) therefore transforms to 


d*h dé 2 
EA phe de a a 11 
Pa ae aera 2 


This has the general solution 
d= o +e*(A exp LX(1+ p)!7]+ Bexp[—X(1+p)"*]). ...... (EZ) 
The solution ¢ will be determined from the formula 


~y tio 
b= = | — ge™dp. — (y>0). 

A cut is inserted along the negative real axis of p from p= — 1 to p= — © to 
make (1 +p)" single-valued in the p plane. The real part of (1 + p)"? will now tend 
to «0 as 4(p)+oo so that the integral will not converge for any X greater than 0 
unless d=(0. The Laplace transform of equation (9), d-¢)/p as X00, also 
requires d=(0. (Care must be taken to make #(1+>p)"2 >0 when the value of 
(1+ )"? is used for a given value of p, e.g. when p = — 4e(1 —e), (1+p)!#= [1 —2e]). 

The value of B is now determined from the Laplace transform of equation 
CUO ine 


Ee db ms 
2g(1—e)+ 4E =0 at X=0. 


2(1—e 
Skike Pld Oe 2e)] 
The solution of equation (11) appropriate to this problem is therefore 
Fe Go , 21 ~€)boexp{-AX[1 + (1 +p)""]} 
Pp pl + py? —(1— 2)] 
The inversion formula for the Laplace transform is now used to obtain 
d(X, T) from 4(X, p). Then, since the inverse of ¢,/p is simply ¢,, 


= 1 _y(?t'” exp (pT) exp[—X(1 + p)??] dp 
db dy + Dn 2(1 €)hye ie pi +p)? —(1—2)] sieyaifenede (13) 


where y is greater than the real parts of all the singularities of the integrand. 
There is a simple pole of the integrand at p=0; the residue Ry is given by 


=Lim ( peeTexp[=XO+a)"]) _ 4 
on ( Pip)? Si 22) ) ae ene 


The integrand also has a singularity where 
(1 —2e)=(1 +p), 1.€. p= — 4e(1 —e)=), 
provided (1— 2c) >0, i.e. «<} (because with p= —4e(1—c), (1+p)!?= }1—2e| 
and this is only equal to (1—2e) if e<}). This singularity is therefore ignored 
unless « <4. 
The behaviour at this singularity must be examined. Putting p =p,7+Z 


(1+p)"#=(1—4e + 4e? + Z)'? = (1 —2e)[1 + Z/(1 — 2e)2] "2. 
Expanding by 'Taylor’s theorem about Z=0 


pv 


(1+p)¥#—(1—2e)= qinay (I+ 8) 
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It therefore appears that the residue at p, is 

__ (1=2¢)exp(p.7) exp X(1 — 20)] F 
Py e(1 Bik €) je) prmkelensiers ( ) 
Further, it is noted that the integrand has a branch point at p= —1. 
The integral 


R 


j=" expla XU +9)" dp 

"  dgateo, DICAp = 126) 

is now evaluated by contour integration in the complex p plane. The contour 
used is shown in figure 2. 


Figure 2. 


The contour must not cross the axis of real p for p less than — 1 or a different 
branch of the integrand is entered; hence the deformation of the contour to 
encircle the branch point. 

It may be shown that 


+0, | 0, | =+() as P+co 
JPA J KS 


and that (0 as p+0. 


i 
As P-> co it is seen that | I). 
AB 
Using Cauchy’s residue theorem, we have as P>, pO, 


I, =27ni(Ry +R,,’) l., ole are (16) 


where R,'=R,, for «<3, R,,’=0 for « 23. 

Putting p= —1+Se™” along CD and p=—1+Se™ along EF and letting 
Po the integrals along CD and EF may be combined. The resulting integral 
{ g lope Die* |” (/S cos X4/S —(1—2e) sin Xy/S)exp(— ST) dS 
cp J EF Jo (S + 1)[S4+ (1 — 2e)?] 
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can be evaluated for general X to give ¢ (X, 7) exactly, but since the main interest 
is in the distribution of the solute in the solid and this depends only on ¢ (0, T) 
it has only been evaluated here for X=0. The results are different for «<} and 
for e >}; the expression for J, is, however, the same for all values of « because of 
the peculiarity of the residue at p=/y. 

Using these results and equations (13), (14), (15), (16) with Y=0 we obtain, 


for all values of e, 
A0, 1) = oo [((1 + erf 712) — (1 — 2e){1 + erf[(1 — 2e)T4?]} exp[—4e(1 —«)T]. 
LE 


If there is no diffusion of impurity in the solid then, ignoring the changes of 
length of the crystal on cooling, the impurity concentration in the solid as a 
function of the value of 7 at which that portion of the solid was formed is given by 


b= kH0,T)= 37 


<|(1-+erf 7) —(1—2c) {1 +erf[(1 — 2e)\/T]} exp [-4e(1—¢)T]] . - (17) 


By differentiating the above expression with respect to « it may be shown that 
dfy/e is always positive and therefore the curves of dg against 7 for different 
values of « do not cross one another as they would do for Pohl’s solution. In 
figure 3 are shown graphs of 4=1—(1—«)d,/¢) against T for various values of 


| 
| 
10 , 20 30 


Figure 3. 


©; #is then a measure of the departure of 44/9 from the value 1/(1 —«a) that it 
approaches as Too. The graphs may be compared with similar ones published 
by Pohl (1954). In using these graphs we remember that since the growth 
velocity is constant a particular value of T corresponds to a particular plane in the 
resultant crystal and that 7 is therefore a measure of distance from the plane at 
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which solidification is assumed to have started at T=0. For R=10-3 cm sec"! 
(=3-6 cm h™) and D=2-5 x 10° cm? sec", T= 10 gives this distance 4D7/R as 
Lecm, 
For (1—2e) 712 >2 and «<3 a useful approximation is 
y~(1 — 2e) exp [—4e(1 —«)T]; 

for then erf 71% and erf (1—2c¢)T"? are very close to unity. A further approxi- 
mation is /~exp[—4e(1—e«)T]. The value of «(1—«)T for % to fall to 0-01 
obtained from the latter approximation is 1-15 compared with the values obtained 
by using equation (17) of 1-15, 1-15, 1-13, 1-09, 0-70 for «=0-001, 0-01, 0-03, 0-1, 
0-5 respectively. The closeness of the approximation for low « accounts for the 
fact that many of the curves in figure 3 are nearly straight lines. 

The solution obtained is for an infinite melt and should be applicable to a 
finite melt when the solidification front is further from the termination of the melt 
than a few multiples of D/R, the thickness of the impurity boundary layer; after 
this stage has been reached the impurity concentration will rise rapidly (see 
qualitative graph, Tiller et al. 1953). 
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Metal Transfer and the Wear Process 
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Abstract. Experiments have been made with a radioactive, annealed steel pin 
rubbing against a hardened steel ring to compare the amount of wear with the 
amount of metal transferred from one surface to the other by welding. It was 
found that a layer of transferred matter from the pin was formed on the surface 
of the ring and that an equilibrium condition was reached in which the loss of 
wear debris from this layer was balanced by further transfer. By using a com- 
bination of radioactive and inactive test-pieces the rate of transfer to the ring in 
the equilibrium condition could be estimated and was found to be the same as 
the wear rate of the pin. There was no evidence that any loose wear particles 
were formed by direct removal of material from the pin. ‘The transferred layer 
became oxidized due to frictional heating and it is concluded that the wear process 
consisted of three stages: transfer of metal, oxidation of the transferred layer, 
and the subsequent removal of the oxide to form a loose wear-product. 


§$ 1. INTRODUCTION 


T is generally accepted that the formation and rupture of welded junctions 

between the rubbing surfaces is an important factor in the wear of metals 

(Bowden and Tabor 1950). If the rupture occurs away from the original 
interface, the result is that particles of metal from one surface remain adhering 
to the other. This process of ‘ metal transfer’ can be studied conveniently by 
making one of the rubbing members radioactive and detecting the transfer to the 
inactive surface by radioactivity measurements. A number of workers have 
applied such techniques in investigations of transfer between metal surfaces 
sliding together at low speeds (Gregory 1946, Sakmann, Burwell and Irvine 1944, 
Rabinowicz and ‘Tabor 1951, Kerridge 1952, Rabinowicz 1953). The experi- 
ments have shown that localized welding takes place both for dry and for lubricated 
metals and have yielded information about the process of metal transfer. On the 
other hand, there has been little investigation of the relation between metal 
transfer and metallic wear, by which is usually meant the removal of material 
from the rubbing members to form a loose wear-product. 

As Feng (1952) has pointed out, intermetallic welding does not, by itself, 
produce a loose wear-product ; it is therefore an open question whether the wear 
particles leaving the system are formed directly by some process other than 
welding, abrasion for instance, or whether welding is one of a succession of 
steps leading to the formation of the loose particle. In the theories of wear which 
have recently been proposed to explain the laws observed under certain simplified 
conditions (Burwell and Strang 1952, Archard 1953) the postulate is made that 
the number of wear particles produced is proportional to the number of encounters 
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between the asperities on the two surfaces. By assuming that the proportionality 
factor or ‘ wear coefficient ’ is constant the correct dependence of the amount of 
wear upon the sliding distance and the applied load can be derived; however, 
the magnitude of the wear coefficient cannot be accounted for without more know- 
ledge of the mechanism of wear than now exists. In the present investigation it 
is shown that the combination of radioactive tracer methods with the more usual 
type of wear measurement, thereby permitting the study of wear and transfer 
together, offers a means of elucidating certain aspects of the wear mechanism. It 
appears that the process leading to the formation of a loose wear particle may 
comprise several stages. Although the method is of wide applicability, the 
particular wear mechanism described below is offered as applying only to the 
materials examined and the experimental conditions used. 


§ 2. APPARATUS AND MATERIALS 


The machine used for the test was a simple pin and ring apparatus similar 
to that employed by Archard (1953). In this equipment a flat-ended pin is loaded 
against the cylindrical surface of a rotating ring and the wear of the pin is deter- 
mined from the dimensions of the wear scar produced on it. _In the experiments 
the ring was made harder than the pin and its wear was negligible compared with 
that of the latter. ‘he pins were made radioactive by pile irradiation at Harwell 
so that the amount of metal transferred to a ring could be measured by means of a 
calibrated, end-window Geiger-Miiller counter. On the machine the pin was held 
in a loading arm which pivoted on accurate ball bearings and the apparatus was 
arranged so that the arm could be taken off and replaced without upsetting the 
alignment of the test-pieces. In an experiment the procedure was to run the pin 
and ring together for the desired time and then remove the arm in order to measure 
the wear scar of the pin under a microscope and to allow the amount of active 
metal transferred to the ring to be determined without abnormal background 
interference. ‘The counter was mounted in a block and was within two or three 
millimetres of the ring surface during the activity measurements which were made 
with the ring rotating. At other times it was swung clear of the specimens to 
prevent it becoming contaminated with active wear powder. 

The rings were of hardened tool steel (Vickers D.P.N.860), their diameter 
was 2-4 cm and the rubbing surface had a ground finish (‘Talysurf C.L.A. value 
about 6 microinch). ‘They were rotated at 1450 rev min! to give a rubbing 
speed of about 180cmsec~!. The pins had flat sides parallel to the sliding direction 
and were 5-4 mm in width thus giving initially a nominal line contact of this length 
with the ring. Experiments were made with pins of three types of steel but, 
since the behaviour was similar in each case, only the results with annealed tool 
steel (V.D.P.N.270) will be discussed. This had a composition: 0:7% C, 18% W, 
4-5 Cr, 15% V; the other steels were a 3°, chromium—molybdenum steel 
(B.S. No. En.29), and a 17% chromium, corrosion-resisting steel. 


§ 3. RESULTS 
3.1. Amount of Transfer 
Using various loads in the range 150-1500 g it was found, with fresh test-pieces, 


that the amount of transferred material on a ring increased during a run until it 
reached a limiting value at which it remained constant. ‘This limiting amount of 
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transfer was independent of the magnitude of the load although the exact value 
was rather variable from test to test being between 0-7 and 1-0mg. ‘The time taken 
to reach the steady condition was, however, related to the load; it was roughly 
10 minutes and 100 minutes at the heaviest and lightest loads respectively. 

The wear of the pin was measured at intervals during each run and was 
found to increase linearly with time. The rates of wear ranged from 33 wg min 
at 150 g load to 160 ug min“ at 1500g. The initial transfer rates were estimated 
to be somewhat larger than the average rates of wear throughout the runs. Typical 
results are shown in figures 1 and 2 but, because of the limited sensitivity of the 
wear scar measurements, the relatively high initial wear rate which is seen on 
the graph for 1500 g load could not, in general, be detected. 
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Figure 1. Wear and transfer at Figure 2. Wear and transfer at a load 
a load of 150 g. of 1500 g. 


3.2. Behaviour of the Transferred Material 


A further series of experiments was carried out to discover if the transfer was 
incidental to the wear process or played an essential part in it. In these tests the 
aim was to study whether or not transfer continued despite the limit to the amount 
of transferred material remaining on the ring. The procedure was to run a 
radioactive pin against a ring for a time considerably longer than that required to 
establish the limiting amount of transferred material. A similar run was then 
made for the same time with another pair of test-pieces but using an inactive pin. 
The ring prepared in the first run was then substituted for the second ring and the 
run continued for the same time again. Precautions were taken to ensure identical 
alignment of the test-pieces ; these were apparently satisfactory since no dis- 
continuity was evident in the wear-time curves which also were the same as in 
control experiments where no change of rings was made. It was found that, 
as soon as the change-over was effected, the amount of activity on the ring began 
to decrease and gradually fell virtually to zero. 

These results show that, although in experiments of the type illustrated by 
figures 1 and 2 the amount of active material from the pin which is on the ring 
remains constant, the transferred layer is nevertheless continually being removed 
and must play some part in the wear process. An attempt was made next to deter- 
mine the quantitative relationship between the equilibrium rate of replacement 
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of transferred material and the equilibrium wear rate. In the preceding experi- 
ments the active pins had been run against freshly prepared rings and it can be seen 
from figures 1 and 2 that the initial rate of transfer to the ring (and therefore 
the initial rate of loss of material from the pin) exceeded the average wear rate as 
determined by the rate of increase in size of the wear scaron the pin. ‘To determine 
the equilibrium relationships the experiments were repeated in the reverse order, 
first running an inactive pin against the ring until an inactive, equilibrium, 
transferred layer had been developed. Then, by changing to an active pin, the 
continuance of transfer and eventual replacement of the original material was 
observed as a growth instead of a fall in the activity of the ring. 

Repeat tests were also made in which the inactive layers had been produced 
by successive runs with active and then inactive pins. The limiting activity of 
the transferred layer was the same as its original value ; this confirmed that the 
quantity of transferred material remained the same throughout, independent of 
the changes of pin. It was also found that the behaviour was the same when the 
substitution pins were unworn as when they had already been run against a ring 
to develop an appreciable wear scar. This was as expected, since, on this type of 
machine, the wear rate is independent of the apparent area of contact which 
continually increases during a run. 


e Amount of active material on ring 
x Wear of pin 


Wear curve on 
F left hand scale 


Active Material on Ring (mg) 
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Figure 3. Conversion of an equilibrium, inactive transferred layer to an active layer 
and vice versa after changing between inactive and active pins. Load 1000 g. 


In the various experiments the equilibrium transfer rates, as far as could be 
estimated, were the same as the steady wear rates. Figure 3 shows the results 
of an experiment of this kind at a load of 1000 g. An equilibrium, inactive layer 
had been formed previously on the ring and the origin of the graph corresponds 
to the instant when the inactive pin was replaced by an active pin. After 60 
minutes the active pin was itself replaced by an inactive one. ‘The figure shows 
that the pin wear rate remains constant throughout and is indentical, within 
experimental error, with the initial rate of increase of the amount of active material, 
i.e. the equilibrium transfer rate. 

The agreement between the magnitudes of the rate of wear and the rate of 
replacement of the transferred material strongly suggests that the wear particles 
are produced by an indirect process, one stage consisting of entry into the trans- 
ferred layer. Moreover, the fact that on a fresh ring the initial rate of transfer is 
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ereater than the equilibrium value indicates that the factor determining the wear 
rate is the rate of removal of material from the transferred layer not the rate of 
formation of the layer. 


3.3. Absence of Back Transfer 


In the tests in which inactive pins were run on an active transferred layer the 
wearing surface of the pin was examined for activity. None was detected and 
therefore the wear particles must be formed from the layer on the ring without 
any further stage involving back transfer to the pin. 


3.4. Examination of the Wear Product 


Although the apparent identity of the equilibrium wear and transfer rates, 
taken together with the absence of back transfer, indicates that the wear 
particles are formed from the transferred layer, there yet remains the 
possibility that a proportion of the particles (too small to make a detectable 
difference between the wear and transfer rates) are removed directly from the 
pin. ‘Tests were made to examine this question by observing the activity of the 
wear particles during the runs in which a change between active and inactive 
pins was made. When an active pin replaced an inactive one, it was found that 
the wear particles produced immediately afterwards were inactive ; therefore 
no detectable number of particles is produced directly from the pin. The samples 
of wear-product collected in successive periods thereafter showed an increasing 
activity. Similarly in the reverse kind of test with an inactive pin rubbing on an 
active transferred layer, the wear-product was initially active and then gradually 
diminished in activity to become finally inactive when the original transferred 
layer had been completely replaced. ‘These results confirm the earlier hypothesis 
concerning the nature of the wear mechanism. 

An attempt was made to prepare autoradiographs of the wear powder to see 
if the activity changes were due to a gradual alteration in the specific activity of 
the material (which would suggest a mixing process occurring within the trans- 
ferred layer) or, instead, to a variation in the relative numbers of individually 
active and inactive particles. ‘The collected wear particles were, however, 
aggregates of smaller particles and the results were inconclusive. 


§ 4. MECHANISM OF REMOVAL OF THE WEAR ParTICLES 


‘The wear detritus consisted of a fine, brown-coloured powder ; x-ray powder 
photographs showed that it was either hematite (« —Fe,O;) or hydrohematite 
(«—Fe,O3.H,0O) the diffraction patterns of which are similar. A comparison 
was made with a glancing-angle, x-ray photograph of a pin and it was found that 
the wear powder gave no lines corresponding to the pin material except for a 
very faint line due to the strongest reflection from «-iron. 

The rings were examined under the microscope and it was observed that the 
wear track was covered to a large extent with a smooth, thin layer of grey material 
on which were patches of finely divided, brown, oxide powder. This powder 
could easily be removed by gentle rubbing whereas the grey layer was firmly 
attached. ‘The original surface of the ring could be seen in some places and it 
appeared to be undamaged. Using the interferometer microscope described by 
Dyson (1953), it was confirmed that the grey layer was raised and therefore 
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constituted the actual rubbing surface. Its thickness was estimated as between 
one and two fringes (1 fringe = 0-27 micron) and this is consistent with the amount 
of transfer determined by the radioactivity method ; one milligram of material 
spread uniformly over the wear track would give a thickness of 0-28 micron. 

Autoradiographs of rings which had run against active pins were prepared 
and showed an exact correspondence between the activity and the raised layer. 

There can therefore be little doubt that the grey layer was derived entirely 
from the material of the pin. Micro-hardness tests indicated that it was consider- 
ably harder than the original pin material and this may be due to the intense, 
localized, thermal effects which, as is well known, accompany rubbing under 
unlubricated conditions. ‘The increased hardness of the transferred over the 
original material is probably the cause preventing back transfer from ring to pin 
and makes it unlikely that the wear particles are formed by removal of the trans- 
ferred, grey material itself. Of the two possibilities, that the oxidized wear particles 
are formed by oxidation before or after removal from the ring, the former would 
appear the more probable, particularly in view of the presence of loosely adhering, 
brown powder on the ring surface. 

If these views are correct, and if, as suggested earlier, it is true that the wear 
rate is not controlled by the rate of transfer of material from pin to ring, the factor 
determining the wear rate would be the rate of oxidation of the transferred layer. 
Thus a reduction in the rate of oxidation should lead to a diminished wear rate. 
Wear experiments were therefore made in air at a pressure of 10-3? mm of mercury ; 
figure 4+ shows some of the results. At the heavier loads the wear rates were less 
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Figure 4. Wear rates in air and in vacuum plotted against load. 


than one tenth of the wear rates in air at atmospheric pressure and at the lighter 
loads the reduction was even greater. Patches of the grey material were formed 
on the rings but only very small amounts of the brown powder could be discerned. 
The wear particles collected were oxide. 


§ 5. DiscussIon 


Itis clear from the experimental results that the wear mechanism, under the 
particular conditions, is a three-stage process involving transfer of metal, its 
conversion to oxide and the removal of oxide to give a loose wear-product. It is 
suggested that the behaviour is as follows. When the test-pieces first rub together, 
localized welding takes place and metal is transferred from the soft pin to the 
harder ring. At this stage the rate of transfer is greater than the wear rate which 
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is found under steady conditions. ‘The transfer occurs at the actual regions of 
contact and, since these are continually changing, a layer of transferred material 
gradually forms over the whole of the wear track on the ring. ‘The real area of 
contact is proportional to the load and hence, as is found, there will be an inverse 
relationship between the load and the time taken to produce a complete layer. 

The layer of transferred material is apparently formed by a smearing-out and 
hardening of individual, welded fragments. Since no back transfer from ring to 
pin was detected, it seems that the layer itself does not readily form welds (this 
view is supported by the reduction in wear found in the vacuum experiments). 
The high temperatures developed at the actual contact regions cause the trans- 
ferred material to become oxidized and the oxide, not being strongly adherent, 
is rubbed off by the repeated sliding. At equilibrium the transferred layer is 
being removed in this way at a steady rate and the wear of the pin arises from 
welding and transfer to regions of the original ring surface as these become 
exposed. A balance thus exists between the transfer rate and the rate at which a 
loose wear-product is formed. 

In the equilibrium experiments, therefore, when an active pin is substituted 
for an inactive one, the inactive layer is gradually replaced by active material. 
The initial rate of increase of the amount of active material is a measure of the 
equilibrium transfer rate since, at this stage, activity is being transferred into the 
layer while only inactive material is being worn off. As the proportion of active 
material in the equilibrium layer increases the proportion worn off rises similarly, 
the rate of conversion of an inactive to an active layer therefore lessens. 

The experiments also demonstrate that the whole of the equilibrium layer 
takes part in the wear process, since eventually it is replaced completely. It might 
be assumed that the layer was homogeneous, in the sense that all parts of it were 
equally likely to be worn off and replaced. ‘The rate of loss of active material from 
a layer would then be directly proportional to the amount in it and this would 
lead to an exponential form for the experimental curves. The same relationship 
would arise if the transferred metal remained as discrete fragments on the ring 
surface, each being removed by a similar process. In fact the results, when plotted 
logarithmically, do not give straight line graphs (this precludes the use of such a 
plot to estimate the equilibrium rate). An example is shown at figure 5 in which. 
the percentage of active material remaining in an equilibrium layer is plotted on 
a logarithmic scale against time. Itis seen that the ‘time constant ’ for replacement 
gradually increases. ‘This may be interpreted as due to a variation in the proba- 
bility of oxidation and removal for different portions of the layer and is not 
inconsistent with the hypothesis that the original transferred fragments are 
smeared out ; in such a case a preferential removal of the more recently trans- 
ferred material, at the expense of the underlying parts of the layer, would be 
expected. 

The addition of the tracer technique to the more usual methods of investigating 
wear has, therefore, made it possible to obtain quite a detailed picture of the 
stages of the wear process. Without the evidence of the radioactive experiments 
the interpretation of the remaining results would have been far more difficult. 
Thus, referrring to the reduction in the wear rate at low air pressure, several 
alternative explanations would have been possible. Fink and Hofmann (1932) 
observed that, under certain conditions, wear rates could be reduced by running 
in an inert atmosphere and supposed that in air the surfaces are chemically 
activated by running together and form oxide which, by penetrating and destroying 
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the coherence of the metal, causes wear particles to become detached. Mailander 
and Dies (1943) have also observed that running at a low air pressure may con- 
siderably reduce the wear of steels and Dies (1943) has concluded that if hard 
oxides form on a rubbing surface they may abrade the opposite member. Neither 
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Figure 5. Proportion of active material remaining in an equilibrium layer plotted on 
a logarithmic scale against time after replacement of active pin by an inactive pin. 


of these processes can apply to the present series of experiments since the tracer 
method shows that the wear debris is not produced directly from the pin. 


§ 6. CONCLUSION 


The study of wear using the radioactive tracer technique combined with the 
more usual methods has brought to light a new wear mechanism. The wear 
process has several steps : (i) removal of material from one test-piece by transfer 
to the other, (ii) the building-up of a layer of this material, but as a different hard 
form, on the surface of the second test-piece, (ili) the oxidation of this layer, 
(iv) the removal of the oxide to form wear debris. 
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Abstract. Analysis of three years’ observation (1949-1951) of the ionized aurora 
indicate that it displays a marked diurnal distribution having a strong maximum at 
2100 L.s.T. and having 86% of the total occurrences between 1700 and 2400 L.s.T. 
Auroral activity begins to increase between 1200 and 1500 L.s.T., attaining a 
nocturnal maximum about six hours later. ‘The diurnal variation does not seem 
to be dependent upon geomagnetic control in the geomagnetic latitude interval 
50-60° N. 


§ 1. INTRODUCTION 


HE phenomenon which has been termed auroral interaction has been 

known to the radio amateurs for over twenty years (Wilson 1941). Grossly, 

it describes the propagation of radio waves by means of refraction from or 
interaction with the ionized aurora. During some periods when the ionized 
aurora changes its characteristics rapidly, the net result is similar to that described 
by the Luxembourg effect or radio-wave interaction. In the latter case, the 
electron motion which modulates the wanted signal arises from a man-made 
source—the transmitter producing the unwanted signal. In the former instance, 
however,-the often observed modulation imposed on the wanted signal arises from 
electron motions associated with the incoming auroral primaries (or possibly 
secondaries). Although the Luxembourg effect defines an intelligible modulation, 
auroral interaction defines a random, statistical ‘noise’ modulation. 

Auroral interaction, of course, may be minor, moderate or severe. When 
minor, the modulation may be unnoticeable; the signals returned from the 
ionized aurora are steady and clear as though reflected from a stable ionic layer. 
Contrarily, where auroral interaction is severe, the returned signals are 
unintelligible; the signals show severe garbling, and ‘hissing’ is common; 
radiotelephone cannot be employed; continuous wave radiations are necessary 
and even then may not be completely identified. In the extreme, when auroral 
interaction is severe, reflections from the ionized aurora may be worse than 
useless: not only do they not allow identification of the desired signal but they 
increase the general noise level at the frequency employed. 

Observations of auroral interaction have been made by radio amateurs 
operating in the frequency range of 30-150 Mc/s and have been noted as inter- 
ference to television and ultra-high frequency signals to a frequency of 200 Mc/s. 
During the present sunspot minimum, signals returned from the aurora have 
frequently been very steady, at times indicating a minimum of modulation. 
Some increase in this noise modulation would be expected during sunspot 
maximum. 

Investigations of auroral interaction have proceeded along two lines: 
(2) studies by means of radio wave probings at essentially normal incidence to the 
ionized aurora (Aspinall and Hawkins 1950, Forsyth 1954, Forsyth, Petrie and 
Currie 1949, Harang and Landmark 1954, Harang and Stoffregen 1940, Lovell, 
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Clegg and Ellyett 1947, McKinley and Millman 1953, 1954, Peterson and 
Leadabrand 1954); and (4) analyses of the radio contacts established between 
two stations by radio waves incident obliquely to the ionized aurora (Ferrell 1948, 
Gerson 1951 a, b, Moore 1951, Wilson 1941). ‘This paper describes the diurnal 
variation in the ionized aurora as deduced from the latter type of study and 
compares the results with those determined by the former method. 


§ 2. DESCRIPTION OF TECHNIQUE 

The analysis presented below is based upon reports of auroral interaction 
which occurred in the interval January 1949 to December 1951 inclusive (Gerson 
1951 b). These reports were furnished by North American radio amateurs. 
Their voluntary observations indicated the station contacted, and the time the 
radio contact was made. Some information was also provided on the duration 
of the two-way communication made possible by means of reflection from the 
aurora. Inalmostall cases, it was found that the radio contact could be established 
and maintained with greatest efficiency when the directive antennae were pointed 
northward somewhere in the direction of the visual aurora. The transmitted 
power used by the radio amateurs generally was less than 80 watts. Practically 
all the data were obtained by individuals located within the area bounded by 
70°-125° W geographic longitude and 50°-60° N geomagnetic latitude. 

In preparing the summary, all available information furnished by the amateurs 
was lumped together. A common standard of 75° W meridian time was used. 
The data were tabulated by hours of the day for each month of the year. In this 
connection, a given hour (XX) was considered to include the interval from 
(XX —1)30 to (XX)29 inclusive. The occurrence of auroral propagation any 
time in this hourly period was considered as one case, when reported by three or 
more pairs of observers. ‘The total number of aurorae reported was 135 which 
occurred on 149 calendar days. 

The total number of hours during which communication was maintained by 
means of the aurora was about 440. While this number is not necessarily equal 
to the total number of hours during which communication was possible, it does 
provide a fair sample suitable for some general conclusions. When tabulated, 
these data constituted 581 cases. No differentiation was made between strong 
or weak signals, or between mild, moderate or severe modulation conditions. 

The diurnal variation obtained from the data is portrayed in figures 1 and 2, 
where the number of cases of auroral interaction is plotted against time of day 
(75° W meridian time). Figure 1 illustrates the diurnal distribution by months, 
and the total distribution for the 36-month period is displayed in figure 2. 


§ 3. DiurNAL DISTRIBUTION IN THE IONIZED AURORA 


During the term 1949-51, the ionized aurora was observed most frequently 
in the spring followed, in order, by winter, summer and autumn. ‘The frequency 
of occurrence in January was similar to that found for July. ‘The months with the 
greatest reported number of cases were, with decreasing number, April, May and 
October. The month with the least activity was December. 

As the months progressed from January to May, radio-wave reflections from 
the ionized aurora were detected earlier in the day and persisted for a longer period 
oftime. During April-June, the maximum number of reports fell in the interval 
1800-2000 r.s.t. (75° W meridian time), but during autumn the maximum 
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appeared later, from 1900 to 2300 £.s.7. In January reflections were reported 
only from 1800 to 0100 £.s.t. However, in May, as in October, radio contact 
was established from 0900 through midnight to 0300 E.s.T. 

In some months the number of cases rises somewhat smoothly to a maximum 
value and then decreases ina similar fashion. At other times (e.g. April, August 
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Figure 1. Diurnal variation by months, in occurrences of the ionized aurora reported over 
North America between geomagnetic latitude 50-60° N. Data were obtained 
during the three-year period 1949-1951 inclusive. 
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Figure 2. Diurnal variation in the occurrence of the ionized aurora considering all data 
obtained during the three-year interval 1949-1951. Data were obtained in the 
geomagnetic latitude range 50-60° N over North America. 
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and October) the occurrence curve evinces a bimodal distribution with the inter- 
vening minimum occurring at 2000-2100 E.s.T. 

When all data were combined, a somewhat sharp maximum in the diurnal! 
occurrence was found near 2000 E.s.T. (figure 2). Over 60% of the total occurred 
in the interval 1800-2200 E.s.T., and over 86% in the interval 1700-2400 rE.s.7. 
Thus, although the ionized aurora may appear at almost any hour of the day, 
it seems to be primarly constrained to the diurnal period from late afternoon to 
early morning. 

Some evidence of the existence of ionized aurorae was obtained at all hours of 
the day except during 0400-0600 E.s.r. However, it is believed that as a greater 
number of observations is accumulated, evidence of the existence of the ionized 
aurora during these hours will also be found. It should be noted that most of the 
co-operating radio amateurs did not observe during 0300-0600 E.s.T. 


$4. COMPARISON WITH OTHER INVESTIGATIONS 


An attempt was made to compare the above results on the diurnal distribution 
of the ionized aurora with those obtained by Currie et al. (1953), Hawkins (1954) 
and Dyce (1953). Unfortunately, the basis for the tabulation used by each in- 
vestigator is somewhat different, and the various results may be intercompared 
only toa limited extent. Employing data which could be construed as somewhat 
homogeneous, the graphs of figure 3 were prepared. ‘The diurnal variation 
in the occurrence of the ionized aurora, as given in each paper, was utilized. 
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Figure 3. Comparison of diurnal variation of the ionized aurora observed within the 
geomagnetic latitude range 50-61° N, as reported by different investigators. 
Data are normalized to the maximum value for the day. 


A ratio for each hour of the day was determined as the value given for the hour 
concerned divided by the greatest hourly value in the 24-hour period. ‘This 
normalization procedure allowed the maximum for each group of observations 
to be plotted as 100. The information presented by Hallgren and Meos (1952), 
Bullough and Kaiser (1954), and Harang and Landmark (1954) could not be 
employed in the comparison study because of either paucity of data, or difficulty 


in removing the weighting factors used in their analysis. 
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In spite of the apparent discordance among the various normalized curves 
displayed in figure 3, several conclusions may be drawn: 

(a2) ‘The maximum of activity in the ionized aurora occurs between 1800 and 
2200S ie 

(b) On the average, the existence of an ionized aurora during a given night 
may become known between 1200 and 1500 L.s.1., when activity first begins to 
increase progressively towards the nocturnal maximum. 

(c) The maximum in the number of occurrences is attained about six hours 
after the appearance of, or an increase in, auroral interaction is first noted. 

(d) In general, the number of occurrences decreases after 2200 L.S.T. 
Distortions and dips in individual curves may possibly be ascribed to an insufficient 
number of observations. ‘These may be smoothed out when more data are 
obtained. 

(e) Tentatively, the curve of diurnal variation in the ionized aurora does not 
seem to be too dependent upon geomagnetic latitude in the range 50° N-60° N, 
especially from 1200 to 2200 L.s.7. 

(f) Data (Currie et al. 1953) from the highest geomagnetic latitude station, 
Saskatoon, seem to indicate that the ionized aurora may be observed later in the 
day, and may persist until later the following day than at other stations. This 
conclusion is very tentative and before being fully accepted must be supported 
by additional observations at higher geomagnetic latitude stations. 

(g) Marked irregularities occur in the curves during the morning hours from 
0100 to 1200 L.s.t.. The sharp breaks in some curves may arise from a paucity 
of data. More numerous observations are necessary during these periods. 

(A) ‘The marked dip in Hawkins’ data near 2100 L.s.T. may arise from too few 
observations. 

In general, it should be recognized that the normalization process emphasizes 
fluctuations, particularly when the sample is too small. In the present 
investigation, data from 155 aurorae were employed. 

Dyce’s curve was obtained by monitoring 50 Mc/s signals received at Ithaca, 
U.S.A. (A=54°N) via the aurora from a continuously operating transmitter. 
A directive antenna was utilized. The period covered by the curve is from 
Ist February to 30th April 1953. ‘The pronounced dip found around midnight 
also appeared in studies made earlier in the same year. In his analysis Dyce 
refers to a ‘ percentage of records showing auroral interaction’. It is these results 
which are plotted in figure 3. Hawkins’ data were obtained at Manchester, 
England (A =56° N) using radar techniques. The data refer to a ‘frequency of 
auroral echoes’ but no details specifically defining this term are given. ‘The 
radio wave frequency was about 70 Mc/s and observations were made some time 
between September 1949 and about December 1950. Data from 19 aurorae 
constitute the basis of the results. Currie’s material was also obtained by radar 
methods at Saskatoon, Canada (A = 61° N) using a frequency of 56 Mc/s. The 
study period included the interval 23rd February to 9th April 1952. A‘ frequency 
of occurrence’ of auroral interaction is defined for each hour; this classification 
is a measure of the percentage of the number of two-minute intervals with echoes 
to the number of two-minute intervals that the radar had been operated. In 
their paper, Currie et. al. stated that ‘‘ data for the daylight hours...are not as 
extensive as for the hours of darkness and twilight, lack of personnel at that time 
making operation impossible throughout the 24-hour period”. 
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It would have been interesting to compare the results here with those of 
Hallgren and Meos. Unfortunately, however, their ‘frequency of occurrence’ 
contains a weighting factor which cannot be readily eliminated from their data 
to place them on a comparable basis with those shown here. It should be noted 
that some bias may exist in the present data. Undoubtedly most of the volunteer 
observers were inactive from 0300 to 0600 L.s.T., and the curve may be expected 
to be deficient during this interval. This expectation is partially confirmed in 
figure 3, where the curve based on the present study attains its minimum at 
0400 E.s.T., several hours prior to the minimum found by other investigators. 
On the other hand, considering the large number of cases which comprise the 
present study, it is possible that the relative number of occurrences at 0300 L.s.T. 
is in reality quite small. To clarify the situation it would be desirable to obtain 
additional data continuously during the early morning period. 


§ 5. Discussion oF RESULTS 


The diurnal variation in the occurrence of the ionized aurora seems to be 
similar to that of the visual aurora. The maximum in occurrence of the former 
is between 1800 and 2200 L.s.T., whereas for the visual aurora the maximum in 
intensity is between 2200 and 0200 L.s.T. (Currie and Edwards 1934). Chapman 
and Bartels (1940) note that in the non-polar regions of Europe and North 
America, aurorae are most frequent during the early night hours with a maximum 
at about 2200 L.s.T. 

Radio-wave investigations of the ionized aurora depend upon the fulfilment 
of two criteria: (a) the presence of an ionized aurora having a sufficient electron 
or ion concentration to permit reflection at the wavelength employed, and (6) a 
suitable orientation of the auroral reflecting surface with respect to the incident 
radio ray. No signals are returned from an ionized aurora if no aurora exists, 
if one exists with too low an electron density, or if the auroral curtain directs the 
radio-wave energy away from the observer. 

While both mechanisms may prevent observance of the aurora, it is possible 
to distinguish between them. With only two fixed stations (transmitter and 
receiver) or with radar type techniques at a single station, a sufficient change in the 
direction of the auroral reflecting surface may reduce the intensity of returned 
(scattered) signal to a level below the sensitivity of the receiver. ‘Thus, these 
stations would indicate a lack of (or diminution in) auroral activity even though the 
ionized aurora still existed with the same ionic density. If then the shift in 
orientation reversed itself, these stations would subsequently report an apparent 
increase in auroral activity. 

On the other hand, the grid reporting system under the same conditions may 
show no decrease in auroral occurrence. ‘The network must be large enough so 
that a shift in orientation of the auroral refracting screen does not deflect the 
radio ray outside the geographic area of the grid. With a given receiver a 
change in direction of the reflector would shift the area of observation. New 
stations would be contacted by the given station as the auroral reflector changed 
its orientation. The grid reporting system then could report the existence of an 
ionized aurora irrespective of the angle of incidence of the radio ray; one or two 
fixed stations, however, may not observe an ionized aurora if its orientation is 
unfavourable. 
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The bimodal distribution obtained by Hawkins and Currie and mentioned by 
Dyce may arise from a shift in orientation of the ionized aurora, as described 
above. ‘The absence of a double maximum in the amateur reports can scarcely 
be attributed to a lack of observers prior to 0200 L.s.T., and gives some credence 
to the possibility that the orientation change reduces the observability of the 
ionized aurora when a single station or two stations are employed. ‘This change 
in orientation may coincide with the change from one auroral form to another. 
These latter conclusions must be accepted with reserve until more extensive 
studies utilizing a continuously operating network are undertaken. 

The low occurrence of the ionized aurora around local noon may possibly 
be explained by assuming (a) ultra-violet or (6) geomagnetic control over the 
aurora. The former possibility would involve an activation or deactivation of the 
atmospheric particles by solar radiation so that a given energy stream of corpuscles 
no longer ionizes the atmospheric molecules as efficiently as before. In the second 
case, the intensity of the geomagnetic field and the concentration of the lines of 
force may be different over the sunlit than over the dark side of the earth. With 
such an asymmetrical distribution in the lines of force (under which the earth 
turns), the aurora may be permitted to extend to lower latitudes in the nocturnal 
than in the daylight hemisphere. It seems more probable, however, that the 
magnetic rigidity 0° the auroral primaries is such that they cannot penetrate to 
the earth’s atmosphere near the subsolar point. If so, this fact should provide 
some indication of the energy spectrum of the auroral primaries. ‘The problem 
is by no means settled, but the speculations are interesting. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the assistance provided this study by the 
Radio Amateurs of North America who on a voluntary basis obtained the data 
on which this study is based. ‘The generous aid and co-operation of O. P. Ferrell 
in supervising the data collection is also gratefully acknowledged. 


REFERENCES 
ASPINALL, A., and Hawkins, G. 5., 1950, ¥. Brit. Astv. Ass., 60, 130. 


CHAPMAN, S., and Bartets, J., 1940, Gecmag ietism, Vol. 1 (Oxford: University Press), p. 472. 

Curriz, B. W., and Epwarps, H. W., 1934, Terr. Magn. Atmes. Elect., 39, 293. 

Currig, B. W., Forsytu, P. A., and Vawter, F. E., 1953, F. Geophys. Res., 58, 179. 

Dyce, R., 1953, Cornell Univezsity, Report EE 156, p. 12. 

FERRELL, O. P., 1948, Proc. Inst. Radio Engrs, N.Y., 36, 879. 

ForsyTH, P. A., 1954, AF Cambridge Research Center, Geophys. Res. Paper No. 34. 

ForsyTu, P. A., Perrie, W., and Currie, B. W., 1949, Nature, Lond., 164, 533. 

GERSON, N. C., 1951 a, Nature, Lord., 167, 804; 1951 b, Canad. ¥. Phys. 29, 251. 

HALLGREN, G., and Meos, J., 1952, Tellus, 4, 249. 

Haranc, L., and Lanpmark, B., 1954, 7. Atmos. Terr. Phys. 4, 322. 

Haranc, L., and STOFFREGEN, W., 1940, Hochfrcequenstech. u. Elektrcakus., 55, 105. 

Hawkins, G. S., 1954, Trans. Brussels Meeting, International Association fo: Terrestrial 
Magnetism and [lectricity, Bull. No. 14, p. 229. 

Lovett, A. C. B., Ciece, J. A., and E.iyett, C. D., 1947, Nat::c, Lond., 160, 372. 

McKintey, D. W. R., and Mitiman, P. M., 1953, Canad. . Phys., 31, 171; 1954, AF 
Cambridge Research Center, Geophys. Res. Paper No. 34. 

Moors, R. K., 1951, 7. Geophys. Res. 56, 97. 

PETERSON, A. M., and LEADABRAND, R. L., 1954, ¥. Geophys. Res. 59, 306. 

Witson, M. S., 1941, OST., 25, No. 8, p.23, No. 9, p.23. 


415 


Demagnetization Experiments on Cerium Ethyl Sulphate 


By A. H. COOKE, S. WHITLEY} anp W. P. WOLF 


Clarendon Laboratory, Oxford 


MS. received 27th January 1955 


Abstract. At temperatures below 1°K the magnetic susceptibility of cerium 
ethyl sulphate is highly anisotropic, the molar Curie constant being 1-35 parallel 
to the crystal axis and less than 0-01 perpendicular to the axis. _Demagnetization 
experiments using fields along the axis show that the magnetic susceptibility 
in this direction passes through a maximum at low temperatures, and that the 
specific heat is too large to be accounted for by magnetic dipole interaction between 
the magnetic ions. ‘This behaviour is attributed to antiferromagnetic coupling 
of the ions, possibly due to the atomic electric quadrupole-quadrupole coupling 
suggested by Finkelstein and Mencher. 

It is shown that after demagnetization to a low temperature it is possible to 
apply a magnetic field in a direction of low susceptibility without greatly raising 
the temperature, so that magnetic measurements can be made below 1°x. This 
technique has been applied to the determination of the critical fields of super- 
conducting zinc and lead at temperatures below 1°K. 


§ INTRODUCTION 


N cerium ethyl sulphate, the ?F;,. ground state of the free Ce?* ion is split 
| by the crystalline electric field into three doublets which can be characterized 

approximately by the component of angular momentum parallel to the 
hexagonal axis of the crystal, J,= +1/2, J,= +3/2, and J,= +5/2 (Elliott and 
Stevens 1951, 1952.) From measurements of the magnetic properties of the 
salt in the helium temperature range, it is found that the +5/2 doublet is the 
lowest energy level, and that the + 1/2 doublet is separated from it by an energy 
A where A/k=7° approximately (Bogle, Cooke and Whitley 1951). As the 
+ 3/2 doublet is separated from the ground level by an energy of about 180°, 
the magnetic properties of the salt in the helium temperature range depend 
entirely on the two lower doublets, and the specific heat in this range is dominated 
by the Schottky anomaly due to transitions from the +5/2 level to the + 1/2 
level as the temperature is raised. From susceptibility and paramagnetic 
resonance measurements, it is found that the properties of these two levels can be 
expressed by the spectroscopic splitting factors g, and g, respectively parallel 
and perpendicular to the crystalline axis. For the +5/2 level, g,=3-80 + 0-04 
and g,=0-22+0-04, while for the +1/2 level, g,=1-0+0-2 and g,=2-2+40-2. 
The results of the present work give 6:-6°+0-1° for the splitting A/k of the two 
levels. 

At temperatures below 1°k only the + 5/2 level will be appreciably populated, 
and the magnetic susceptibility of the salt will be highly anisotropic. Ignoring 
temperature-independent effects, the susceptibility is proportional to g? and is 
therefore more than a hundred times greater along the crystalline axis than 

+ Now at U.K.A.E.A. Capenhurst Works, Chester. 
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perpendicular to it. In an earlier paper (Bogle, Cooke and Whitley 1951) it was 
suggested that cerium ethyl sulphate would be a particularly interesting substance 
for adiabatic demagnetization work, since after cooling the salt by demagnetization 
using a field parallel to the crystal axis, it would be possible to apply a field 
perpendicular to the axis without greatly raising the temperature. ‘The salt 
would then be a valuable cooling agent for experiments requiring the application 
of a magnetic field below 1°x, for example the tracing of the transition curve of 
a superconductor, or paramagnetic or nuclear resonance measurements. In 
this paper we give an account of experiments on the cooling of single crystals of 
cerium ethyl sulphate by adiabatic demagnetization, and on the effect of magnetic 
fields perpendicular to the crystalline axis. 


§ 2. DEMAGNETIZATIONS TO ZERO FIELD 


Four single crystals grown from aqueous solution and weighing in all 
2:44 grammes were mounted together with their axes vertical and suspended by 
thin nylon threads inside a double-walled cryostat of Pyrex glass. The demagneti- 
zations were made in the usual way, the specimen being first cooled to 0-95°K by 
evaporation of liquid helium contained in the outer annular space of the cryostat, 
and isolated after magnetization by evacuating the inner space of the cryostat. 
The vertical magnetic field was provided by the iron-free solenoid described by 
Daniels (1950). The maximum field used was 7 kilo-oersteds, corresponding 
to an input of 25 kwtothe solenoid. ‘The magnetic susceptibility of the specimen 
along the crystal axis was measured by its effect on a mutual inductance coil 
surrounding the specimen, with its primary energized by 33 c/s a.c. producing 
a vertical oscillatory field of 3 oersteds at the specimen. ‘The mutual inductance 
was measured bya Hartshorn bridge. In each experiment the mutual inductance 
was first measured with the specimen at different known temperatures down 
to 1°x. In the range 1°K to 2°K the susceptibility follows Curie’s law, y= C/T, 
and extrapolation of this law to temperatures below 1°K gives the ‘magnetic 
temperature’ 7'* of the salt (Kurti and Simon 1938, Cooke 1949). No correction 
was made for the effect of the demagnetizing and Lorentz interaction fields in 
the crystal as this was very small. ‘The first experiments consisted of a series of 
magnetizations in known temperatures and fields, followed by measurement of 
the value of 7* reached on adiabatic demagnetization to zero field. The results 
are shown in table 1. ‘The table shows however that the magnetic temperature 


‘Table 1 


x 0-284 0-354 0-423 0-564 0-705 0-848 
dS/R 0-0100 0:0159 0:-0219 0-0382 0-0582 0-0824 
Te 0-745 0-274 0-208 0-133 0-107 0:0964 


os 0-988 ots 10737) 1-42 1-68 2°05 
oS/R > “0:1085), + 0-137 0-167 0-201 0-256 0-338 
fs 0:0905  0:0867 = 0-0832 + 0:0820 0-0806 0-0814 


The parameter » given in the first row of figures is defined by x= g,BH/RT, where B is 
the Bohr magneton, H is the magnetic field and T is the temperature of magnetization and 
k is Boltzmann’s constant. This parameter determines the decrease of entropy 6S on 
magnetization, which is given in the second row in units of the gas constant R. The third 
row of figures gives the magnetic temperature 7T* reached on demagnetization. The 
greater the entropy extracted, the lower will be the absolute temperature reached on 
demagnetization. 
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T* passes through a minimum value, that is, the magnetic susceptibility passes 
through a maximum as the temperature falls. This behaviour is characteristic 
of substances in which the interactions between the magnetic ions are antiferro- 
magnetic. At temperatures well removed from the susceptibility maximum the 
interactions will give rise to a specific heat varying as 1/72. At temperatures in this 
range the entropy in zero magnetic field will be given by S/R=constant — 4/27?. 

In figure 1 is given a graph of entropy against 1/7*2. It will be seen that at 
high temperatures the graph is linear. Assuming that at these temperatures the 
magnetic temperature 7* does not differ appreciably from the absolute temperature 
1, we obtain from the initial slope of the curve a value for the specific heat of the 
salt in zero field c= AR/T?=11-2 x 10-4R/T?. 
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Figure 1. Demagnetizations of cerium ethyl sulphate. 6S=entropy extracted by 

magnetization. JT*=‘ magnetic temperature’ attained on demagnetization. 


This value is six times that to be expected from magnetic dipole interaction 
between the ions (Daniels 1953). It follows that in this salt some other interaction 
effect between the magneticionsisimportant. ‘This behaviour contrasts with that 
of neodymium ethyl sulphate, the specific heat of which can be wholly accounted 
for by nuclear hyperfine interaction and magnetic interaction between the ions 
(Roberts, Sartain and Borie 1952). (There is no nuclear hyperfine interaction in 
cerium salts, as none of the cerium isotopes has a nuclear spin.) Finkelstein and 
Mencher (1953) have suggested that the anomalous behaviour of cerium ethyl 
sulphate may be due to interactions between the atomic electric quadrupole 
moments of the magnetic ions. Since cerium is the first member of the rare 
earth series, the radius of the 4f orbit, which enters their specific heat formula 
as r!6, is particularly large. It is therefore very possible that this interaction 
makes an important contribution to the specific heat of this salt, although its 
effect is negligible in other cases. Because the theoretical expression for the 
specific heat depends so critically on this radius, and also on the energy of the 
+ 3/2 state, which is not known at all exactly, it is not at present possible to make 
an accurate comparison between theory and experiment, but it is clear that 
the effect is of the correct order of magnitude. 

It might be expected that the graph of figure 1 would pass through the axis 
8S=0 when 7*=0-95°K, the temperature of magnetization, whereas in fact 
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when 1/7*2=0, 5S/R=0-009. The reason is that at the temperature of magneti- 
zation the upper energy level J,= + 1/2 is still appreciably populated, whereas 
after demagnetization it is drained completely. The entropy associated with this 
change is then the same for all the demagnetizations plotted in the graph, and 
displaces the entropy curve by a fixed amount. From this displacement, and the 
known temperature of magnetization, 0-95°K, the energy separation A of the upper 
level can be calculated, and proves to be 6:5°K above the ground level. ‘This 
can be compared with the value calculable from specific heat measurements made 
at temperatures near 1°K by the paramagnetic relaxation method. At these 
temperatures the specific heat arises partly from interaction between the ions and 
partly from the Schottky anomaly due to the filling of the upper level as the 
temperature is raised, 1.e. 


c(/R= A/T? + yeu (14°, 


where A=11:2x 10-4 and y=A/T. At 0-90°x the measured specific heat was 
c R=3-64~x 10-2. Interaction accounts for 0-14 x 10-%, leaving c/R=3-50 x 10-? 
as the specific heat due to the Schottky anomaly. Calculations of the Schottky 
specific heat taking A as 6-5°, 6-6° and 6-7° give respectively 3-78 x 10-?, 3-52 x 10-? 
and 3:24 10-2. Similarly at 0-98° the measured magnetic specific heat was 
c/R=5-40 x 10-2, of which 5-28 x 10-2 is due to the Schottky anomaly, against 
calculated values taking A as 6-5°, 6-6° and 6-7° of 5-77 x 10-7, 5-38 x 10-? and 
5-00 x 10-2. Thus an energy A=6-6° gives a very good fit with all these 
experiments. Since these specific heats depend exponentially on A, they give 
a more accurate value than the susceptibility measurements reported earlier 
(Bogle, Cooke and Whitley 1951), which gave A=7-5 + 1-5”. 

Cerium ethyl sulphate was one of the salts used in some of the earliest experi- 
ments on adiabatic demagnetization (de Haas, Wiersma and Kramers 1934, 
de Haas and Wiersma 1935). These demagnetizations were made from 
temperatures at which the entropy associated with the occupation of the upper 
energy level is rather large. ‘They were made using powdered specimens and so 
suffer from the disadvantage that differently oriented grains would cool to different 
temperatures——a particularly important point since the magnetizing and 
temperature-measuring fields were perpendicular. Even if it is assumed that the 
grains were randomly oriented, and that after demagnetization they rapidly 
came to a common temperature, it is still not possible to compute the entropy 
change accurately, on account of the unknown entropy of mixing as the grains 
come to a common temperature. 


§ 3. EFFECT OF A FIELD PERPENDICULAR TO THE AXIS 


To measure the effect of a field perpendicular to the magnetic axis of the 
crystal, a demagnetization was made after prolonged pumping of the inner 
chamber of the cryostat to secure a high thermal insulation of the specimen. 
After establishing that the specimen was warming at a suitably slow rate, the 
solenoid was removed, and an electromagnet was wheeled into position to provide 
a horizontal field. ‘The replacement of the vertical solenoid by the magnet 
considerably influenced the mutual inductance of the temperature-measuring 
coil; in a subsidiary experiment we verified that the only effect was to change the 
mutual inductance by a fixed amount, independent of the temperature of the 
specimen. ‘The change in the axial susceptibility of the salt under the influence 
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of fields up to 1,800 oersteds perpendicular to the crystal axis was then observed 
at different temperatures as the specimen slowly warmed to the temperature of the 
cryostat. 

If we assume that the sole effect of the field is to raise the temperature of the 
specimen, as is to be expected since the oscillatory measuring field and the steady 
field are perpendicular, we have for the adiabatic change of temperature with 


field 
Ee 
OH], cy iG H 


where c;, is the specific heat at constant field, and J is the specific magnetization. 
If the temperature is not too low, we may assume that Curie’s law /=CH/T is 
obeyed, and that 
Cy =Cy + CH? me (ARCH?) T*. 
Then 
fol eles 
\aH),  ARLCH® 

and on integrating (Ty/T))?=1+CH?/AR. The Curie constant C in this 
expression refers of course to the direction perpendicular to the crystal axis. 

Table 2 shows the results of measurements made in fields up to 1800 oersteds 
at temperatures between 7* =0-140° and T* =0-490°. Although at the lower 
temperatures the susceptibility and specific heat must depart considerably from 
the laws assumed it can be seen that H~-?(7T,?/ 7,” — 1) is approximately constant. 
Taking its value as 9-8 x 10-7, and equating this to C/AR gives C=0-0090, from 
which g, =0-31+0-04. This value lies within the range of error of the suscepti- 
bility measurements given earlier. Paramagnetic resonance measurements by 
Bogle on cerium ethyl sulphate gave g,=0-22+0-04. It appears then that the 
effect can be described simply as a heating. In small fields the heating is given by 
d7/T=5 x 10-%H?; for example a demagnetization from a temperature of 
0-95°K ona a field of 1800 oersteds along the crystal axis cools the salt to 0-20°. 
If the same field is applied perpendicular to the axis the salt is heated only to 0-23”. 
In effect it has been cooled by rotation of the field. 


‘Table 2 
i hs 0-140 OF153 0-161 0:173 0-200 0-211 0-229 
H 1-84 1-34 0-455 1:39 1-84 1:82 1:82 
Vr 1-135 1-085 1:01 1:085 1-142 1-160 1-145 
K 8°5 9:3 9-2 9-2 9-0 10:4 9-3 


Tings 0-256 0-270 0-295 E322 0-342 0-490 
H (lLesi7 1-37, 1-82 1-82 1-82 1-82 
iF 1-085 1165 1-165 1-170 1-150 1-110 
Ise 23 10-2 10:6 es Dey) 7:0 


The first row of figures gives the temperature of the specimen, as measured by the 
magnetic thermometer, in zero magnetic field. The second row gives the field H in kilo- 
oersted which causes the magnetic temperature to rise by the ratio y shown in the third 
row. The fourth row K gives the value of (r?—1)/H?, in units of 10~* oersted. 


§ 4. THE TRANSITION CURVES OF SUPERCONDUCTORS 


As an amine of the type of measurement which can be made using this salt 
as a cooling agent, we made a very simple measurement of the superconducting 
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transition curve of zinc. Six crystals of cerium ethyl sulphate were glued with 
their axes vertical to two strips of zinc foil each 3 cm x 1 cm x 0-004 cm which 
were then mounted together in a vertical plane and suspended in the cryostat 
exactly as in the previous experiments. The foil, which was supplied by I.C.L., 
was of 99-95%, purity. It was not annealed. After demagnetization using a 
vertical field had cooled the crystals and zinc to about 0-1°K the solenoid was 
removed and a horizontal field parallel to the plane of the zinc foil was applied 
by means of a pair of Helmholtz coils. ‘The mutual inductance used to measure 
the susceptibility of the crystals also served to detect the destruction of super- 
conductivity inthe zinc by the apparent change in the susceptibility of thespecimen, 
amounting to 1/47 e.m.u. per unit volume of zinc, which occurred when the 
zinc became normally conducting. ‘lhe corresponding temperature was given 
by the susceptibility of the cerium ethyl sulphate, measured with the zinc in the 
normal state. As the critical field for zinc is only some 50 oersteds the effect of 
this field in raising the temperature of the specimen was quite negligible. ‘The 
results of the measurements are shown in figure 2. The critical field at the lowest 
temperatures H, = 50 + 3 oersteds, and the critical temperature 7, = 0-89 + 0-01°K, 
in good agreement with the values obtained by Goodman and Mendoza (1951). 
The chief inaccuracies in our measurement were caused by the rather rapid rise 
of temperature of the specimen above 0-5°K. ‘This could be reduced by using 
a larger specimen than the 3 grammes of crystal used in this experiment. 


A o Field vs 7* 
B x - = ype 


bs 
40 


HA (oersted) 


Figure 2. Critical fields for superconductivity of zinc plotted as a function of temperature 
(curve A) and temperature? (curve B). 


To test this technique in higher magnetic fields a similar experiment was made 
ona specimen of lead foil, also supplied by I.C.I. "The superconducting transition 
was first observed at different temperatures in the helium range by noting the 
apparent susceptibility of the specimen, as measured by the Hartshorn bridge, 
with the steady magnetic field held at different values in the neighbourhood of the 
transition value. The transition was observed at 545 oersteds at 4-25°K, at 
720 oersteds at 2:18°k, and at 780 oersteds at 1-:00°k. After demagnetization 
the transiton was observed in the same way at a temperature of 0-12°k, and was 
found to occur at a field of 800 + 20 oersteds, in agreement with the value obtained 
by Daunt, Horseman and Mendelssohn (1939) by extrapolation from measure- 
ments made at temperatures down to 1-5°K. 
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Abstract. New determinations have been made of the dielectric constants of 
benzene, cyclohexane, dichlorethane and nitrobenzene with the object of providing 
values of a higher accuracy than has hitherto been available for four standard 
liquids covering the range of values commonly required. Liquids of specially 
high purity were obtained with the co-operation of Professor J. Timmermans of 
Brussels and Dr. Herington of the Chemical Research Laboratory, Teddington, 
and the measurements were made by the a.c. bridge technique developed at the 
National Physical Laboratory for precision capacitance measurement and also 
by a cavity resonator method. 

Part I of the paper discusses the general problem and the special features of 
the capacitor designed to receive the liquids and surveys the results obtained. 
Part II gives details of the measurements made by capacitance methods at 
frequencies from 50 c/s to 10 kc/s, and Part III describes the measurements made 
at microwave frequencies. 

The values obtained confirm estimates of the most reliable values and their 
probable accuracy published in 1951 by A. A. Maryott and E. R. Smith as a 
result of a survey of existing data made at the National Bureau of Standards, 
Washington. It is considered that the new values narrow the range of uncertainty 
by a factor varying from 3 to 10 for the different liquids. 

The accuracy obtained for benzene at audio frequencies was within about 
0-01% ; at 9000 Mc/s the accuracy was a trifle worse but the results show clearly 
that although the dielectric constant exceeds the square of the optical refractive 
index by about 1%, no measurable diminution in dielectric constant occurs in 
passing from 50 c/s to 9000 Mc/s. A considerable increase in power absorption 
is however noticeable at 9000 Mc/s and an even greater increase at 25000 Mc/s, 
and it is shown that this absorption is not entirely dependent on the water that 
most samples of benzene contain and that can only be removed by weeks of drying 
treatment. ‘The necessity of applying such treatments is a serious disadvantage 
to the use of benzene as a standard liquid for measurements of dielectric constant, 
and cyclohexane, which is free from this disadvantage, is recommended instead. 


PART I. THE GENERAL PROBLEM 
By L. Hartshorn 


§ 1. INTRODUCTION 


HIS investigation arose from a suggestion of Professor J. Timmermans 

| that there was a need for the determination of the dielectric constants of at 
least two more standard liquids with an accuracy comparable with that 
obtained by Hartshorn and Oliver (1929) for pure benzene. Liquids of low 
dielectric constant can be very satisfactorily measured by comparison with 
benzene, but for work on liquids of high dielectric constant standard liquids 
having values of say 10 and 40 as against 2 for benzene are badly needed. When 
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various pure liquids are employed as standards for such work their published 
values frequently do not appear to be consistent with one another to the accuracy 
now required and it is almost impossible to decide which is the most reliable one. 
The uncertainties may arise from imperfections in the measuring technique or 
in the purity of the standard liquids, and Professor Timmermans undertook to 
provide suitable liquids highly purified by the processes which have been specially 
studied in his laboratory at Brussels if they could be measured by the technique 
of capacitance measurement developed at the National Physical Laboratory. 
The two liquids selected by Professor Timmermans were dichlorethane having 
a dielectric constant of 10-6 at 20°c, and nitrobenzene having a value of 35-7. He 
also pointed out that although no evidence had appeared since 1929 to suggest 
that the value then obtained for benzene was not accurate within the limits claimed 
by Hartshorn and Oliver (+2 parts in 10 000), yet their uncertainty was mainly 
associated with the difficulty of chemical purification. With modern purification 
techniques there was a good prospect of producing better samples of pure benzene 
than those available in 1929, and therefore there would be considerable point in 
a re-determination of the value for benzene, if it could be included in the investiga- 
tion. ‘The experiments were therefore planned to include a new determination 
of the value for benzene, on the understanding that Professor Timmermans would 
provide samples of the required purity. The work was long delayed by the War, 
and by the time the measurements began Dr. Coulson and Dr. Herington at the 
Chemical Research Laboratory had developed techniques for producing hydro- 
carbons, including benzene, of extremely high purity. Arrangements were 
therefore made to include a sample of their benzene as well as Professor 
Timmermans’; Dr. Herington also gave valuable advice on the manipulation 
of the samples throughout the work. ‘There can be little doubt therefore 
that the chemical procedure in the present work was in accordance with the best 
modern practice and greatly superior to that followed in 1929. 

The technique of capacitance measurement has also improved considerably 
since 1929. The measurement of dielectric constant consists of the measurement 
of the ratio of two capacitances ; in 1929 it was considered that in order to determine 
this ratio to 1 part in 10000, while excluding any capacitance associated with 
connecting leads or solid insulators, it was necessary that the smaller capacitance 
(with air or vacuum as dielectric) should have a value of the order of 1000 pr. 
Subsequent experience on the measurement of the capacitances of screened-grid 
valves and the like has shown that with adequate screening the stray capacitances 
of leads, etc. can be excluded from a measurement with an uncertainty less than 
0-01 pr. It has therfore become possible to obtain the same accuracy of capacitance 
measurement with a much smaller capacitor. ‘This is extremely important in 
the present work, for it permits the use of a smaller sample of the liquid and it 
also makes possible the use of a noble metal for the electrodes of the capacitor 
without making the cost unreasonably high. Both these factors, a small sample 
and platinum electrodes, are a great asset when chemical impurities are the chiet 
cause of uncertainty, as in this investigation. 

Proceeding from these considerations, the first step was the construction of 
a capacitor or cell having a precisely determined capacitance of not less than 
50 pr when empty, and the means of filling it with a given sample of a pure liquid 
and subsequently evacuating it without affecting either the value of the capacitance 


when empty or the purity of the liquid. 
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§ 2. THE CAPACITOR CELL 


The construction of a cell including all the essential features proved to be 
unexpectedly troublesome. Several designs incorporating electrodes in the 
form of metal films deposited on the opposing surfaces of a double-walled cylin- 
drical glass vessel were tried but had to be abandoned because of imperfections 
either in the films themselves, or more usually in the contact between the film 
and its connecting lead, which must be sealed into the glass wall. It is essential 
that the lead and electrode shall constitute a sensibly perfect electrical conductor, 
of a precisely defined geometrical form, but after several failures to satisfy this 
condition with films of silver deposited chemically, and of platinum and silver 
made with various commercial metallizing preparations, it was concluded that 
it would be necessary to use electrodes of solid platinum foil. ‘The cell shown 
diagrammatically in figure 1 was then constructed and ultimately proved to be 
very satisfactory. It will be convenient to describe in turn the principal mechanical. 
thermal, chemical and electrical features. 


Inlet & Outlet 
1 tf 


Figure 1. Three-terminal cell. 


2.1. Mechanical 


‘The electrodes are seamless cylinders of platinum foil 0-3 mm thick, this being 
considered to be the smallest thickness that would provide the required rigidity 
in self-supporting cylinders of the required size. The arrangement consists 
essentially of two coaxial cylinders, the inner one having a diameter of approxi- 
mately 25 mm and the spacing between their walls being about 1-3 mm (figure 1). 
The outer cylinder is divided by circumferential gaps, which were made as 
narrow as was practicable, into three parts, a central portion B of length 10 cm 
forming the electrode proper, and the two end portions C, each of length about 
2 cm, which serve as guard rings. The electrode B is supported in its correct 
position with reference to the guard rings by six small glass beads, two of which 
are shown in figure 1. The beads are each fused to the ends of two small lugs 
of platinum foil 1-5 mm wide that are welded to the cylinders at points uniformly 
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spaced around theirrims. he complete outer cylinder CBC is supported coaxially 
with A by two similar sets of three glass beads fused to neighbouring platinum 
lugs at the ends of the complete system. ‘Iwo of these beads are also seen in 
figure 1. ‘The beads were made of soda glass since it gives the best seal with 
platinum and its insulating properties are quite adequate. 

The electrode assembly is mounted as shown in figure 1 within a double- 
walled cylindrical cell made of Pyrex glass. The whole assembly is carried by the 
glass tube forming the inner wall of the cell, the inner electrode A being made 
to fit this tube tightly. A lead connected to each of the four electrodes was brought 
through the outer wall of the cell. The portion of each lead within the cell was 
of platinum wire P, which was welded to the platinum cylinder. The portion 
passing through the cell wall was a short length of tungsten wire T welded to P 
at one end and to a length of screened cable at the other. The Pyrex glass makes 
a good seal with the tungsten and this seal was extended so as to cover the junction 
of the platinum and tungsten. Thus any liquid introduced into the cell makes 
contact with no metal except platinum. 

The electrode structure is very flimsy in comparison with those used in the 
earlier work, but it has the advantage that the electrodes are comparatively free 
from mechanical stress and in addition the cylindrical form ensures that any 
slight mechanical displacement of the two working electrodes A and B relative to 
one another causes a minimum change of capacitance. Constancy of capacitance 
during the course of a sequence of measurements in which the cell is measured, 
first empty, then filled and then empty again, is the essential requirement and 
it may be said that the values obtained for the empty cell during any one day 
were always found to be constant to better than 1 part in 104. The value was 
60-2 pr. During a period of a few months in which the cell was subjected to many 
cleaning operations the extreme deviations from the mean value amounted to 
+3 parts in 104. These measurements were made with the cell evacuated and it 
is an important feature of the design that the slight displacement of the cell 
walls that necessarily occurs on evacuation does not affect the geometrical 
capacitance of the system. 

The volume of liquid required for a measurement was about 125 ml., but it 
should be observed that the measured capacitance is independent of the volume of 
liquid provided that the electrode B is completely immersed. 


2.2. Thermal 


The inlet and outlet tubes and the leads can be extended vertically upwards 
from the cell as far as may be necessary and therefore the cell can be completely 
immersed in an oil bath, the temperature of which is controlled to the required 
accuracy. The oil level is indicated in figure 1, from which it will be seen that the 
oil circulates around both the inner and outer walls of the cell. ‘Temperature 
gradients within the system are therefore easily made negligible and athermometer 
immersed in the liquid gives the temperature of the cell with the accuracy required. 

It was considered desirable to make measurements at temperatures from 20° 
to 30°c, and it was therefore important that the temperature coefhcient of 
capacitance of the cell should be small and definite, that is to say, the variation 
of capacitance with temperature should be free from the hysteresis observed in 
most commercial capacitors. If all the material composing the electrodes and 


separators has a coefficient of linear expansion «, and if changes of temperature 
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impose no mechanical stresses on the system, then the coefficient of capacitance 
will also be x. ‘The electrode assembly itself is composed of nothing but platinum 
and soda glass, both of which have a coefficient of linear expansion of about 
9x 10-8. It was therefore expected that the cell would at best have a temperature 
coefficient of capacitance of this value. The value actually obtained from measure- 
ments of capacitance of the evacuated cell over the range 20° to 30°c proved to be 
zero, certainly less than 2 x 10-8. The explanation is to be found in the fact that 
the inner electrode A fits fairly tightly the supporting Pyrex tube. ‘Thus the 
diameter of electrode A is always controlled to some extent by the diameter of 
the Pyrex tube. If the fit were perfect the radial thermal expansion of the 
electrode A would be that of Pyrex, 3 x 10-6, instead of that of platinum, but since 
the fit can only be such as to give contact at a few points, the effective coefficient 
of expansion of the inner electrode will be merely a little less than the 9 x 10~° of 
freely supported platinum. If r is the radius of this electrode, s the electrode 
separation, «, the coefficient of axial expansion of both electrodes, «, and «, the 
coefficients of circumferential expansion of the inner and outer electrodes respect- 
ively, it is easy to see that the coefficient of capacitance will be approximately 
oo —1(%,—«;)/s. In the present cell 7/s is approximately 10 and thus the tempera- 
ture coefficient of capacitance becomes zero when «;=0-9%,. It is clear therefore 
that perfect temperature compensation was only obtained by sheer good luck, 
though some compensation may reasonably be expected in a cell of this design. 


2.3. Chemical 


As mentioned earlier, it was known that a limiting factor would be the 
difficulties of ensuring that the dielectric filling the cell is chemically pure at the 
time the capacitance is measured. In 1929 it was found that the purest benzene 
obtainable invariably contained sufficient water to affect its dielectric constant 
appreciably and that this water could only be removed by months of treatment 
with drying agents. In the present work, although the highly purified benzene 
was supplied in sealed ampoules, the measurements again showed that the water 
content was appreciable and that long treatment with drying agents in the sealed 
enclosure containing the cell was an essential preliminary to a satisfactory 
measurement. Work on standard air capacitors and electrostatic instruments 
generally carried out since 1929 had also shown that air capacitors with aluminium 
or brass plates show imperfections in their electrical properties (appreciable 
power factor and variation of capacitance with frequency) that reveal the existence 
of non-metallic films coating the surfaces of the structure, presumably oxides, 
absorbed water vapour, etc. Such effects can only be eliminated with certainty 
by the use of a noble metal for the electrodes and by thorough evacuation of the 
system after chemical cleaning. ‘The present ceil with its platinum electrodes 
and the possibility of evacuation, sealing off, and subsequently filling and emptying 
the cell by low-temperature distillation within the sealed enclosure, meets all 
the requirements. The inlet and outlet tubes facilitate the preliminary chemical 
cleaning when the cell is mounted in its fixed position in the temperature- 
controlled bath; each of these tubes is sealed to a reservoir, one serving to contain 
the liquid during the drying treatment and evacuation of the cell and the other 
serving as receiver of the liquid during the distillation. An important point is 
that the cell is not subjected to the slightest mechanical disturbance throughout 
the sequence of measurements constituting a determination of dielectric constant. 
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2.4. Electrical 


The essential electrical requirement is that the capacitance measured shall 
be located wholly within a vacuous dielectric medium, which is subsequently 
completely filled by the liquid. Thus it is essential that every clement of 
capacitance located in the glass beads and walls shall be excluded from the 
measured value, as also shall every element of capacitance (between either leads 
or electrodes) that is external to the liquid when the cell is filled. ‘The method 
employed at the National Physical Laboratory for measurements of capacitance 
in the range 10 to 10 000 pr is that of the Schering bridge with a Wagner earth 
connection and the cell was designed for use with this equipment. Ifthe electrodes 
A and B are connected to the bridge arm with B on the earth-potential side of it, 
and C is connected to the earth terminal on the Wagner arm, then at balance 
B and C are at the same potential and the electric field of the system is as shown 
diagrammatically on the right-hand side of figure 1, the familiar guard-ring 
configuration. The whole of the outer walls of the cell were coated with metal 
foil (indicated in figure 1 by a broken line) which was connected to the screens of 
the two cables and to the guard rings. 

With this system of connections the capacitance measured by the bridge is the 
direct capacitance between A and B, which is that associated with the lines of 
force shown as thin continuous lines in figure 1. It will be observed that the 
platinum supporting lugs are bent outwards so that the glass beads are well clear 
of this field. Indeed both the glass beads D and the outer cylindrical glass wal! 
are in a region bounded by BC and the outer screen, all of which are at the same 
potential. All this glass is therefore in a region of sensibly zero field, where it 
cannot influence the measurement. ‘There will however be a minute stray 
field from A through the narrow gaps between B and the guard rings. This stray 
field is however mainly between A and the screen and is therefore eliminated from 
the measured value along with the capacitance between AC, and the capacitance 
between the ends of A and the outer screen, represented in figure 1 by broken 
lines of force. All the capacitances associated with the leads external to 
the cell are to screen, and are therefore eliminated in the same way. The 
capacitances between the internal platinum leads P connected to A and B 
respectively will be included in the measured value, but this is properly located 
first in a vacuum and then in the liquid so that it introduces no error into the 
measured dielectric constant. ‘The only parts of the measured capacitance which 
could conceivably cause error are (i) that between the portions of the leads to 
A and B that are actually embedded in the glass seals, and (11) that represented 
by lines of force that pass from A through the narrow gaps to the tips of theplatinum 
lugs attached to B that are embedded in the glass beads. From the geometry of 
the system it is obvious that both these capacitances are very small relative to 
the measured capacitance, and moreover that of these small capacitances only a 
very small portion is located in glass instead of in liquid and vacuum in succession. 
There is therefore good reason to believe that there will be no appreciable error 
due to the glass that provides the necessary solid insulation of the cell. 

The bridge arm itself is provided with two shielded connectors, and balance 
is first obtained with A disconnected and the bridge connectors screened so that 
their capacitances are eliminated and the teading is dependent only on the 
internal capacitance distribution of the bridge, which remains unaltered 
throughout the measurements. The cell is then connected to the bridge in the 
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manner already described end a second reading taken. The difference of the two 
readings gives the required capacitance of the cell. ‘Two such pairs of readings, 
one with the ccll full cnd one with it empty, are sufficient for a determination 
of dielectric constant. The procedure therefore is much simpler than that 
followed in 1929, though the additional balance of the Wagner arms may seem a 
complication. This has however long been standard prectice at the National 
Physical Laboratory and the fect that it enables accurate readings of conductivity 
as well as dielectric constent to be obtained makes its use very desirable in work on 
dielectrics. Itseemed et the outset that conductivity would be much more sensitive 
to impurities than dielectric constant and that therefore the measured conductivity 
would provide a valuable index of the purity of the liquid at the time of the 
measurement. 
§ 3. SURVEY OF RESULTS 

Details of all the measurements made are recorded in Parts II and II] of the 
paper, but it will be convenient to survey the results here. The final values are 
summarized in table 1. 


Table 1. Dielectric Constants at 20°C (€99) and ‘Temperature Coefficients @ 
for the range 20°-30°c 
€, = €o9 — C(t — 20) 


Estimated 
Exp accuracy (%) a 
Benzene 2:2836 0-01 0-00190 
Cyclohexane 2:0250 0-01 0-00155 
Dichlorethane 10-663 0-03 0-0553 
Nitrobenzene ed 0-06 0-185 


The behaviour of the cell described above was in every way equal to 
expectations and the values of dielectric constant of benzene and cyclohexane 
are considered to be correct to 1 part in 10000, the uncertainty being mainly 
determined by unavoidable instability of the cell and the standard capacitors 
employed. 

This degree of accuracy for benzene is however only obtained by using 
samples that have been subjected to a drying agent (powdered calcium hydride) 
for a period of several weeks. Samples of the highest purity obtainable without 
this special treatment have values that are greater by 10 parts or more in 10 000. 
Hartshorn and Oliver’s conclusion in 1929, that their accuracy was almost entirely 
dependent on the difficulties of drying, is confirmed, and values obtained without 
long drying are seen to be useless for the purpose of arriving at the precise value 
for the pure material. ‘Ihe value obtained by Hartshorn and Oliver in 1929 for the 
benzene purified by them was €y)=2-2830, but since other samples gave values 
a little lower and they could not obtain completely stationary values even on pro- 
longing the drying treatment for several months, they gave this value as an upper 
limit for pure dry benzene. ‘The value now given is nearly 3 parts in 10000 
higher. ‘The discrepancy barely exceeds the estimated experimental errors of 
the two determinations, and there can be no doubt that the present value is the 
better. It now seems probable that by the standard of the present investigation 
none of the samples measured in 1929 was really pure, though the sign of the 
discrepancy suggests that the vacuum treatment of the empty cell, the use of 
platinum electrodes, and the direct measuzement of the capacitance with a 
vacuum as dielectric, instead of its deduction from a measurement with dry air 
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as dielectric, may be the determining factors. Whatever the explanation it is 
very satisfactory that the samples purified by Professor Timmermans and by 
Dr. Herington, after complete drying, gave values which were in agreement 
and quite stable within 1 part in 10000. Equally consistent values were also 
obtained for a sample of pure cyclohexane supplied by Professor Timmermans. 

The accuracy obtained with the hydrocarbons proved to be unobtainable with 
the polar liquids ; both dichlorethane and nitrobenzene showed considerable ionic 
conductivity and an instability which limited the accuracy, the error being about 
+3 parts in 10000 for dichlorethane and +6 parts in 10 000 for nitrobenzene. 
The high dielectric constant of these liquids is an indication of a condition favour- 
able to the dissociation of the dipolar molecules into separate ions, but Professor 
Timmermans reported that the liquids showed negligible conductivity when first 
prepared and it therefore seems likely that the ionization is caused by external 
means such as radiation in the locality. The effects of the ions were minimized 
by removing them from the liquid by the application of a large constant voltage 
which causes them to drift to the electrodes. This voltage was maintained 
continuously, a small a.c. voltage being superposed on it for the purpose of 
capacitance measurement when necessary. In these conditions the conductance 
steadily diminished and the capacitance reached a stationary value independent 
of the conductance, provided the latter was well below the excessive values reached 
on long standing of the liquid with no applied voltage. Details of these measure- 
ments are given in Part II. 

A detailed comparison of the present results with those of other workers 
is unnecessary because the previous results have all been reviewed by Maryott 
and Smith (1951). ‘Table 2 lists the values which on the available evidence they 
considered to be the most reliable for the standard liquids measured by us. 


Table 2. Estimated Best Values in 1951 (Maryott and Smith) 


Probable 
E20 Accuracy (%) a 
Benzene 2:284 0-1 0-0020 
Cyclohexane RAVES O-1 0-0016 
Dichlorethane 10-65 0-1 0-057 
Nitrobenzene 35-74 0:2 0-181 


It is very satisfactory to note that our values in every case confirm their 
estimate of the most reliable value and its probable accuracy, and that our 
investigation has considerably reduced the uncertainty for these four materials 
covering almost the entire range for which standard liquids are required. 

The values given are all static values, that is to say, they hold good for all 
frequencies below the range in which dispersion first becomes detectable as 
the frequency is increased. Experiments described in Part III of the paper show 
that for benzene dispersion has not become measurable even at 9000 Mc/s. 
Apparent variations of dielectric constant with frequency for such liquids should 
therefore be regarded as an indication of errors of measurement. 


§ 4. THE CHoice or Meruop 
It may be worth while to consider here the relative merits of the various 
techniques now available for the measurement of dielectric constant and in what 
direction a further improvement in accuracy is most likely to be made. 
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The basic technique of the present investigation is the measurement of 
capacitance by an a.c. bridge method at low frequencies. ‘The accuracy 1s 
necessarily limited by the stability of laboratory standards of capacitance and 
this limit has been reached with liquids of negligible conductivity, which appear 
to be capable of at least the same order of stability as the capacitance standard. 

When the accuracy mentioned above is required it is best to work at a low 
frequency, since at higher frequencies the capacitance of a standard capacitor 
is subject to an appreciable correction proportional to the square of the frequency 
and to the inductance of the leads, both internal and external, connecting the 
electrodes of the capacitor to other elements of the bridge network. Such 
inductances can be measured approximately and it is easy to ensure that their 
effects are completely negligible at the frequencies employed in the measurements 
of Part II. However, when dealing with conducting liquids, uncertainties 
associated with the conductivity are liable to be larger than those arising from 
inductance, and an improvement in accuracy is therefore sometimes to be gained 
by working at a higher frequency, since the capacitance currents of the network, 
broadly speaking, increase in proportion to the rise of frequency, while the 
conductance current remains constant. When working with liquids like 
dichlorethane and nitrobenzene it would in general be preferable to work at 
frequencies higher than those used in Part II. ‘The measurements in Part II 
show the same uncertainty at 10 kc/s as at 1 kc/s and we therefore conclude that 
the limit is set by instability of the liquid itself and that no improvement is to be 
expected with these liquids at still higher frequencies. Nevertheless this limiting 
accuracy would probably be obtained more easily at the higher frequencies; for 
example, the complication of long application of a constant voltage would probably 
not be necessary, and we therefore recommend the use of a higher frequency for 
general measurements on such liquids. ‘The widespread use of resonance methods 
and beat methods at radio frequencies is no doubt justified in this way, but it is 
to be remembered that in such methods the errors associated with stray capacitance 
external to the various capacitors and with residual inductance, both self and 
mutual, in leads and capacitors may become relatively large, and that they cannot 
be eliminated or evaluated with a precision comparable with that obtained with 
bridge methods. For measurements of the highest precision bridge methods at 
a frequency low enough to ensure that errors due to inductance are negligible 
are not likely to be surpassed, so long as the basic method of determining the ratio 
of two capacitances is followed. 

We may note in passing that the mere question of sensitivity of the measurement 
is no longer of great importance ; so long as a frequency within the range for which 
amplifiers are easily constructed is adopted, a sensitivity that is more than adequate 
can be obtained. 

The recent development of the cavity resonator as an instrument of the 
highest precision has however raised the question whether an accuracy of a 
higher order than is obtainable with a capacitor could not be obtained by measuring 
the resonant frequencies of a cavity when evacuated and when filled with the 
liquid, instead of making two measurements on a capacitor. A cavity constructed 
entirely of metal might well have a stability of a higher order than that of a capacitor, 
which must include some insulating component. For gases Dr. Essen has shown 
that the cavity technique does lead to greater accuracy. For liquids the question 
remains unsettled. The experiments described in Part III of the paper may be 
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regarded as an attempt to obtain higher precision with liquids by the use of the 
cavity technique that had been found so successful for gases. The results were 
rather disappointing. The precision obtained was a little lower than that for 
capacitance methods, so that although the experiments established the very im- 
portant fact that the dielectric constant of benzene at cavity-resonator frequencies 
is not measurably different from that at lower frequencies to the highest accuracy 
so far obtained by either method, they have not yet shown any promise of an 
accuracy for liquids higher chad the limit at present set by the stability of 
_ standard capacitors. 


PART Il. A NEW DETERMINATION OF THE DIELECTRIC 
CONSTANTS OF BENZENE, CYCLOHEXANE, DICHLORETHANE 
AND NITROBENZENE 


By J. Vode. Parry 


$1. FILLING aND DryING ARRANGEMENTS 


The cell described in Part I having been constructed, it was decided to make 
first a new determination of the value for benzene and then to proceed to the 
liquids of higher value, possibly using the benzene as an intermediate standard. 
Since it was known that impurities, and particularly water, were the chief source 
of difficulty the first step was to clean the cell throughly and to mount it so that 
it could be successively filled and emptied in conditions excluding both air and 
moisture, and so that its capacitance could be accurately measured at any stage. 

The preliminary cleaning of the cell was done with chromic acid followed 
by repeated washing with distilled water, pure alcohol, and finally pure benzene. 
The cell was then mounted in a vertical position and sealed to an all-glass vacuum 
distillation apparatus. Before any measurements were made the whole of this 
apparatus, including the cell, was continuously evacuated at a pressure of 
approximately 10-? mm Hg for a period of one week. ‘This treatment was 
considered necessary in order to remove as completely as possible all traces of 
the water taken up by the glass, and liable to contaminate a liquid introduced 
into any part of the system, in particular the distilling and receiving vessels and 
the cell. 

It was necessary to apply a vacuum grease to the ground joints of the system 
in order to make it vacuum tight, but care was taken to ensure that the grease 
was located well within the edges of the joints and that the joints were placed in 
positions such that the liquids under investigation made no contact with them 
except in the state of vapour. In these circumstances there was no risk of con- 
tamination by the grease. 

The cell was immersed in an oil-bath, thermostatically controlled so that 
the temperature was uniform throughout to better than +0-01°c. ‘The tempera- 
ture of the liquid within the cell was measured to this accuracy by means of a 
mercury thermometer immersed in the bath alongside the cell. Measurements 
of capacitance could be conveniently made at any temperature within the range 
20° to 30°c, and the temperature coefficient of capacitance determined with an 
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accuracy limited only by the accuracy of capacitance measurement. Fortunately, 
the cell itself when empty showed no detectable variation of capacitance over 
the range 20° to 30°c. / 

A sample of benzene to be measured was introduced into a reservoir (detachable 
by means of a ground conical joint) made to hold rather more than the 125 ml. of 
liquid required to fill the cell. The benzene was then frozen and the apparatus 
evacuated and sealed. ‘Then by cooling with methylated spirit and solid CO, a 
second reservoir mounted immediately over the cell, the benzene was distilled 
at room temperature into this second reservoir, in which it was finally melted and 
run into the cell. The capacitance was then measured when the desired tempera- 
ture condition had been reached. When the measurements were completed 
the first reservoir was cooled until the benzene was distilled back into it. There 
it was frozen and the apparatus once more evacuated and another measurement 
of the capacitance of the empty cell made. A measurement of the capacitance 
of the empty cell was made before and after each series of measurements on the 
liquid, and it is important to observe that the cell suffered no mechanical 
disturbance throughout the whole series of operations. 

It was necessary to make provision for drying the liquid after its introduction 
into the evacuated system. ‘The drying was done by powdered calcium hydride 
added to the liquid in the distilling vessel. The benzene was left standing over 
the calcium hydride for a week or so; it was then frozen and any liberated 
hydrogen removed from the system by evacuation, after which a series of 
capacitance measurements was made. ‘This process was repeated until further 
drying caused no further diminution in dielectric constant. 


§ 2. THE MEASURING CIRCUIT 


‘The measurements of capacitance were made by means of the Schering 
bridge constructed at the National Physical Laboratory for general investigations 
into dielectrics. ‘The essential features have been described in various publications 
and it is sufficient to state here that the arrangement used for the present work 
is shown in figure 2. The inner electrode A of the cell was connected to the 
terminal 'T,, the outer electrode B to T, and the guard rings and all the screens 
of the cell and its leads were connected to earth and therefore to the point E 
on the Wagner arms. ‘Thus all the capacitances associated with the screens were 
thrown into the Wagner arms and the direct capacitance alone of the cell was 
connected between ‘I’; and T,. By means of the switch S, this capacitance could 
be connected across either arm 1 or arm 2 of the bridge. 

The actual readings of capacitance were all made on standard air capacitors 
shown in figure 2 in arm 1 of the bridge. They included three continuously 
variable standards having ranges of 30-150 pr, 40-750 pr, and 200-3000 pF 
respectively, each of the two larger ones being readable with an accuracy to 
about 1 part in 20000 of its full-scale value, and a fixed three-terminal standard 
of 1000 pr. Any parallel combination of these four capacitors could be inserted 
into arm | of the bridge by means of the switches shown. The capacitors were 
each calibrated by reference to another standard. It is unnecessary to enter 
into details, but it should be mentioned that all the measurements are made as 
differences of capacitance between two settings of each of the capacitors used, 
one obtained with the cell connected to the circuit and the other with the direct 
capacitance of the cell disconnected. The total capacitance at any setting is 
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only known to a much lower order of accuracy than that obtained by calibration 
of such differences. The fixed standard capacitor was also calibrated as the 
difference of capacitance between two settings of a swivelling link, one putting 
the capacitor in circuit and the other disconnecting it. Since all the capacitors 
were individually screened, these differences of capacitance are strictly additive 
for two or more of the capacitors connected in parallel. The full accuracy of 
the equipment is therefore obtained for such combined capacitances provided 
that the difference measured occupies substantially the whole of the range of the 
largest capacitor in circuit for the two readings. 


J 


is 


a 


Figure 2. Schering bridge. 


CH Three-terminal standard air capacitor 1000 pr. 

C A ‘Two-terminal standard variable air capacitor 750 pr (or 150 pr). 
1).B Two-terminal standard variable air capacitor 3000 pr. 

R;, and R, Non-inductive ratio arms. 

C, Variable and decades 100 pF to 0-01 pF. 

Cz Decade 100 pr to 1000 pr. 

CZ Variables 40 to 100 pr and 100 to 1000 pr. 

Ca Variable 2 to 6 pr. 


Variable 100 to 1000 pr. Decade 0-0001 to 0-001 pr. 
Variable 0:5 to 1-‘6mu. Decade 1 to 10 mu. 


Ry Decades 0:1 to 100 ohms. 

(Gi Decades 0-1 to 10 pF. 

T, and T, ‘Test terminals. 

51 Ratio/substitution switch. 

38 Standard capacitor selector switch. 

Si Bridge to Wagner switch. 

sie Step-up transformer with mumetal screen. 


Broken lines denote shields. 


General experience shows that the accuracy obtained is usually greatest 
for capacitances of 500 pr and upwards, and since the capacitance of the empty 
cell was only 60 pr, it became necessary to abandon the substitution method of 
measurement employed by Hartshorn and Oliver (1929) and to use the ratio 
bridge shown in figure 3, which is realized by switching the cell connected to 
T,T,, and the precision trimmer capacitor C,,; in parallel with it, into the arm 2 of 
the bridge, and connecting the ballast capacitor C, shown in figure 1 to earth E. 
The trimmer capacitor C,, allows the initial reading of the standard capacitors 
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C, obtained with the cell disconnected to be brought to a convenient, accurately 
reproducible setting, near the bottom of the scale. Then on connecting the 
cell, the second reading at balance was some 600 pF higher and therefore near 
the top of the scale of the standard capacitor of total value 750 pr. The 
observations were repeated for several settings of the trimmer capacitor, to 
ensure that observational errors and calibration errors were insignificant. 

The cell is connected to the terminals T,T, by lengths of screened coaxial 
cable as already mentioned. The disconnection could be made with both leads 
or one only, and either at the end of the cable attached to the bridge or at the end 
attached to the cell. Provided the screening is adequate all these methods of 
disconnection give the same reading of capacitance, the settings of the Wagner 
arms alone requiring adjustment. The adequacy of the screening was verified 
by observing these four readings for every set-up of the bridge used. 

The capacitance of the cell when filled with benzene was about 140 pF, so 
that a difference of capacitance of 1400 wpF was required in arm 1 to balance 
it. ‘This was obtained by using the fixed capacitor of 1000 pF in parallel with the 
variable standard employed for the measurements on the empty cell. 


Ch 


Pina 


Figure 3. Schematic arrangement of Schering bridge for measurements on benzene and 
cyclohexane. 
C, Standard variable air capacitor 750 pr. 
C,’ Standard air capacitor 1000 pr. 
C,, Variable air capacitor 2 to 6 pr. 


Detector 


Figure 4. Schematic arrangement of Schering bridge for measurements on polar liquids. 
C, Standard variable air capacitor 750 pr or 150 pr. 
C, Variable air capacitor 100 to 1000 pr. R3;=R,=1000 Q. 


The difference of capacitance AC, required to balance the evacuated cell, 
and the corresponding difference AC, required to balance the cell when filled 
with liquid, give the dielectric constant ¢, of the liquid, the simple relation 
¢,=AC,/AC, being free from corrections, provided that the ratio arms 3 and 4 
of the bridge remain unchanged throughout both series of observations. Actually, 
the finite conductivity of the liquid necessitates a slight adjustment to C3 or Cy 
in changing from the condition cell empty to the condition celi full, but the 
resulting correction only amounts to 1 part in 104 when the loss tangent of the 
liquid is as great as 0-01. ‘The loss tangent for the pure benzene was found to be 
never more than 0-001, so that no correction was required, and the accuracy of 
the measured dielectric constant depends only on the accuracy of measurement 
of the capacitance differences and the stability of the cell and the liquid. 

. The measurements of loss tangent are best made by substitution, a variable 
air Capacitor being employed as a standard of constant power loss, independent 
of the capacitance setting. ‘These measurements were therefore made by switching 
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the cell into arm 1 of the bridge, removing the trimmer capacitor, and connecting 
a ballast capacitor into arm 2 as shown in figure 4. Such measurements showed 
that the loss tangent of the benzene was completely determined by its water 
content. ‘The value was only measurable at low frequencies, and varied from 
0-001 at 1 ke/s for an undried sample to 0-00005 for a dried sample. As such 
values seem to have no intrinsic interest they were not recorded in detail. At 
the higher frequencies the values were too small to be detected with certainty, 
though when the frequency reaches the microwave region larger values are 
again obtained. ‘These are discussed in Part IIT. 


§ 3. RESULTS FOR BENZENE 


Samples of specially purified henzene were supplied by Professor J. 
Tsmmermans from the Union Internationale de Chemie at (Brussels, and by 
Dr. Herington from the Chemical Research Laboratory, Teddington. |For 
purposes of comparison with material generally available measurements were also 
made on two samples of benzene of analytical reagent grade supplied by two 
makers. 

The samples were first distilled into the cell under vacuum without previous 
treatment and the dielectric constant measured. ‘They were then dried by 
standing over powdered calcium hydride and the measurements of dielectric 
constant were repeated after various periods of drying. As was expected, there 
was a diminution of dielectric constant as drying proceeded but after a period 
of three months cach sample appeared to have reached a stationary condition. 
They were then refluxed under vacuum in the presence of calcium hydride for 
one to two weeks, a process calculated to accelerate any further drying that might 
be possible, but no further change in dielectric constant was observed. It is 
therefore concluded that the stationary value obtained is the dielectric constant 
of the perfectly dry liquid. 

Measurements were made at frequencies covering the range 50 c/s to 10 kc/s 
but the dielectric constant was found to be independent of frequency, and the 
values given in table 3 may therefore be regarded as ‘static’ values, holding 
good for all frequencies below a certain limit, which is shown by these measure- 
ments to be higher than 10 kc/s. 

It is to be noted that there were comparatively large differences between 
the samples as first received, but that these were almost entirely due to differences 
of water content. The differences between the values for Professor ‘Timmermans’ 
and Dr. Herington’s samples in the dry state were within the experimental error 
at all temperatures and it is therefore possible to state as the final result, for the 
dielectric constant of pure dry benzene at 20-00°c (eg)), and for the value e«, at 
any temperature within the range 20° to 30°c, 

op = 2'2050 + 0-0002 
€4=€o9 — 0-0019 (¢ — 20). 

The limits of error shown are mainly determined by the stability of the 
standard capacitors and the cell. 

The values of dielectric constant and temperature coefficient given in table 3 
are averages, some six or eight readings being taken for each value of capacitance. 
The standard deviation for the values of dielectric constant was about 0-0001. 

The temperature coefficient of dielectric constant is shown by table 3 to be 
-considerably affected by impurities. Unfortunately the increase produced by 
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water is apparently liable to be compensated by a diminution produced by other 
impurities, so that the actual value for any sample cannot be safely used as a 
criterion of purity. 


Table 3. Benzene (Temperature 20°C) 


Dielectric 
Sample and Treatment Constant 
(Vacuum =1) 


Temperature 
Coefficient a 


Prof. Timmermans 


Ist Distillation 2:2852 0-0019 
t week drying 2:2842 0-0019 
4 weeks drying 2:2840 0-0019 
3 months drying 22836 0-0019 
3 months drying and 2 weeks refluxing 2:2836 0-0019 


Chemical Research Laboratory 


1st Distillation 2:2867 0-00195 
1 week drying 2:2848 0-0019 
4 weeks drying 2:2837 0-0019 
3 months drying 2:2835 0-0019 
3 months drying and 2 weeks refluxing 2:2835 0-0019 


Hopkin and Williams 


As received 22884 0-0020 
1st Distillation 2:2863 0-0019 
1 week drying 22843 0-00185 
3 weeks drying 2-2836 0-00185 
3 months drying 2:2836 0-00185 
3 months drying and 1 week refluxing 2:2836 0-00185 


British Drug Houses 


As received 2-2890 0-0020 
1st Distillation 2:2858 0-0019 
1 week drying 2°2850 0-00185 
2 weeks drying 2-2840 0-00185 
3 months drying 2:2838 0-00185 


§$ 4. CYCLOHEXANE AS A STANDARD 


The difficulty of removing water from benzene is a serious objection to its 
use as a standard liquid for dielectric measurement. Previous measurements of 
the audio-frequency power factor of commercial grade cyclohexane indicated 
that the water content was exceptionally low, and consequently a sample of pure 
cyclohexane was obtained from Professor ‘Timmermans and was given the same 
treatment as the benzene samples. The dielectric constant was measured before 
treatment and this value was found to be completely unaffected by the drying 
procedure. ‘The values obtained for cyclohexane were 


Eo) = 2:0250 + 0-0002 
€4= €o9 — 9-00155(¢ — 20)... for 20°c <t<30°e. 
It was evident from the results obtained that for use as a standard liquid 
cyclohexane has decided advantages over benzene. 


Cyclohexane unfortunately is not available in an analytical reagent grade. 


The dielectric constant of a commercial sample was measured and was found to be 
2:0300. 
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$5. MeTtTHop FoR PoLtar LIQUIDS 


On proceeding to make measurements on dichlorethane difficulties of a new 
kind were encountered. A preliminary measurement on a small sample showed 
that its conductivity was so high that its loss tangent at 1 kc/s amounted to 0-5, 
In such circumstances measurements of the precision obtained with benzene were 
out of the question. The three-terminal cell of figure 1 was therefore abandoned 
for all the preliminary work on polar liquids in favour of a simpler two-terminal 
cell designed some years ago for general work on liquids. It is shown in figure 5. 
The electrodes are cylinders machined from Invar and rhodium plated and the 
outer cylinder acts as container for the liquid. A conical bushing of fused quartz 
provides almost perfect insulation and precise location for the inner cylinder. 
The chief advantages of this cell for the. work in hand are the ease of dismantling 
and cleaning, and the small quantity of liquid required, nearly the whole of the 
liquid being subjected to the full value of the applied electric field. Inner 
electrodes of various diameters are available. For dichlorethane one giving a 
gap of 1 mmand requiring only 15 ml. of liquid was convenient; for nitrobenzene 
a gap of 2mm and 25 ml. of liquid were used. 
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Figure 5. ‘T'wo-terminal cell. 


With this simpler cell the capacitance measured includes that located in the 
quartz insulator as well as that in the liquid or the empty space which it sub- 
sequently occupies, and this capacitance amounts to 20% of the total capacitance 
of the empty cell. It follows that measurements of dielectric constant cannot be 
made with the accuracy obtainable with the cell of figure 1. However, by using 
benzene previously measured in the latter cell as a standard it is possible to make 
measurements in the simpler cell with all the accuracy that seemed likely to be 
significant when dealing with liquids of such high conductivity as the dichlor- 
ethane. The procedure is to use a constant volume of liquid and to assume that 
the capacitance extraneous to this volume is constant. Since the lines of electric 
force in the cell lie in the liquid surface, this condition is fulfilled to an accuracy 
determined by the stability of the cell on filling and emptying. 

If C, is the measured capacitance of the cell when charged with the fixed 
volume of liquid, C, is the measured capacitance with the cell evacuated, and 
C, is the capacitance extraneous to the fixed volume, then «=(C\— C,)/(C, — C,). 
The measurement on benzene served to determine C, for the particular volume 
of liquid to be used and the value of < for other liquids was then determined by 
applying the same equation. 
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Since it became clear at the outset that the measurements on polar liquids. 
would be dominated by considerations of conductivity or power loss, the measure- 
ments were made by the bridge arrangement of figure 4, that is to say by 
substitution for the difference of capacitance between two settings of the standard 
air capacitor C, in a bridge with equal ratio arms. The simplicity of this. 
arrangement and its comparative freedom from troublesome corrections are 
advantageous in measurements in which the loss tangent is an important factor. 
The procedure is to balance the bridge for the two conditions : (a) with the cell 
connected to T,'T, and (6) with the cell disconnected, the capacitors C, and C, 
alone being varied. If C,,C,, are the two readings of these capacitors with 
cell connected, and C,, C,, the readings with the cell disconnected, then the 
capacitance of the cell C, and its conductance G, are given by 


C(l te @ Kees) = (Cy _ Cy) is GypRi( Ca or Ca) 


CG 
= wR Cy | Cte = au 9 08) ote jehle (1) 
4a 
G, > w Ral(Cia ap CACH ad C1, Cas] oe Te eer euler rete (2) 


No approximation has been made in writing down the above equations ; 1n practice 
they can usually be simplified. Thus G,,, the residual conductance in arm 1 
of the bridge, is mainly that of the standard capacitor C,. It can be measured 
and shown to be negligible compared with 1/R, so that the middle term on the 
right-hand side of (1) vanishes. ‘The capacitance C,, is made as small as possible 
and then the factor wR,C,, is approximately equal to tan 6 of the liquid. For 
any liquid suitable for use as a standard of dielectric constant this quantity must 
be considerably smaller than unity and therefore its square is smaller still and 
the terms including it need only be calculated to two or three significant figures. 

The conductance and capacitance of the cell containing the standard volume 
of liquid were measured in this way. The extraneous capacitance mentioned 
above was then deducted and thus the capacitance of the liquid C, and its con- 
ductance G, were obtained. The conductance of the quartz bushing could be 
separately measured but it was always negligibly small. For convenience the 
loss tangent tan 5, = G,/C,w is recorded instead of G. 


§ 6. EXPERIMENTS ON DICHLORETHANE 


The sample of specially purified dichlorethane supplied by Professor 
‘Timmermans had been sealed off under vacuum, and although the seal had not 
been broken there was a delay of some months before the measurements could be 
made. ‘The first measurements showed that the liquid possessed a conductivity of 
the order of 3 x 10-* mho cm! (tand=0-5 at 1 kc/s) which suggested the presence 
of a considerable concentration of free ions, which could only be regarded as an 
impurity produced by decomposition of the pure liquid during storage. A 
colleague, Mr. E. Rushton, suggested that the free ions could be conveniently 
removed by applying to the cell a d.c. voltage; it is merely necessary to connect 
a battery in series with the a.c. generator used for the measurements of capa- 
citance. Such a d.c. voltage has no observable effect on the measured values 
for liquids of negligible conductivity but the effects observed with our polar 
liquids were considerable. 

Table 4 gives the results obtained with the sample of dichlorethane in the 
two-terminal cell, the applied d.c. voltage being 300 v and the electrode spacing 
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Imm. ‘The values were independent of the a.c. voltage so long as it was small 
compared with the d.c. voltage. 


‘Table 4. Dichlorethane 


i ekers —LORKe)/s 
t E55 tan 6 Gop tan 6 

0 10°85 0-50 10-75 0-049 

2 min ' 0-33 
10 min 10-78 0-20 

3 hours 0-071 
24 hours 10-66 0-034 
48 hours 10-66 0-008 10-66 0-0008 

t=time interval between the application of the d.c. voltage and the making of the 


measurement. 
€o9 = dielectric constant at 20-00°c. 


‘These measurements suggest that the stationary value of dielectric constant that is 
attained when tan 6 is reduced below, say 0-03, is characteristic of the pure liquid. 

On removing the d.c. voltage tan 6 at 1 kc/s increased from 0-008 to 0-08 in 
20 minutes and to 0-20 in 50 hours when «=10-70. Permanent removal of the 
impurities could therefore only be obtained by draining the liquid from the 
electrodes while the voltage was still applied. 

After the measurements of table 4 were completed the liquid was kept over 
calcium hydride for several weeks, to see if appreciable drying would occur. There 
was however no evidence of any such action. Measurements made under the 
same conditions as for table 4 followed much the same course, the final results 
being shown in table 5. 


Table 5. Dichlorethane in ‘Two-terminal Cell 


Frequency tan 6 €n6 
65 c/s 0-104 10-66 
1 ke/s 0-008 10-66+0-01 
10 kc/s 0-0008 10:66+ 0-01 


For 20°c>t>30°C, €;=€9—0-0555 (t—20). 


The limits of error on the value of dielectric constant were mainly determined 
by the limitations of the two-terminal cell. An attempt was therefore made to 
improve on this value by the use of the three-terminal cell. However, although 
this successfully eliminates the main errors associated with capacitance in the 
quartz or glass insulators it is less satisfactory for the process of removing ions 
by application of d.c. voltage, for only part of the sample lies in the electric field 
between the cylinders and therefore ions continually diffuse into the field from the 
external liquid, so that the process is necessarily slower and less complete. 
However, after maintaining the dichlorethane in the cell under a voltage of 300 v 
for 3 months, the value of tan 6 had reached the stationary values shown in table 6. 
There is therefore good reason to believe that the corresponding value of dielectric 
constant is the static value for the pure liquid. It is very satisfactory to note that 
the value obtained with the two-terminal cell is confirmed within its estimated 
error and that the use of the three-terminal cell reduces the uncertainty to about a 
third of its former value. 
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The accuracy obtained in this case is necessarily somewhat inferior to that 
obtained with the hydrocarbons because the liquid itself is less stable, and the 
balance point of the bridge could not be determined with the same precision. 
The standard deviation for the observations, which when averaged gave the 
values of €5) in table 6, was approximately 0-002. 


Table 6. Dichlorethane in Three-terminal Cell 


Frequency tan. 6 en 
1 kc/s 0-031 10:663 + 0-003 
10 ke/s 0-0033 10-663 + 0-003 


For 20°¢ 1 =530°¢ pee) 055 (2-20) 


§ 7, MEASUREMENTS ON NITROBENZENE 


The decomposition on standing seemed even more marked with nitrobenzene 
than with dichlorethane. The sample of initially pure mono-nitrobenzene 
supplied by Professor ‘Tinmmermans, when poured into the two-terminal cell, was 
found to have so high a value of tan 5, even after a prolonged application of a 
suitable d.c. voltage, that no satisfactory measurement of its dielectric constant 
could be made at audio frequencies. ‘The liquid was therefore distilled; about 
a third of the distillate, boiling at 203° to 209°c, was rejected and the main fraction 
boiling at 211°c was poured into the two-terminal cell, maintained under a 
d.c. voltage gradient of 150v mm“! for 48 hours, and then measured. The values 
obtained are given in table 7. 


Table 7. Nitrobenzene (1st Sample) 


Frequency tan 6 E50 
100 c/s DY 36 
1 kc/s 0-190 Sor 7 aa O02 
10 kc/s 0-018 Sor /omaOs02 


For 20°c>>t>30°c, e,=€29—0-185 (t—20). 


‘The electrodes of the cell, after treatment of the nitrobenzene with the d.c. 
voltage, were found to be coated with a blackish deposit, which indicated that 
some impurity had been removed from the liquid. It should however be 
mentioned that the quantity was not sufficient to affect the capacitance of the cell 
when empty by an appreciable amount, so that it is not likely to have directly 
affected the values obtained for the dielectric constant. Nevertheless further 
purification seemed desirable. Unfortunately the sample was not at this stage 
large enough to permit further rejection and since the avoidance of any delay 
between purification and measurement seemed to be of the first importance, 
it was decided to prepare a fresh sample beginning with commercially pure 
nitrobenzene (analytical reagent grade). After repeated distillation, in each case 
rejecting about one-third of the distillate as before, the final distillate was placed 
under a d.c. voltage gradient of 150v mm! for three days, and the liquid then 
removed from the electrodes while the voltage was still applied. This treatment 
presumably brought it to the condition of the first sample, or nearly so. It was 
then refluxed over finely powdered alumina for 24 hours, a process which, judged 
by the greatly changed colour of the alumina, removed further impurities. It 
was finally distilled directly into the two-terminal cell, the d.c. voltage applied as 
before and a measurement made. ‘The results are given in table 8. . 
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The liquid was afterwards allowed to stand over powdered calcium hydride for 
four weeks and then re-distilled into the cell and the measurements repeated, 
The final results were identical with those of table 8. The values of tan 5 leave 
no room for doubt that the final sample was purer than that of table 7 and since 


Table 8. Nitrobenzene (Final Sample) 


Frequency tan 6 cap 
100 c/s 0-15 S87 
1 ke/s 0-0175 35°72 + 0-02 
10 ke/s 0-0022 Son 2a 0-02 


€&=€29 —0°185 (C=20). 


the value of dielectric constant in table 8 is clearly reproducible and independent 
of frequency, it may be taken for all practical purposes as the static dielectric 
constant of pure nitrobenzene. It is possible that the limits of error of the final 
value could be slightly reduced by the use of the three-terminal cell, but the 
additional labour could scarcely be justified unless a more stable liquid could be 
found for use as a standard. 


PART III. MEASUREMENTS AT MICROWAVE FREQUENCIES 
By L. Essen and J. V. L. Parry 


$1. ScopE OF THE MEASUREMENTS 


The dielectric constants measured in Part II were shown to be static values, 
which hold good for all frequencies below the range in which an absorption band 
first appears when the frequency is continuously increased. In any such range 
a diminution of dielectric constant with rise of frequency is to be expected. 
No absorption band, or peak in the curve of tan 6 plotted against frequency, has 
been observed for any of our standard liquids at frequencies below the microwave 
range and it is believed therefore that the values given in Parts I and II are valid 
for all radio as well as audio frequencies. When the microwave region is reached 
the position is less certain. 

Investigations in the microwave region of the liquids measured by us have been 
carried out by Jackson and Powles (1946), Penrose (1946), Bleaney, Loubser and 
Penrose (1947) and Whiffen (1946, 1950) among others, and it is clearly established 
that in nitrobenzene strong absorption and dispersion occur at about 10 000 Mc/s. 
In the hydrocarbons absorption remains relatively small even at frequencies up to 
24000 Mc/s, but at this frequency it is increasing rapidly with frequency, the 
increase being much greater for benzene than for cyclohexane. ‘The increase is not 
so large as to lead one to expect to find measurable dispersion, even for benzene, 
below 24000 Mc/s, and Bleaney, Loubser and Penrose (1947), who alone have 
reported direct measurements of dielectric constant in this region, could detect 
no change of value between 9000 and 25 000 Mc/s. On the other hand, although 
their value for cyclohexane agrees with our own value, their value for benzene 


is lower than ours by nearly 0-3%, which is nearly ten times their estimated 
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experimental error. It is difficult to account for this low value by anything except 
dispersion. In the face of this discrepancy it was obviously important to make 
a new direct determination of the dielectric constant of benzene at 9000 Mc/s. 

It seemed also desirable to make a sufficient number of measurements of 
tan § on benzene, cyclohexane and on dilute solutions of nitrobenzene in benzene 
to show whether the values of this quantity for our specially purified materials 
were appreciably different from those previously published. 


§ 2. Tue DieLecrric CONSTANT OF BENZENE AT 9000 Mc/s 


2.1. Method 


The work of Essen and Froome (1951) has shown that the cavity resonator 
method is capable of giving very high precision when applied to gases. In the 
present work a similar technique was applied to liquids but it soon became 
apparent that the use of a liquid imposes a considerable restriction on the accuracy, 
which depends primarily on the reproducibility of the liquid-filled resonator and 
its sharpness of resonance Q. A cavity designed to contain liquids of the highest 
purity must be kept small since a large volume of liquid is never available, and this 
condition limits the value of Q obtainable. An additional limitation is imposed 
by power loss in the liquid itself. It will be shown in a later paragraph that 
tan 6 for pure benzene is 0-0005 at 9000 Mc/s and increases with further rise of 
frequency. It follows that O for a benzene-filled cavity cannot exceed 2000 at 
such frequencies even for the most favourable design. However, even with this 
restriction it seemed that an accuracy comparable with that obtained at low 
frequencies should be obtainable without undue elaboration. 

The cavity-resonance method depends on the basic relation between the 
frequency f, the length L and diameter D of a uniform cylindrical cavity and the 
absolute permittivity «, and permeability yu, of the electromagnetic medium 
filling it. ‘This relation may be written 


os =F | (=3) + (xz) | i (3) 


where /mn are integers characteristic of the mode of vibration. For H modes,. 
which were used in this work, I’, is the mth root of J,(x) and is the number of 
half-wavelengths in the length L of the cavity. 

This relation is only strictly valid for an ideal cylindrical cavity totally enclosed 
by walls of zero resistivity. In practice the walls must be constructed of material 
of finite resistivity and they cannot be completely closed since holes must be 
provided for the emptying and filling of the cavity and for coupling to the wave- 
guide of the measuring apparatus. ‘Thus when applied to a real cavity, equation 
(3) can only be used as an approximation, but it does provide a means of measuring 
the permittivity «, of a medium in terms of the general constant c2/u, which 
has the same value for all non-magnetic media, and the quantities f, D, L, 1, m,n, 
all of which can be determined experimentally with very high precision. The 
accuracy of such a measurement of ¢, is therefore limited mainly by the closeness 
of the approximation mentioned above, and in order to improve it, it would be 
necessary to include in the equation terms representing the effects of departures. 
from the ideal cavity, namely, the holes, etc. which in our cavities were made in 
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an end wall (‘ end effects ’) and the penetration of the electromagnetic field into 
the walls (‘ skin effect’). These effects may be regarded as imposing corrections 
on the values of D and L as measured by mechanical devices. 

The effects of these sources of error on a measurement of dielectric constant 
can be greatly reduced by making two measurements of resonant frequency f on 
the same cavity, one with the cavity filled with the liquid and one with it evacuated. 
It is possible to design a cavity so that for a particular liquid these two frequencies 
have the same value, for some pair of values of m the number of half-wave- 
lengths in the length L of liquid and , the number of half-wavelengths in 
the length of L the vacuum, the choice of these numbers depending on the 
dielectric constant of the liquid, which has been given approximately by (3). 
The dielectric constant or relative permittivity « of the liquid is then given with 
a closer approximation by taking the ratio of the values of ¢, for the liquid and the 
vacuum determined by the two sets of observations. Thus 


= Pan 2 ny 5 Lbs : ny a 
<-(“8) +(sr) (ay +Gey es (4) 


Since the observations are all made at the same frequency the correction terms 
associated with D and L will be nearly the same in both cases and on taking the 
ratio they will largely cancel one another. 

The residual error can in principle be estimated and corrected by repeating 
the whole series of measurements with another cavity differing in length only 
from the first one, and thus resonating at the required frequency with different 
values of. The apparent change in « caused by a measured change in L provides 
an indication of the magnitude of the error which can therefore be corrected. 

In this connection the use of a single cavity with a movable piston is attractive 
as permitting a determination of AL =/2 free from end effects, but it is not readily 
practicable in a vacuum-tight form in which, moreover, no grease or rubber is 
permissible. ‘Two cavities differing in length only were therefore tried, but 
as will appear later the residual error was masked by the accidental errors 
associated with measurements on a liquid-filled cavity in the present state of the 
art. 


2.2. Experimental Details 


The cavities were designed to resonate at a frequency of 9200 Mc/s because 
a very stable oscillator at that frequency was already available. ‘They resonated. 
in the H,,, and Ho,;. modes when evacuated and in the Hy, and H),, modes when 
filled with benzene. Their dimensions were as follows: small cavity, internal 
diameter 5:2522 cm, length 2-4923 cm, large cavity, internal diameter 5-2524 cm, 
length 4-9842 cm, wall thickness 1-25 cm. 

The material used was Invar with silver plating followed by a rhodium flash 
on the inside surfaces. The end faces of the cylinders and the end plates were 
lapped and optically polished. ‘The same end plates were used for the two cavities 
so that the end effect would be the same in the two cases. In one plate a narrow 
channel was machined having an outside diameter equal to the internal diameter 
of the cylinder, in order to move the frequency of the degenerate E,, modes away 
from that of the Hy, modes. It became evident during the observations that this 
was not completely effective and in addition a mica washer 0-004 cm thick was 
therefore placed between the barrel of the cavity and the end plate. ‘The thickness 

2H-2 
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of this was taken into account in the measurements by deducing L from the 
overall length and the thickness of the end plates. The other end plate was 
provided with a coupling hole sealed with polythene, leading through a waveguide 
to the oscillator and with a hole leading through copper bellows and a glass—metal 
seal to an all-glass distillation apparatus. The coupling hole was adjusted in 
size to match the cavity at resonance to the waveguide and the other hole was 
smaller and situated near the circumference of the cavity, where the field is 
weak, so as to have a negligible effect on frequency. ; 

The arrangements for filling the cavity with pure benzene by low-temperature 
distillation were the same as were used for Part II. 

The cavity under investigation was immersed in an oil bath which could be 
maintained within +0-01°c of the required temperature. ‘The resonant fre- 
quencies were measured, in exactly the same way as that used by Essen and 
Froome (1951). As shown in figure 6, the liquid measuring cavity was connected 


Standard Quartz 
Oscillator Oscillator 
100 kc/s 5 Mc/s 


Calibrated 
Receiver 


Controlling 
Cavity 


Control 
Circuit 


Figure 6. Cavity bridge and frequency comparator. 


in one arm of a waveguide bridge which is balanced at resonance. As the frequency 
of the source departs from the resonance value a large out-of-balance signal is 
detected and the bridge thus provides a very sensitive means of setting to resonance 
The frequency is measured directly in terms of harmonics from the quartz 
standard with a precision which can easily be made to exceed 1 part in 10°. 


2.3. Experimental Procedure and Results 


‘The cavities which had purposely been left slightly longer than theoretically 
required were ground down until the resonances were at a convenient frequency 
and were approximately the same for the evacuated and filled condition. The 
resonant frequency of the evacuated cavity was then measured more carefully and 
the cavity wes filled by distillation with benzene of analytical reagent grade, and 
re-measured. ‘This cycle was repeated a number of times to check the repetition 
accuracy of the experiment. The results obtained with the filled cavity were 
far less constant then expected. Although setting to resonance by means of 
varying frequency is practicable and accurate under suitable conditions some 
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means of tuning the cavity would have been very useful in initial tests made to 
establish these condiaons. Nevertheless the accuracy was comparable with that 
of the low-frequency measurements and was therefore adequate for our immediate 
purpose. 

Measurements were made with both cavities using the same benzene and the 
results obtained using equation (2) were the same within the experimental accuracy. 
The second cavity therefore served the purpose of showing that the residual 
errors obtained by using this equation were not of significance and that there 
was no need to make measurements with both cavities in every case. Measure- 
ments were finally made with the large cavity only using pure dried benzene. 
The results are summarized in table 9. 


Table 9. The Dielectric Constant of Benzene at 9200 Mc/s and 20°c 


Analar Benzene (1 distillation) Small cavity 2-:2862 
Analar Benzene (1 distillation) Large cavity 2:2864 
Pure Benzene, dried Large cavity 2:2841 


Estimated limits of error +0-0005 


The results agree within the experimental accuracy with those given in table 3 
and show that there is no detectable dispersion between audio frequencies and 
9200 Mc's. The value of the temperature coefficient was also measured and was 
found to agree with the low-frequency value. 

It will be observed that the accuracy obtained at 9200 Mc/s was not quite 
so good as that at audio frequencies, and that somewhat surprisingly it was 
mainly limited by lack of reproducibility of the resonant frequency of the liquid- 
filled cavity. It was by no means certain that the full accuracy of which the 
method is capable had been reached but, since the effort required for a detailed 
investigation of the uncertainties seemed out of proportion to the probable gain, 
the method was not pursued further. 


§ 3. MEASUREMENTS OF POWER Loss 
Measurements of power loss were made on small samples inserted in a cavity 
of adjustable length vibrating in the Hy, mode, using the method described 
by Lamb ef al. (1946). The results for benzene and cyclohexane are given in 
table 10. 


Table 10 
tan 6 

9000 Mc/s 25000 Me/s 

undried (00005 0-0012 

Benzene, A.R. dry 00005 ()-0009 

undried 0:0005 0-0011 

ee 0-004 0-009 
toh undried 0-0002 0:00025 

pees ae 0-002 0-002 


The values are in good agreement with those of Whiffen (1950) and support 
his conclusion that the loss measured in dry benzene is associated with the 
benzene molecule itself. 

The values for a dilute solution of nitrobenzene in benzene are given in 
table 11, in which the values of tan 6 have been reduced to those for a concentration 
of 1 mole per litre to facilitate comparison with the earlier results collected by 


Whiffen (1950). 
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When these results are inserted in the Debye equation in the form used by 
Whiffen it is found that they correspond to a dipole moment for nitrobenzene in 
benzene solution of 4:05 D and a time of relaxation of 11-4 x 10-1” sec, and more- 
over that the accuracy with which these quantities are determined is rather 


Table 11 
Frequency (Mc/s) 2950 9200 24000 
Tan 6 (molar) 0-184 0-419 0-400 
better than 1°%. Whiffen’s own latest values were 3-92 D and 12-8 x 10-1” sec, 


but earlier values determined by Whiffen himself and by Jackson and Powles (1946) 
agree so well with our own that we think they must be the better values, and that 
the differences arise from the methods of measurement rather than differences 
in purity of material. 
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A Pulse Method for Measuring the Injection Ratio of 
Metal- Semiconductor Contacts 
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Abstract. A method for measuring the injection ratio of metal-semiconductor 
contacts is described. It is suitable for measurements at low emitter currents. 
The current through the contact is applied as a series of constant current pulses 
and the change in conductance of the specimen is measured as a function of time. 
Measurements have been carried out for tungsten point contacts on n-type and 
p-type germanium and results of injection ratio as a function of emitter current 
are given. 


$1. INTRODUCTION 


HE current through a metal-semiconductor contact is, in general, carried 

by both holes and electrons and the injection ratio y is defined as the fraction 

of the total current carried by minority carriers. For near intrinsic semi- 
conductors it is useful to define a second ratio y, as the fraction of the total current 
carried by minority carriers in the bulk of the material when the hole and electron 
concentrations have their equilibrium values. Many experiments are concerned 
with disturbances in the minority carrier concentration and consequently they 
depend ona quantity givenbyy,=y—ypo. Itis this quantity which is determined 
by the methods for measuring injection ratio previously reported and also by the 
method described in the present paper. 

Methods for measuring the injection ratio have been described by Shockley, 
Pearson and Haynes (1949) and by Many (1954). ‘The method of Shockley, 
Pearson and Haynes is satisfactory for contacts of high injection ratio, but it 
involves an extrapolation to infinite sweeping field. It is thus assumed that 
the injection ratio of the contact is constant for the range of sweeping fields used 
in the experiment. The method here described does not involve this 
extrapolation. Moreover point contact voltage probes are not used and each 
determination involves relatively few readings. ‘The Many bridge circuit 
provides a convenient method for measurements on contacts of very low injection 
ratio. Although in some respects similar to Many’s method, the present experi- 
ment avoids this limitation by separating the emitter and auxiliary contacts. 
The sensitivity of the experiment is such that the injection ratio of a contact 
can be measured at small emitter currents. Measurements have been carried 
out for tungsten point contacts on n-type and p-type germanium. 


§ 2. THEORY OF EXPERIMENTAL METHOD 


There are two variants of the present method. In both cases it is assumed 
that the disturbance in minority carrier concentration is small compared with the 
equilibrium concentration of majority carriers; that, in the longitudinal direc- 
tion, diffusion currents are negligible compared with those due to the electric 
field; and that the injected carriers all decay in the filament and are not swept 
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out through the end contact. These assumptions are involved in the expression 
for the change of conductance derived by Many (1954), which is used below. 


2.1. Emitter Current applied in Square Pulses 
The circuit used is shown in figure 1. For the present method the battery 
E, is removed. ‘The filamentary specimen (assumed to be n-type in the present 
case) with low resistance end contacts is connected so as to form two arms of a 


7 
fae a 
Oscilloscope { Pulse 
ee Generator 


Sync Line 


Figure 1. Circuit of pulse method for measuring the injection ratio of contacts. 


bridge circuit. The position of the contact under examination divides the 
specimen into two parts of lengths L, and L,, and having initial resistances 
R, and R, respectively. The network is initially balanced in the absence of 
a sweeping current, i.e. with E, zero, so that R,R,=R,R;. ‘The pulse generator 
can be used for this purpose. The battery £, is then inserted resulting in a 
sweeping current /,. For zero emitter current 


LR +R) 1d hos k=, eee (1) 
and 
Re=—Ig= = 4 (Ry ieee ee) eee (2) 


The values of R; and R, are chosen sufficiently large so that the sweeping current 
J, is practically independent of small changes in filament resistance. When the 
constant current pulse is applied (positive for n-type material), a current 6/, flows 
through the contact under test. This results in /, changing to J,’ and J, to J,’. 
If the resistances R, and R, were unchanged the bridge circuit would remain 
balanced and no voltage change between the ends of the filament would be 
recorded by the oscilloscope. However, if the test contact is injecting, R, 
remains unaffected but R, changes to R,’, since the injected holes drift towards 
the negative end of the filament. The change R,—R,’ is, however, so small 
as to leave the emitter current constant for practical purposes. Under these 
conditions 
LR Re) (Rs PRS eee (3) 

where 


1) +i, ol. 
The voltage change across the ends of the filament is therefore given by 
6V=R3(1,' —1,) — RL,’ — 15) 
=(R3+R,)(1,'-)-R,81, ave see) 
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(using equation (4)). From equations (3) and (4) it can be shown that J,’ consists 

of two parts, namely 

pe By 61,(Ro+ Ry) 

u Riders sheen oR pc ak o 

of which the first term represents the modified circulating current and the second 

the appropriate fraction of the injected current. Combining equations (1), 

(2), (5) and (6) leads to 

sV= E(Rs + Ry (Ri~ Ry) _ _OLoRi(Ri = Ry’) (7) 
(RP Rs RyRy PR, RR) RPE Re RE R, 

The difference between R, and R,’ is small in accordance with the assumptions 

set out earlier. ‘The last expression may thus be simplified to 


[.(R3+ Ry) +91, 


a= 2 
Reh Ree, RSG (ie ae ee ee (3) 

where 5G, is the change in conductance given by 
oG, = =, OR) = —Ry Ree Ry Py (9) 


Many (1954) has shown that the change in conductance of a filament resulting 

from the application of a constant current pulse to an emitter contact is given by 
6G, =p,(b+ 1)L,*y,61,7{1—exp(—i/r)}  —...... (10) 
where ¢ is the time elapsed since the beginning of the pulse, 7 is the lifetime of the 
injected carriers and y,, and d are the hole mobility and mobility ratio respectively. 
Thus, if L=L,+L,, and consequently R,?L,?=(R,4+ R,)?L-, then 
U(Rs + Ra) + OL-Ra (Ri + Ro) vetp(O + I)rdL.{1 — exp —(t/7)} 
(R,+R,+R34+ R,)L? , 

The value of 7 can be found by observing the time dependence of dV and thus, 
as all the other quantities are either known or can be measured, the value of y, 
can be calculated. 


or = 


2.2. Emitter Current applied as Square Pulses superimposed on a 
Steady D.C. Component 
The circuit for the alternative procedure is the same as that used for the above 
method except that the battery EF, isinserted. ‘This battery gives rise to a constant 
emitter current /, through the contact, and the bridge is initially balanced so that 
akg hkok,:  Uhis leads to 

Teg la Ci bh) — La) ee ee igecat (12) 

| eS be a ee (13) 
The square constant current pulse 5/, is then applied so that R,’ becomes Rk,” 
and consequently J,’ changes to J,” and J,’ changes to /,”.__ Under these conditions 


‘ I (Rk, Re) 15 (Ro Ri) bee (14) 
a CESS Cae ee ott Pe eR merase (15) 
The voltage change across the ends of the filament is now given by 

OR he Re 1s 9 OT ae (16) 
This expression can be reduced to 
gy Ua (Rot Ra) + 8LRs\(Ri+ Re) rory(0+UrBL(1—exp(—t7)} hes 
(Ri +R,+ R,+R,)L? 


and thus y, can be evaluated. 
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$3. APPLICATION OF THE METHOD TO 'TUNGSTEN-GERMANIUM CONTACTS 


Experiments were carried out on germanium surfaces which had been freshly 
etched with CP4 etch (Haynes and Shockley 1951). The specimens used were 
approximately 2cm long and 1mmx1mm in cross section. The tungsten 
contacts were made from 0-005 inch diameter wire which had in each case been 
pointed by dipping in boiling sodium nitrite. "The measurements were made in 
a lightproof box and the ambient air was dried with phosphorus pentoxide. 


3.1. Results 


The value of y, over a range of emitter currents is shown for n-type and 
p-type germanium in figures 2 and 3 respectively. ‘The observed variation of 
y, with emitter current at low currents is expected to give rise to a corresponding 
change in current gain if the arrangement is considered as a filamentary transistor. 
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Figure 2. Injection ratios observed for tungsten point contacts on n-type germanium. 


(a) shows the variation of y, at low emitter currents, while (5) refers to a range of 
higher currents. 
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Figure 3. Injection ratios observed for 
tungsten point contacts on p-type 
germanium. 


Figure 4. Current gain observed 
when system was treated as a 
filamentary transistor. 


To check this the filamentary transistor current gain « was measured under con- 
ditions similar to those used in the above experiments. The results are shown in 
figure 4, and it is evident that the variation of « in this current range is consistent 
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with the changes observed in y,.f Other published results of current gain 
(see, for example, Hogarth 1954) do not show this variation. This is ascribed 
to a difference in surface conditions. Surface conduction in a channel is probably 
increasingly important as higher purity germanium is used as in the present 
experiments. 

As indicated above, in order to evaluate y, it is necessary to find r from the time 
dependence of 5V. It might be expected that, for a given specimen, 7 would be 
a constant. However, a small change in + was observed when the sweeping 
held was varied (emitter current constant). The value of 7 was found to decrease 
with increasing field. This effect is ascribed to changes in the configuration of 
the electric field inside the specimen. At high sweeping fields, as a result of these 
changes, the injected carriers would be swept down the filament close to the surface 
and consequently recombination would be more rapid. An increase in emitter 
current was found to result in an increase in 7, for constant sweeping field, and 
this is probably due to a similar mechanism. 


3.2. Discussion 


‘The assumptions on which the method is based lead to opposing requirements 
concerning the magnitude of the sweeping field. A low sweeping field is required 
so as to prevent injected carriers being swept out of the filament through the 
end contact. On the other hand, a high field is necessary in order to minimize 
the relative importance of longitudinal diffusion effects and to prevent any large 
accumulation of injected carriers under the emitter contact. In the present 
system it is difficult to estimate the minimum field necessary to satisfy these 
conditions. In the present experiments, therefore, the sweeping field was kept 
as high as possible, subject to the condition that the fraction of the injected 
carriers swept out of the filament never exceeded 2°%. Measurements carried 
out at constant emitter current showed that the observed value of y, increases 
with increasing sweeping field. ‘This may have been due to an actual change in 
y, arising from an alteration in the conditions under the injecting contact. 
Alternatively, the change in the observed y, may have arisen because the above 
assumptions concerning longitudinal diffusion and accumulation of carriers under 
the contact were not completely satisfied. At lower sweeping fields this effect 
was important but under the conditions to which figures 2 and 3 refer the changes 
with field were very small. 

Figures 2 and 3 show that y, increases with increasing emitter current for low 
currents, reaches a maximum at a current of the order of 1 ma, and then decreases 
with increasing emitter current. ‘The latter part of this variation, i.e. the decrease 
of y, with increasing current, has been discussed by Banbury and Houghton 
(1954). The present results in this current range are consistent with the measure- 
ments reported by these authors. This variation is attributed to changes in the 
local hole concentration under the injecting contact. ‘The mechanism of the 
increase of y, with current at low emitter currents is not yet understood. It may 
be associated with conduction processes in the inversion layer (‘channel’). 
Those holes taking part in surface conduction which survive recombination 
may subsequently be injected into the bulk of the specimen. _ If this is the case, 


+ The analysis of the filamentary transistor has been given by Shockley, Pearson andi 
Haynes (1949). The quantity a, is the current gain of the resistor network which would 
be obtained if there were no transistor action. 
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the present results would indicate that recombination is appreciable for very small 
emitter currents and that delayed injection becomes increasingly important as 
the emitter currentisincreased. y, would thus increase until the process discussed 
by Banbury and Houghton becomes significant. The variation of y, at low 
emitter currents is in the wrong direction to be accounted for by a breakdown of 
the above assumptions involving the magnitude of the sweeping field. 
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Measurements of the Sound from Circular Cylinders in an Air Stream 
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Fluid Motion Laboratory, University of Manchester 


Communicated by P. R. Owen; MS. received 19th July 1954 and in amended form 
9th March 1955 


Abstract. The frequency and intensity of the sound produced by flow past 
circular cylinders was investigated experimentally in the range of Reynolds number 
in which a periodic shedding of vortices occurs. The cylinders were placed in a 
wind tunnel or on a whirling device. 

The sound resulting from the production of a vortex street was found to 
possess a dipole field which consisted of a predominant fundamental frequency 
accompanied by harmonics. ‘The investigation was confined to the examination 
of the intensity and frequency of the fundamental. When this frequency was 
expressed as a Strouhal number Nd/U agreement was obtained between the 
acoustic frequency and that found, by other workers, in the wake itself. The 
sound intensity was found to vary with Reynolds number in a similar way to the 
pressure coefficient at the rear of the cylinder. 


§ 1. INTRODUCTION 


HE acoustical phenomena accompanying the flow of a gas but not involving 

vibration of solid bodies or cavity resonance may be termed aerodynamic 

sound. Whether this sound isa pure tone, or has the continuous frequency 
spectrum characteristic of noise, depends upon the Reynolds number of the flow. 
Three ranges of Reynolds number may be defined for the flow of a gas past rigid 
bodies. At Reynolds numbers between 50 and 10° the periodic shedding of 
vortices takes place; the Karman vortex street is the notable phenomenon of 
the lower part of this range. At Reynolds numbers below 50 no vortices are shed, 
and at Reynolds numbers greater than 10° the periodic characteristics of the flow 
are replaced by the random fluctuations of turbulence. Flow in the intermediate 
range of Reynolds number can give rise to pure tones, such as aeolian tones, 
jet tones, and edge tones. ‘These may conveniently be termed ‘aerodynamic 
tones’. Aeolian tones, the first to be investigated (Strouhal 1878), are the 
acoustical concomitants of the shedding of vortices behind a bluff obstacle in a 
fluid stream. 

Sound of an essentially pure tone character is radiated from the flow of air 
past a circular cylinder in the range of Reynolds number from 50 up to at least 
3 x 104. The Karman vortex street is only formed at the lower Reynolds numbers 
of this range. It follows that the pressure fluctuations responsible for the sound 
are situated close to the cylinder and are associated with the production and break- 
ing away of vortices. In the theory of the-aerodynamic production of sound 
Lighthill (1952) shows that the fluctuating forces of an air flow ona rigid body 
may be expected to possess an associated dipole radiation field. ‘The experiments 
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described in this paper have shown that this interpretation of the production of 
sound is correct. It is demonstrated that the sound is not produced by cylinder 
vibration. The radiation is found to possess a dipole field of an essentially pure 
tone character; the harmonics present are considerably less intense than the 
fundamental frequency. Measurements were made of the sound produced when 
the cylinders were placed in a wind tunnel, and when they were moved through 
the air on a whirling device similar to that used by Strouhal and later workers 
( Relf 1921); 

Much effort has been devoted, in the past, to the determination of the frequency 
of aeolian tones and the frequency of vortex shedding. Relf (1921) showed that 
the acoustic frequency was the same as that of vortex shedding (from one side 
of the cylinder) and then only in the range of Reynolds number from 100 to 500. 
It has been usual to express the frequency in terms of Strouhal number(Nd/U)and 
to investigate the variation of this with Reynolds number. ‘The work prior to. 
1937 is summarized graphically in this manner by Lehnert (1937). The thirteen 
different curves of various experimenters show a considerable amount of scatter. 
The three most recent determinations of vortex-shedding or wake frequency by 
Lehnert (1937), Kovasznay (1949), and Roshko (1953) are in very good agreement. 
The author’s acoustic determinations are in agreement with these in the range of 
Reynolds number from 300 to 10,000. 

The sound intensity / measured in the plane perpendicularly bisecting the 
cylinder axis (the ‘ central plane ’) was found to obey the relation 


ee Se, 
if er ie Cos*tf (i). 0 eee (1) 
where p* is the mean square sound pressure, py the density of air, a, the velocity 
of sound in air, U the velocity of the cylinder relative to air, / the cylinder length, 
r the distance from the midpoint of the cylinder to the point of observation, and 
R= Udj/v Reynolds number. v is the kinematic viscosity of air. 

The variation of intensity with Reynolds number is very similar to that of 
the pressure coefficient measured at the rear of a cylinder. Equation (1) is not 
what is produced by simple theory. ‘The reason for this is thought to be the com- 
plicating effect of a spanwise periodicity which is found in the vortex shedding. 
The intensity of the sound radiated from whirled cylinders was investigated by 
Holle (1938); his results are compared with those of the author. 


§ 2. APPARATUS AND PROCEDURE 


Measurements have been made with the cylinders in a low turbulence wind. 
tunnel (Collis 1952) and on a ‘ whirler’ which moved them on a circular path 
perpendicular to their axes. The whirler axle and the radial arms supporting the 
cylinders were made of 3 in. diameter steel rod. The driving motor had a constant 
speed of 25 revolutions per second. The velocity of the cylinder in the whirler 
was varied by altering the distance of the cylinders from the axle. Two cylinders. 
were used, one at each end of the radial arms. The microphone was placed in 
the central plane. In the wind tunnel measurements, twenty cylinders were 
spaced 2°5 cm apart in a plane across the 50 cm square working section of the 
tunnel. ‘The cylinders were 30cm long and were supported between 4 in. 
diameter cylinders which spanned the tunnel. The microphone was placed 
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by the side of this grid and about 3 cm downstream of the line perpendicularly 
bisecting the cylinders in the plane of the grid. At this section the tunnel is open 
to the atmosphere for a distance of about 6 cm. 

The wind tunnel was calibrated by measuring the air velocity in the position 
of one of the cylinders, the other 19 remaining in position. In the whirler measure- 
ments uncertainty arises from the unknown effect of the cylinder moving into the 
wake of the preceding cylinder. The distance the wake moves outwards depends 
upon draughts and is therefore not constant. It was assumed, therefore, that the 
absolute speed of the cylinder was that due to rotation at 25 cycles per second 
(correct to 2 or 3%) and that the air was stationary. Comparison with the 
Strouhal number Nd U determined from the wind tunnel measurements served 
to correct the velocity to the true value. This method has the effect of transferring 
errors in frequency, the magnitude of which can be seen from the scatter of the 
points in figure 3, to errors in velocity. 

The microphone used was an electromagnetic one (S.T.C. 4021 E). The 
signal from this was amplified, passed through one of twenty-seven 4-octave filters, 
and after further amplification the level was measured with a square law device 
(vacuo-junction and galvanometer). In all cases, after the signal had been 
measured with the cylinders in place, the measurement was repeated with all 
conditions identical except that the cylinders were removed. The sound radiated 
by the cylinders was then calculated and plotted as a function of frequency 
(see figure 2). The 27 filters possess charcteristics of nearly identical shape; 
the curve upon which the observations are expected to lie if the signal is a pure 
tone of frequency N is therefore the mirror image of the filter characteristics and 
has its maximum at this frequency. The fundamental frequency and the signal 
intensity were determined by fitting a curve of this shape to the observations. 

It will be shown that the sound field in the central plane of the cylinder can 
be represented (at large distances) by (A cos?@)/r?, where 6 is the angle which 
y makes to the direction of U. In the whirler experiments @ and r are functions 
of time, and it may be shown that 


dat 
(F = ‘) =A coste. (=) Se a re (2) 


where the bars denote means with respect totime. ‘The left-hand side of equation 
(2) is measured in the experiments and thus the effective distance is the harmonic 
mean of v2. Intensities measured in the wind tunnel experiments are not included 
in this paper because of the difficulty of reduction of results mainly due to the 
sources of sound being enclosed in the wind tunnel. 


§ 3. DIRECTIONAL PATTERN OF THE SOUND FIELD 


By plotting the directional distribution of the intensity of the sound emitted 
in the central plane from the flow round a cylinder it was found that the field was 
predominantly dipole in character. The directional characteristics were deter- 
mined from photographs of the cathode-ray oscillograms of the microphone signal 
when only one cylinder was revolved on the whirler. One directional pattern is 
shown in figure 1, where it is compared with curves proportional to cos?@. One 
lobe of the dipole is divided into two because of the shadow cast by the axle of the 


whirler. 
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The intensity possesses large and irregular fluctuations of longer time scale 
than the period of vortex shedding. ‘his is in evidence in figure 1 where the 
two lobes on the same side are of widely differing magnitude. ‘These fluctuations 
were also present in the wind tunnel measurements. The signal from a hot wire 
anemometer placed in the wake close behind the cylinder also showed similar 
fluctuations except at the lowest Reynolds numbers. 


=e : 1 Direction of 
motion 


a ae Dipales 
Wei fo Measured intensity 


Figure 1. Directional pattern of the sound field. 


§ 4. FREQUENCY DETERMINATION 


It is important to explore the whole frequency range for it is not expected that 
the sound produced by the wake of a circular cylinder will be at a single frequency. 
The sound was found to consist of a predominant fundamental and some har- 
monics. In all cases the harmonics were considerably less intense than the 
fundamental, so much so that the definite existence of only the third harmonic 
can be deduced from the measurements. 


Logig P? 


Frequency (kc/s) 


Figure 2. Sound spectrum. 


Figure 2 shows one set of experimental results. The full line indicates where 
experimental points would be expected to lie if the signal was a pure tone of the 
intensity and frequency indicated. 'This curve is adjusted to give the best fit 
for points near the fundamental frequency. The presence of harmonics is indicated 
by the fact that observations lie above the curve at the high frequency end. Many 
sets of harmonics could obviously be fitted to these points. One way in which 
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this might be done is shown in the figures by dashed lines. The harmonic content 
has not been investigated in detail. The remainder of the work concerns only 
the fundamental frequency and, in the whirler experiment, the intensity of this 
sound. 
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Figure 3. Non-dimensional sound frequency compared with wake frequency. 


The dependence of frequency upon the various parameters is best portrayed 
by computing the Strouhal number S= Nd/U and plotting this as a function of 
Reynolds number. ‘This is done in figure 3 where the Strouhal numbers deter- 
mined from the wind tunnel measurements are compared with the latest deter- 
minations of the Strouhal number based on frequency determined within the 
wake. Itis seen that good agreement is obtained, thus extending the confirmation 
by Relf (1921) at low Reynolds numbers of the equality of the acoustic and wake 
frequencies. 


§ 5. INTENSITY DETERMINATIONS 


The experimental determination of the law relating the mean square sound 
pressure p2 to the various parameters of the problem is best approached from a 
dimensional consideration. ‘The sound pressure can be expressed as a function 
of all the variables upon which it may be expected to depend, thus 


p?=a(n, br, d, U, v, po, 4), 

where n is the number of cylinders used, d is the cylinder diameter; in these 
experiments, the last three parameters are essentially constant. ‘The intensity 
is independent of the elastic constants of the cylinder since it was found that 
cylinder vibration played no essential part in the production of sound; thus 
experiments with the small diameter cylinders slack and taut produced no 
significant difference in intensity. Also, intensity from a vibrating cylinder 
depends upon the square of cylinder density (Morse 1948), but when experi- 
ments were performed in which only the cylinder density was altered the 
measured intensity remained unaltered. Cylinders of steel (density 7:8 gcm~*) 
and aluminium (density 2-8 g cm?) as well as ones of hollow brass were used. 

The distance r from the cylinder to the point of observation undergoes a 
cyclic variation and its effective value depends upon the way in which p2 varies 
withr. To start with, therefore, it was assumed that p2 0c 1/r?. Experiment showed 
{see figure 4) that p2oc/?/r? for the observations made at the larger values of 
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the effective distance 7. Retaining only those observations for which p oc P/r? 
it was found that the mean square sound pressure was proportional to U* 
(figure 5) and to a function of Reynolds number which has the form of the curve in 
figure 6. It was assumed that p2 was proportional to the number of cylinders 
(n=2) used in the experiments. We may thus write 


2 . 
p= ns U4 f(R) g, (v, po, M) When r>1 (approximately) 
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Sound intensity as a function of cylinder velocity. 
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which may be written in the form 
ee ee 
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and as the left-hand side is non-dimensional g. must be non-dimensional, and 
must therefore be a numeric as no non-dimensional combination of v, py and a, 


exists. Any measurements (in the range of r where p2oc/?/r?) may therefore be 
reduced toa universal function of Reynolds number by constructing the expression 


re Pe 
p= PPRTOLE 4 (0.4 See ee ace (3) 
which is plotted (with = 2) in figure 6. 
Measurements close to the whirler showed that p2ocl/r where is the effective 
distance determined from the harmonic mean of 1/r.+ The value of p2* deter- 
mined from these measurements agreed well with the curve in figure 6, which was 


determined only from equation (3). 


§ 6. DiscussION OF RESULTS 


It has been found that at large distances from a cylinder in a flow of velocity 
U relative to the cylinder the sound intensity is given by 


j= , cos? 6 f(R). aes 


The pendulation of the wake behind the cylinder is accompanied by a periodic 
force on the cylinder which from Lighthill’s theory (1952) is expected to produce 
a dipole field. The intensity produced in the central plane can be calculated 
from equation (12) of Lighthill’s paper. The fluctuating lift force on the cylinder 
is the only one of the same frequency as the sound. By considering the cylinder 
as a line dipole and assuming that the fluctuating lift is in phase along the length 
of the cylinder we obtain for the intensity in the central plane, 


I= ae Bean) EE) a nl, ws on gree (4) 


+ This effective distance was not significantly different from that determined from the 
harmonic mean of 1/7?. 
Zi 2 
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where it has been assumed that the frequency is given by Roshko’s experimental 
relation (1953) we U ‘ ID 

It is seen that there is a discrepancy between the relation (4) and that determined 
experimentally. It appears most likely that this discrepancy is due to the fact 
that vortices are not shed in phase along the length of the cylinder. A spanwise 
periodicity in the shedding of vortices was in fact discovered by Roshko (1953). 
Roshko’s experiments were repeated in a low turbulence wind tunnel, using 
hot wire anemometers and the existence of a spanwise periodicity was confirmed, 
but the data recorded were not sufficient to formulate an empirical relation between 
the periodicity and the length and velocity scales of the flow and it was, there- 
fore, not possible to resolve the discrepancy between equation (1) and 
equation (4). 

Holle (1938) investigated the dependence of sound intensity upon the velocity 
for various values of cylinder diameter. He found no systematic dependence 
upon diameter except at high velocities (U >30 msec 1) where the intensity was 
found to be roughly proportional to d. For these high velocities is given the 


empirical relation U7dl 
: T=5: x1 0% pe eres séer-cur 


where D is the distance from the point of observation to the whirler axle, and the 
parameters in the equation areinc.g.s. units. A graph showing the relation between 
I and /is well represented by Joc/?. When Holle’s results are reduced to the non- 
dimensional sound pressure p2* (assuming that equation (1) is obeyed) the 
results agree with the curve of figure 6. 

The way in which the sound intensity varies with Reynolds number is corre- 
lated with the experimental results of other workers. In figure 6 the pressure 
coefhicient computed by ‘Thom (1928) from the pressure measured at the rear of 
a cylinder is compared with the variation in non-dimensional sound intensity. 
The pressure coefficient is seen to possess a similar variation with Reynolds 
number as does the sound intensity. Kovasznay (1949) and Roshko (1953) both 
found that at Reynolds numbers below 150 the vortex street was stable and 
regular and no turbulence was present in any of the vortices. At higher Reynolds 
numbers instability and irregularities occurred in the street. Roshko defines 
an ‘irregular range’ of vortices for Reynolds numbers between 150 and 300. 
In this range bursts of turbulence were observed by Roshko at a point six diameters 
behind the cylinder. It appears that between these Reynolds numbers a transition 
occurred: the vortices changed from all laminar to all turbulent. It is possible 
that there is a connection between Roshko’s irregular range and the range of 
Reynolds numbers between about 300 and 1000 where some sort of transition 
appears to occurin the soundintensity. Roshko expresses the opinion that changes 
in main stream turbulence may be expected to change the position of the irregular 
range. 

The frequency of vortex shedding from one side of the cylinder and the 
acoustic frequency have been found to be equal. The results given in the paper 
extend the range of Reynolds number over which Relf found this to be true. 
Fluctuations in the drag force which have the frequency of the second harmonic 
are known to be smaller than the fluctuations in lift and would therefore be 
expected to produce a dipole field of smaller intensity. 
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Abstract. The author’s vibrating plate method of forming powder ridges on a 
flat surface has now been used to study the phenomenon with graded powders 
of different densities and at different frequencies and intensities of vibration of 
the sound field. It is found that the distances between the ridges increase roughly 
as the square root of the particle diameters, a result which is in agreement with 
Bagnold’s observations with powders under oscillating water, but needs still to 
be taken into account of in connection with Kundt powder ridges. ‘ Granular j 
ridges, one particle wide, are nearer together than powder ridges, the spacings of 
which increase with the amount of powder which is present. Much larger intensi- 
ties are required to move dense powders than light powders ; the resulting spacings 
are, however, approximately the same. ‘The variables which have most influence 
on the spacing are the diameters of the grains and the frequency of the vibration, 
not the intensity. "These matters are discussed in relation to the phenomenon of 
‘wavy’ ridges. Experiments in which larger objects, as well as powders, are 
introduced into the field are also described. 


§ 1. INTRODUCTION 


HESE experimental studies were undertaken with the purpose of arriving 
at some conclusions regarding the many variables which affect the formation 
of powder ridges in a sound field. 

In the experiments a new technique described by the author (Waller 1954 b) 
has been used. A circular plate is supported a few millimetres above a horizontal 
surface on which the powder is scattered uniformly. When the plate is set into 
vibration, by striking it with a suitable hammer, in the mode in which a single 
nodal circle is formed, the air in the gap will vibrate radially ; when the centre of 
the plate is moving downwards and the periphery upwards, air will be forced 
outwards and during the other half-cycle, air will move inwards. Thus the 
frequency of the air vibration will be equal to that of the plate. At suitable intensi- 
ties circular powder ridges will be formed as shown, for example, in figure 7, 
where the three studs which support the plate at the nodal circle are also visible. 
The mean distance between ridges is estimated from measurements made on the 
main surface of the plate (not too near the centre or the periphery). Asin Kundt’s 
tube, too great an intensity causes large movements and accumulations of powder 
and such intensities have been avoided. It has been assumed that the radial field 
in the narrow air-gap is dominant, and that any effects of general circulations 
(Faraday 1831, Rayleigh 1884) are negligible. 

It was soon realized that the quantity of powder used, as well as its grade, 
influenced the spacing of the ridges and that these might be divided into three 
types: (i) granular ridges which are one particle wide, obtained only when the 
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powder is used sparingly (e.g. figure 9)}, (ii) powder ridges (e.g. figure 7), which 
become thicker and further apart as the amount of powder present increases, 
(ui) so-called * ripple marks’, formed on whole beds of the powder. 

The present studies are restricted to granular and powder ridges; ripple 
marks, which are also affected by the thickness of the powder bed have not, as 
yet, been investigated in any detail. 

Andrade (1931, 1932) has shown that the occurrence of Kundt powder 
ridges depends upon the presence of aerial vortices. In his theory these leave a 
ridge on either side, parallel to the vibration vector, returning from above; the 
distance between two ridges is determined by the two vortices just meeting. 

But even about one fixed object in an oscillating field, the sizes, shapes, 
strengths and senses of the circulating currents are variable and sometimes com- 
plex, cf. Carriére (1929), Andrade (1931, 1932), Skogen (1952), Andres and Ingard 
(1953). While ridges are being formed, numerous particles are set into movement, 
and since gravitational forces are now also operative, the situation is one of great 
complexity. Thus Darwin (1883) illustrated complicated systems of vortices in 
his paper on the formation of sand ripple-marks under oscillating water. Again, 
Bagnold (1946), working on a similar subject, has made a distinction between 
rolling-grain and vortex formative mechanisms. Bagnold has also reached 
conclusions, to be referred to later, concerning the important part which is played 
by the size of the particles. 

The present writer (using glass plates which are not as good vibrators as brass 
plates and show troublesome electrostatic effects with some powders) has observed 
that while light particles leave the surface and appear to rotate in the senses of 
Andrade’s vortices, denser particles do not leave the surface and appear to move 
to their equilibrium positions in a contrary direction. The ridges form almost 
instantaneously and this matter needs to be studied by stroboscopic methods. 

In view of the above facts it has seemed worth while to collect and grade many 
different powders and to examine the behaviour of grains of various sizes, shapes 
and densities in the sound field, this being a subject which has been strangely 
neglected in studies with Kundt’s tube. The possibility of sprinkling the powders 
either sparingly or in profusion upon the flat surface, and the further circumstance 
that adjustments to conditions of resonancy are not required, has made the carrying 
out of a rather arduous programme practicable. 


§ 2. PowpeErs, GRAINS AND IMMOVABLE OBJECTS IN A SOUND FIELD 
2.1. Grading and Classification of the Powders 


All heterogeneous powders were graded by passing them through a large 
number of sieves particulars of which are given at the top of table 1. 

The size of grain, third row, has been specified as a ‘ diameter ’ which, as ts 
very usual, has been defined in terms of the mean size of the two apertures which 
isolated the grade. Since, as illustrated in figure 11, elongated particles align 
themselves parallel to the ridge, this definition of size is more accurate than might 
at first sight be supposed. For it is the height and breadth, rather than the length 
of the particles, which determines the distance between the ridges. 

Powders, e.g. sand, the particles of which are hard and smooth and generally 
rounded, may be classified in terms of density’and grain diameter. But when the 


+ For figures 1-17 see Plates I and II and for index to figures see table 3. 
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particles are porous, of irregular shape and rough surfaced, a knowledge of the 
bulk specific gravity gives more information concerning the behaviour of a powder 
in moving air than the density of the solid matter. This was determined by 
weighing a given volume of the powder which was shaken down, but not pressed 
down, ina flat bottomed test-tube. Great accuracy is not required and since the 
shape of the particle is usually a characteristic of a given material it does not matter 
if the determination is made with a rather coarser or finer grade than the 40-60 
grade which was chosen when available. ‘The values, together with those of the 
corresponding specific gravities, are shown in table 1. To instance cork powder, 
the bulk specific gravity is only 0-07 as compared with the specific gravity of 
approximately 1*, for the powder, like all the seeds listed in table 2, just sank 
when shaken up in water, but floated in brine. 


Table 1. Selected graded Powders, air-gaps 5 mm, 867 c/s 
Mesh (holes per in.) 20 30 40 60 SON FLOOR 120 CO e200 ee 0 300 


Aperture (j1) 915 592 414 261 191 114 ~=100 80 73 65 54 
Mean diameter (j2) 750 500 340 220 170 130 100 80 70 60 
Powder ae ye Avproximate average distance between ridges (mm) 
1 0:07 ~1 46 45 3=4. 3 2°5 5 Ww 
3°8 3 
2 0:25 ~1 4 4-3 2°5 2:3 1:7 1:3 w 
3 
3 0:26 ~1 4 4-3 3 2°5 1:7 — — 
3 
4 0:5 ~1 3:4 3°2 2-6 2:2 2 1:5 w 
2:2 
5 0-6 1-4 3°5 3 Dif 2, 1:8 1:6 Ww 
2:5 
6 0:8 1-3 3°3 3 8 2-4 1:4 2:7 1-1 1-1 w Ww 
3 
a 1:3 2:2 — 2:7 2:2 2:1 2-1 2 1°8 1°3 w 
8 1:4 2:6 3-2 3 2:7 2:2 1°8 1:6 1-4 1-4 1-2 Ww 
9 1:7 2:6 3:3 3 2:7 2 — =o 2S 
10 2-1 8:5 3-7 3 2:5 2:2 1:8 1°5 1-1 w 
ial 5-0 11 — 2:7 Dew, 2:3 2, 1-6 1°8 w 
> 


1 Cork, 2 Sawdust, 3 Tobacco ash, 4 Wood charcoal, 5 Coal, 6 Plastic spheres (diakon), 
7 Table salt, 8 Sand, 9 Glass spheres, 10 Brass, 11 Lead. 


w, wavy ridges (§ 2.7). 


2.2. Effects of Size of Particle and Quantity of Powder on the Spacing. Bulk 
Specific Gravity and Intensity 

The outstanding feature of experiments with graded powders is that, as 
illustrated in figure 1, for 14-18 grade sugar, coarse powders form widely separated 
ridges, while with finer material, see the 120-160 sand of figure 2, the ridges are 
much nearer together. Changes of density affect the spacing very little, as can 
be appreciated from the columns of table 1. It is, however, noteworthy that much 
larger intensities are needed to form ridges with dense material than with light 
material such as cork. ‘The vertical movements of light materials are also much 


Ie : : wide , 
r he specific gravity of ‘cork ’ is given as ~0-25 in tables of constants and this value 
1s sometimes to be found in theoretical work on moving powders. 
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greater; thus cork ridges have been recognized in air-gaps 50 mm wide, but 
sand ridges have not been detected beyond 10 mm. 

Further data concerning the relation between the distances between ridges 
and the mean diameters of the grains are given in the two tables. The most reliable 
measurements are those derived from granular, or at any rate thin, ridges. The 
first three powders of table | are so light that they are easily moved into thicker, 
and therefore more widely, spaced ridges. This explains why the numbers in 
the early rows of the table are less constant then in the remaining rows. 

Figure 18 was constructed from the results given in table 1 and table 2 (last 
column). It shows that over a large range of diameters, the ridge spacing varies 
roughly as the square root of the particle diameter. This conclusion is the same 
as Bagnold’s (1946), and it is evident, therefore, that grain diameter is of funda- 
mental importance in all powder ridge- phenomena. Bagnold also concluded 
that as regards the repetition distances of his powder ripples under oscillating 
water, changes of density had but little influence (see also the remarks by Waller 
(1954 a) concerning Kundt’s (1866 a) powder Rippen). 


GY ~<— Lower limit at 867 c/s 


Distance between Ridges (mm) 


10 20 : 30 
[Diameter (x)]” 


Figure 18. 


2.3. Ratio of Ridge Spacing to Particle Diameter 


Since the separation between adjacent ridges varies approximately as the 
square root of the particle diameter, it follows that the ratio of the separation to 
the particle diameter increases as the particle diameter decreases. ‘hus in figure 
9 (x3) the ratio is approximately 3 as compared with approximately 8 for the 
smaller particles of figure 10 (x 16). (A table of ratios may be easily constructed 
from table 1.) The vortices, which we may imagine present, presumably assume 
different shapes and relative sizes according to the diameters of the particles which 
initiate them, and the present results are therefore not without interest in con- 
nection with the many observations which are now being made of vortices around 
fixed objects in oscillating fields. References to some of these were given in § 1 
and it may be noted that the senses of Andrade’s vortices are reversed as compared 
with those of Carriére, that Andres and Ingard illustrate very different vortices 
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at high and low values of Reynolds number respectively, and that in Skogen’s 
figures inner vortices have the same senses as those of Carriere, while the senses 
of the outer vortices are those of Andrade (cf. also the senses of the vortices on 
one side of a fixed obstacle, at zero frequency, e.g. Prandtl (1952 chap. 3)). 


2.4. Alignment of Different Shaped Particles 
(a) Shape of particle, as is evident from tables 1 and 2 in which spheres, cubes 
cylinders, ellipsoids and generally elongated grains and particles of irregular 
shape are represented, does not have any noticeable effect upon the distances 
between the ridges. 


Table 2. Larger Grains of Various Shapes, air-gap 5 mm, 867 c/s 


; Approximate Length Diameter Mean. distance 
Grain iettee ak (mm) Grade between ridges 
(mm) 
Spaghetti Cylindrical + 2 12 
"Turnip seed Spheroidal 1-4 13 18-20 4°7 
Lettuce seed Elongated, flat 4 D 18-20 4-5 
* Hundreds and thousands’ Spherical 13 13 18-20 4-2 
(Figure 9) 
Celery seed Ellipsoidal 1:3 0-6 20-20 4-2 
Virginia Stock seed Ellipsoidal ies) 0-6 20-30 3 
(Figure 11) 
Sago cereal Spherical (oil 1:1 20-30 3°33 
Timothy grass seed Ellipsoidal 1:8 0-8 30-40 322 
Poppy seed Elongated 0-9 0-6 30-40 3 


(b) The particles, in so far as they are not affected by their neighbours align 
themselves as follows: (i) Flat particles stand with the main surface at right 
angles to the vibration vector. Examples are graded soot, sawdust, tobacco ash, 
kitchen salt, pith and cork powder prepared by grinding (cf. Rayleigh’s disc, 
vertical Rippen in air (Kundt 1866 b) and in water (Kundt and Leymann 1874), 
and Andrade’s pith-ball walls (1932, figures 21-25). Buoyancy and gravity 
evidently affect these results and the appearance while the tube is sounding is 
not the same as that of the permanent ridges. (ii) Elongated particles, as noted 
in §2.1 for figure 11, lie with their lengths parallel to the ridges. Examples 
are wood-charcoal powder and the cylinders and seeds listed in table 2. (iii) Cubes 
also set themselves so that the moment of inertia is least parallel to the ridge, i.e. 
diagonally as in figure 10 which shows fairly perfect cubes of table salt. It will be 
noted that each grain is separate, a result which may be contrasted with the closely 
touching spheres of figure 9. 

(c) The well-known hydrodynamical ‘ attractions ’ and ‘ repulsions ’ between 
individual particles in a sound field may be conveniently studied with some of the 
elongated grains mentioned in table 2. For instance (i) A Timothy grass seed 
lying parallel to the vibration vector on the circle passing through a fixed stud 
(of figure 7) turned through a right angle so that the more pointed end touched the 
stud. (11) One seed lying on the radius through the stud and touching it was 
usually repelled from it and assumed a transverse position. (iii) Two seeds 
touching in the radial position (not near a stud) assumed transverse directions 
end to end. ‘This may be regarded as one ridge two particles long. (iv) Two 
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cylinders placed radially end to end rotated and moved away from each other to 
form the equivalent of two ridges, one particle long. (v) When two cylinders were 
placed transversely and touching they were usually ‘ repelled ’ to the same final 
positionsas in (iv) ; an alternative result (with seeds) was that the particles remained 
unmoved, so forming one ridge two particles wide and one particle long. These 
few observations might well be followed up using, for example, cylinders cut from 
different gauge wires of various materials, placed on a polished surface to reduce 
the friction. Incidentally, cylinders do not roll about so easily as spheres and are 
more convenient for experiment. ° It is important (see § 2.3 above) to experiment 
with different diameters and it may be noted that in Cook’s (1902, 1903) paper the 
conclusions reached regarding the forces were made with spheres of diameter 
0-2 mm while those of Andrade (1932, § 5) were made with cylinders of diameter 
1-5 mm. ; 


2.5. Immovable Objects 


It will have been noticed that the studs (see figure 7) affect the powder ridges 
in a way which reminds one of the behaviour of iron filings near a magnet. A few 
further observations, in which immovable objects have been introduced into the 
sound field together with a powder, are shown in figures 12 to 17. The absence 
of powder on either side of the thin ring in figure 16 is suggestive of large vortices ; 
the ring was 7 mm high as compared with the 8 mm air-gap. The ring does not 
appear to act in any way as a screen and the ridge spacings (dried bread crumbs) 
outside it and inside, are comparable. The disposition of the sand around a cube 
placed in the ‘ stable’ position of figure 12, or alternatively in the ‘ unstable ’ 
position of figure 13, may also be considered in relation to the formation of 
vortices around these fixed objects, and to the ridges of cubic grains in figure 10. 
Similarly figure 15, which includes four cylinders standing on end, may be 
compared with the chains of spheres in figure 9. A bar placed radially (not shown) 
has little effect; cf. figure 17 where two bars lie at right angles to the vibration 
vector, and figure 14 where a bar lies at 45° to the field. Later observations made 
with a bar, short enough for both its ends to be in the same field, show that, in 
this latter position, the powder patterns are the sameat bothends; ridges converge 
towards the corners pointing in their direction, and powder is removed at two 
‘corresponding places near the corners pointing along the radius vector. 

Special attention may be given to figure 8 where the quasi-movable cylinders 
are playing the double role of forming widely spaced ridges which can be seen to 
converge towards the fixed stud at the top, and of acting as ‘ obstacles ’ to the much 
more nearly spaced sand ridges, which in their turn can be observed to converge 
on the ends of the cylinders. 


2.6. Minor Ridges 


The occurrence of two numbers in one column of table 1 indicates that, as 
in figure 5, minor ridges were present between two major ridges. Such ridges 
occur sometimes in Kundt’s tube, and Andrade (1932, § 10-7 and figure 2) has 
concluded that ‘‘ when the particles are not of uniform size, intermediate ridges 
tend to be formed by the lighter particles, which are swept by the air vortices to a 
position between the main ridges. With uniform spherical particles made of wax, 
no intermediate ridges can be formed”. ‘The following observations, however, 
suggest, that the smaller particles constituting the minor ridges form their own 
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independent vortices. (i) When a minor ridge is present the spacing appropriate 
to a given grade of powder is increased (cf. the sequence of numbers in the earlier 
rows of table 1 for the 220, 170 and 130 diameter particles). (ii) When 
sufficient powder is present, even uniform spheres may produce minor ridges as 
in the case of the 170 diakon spheres mentioned in table 1 (these, being trans- 
parent, did not yield clear photographs). (iii) A powder of high density, which 
it is believed does not leave the surface, sometimes forms minor ridges (see the 
100. lead powder, table 1). (iv) An artificial mixture of two widely separated 
grades of powder may form major and minor ridges as illustrated in figure 6. 
(v) More than one minor ridge can exist between major ridges. ‘This was observed, 
for instance, with cork powder at 120 c/s. Figure 8 provides an extreme example 
of this possibility. 

For all these reasons it has been concluded, that if vortices are responsible 
for main ridges, vortices, of appropriately smaller size, are also responsible for 
minor ridges. 


2.7. Lower Limit of Diameter at a Given Frequency. Waviness 

With the finest powders included in table 1 it became impossible at the given. 
frequency, to obtain straight closely spaced ridges like those shown for 100 » sand 
in figure 2. The 70 sand gave less definite results, see figure 3, while the 544 
sand ridges (not shown) were wavy and further apart than in the preceding grade. 
With the still smaller 20 4. lycopodium spores the ridges were sinusoidal in character 
and widely spaced. ‘Those obtained at a rather higher frequency of 1330 c/s are 
illustrated in figure 4. ‘This new phenomenon, denoted by w in the table, appears 
not to depend upon density, and it disappears in favour of straight closely spaced 
ridges, provided the frequency is sufficiently raised. ‘Thus, the mean ‘ crest to 
crest ’ distances ina ridge, at 617, 867 and 1330 c/s, were of the order 8, 5 and 4 mm 
respectively, the corresponding spacings being roughly 5, 4 and 2-5 mm. The: 
present technique is not well adapted for high frequencies but it was evident that 
at 2900 c/s the lycopodium striations were already nearly straight, thin and very 
close together. 

These results are important since they show that at a given frequency there is. 
a lower limit of diameter below which the usual ridge phenomenon does not occur. 
Diameter and frequency must, to some extent ‘ fit’ and the occurrence of very 
finely spaced ridges is dependent on both small diameter and high frequency. 


§ 3. EXTERNAL CONDITIONS 


So far, we have been interested in keeping the external conditions as constant 
as possible while studying the behaviour of different powders and grains. It 
now remains to describe experiments in which the intensity and frequency of 
vibration were altered while the powder remained the same. This subject has 
received special attention in connection with Kundt ridges for which, according 
to Andrade (1932, § 4), “‘ the amplitude has been cited as the criterion, since it is 
open to direct observation, but general considerations of the hydrodynamics of 
viscous motion would suggest that it is the velocity of the air past the particles, 
possibly the acceleration, that constitutes the criterion”. Since the velocity 
varies directly as the amplitude and the frequency, it follows that an increase in 
either intensity or frequency should increase the spacing. 
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3.1. Changes of Intensity. Comparison with Kundt Ridges 

All observers are agreed that within the restricted range of intensities which 
produce good ridges, the spacing increases with the intensity. But in the writer’s 
experience the ratio of maximum to minimum spacing never exceeds two or 
possibly three. This conclusion was confirmed by observations in which the 
intensity was increased by using narrower air-gaps. Having studied all the 
published figures on the subject, especially those of Kundt (1866), Irons (1929) 
and Andrade (1932), the writer suggests that this is also true of Kundt powder 
ridges and that formulae which give the variation in spacing between antinode and 
node do not accord with the experimental facts. 


3.2. Changes of Vibration Frequency 

An increase of frequency invariably reduces the spacing of the ridges. Thus, 
in one experiment using 220% sand, frequencies of 440, 617, 867 and 1330 c/s 
obtained with plates of equal area and increasing thicknesses) resulted in distances 
between the ridges of 4-5, 3, 2-2 and 1-5 mm respectively. With a larger plate 
vibrating at 120c s, cork ridges were observed which were as muchas 15 mm apart! 
Admittedly the amplitudes (like those of the diaphragm in Kundt’s tube) decrease 
with increasing frequency, but, since intensity effects alone can only alter the 
spacing by a factor of two or three, this cannot wholly account for the above 
much larger variations in the spacing. 


Table 3. Index to Figures 1-17 


Figure Subject References 
1 Granular, 14-18 grade (1100,), ridges (sugar) MP 
2 Powder, 120-160 (100,), ridges (sand) DD Desi} 
3 Powder, 200-240 (70), ridges (sand) Da 
4 Wavy ridges (lycopodium spores, 20) Di 
5 Major and minor powder ridges 2.6 
6 Major and minor granular ridges 2.6 
7 Illustrating the new technique (sand) 1 
8 Cylinders (spaghetti) in a double role 2.5, 2.6; table 2 
9 Granular ridges, spheres (hundreds 2.4 (bii) ; table 2 
and thousands) 
10 Granular ridges, cubes (table salt) 2.4 (bi); table 1 
11 Granular ridges ellipsoids (Virginia 
stock seed) 2.4 (bii) ; table 2 
12-17 Immovable objects (effects on ridges DES 


suggest presence of vortices) 


3.3. Distinction between Intensity and Frequency Effects 


From the last two paragraphs it appears that frequency effects are larger than, 
and to be distinguished from, intensity effects. Realizing that the frequency, as 
well as affecting the relative velocity, also governs the time which the viscous fluid 
is moving in the same direction, this is not to be wondered at. ‘Thus, while the 
spacing of the ridges can be considerably increased by using larger intensities, 
wide spacing is essentially associated with larger particle diameters and lower 
frequencies. On the other hand, see again § 2.7 where ‘ waviness’ was discussed ; 
close spacing is obtainable only at high frequencies and with appropriately smaller 
particles. At zero frequency, it may be worth noting, see Prandtl (1952, figure 
3.22), the size of air circulations may assume enormous proportions. The senses 
of these are similar to Carricre’s. 
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§ 4. CONCLUSIONS 


From the experimental observations which have been described above, and 
the knowledge of vortex formations derived from the work of previous investi- 
gators, the following conclusions have been reached: 

(i) Other conditions being constant, the distances between powder ridges 
increase roughly in proportion to the square root of the particle diameters. ‘The 
ratio of spacing to diameter accordingly increases as the particles become smaller 
which provides evidence of variable shaped vortices (§§ 2.2, 2.3, 2.5). 

(ii) ‘ Granular ’ ridges (one particle wide) are more closely spaced than powder 
ridges which become thicker and further apart as the quantity of powder is 
increased (§ 2.2). 

(iii) Elongated grains lie parallel to the ridge so that the specification of diameter 
in terms of sieve aperture is of considerable accuracy; height and breadth, not 
length, determine the spacing. Spheres touch in contrast to cubes which do 
not touch and set themselves diagonally. The main surface of flat particles is at 
right angles to the vibration vector (§ 2.4). 

(iv) Density does not affect the ridge spacing appreciably. But it requires 
much larger intensities to form ridges with dense than with light materials. The 
movements with a vertical component of dense particles are less than, and different 
from, those of light particles (§ 2.2). 

(v) At a given frequency, there is a lower limit of particle diameter below 
which straight ridges are no longer formed. ‘They are replaced by sinusoidal and 
more widely spaced ridges, which however, disappear in favour of the original 
phenomenon of straight and closely spaced striations when the frequency of 
vibration is sufficiently raised (§ 2.7). 

(vi) ‘To form ridges with a given powder, a minimum intensity is required. 
By raising the intensity, the corresponding spacing can only be increased by a 
factor of two or three before major accumulations of the powdered material begins. 
to take place (§ 3.1). 

(vii) Intensity effects are thus smaller than, and to be distinguished from, 
frequency effects. It follows that the two variables which are primarily responsible 
for the ridge spacing are the particle diameter and the frequency. Close spacing: 
is essentially associated with smaller diameters and higher frequencies (S§ 2.7, 
S00) 

(vii) Minor ridges form their own independent vortices (§ 2.6). 

(ix) A larger immovable object deflects the powder ridges in a manner which 
suggests the existence of vortices around it appropriate to its size. The powder 
patterns produced suggest a superficial analogy between hydrodynamic, and 
magnetic or electrostatic forces (§ 2.5). 

(x) Some of the conclusions reached throw light on the dust striations obtained 
with electric sparks, a subject which it is hoped to consider at a later date. For 
the furtherance of knowledge concerning grain-fluid phenomena, experiments. 
with graded powders and dusts in Kundt’s tube, at sonic and ultrasonic frequencies. 
are badly needed. 
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of Ionic Solutions 
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§ 1. INTRODUCTION 


HE presence of secondary structures in x-ray absorption spectra of ionic 
| solutions was questioned for the first time by Cauchois (1948), and no 
satisfactory explanation seems to have been offered as yet. For solids 
Kronig’s theory (1931) is found to fit in with the experimental facts, while for 
polyatomic gases another theory suggested by Kronig (1932) and developed by 
Petersen (1933) is found to hold good. In the case of an ionic solution, of simple 
salts (univalent, or divalent), no hypothesis has been advanced. In a solution, 
neither a crystal lattice nor the band system of a polyatomic molecule exists. 
The ions are supposed to be uniformly distributed in the solution and are in a 
state of Brownian movement. ‘The object of this note is to suggest a probable 
cause. 
§ 2. ‘THE IoNIc ATMOSPHERE AS A POTENTIAL WELL 
The situation can be easily cleared if one considers a molecule or an ion to be 
confined for a short time in a potential space on account of attraction on all sides 
which prevents the ion from escaping. Consider for example the case of K*ion 
in a solution of KCl in water. ‘This ion is surrounded on all sides by an ionic 
atmosphere of Cl ions as suggested by Debye and Hiickel (Taylor 1930). A 
photo-electron ejected by x-rays from a K+ ion will find itself shut in a three- 
dimensional potential well formed by the Cl ions. The energies of this electron 
are similar to that of a particle in a rectangular potential box. ‘The ejected electron 
will be repelled on all sides and the quantized energies of the electron are given by 
B=hen8mdt ee (1) 
where EF is the energy of the band, z is an integer, h is Planck’s constant, m the 
electronic mass and d the lattice constant. Due to spherical symmetry we have 
taken only one quantum number 7. For solutions of good strength, the radius 
of the ionic sphere is the sum of the ionic radii of the two ions and therefore 
d in solutions will not differ much from d in crystal. The positions of maxima 
and minima in solutions will not differ appreciably from the corresponding 
positions in solids. ‘The attached references show (Pauling 1929, Coiffari 1937, 
Ray Das and Bagchi 1940, Cauchois 1947, Setsuo Kiyono 1952, 1953) a collection 
of data for comparison. Intensity in case of solids is given (Smoluchowski 1935) 
By 
f=H|V 2-4 5 & eae (2) 
where H is a constant and V the potential. The corresponding equation for 
solutions can be written as 


f=H|Vip(P 0 (3) 
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where yy is the dielectric constant of the water molecule. ‘The intensity distribu- 
tion will thus depend on #. ‘This was observed by Vainshtein and Kavetskii 


(1953). 


Table 1. Comparison of Positions of the Structures in Solid and Solutions 
(Data in x.U.) 


Substance K-Edge White line Black line Minimum Maximum Observer 
(r.b.) (r.n.) 
Cl,Ni—Solid 1483-13 1482-37 1481-3 1479-7 1477-5 
Cl,Ni—Solution 1483-13 1482-21 1480-7 1479-3 1477-7 Cauchois 
5O,Ni—Solid 1482-95 1482-03 1480-9 1479-0 1472 7 (1947) 
SO,Ni—Solution 1482-98 1482-2 1480-9 1479-5 1477-8 
K-Edge A lo B B 
KHCO,—Solid 3426°5 3425-0 3424-5 3423-8 3420-6 | 
KHCO,;—Solution 3427:3 3425-9 3424-2 3421-8 3416-0 IXiyono 
K,FeCy,—Solid 3427-1 3425-7 3424-1 3420-6 S4T5-9° WF 71952 
K,FeCy,—Solution 3426-9 3425-9 3423-5 3422°5 3420-3 ( & ) 
K,FeCy,—Solid 3426°8 3425-0 3423°5 3422-4 3420-6 | \1953 
K,FeCy,—Solution 3427:2 3425-5 3424-0 3422°5 P4214 | 
K-Edge ay ky a Ry 
Co(NO3).—Solid 1604 1598 1594 1592 1585 | Ra 
Co(NO;).—Solution 1603 1597 1594 1590 1586 | ne 
Co(SO,)—Solid 1604 1598 1594 _— — | d 
Co(SO,)—Solution 1604 1599 1595 1598 1580) Whee a 
CoCl,—Solid 1603 1600 1596 1593 1590 | (1940) 
CoCl,—Solution 1603 _- — 1596 Loot i 
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LETTERS FO THE EDITGE 


The Temperatures attained at the Surfaces of Growing Deposits, and the 
Origin of Stress in Deposits 


Our recent electron diffraction and other results show that the temperatures 
attained at the surfaces of several types of deposits during their formation have 
hitherto been very much underestimated. We have found that under conditions 
normally used these may be several hundred degrees centigrade in deposits 
formed at about 15 to 300A thickness per second, on metallic or other substrates 
initially at room temperature, by (i) condensation from the vapour in a vacuum, 
(ii) electrodeposition, or (iii) anodic oxidation. Our evidence appears conclusive 
and is as follows. 

In condensed deposits of metals with high melting points, such as Cu, Ag, 
Au, Ni, Fe, Pd, in residual air at pressures of 10~° to 10-® mm Hg, the crystals 
first formed are small (<50 A diameter) but the crystal size at the surface increases 
as deposition proceeds, and preferred orientation develops, associated with facet 
formation, in the upper parts of deposits more than 500—1000A thick (Burgers 
and Dippel 1934, Evans and Wilman 1952). These observations all show the 
progressive large increase in mobility of the deposited atoms on the growing 
surface. ‘This can only mean that the temperature at the deposit surface has 
substantially risen. Although Murbach and Wilman’s (1953) substrate copper 
strips reached about 100° c and 150°c during deposition of Cu and Fe respectively 
under the conditions used, it is clear that the surface temperatures reached 
during deposition were much higher, higher in fact than (approximately) the 
normal recrystallizing temperature of the deposit metal, at which surface 
mobility first becomes appreciable, 1.e. 200-230°c for Cu, 200°c for Ag and Au, 
530-600°c for Ni, and 350-450°c for Fe. 

It cannot be argued that the above increase in surface mobility is solely due 
to the temporary formation of a clean surface of deposited metal, associated with 
an amelioration of the vacuum, since (a) the vacuum was not so high initially 
as to allow the deposit surfaces to be regarded as abnormally clean, and Ag and 
Au are clearly not effective as ‘ getters ’ though the hot tungsten filament would 
have some such action, (4) it is known that Ag and Au recrystallize at a higher 
temperature in high vacuum than in presence of oxygen (see Finch and Fordham 
1937): 

Furthermore, theoretical conclusions that the surface temperature rise will 
be only a few degrees (e.g. Hoffman ef al. 1954) are not valid because they 
assume that the surface is plane, which is quite incorrect (see Evans and Wilman 
1952), and that the normal heat conductivity values apply as for solid metals. 
Evidence is recently available, from work elsewhere, of the abnormally low 
density of such metal deposits, their large surface area and very low electrical 
conductivity, all indicating a porous nature of the deposits, which is likely 
to be associated also with very low thermal conductivity. 

. In electrodeposits, metals such as Cu, Ag, Ni and Fe, deposited at rates 
hounded hy stomealy amocth cet (HInEh ty 1a ga aot ea 
, Wilman and Yang 1947, Finch and 
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Layton 1951). The cathode surface can hardly be a strictly ‘ clean’ surface on 
which abnormally high mobility would be expected at room temperature; thus 
the logical conclusion is that here also the surface (at least to a few tens of atoms 
depth) has exceeded the recrystallizing temperature of the metal (see above). 
This is reasonable, since the energy liberated at the cathodic deposit surface 
amounts not only to the heats of condensation and solidification (to convert 
neutral metal atoms into a crystal), but also includes the six times larger energy 
of neutralization of the ions at the cathode, in place of the large influx of heat 
as radiation from the hot source of vapour in the condensed deposits discussed 
above (the energy of solvation of the ions is comparatively negligible). 

Next, in anodic deposits, we have found (Kerr and Wilman 1955) that 
anodizing electropolished Be surfaces in an HNO,-CrO, solution, at 
31-5 ma cm ®, yielded an oxide film which increased in thickness linearly with 
time (~80A sec!) and which was practically amorphous (<10A crystal diameter) 
after 15 seconds anodizing, but after 90 seconds was composed of crystals 60 A 
in diameter at its surface. In view of our many observations that BeO either as 
thin films on the metal, or as isolated films, only recrystallizes appreciably at 
300°c and higher, we interpret this as showing that the surface temperature 
well exceeded 300°c. In this case the energy liberated at the anode surface 
involves the neutralization of the O ions and the large heat of formation of the 
solid BeO, which is a poor conductor of heat. Anodic oxide layers on Al are 
normally amorphous or practically so, but occasionally the electron diffraction 
patterns show also rings due to crystals of y-Al,O, about 20A in diameter, showing 
that at least parts of the surface exceeded 650°c, the recrystallizing temperature 
of such Al,O,. Hunter and Fowle (1954) recently obtained some evidence of a 
rise in surface temperature (to 124°c) of anodic Al,O, layers, but only as an average 
over the surface and for particular conditions. Clearly it will be important to 
take account of the raised temperature of the oxide, in theoretical considerations 
of oxidation processes. 

The above conclusions on condensed and also electrodeposited layers are 
fully supported by our successful explanation, in terms of the deposit growth at 
this raised temperature, of our observations on the stress developed in such 
deposits (Murbach and Wilman 1953)—its sign, magnitude, variation from one 
metal to another, and its dependence on the initial substrate temperature. ‘The 
reduction and reversal of stress in Alin presence of oxygen (during condensation) 
was also paralleled by that caused by co-deposition of compounds during 
electrodeposition of Fe and Ni, while in absence of such disturbance tensile 
stresses of the same order as in condensed deposits were observed, again 
indicating a similar order of surface temperature. 

Hoffman, Daniels and Crittenden (1954) hold another, less quantitatively 
supported view of the origin of the stress in condensed deposits, but their 
observations on decrease and subsequent rise in stress on vacuum-annealing 
the deposits are subject to the following serious doubts of interpretation : 
(a) mica substrates lose water from their surface layers at 200°c and above, with 
a 15°, swelling of the lattice (Mutucumarana 1948) and have a probable oxidizing 
action on the deposits; (b) the transference of deposits to another apparatus for 
stress measurement, and the repeated reheating for 15-30 minutes 7 vacuo at 
10-5-10-§ mm Hg air pressure must have resulted in appreciable oxidation 
affecting the stress; (c) there is a slight but noticeable reaction of metals with 
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mica (and also glass) at about 250°c and over, which could also affect the stress; 
(d) any oxide formed on or in the deposit at the lower temperatures of annealing 
would be amorphous and would crystallize on raising the temperature sufficiently, 
e.g. Cu,O at 130-140°c (Leu 1951), NiO at about 150°c (Sinha 1954), thus 
affecting the stress. They also misread our paper—we stated clearly that we 
considered only the immediate surface region of the deposits to attain these 
high temperatures. 


Chemical Engineering Department, H. WILM AN 
Imperial College, London, S.W.7. 
5th March 1955. 
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REVIEWS OF BOOKS 


Physics of Particle Size Analysis. A conference arranged by the Institute of 
Physics and held in the University of Nottingham from 6th to 9th April 
1954. Pp. xii+218. (London: Institute of Physics, British Journal 
of Applied Physics, Supplement No. 3, 1954). 35s. 


The third supplement to the British Journal of Applied Physics contains 
33 papers, three surveys and a summary presented at a Conference on the 
physics of particle size analysis held at Nottingham University in April, 1954. 
Seven years earlier a conference on the same subject took place in London, 
but the recent one was on a far more ambitious scale and covered the fundamental 
scientific aspects in a more comprehensive manner. 

Most of the papers came from Universities or Government research 
establishments, with specialized industrial applications appearing in only a few. 
The coal industry was strongly represented, but the work described had 
implications beyond the field in which it had been conceived. 

The Conference was divided into eight independent sessions which were 
held consecutively. The first two dealt with the relative motion of particles 
and fluid, session A covering fluid mechanics and session B molecular phenomena. 
Apart from a paper on viscosity the former was devoted to sedimentation, two 
papers being about the paths of particles which settled in moving air and one 
about the fall of aggregates. 

In session B three papers treated gas flow through beds of particles and 
estimation of the surface area of fine powders by this method, with due allowance 
for adsorption when the flow is not steady. ‘There was also an interesting study 
of a pseudo-viscous effect produced by the reaction upon charged particles 
settling through an electrolyte of a potential gradient set up by their motion. 

A session on light scattering followed with a survey and two papers. One 
showed that selective sampling is really needed for optical analysis of clouds 
containing particles of different sizes because the size-dependent effects produced 
by the smaller particles are swamped by light scattered from the large. ‘The 
other paper confirmed by experiments with uniform suspensions that the 
scattering coefficient can be expressed as a unique function of 47r(m—1)/A 
where ¢ is the particle size, m their refractive index and A the wavelength of light. 

Session D was concerned with shape factors. Microscopic sizing is 
inevitably referred to the projected diameter while Stokes’ diameters are 
required for comparison with sedimentation. he relationship between the 
diameters was analysed and it was shown to be necessary to take thickness into 
account as well as the projected size. One author had a microscopic method 
of measuring thickness directly. 

Particles which are counted under a microscope within a certain range of 
projected diameter will cover a wider range of Stokes’ diameter because of the 
distribution of shape factor. It is shown how size frequency distribution in 
Stokes’ diameters, mass or surface area can be computed from observations in 
projected diameters. 

Classification by rate of fall, both in Be tiiiontl and centrifugal fields, 
revealed that particles of dust ellie at a given speed covered a wide range of 
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projected size. Results were expressed in terms of shape factor or effective 
density of particle. ‘The falling speed depends on density, shape and orientation 
as well as size. 

Session E consisted of four papers on visual counting and sizing. Inter- 
laboratory comparisons revealed the need for improved mounting and 
microscopic technique as well as prior agreement about aggregates. For 
sampling in connection with coal pneumoconiosis aggregates should be reckoned 
as single particles, but care must be taken to see that the number of particles on 
the slide is not so great as to cause overlapping. A new method of securing 
dust samples for the electron microscope was described and comparison counts 
with this instrument and the visual one were analysed. 

Sessions F and G dealt respectively with the theory and practice of counting 
and sizing particles automatically. Seven working systems were described in 
the latter, using principles which included the registration of individual particles 
swept past a recorder one at a time and track or line scanning of either deposited 
particles or photographs. Ingenious solutions involving full exploitation of 
the power of electronics have been proposed for recording size distribution and 
difficult problems involving mechanical movements of great precision and the 
stability of light sources have been successfully solved. ‘The full resolving 
power of the visual microscope has not yet been attained by these automatic 
devices. 

The final session contained papers on methods of mounting, the adhesion 
of dust particles and the aggregation of aerosols. C. N. DAVIES. 


Advanced Level Examples in Physics, by R. V. JoHNS and W. F. Ware. Pp. 
viil+ 346. (London: Macmillan, 1954.) 16s. 


The authors largely succeed in their aim of supplementing the theoretical 
and laboratory work of students preparing for examinations in Physics at the 
Advanced Level of the G.C.E. and for Intermediate examinations, particularly 
in the case of the weaker candidates. 

The book contains about one thousand examples of graded difficulty, 
arranged by topics, with answers at the end. Each section is preceded by a 
useful summary of relevant principles and formulae, together with worked 
exainples. These examples are very lucidly set out. In the main, arithmetical 
methods are employed in preference to those involving juggling with formulae, 
and ample verbal explanation of the steps is given. In a few cases only, un- 
necessarily long methods of solution are given. 

One or two omissions have been noticed. ‘There are not many examples 
involving the wave theory of light, and there is no mention of this subject in 
the text, nor are there any worked examples upon it. The sections on electro- 
magnetism seem rather curtailed : for example, self induction is not mentioned, 
and there is but a bare minimum on alternating current, inadequate for the 
Advanced Level syllabus of at least one examining body. 

There is a useful set of over one hundred revision examples at the end of the 
book, and many of these are suitable for the brighter students. 

The ‘ real is positive’ optical sign convention is used. 


R, SHEWELL, 
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Science and its Background, by H. D. ANTrHony. 2nd Edn. Pp. ix+337. 
(London: Macmillan, 1954.) 20s. 


The Sources of Eddington’s Philosophy, by H. Dincie. Pp. vi+ 64. (Cambridge: 
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The Effects of Anisometric Amplitude Patterns in the 
Measurement of Ionospheric Drifts 


By G. J. PHILLIPSt anp M. SPENCER 


Cavendish Laboratory, Cambridge 


Communicated by F. A. Ratcliffe ; MS. received 28th December 1954 
and in final form 17th March 1955 


Abstract. In certain observations of a downcoming radio wave, made for the 
purpose of measuring horizontal drifts of. ionospheric irregularities, time shifts 
between fading curves obtained at three spaced receiving points are used to 
calculate the velocity and direction of drift of the amplitude pattern over the ground. 
Two simplifying assumptions about the pattern are frequently made, namely 
(1) the detail remains constant as it moves, and (ii) it is statistically isometric, 
i.e. the separation of two points for which the amplitudes have a given fixed 
correlation is independent of direction. 

The errors that arise if assumption (i) is wrong have been considered in a 
published paper. But a more general analysis, not relying on either assumption 
may be applied to the three fading curves, and the result expressed (either 
analytically or graphically) as the error of a calculation which makes the two 
assumptions. One important result is that if assumption (11) is not valid the 
error in direction of drift may be quite serious. Thus, in an application to ampli- 
tude patterns produced by vertical reflection at 2-4 Mc/s (principally from the 
E layer), errors in individual results averaged 15°. Because the structure of the 
pattern varied from sample to sample, the error was not, in this case, systematic. 
But, in some applications, a preferred direction of the pattern structure could, 
if ignored, lead to wrong conclusions about preferred directions of drift. 


$1. INTRODUCTION 


wo methods of measuring horizontal drifts of irregularities of ionization 

in the ionosphere make use of the irregular amplitude pattern produced 

on the ground by a downcoming radio wave. One method uses waves 
returned by the ionosphere from a sender on the ground and the other uses 
radiation transmitted through the ionosphere from one of the more intense radio 
stars. A horizontal movement of the ionospheric irregularities in either case 
causes the amplitude pattern to drift over the ground. 

In most of the experimental work using reflected waves, for example that of 
Mitra (1949), Krautkramer (1950), Salzberg and Greenstone (1951) and Phillips 
(1952), complete fading curves were recorded on photographic film or by fast- 
running pen recorders. Pulse transmissions in the frequency range, 2-6 Me/s 
were generally used, with three receiving aerials placed at the corners of a right- 
angled triangle of 100-200 m side and situated near the transmitter. ‘Three 
records of fading were thus obtained, and the time shifts between pairs of records 

+ Now with the British Broadcasting Corporation. 
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wereestimated. The drift of the pattern was then deduced by a simple calculation, 
based on the assumptions that the pattern was (i) constant in detail as it moved, 
and (ii) statistically isometric, i.e. its statistical properties showed circular 
symmetry.f 

This paper is primarily concerned with what happens when the pattern is 
statistically anisometric, so that the contours of constant auto-correlation are 
not circular. It is shown that, under some conditions, the deductions made 
on the simple assumption might be seriously in error, and it is shown how the 
conditions can be recognized. If the amplitude pattern changes as it drifts over 
the ground, additional complications arise. Briggs, Phillips and Shinn (1950) 
have shown how to deal with these if the pattern is isometric. In Appendix II 
of the present paper the corresponding problem for an anisometric pattern is 
discussed. 

An extreme case will illustrate the error which arises when a pattern is wrongly 
assumed to be isometric. Consider for example a pattern in which the amplitude 
contours are so elongated that they appear as a set of parallel lines. It is clear 
that motion parallel to the lines can never be detected, and only the component 
of motion perpendicular to them will be measured. When the pattern has a 
finite structure in all directions the situation is not so serious, but errors may 
still arise if it is not completely isometric. 

We shall not consider in this paper the relation between drifts of the pattern 
and drifts in the ionosphere; this topic is dealt with in the references cited above. 


§2. STATISTICAL PROPERTIES OF AN ANISOMETRIC PATTERN 


This section will be concerned with the nature of the amplitude pattern on 
the ground at any instant; the determination of drifts is not considered until § 3. 


2.1. The Representation of a Statistically Anisometric Pattern 
Figure 1 (a) shows the contours of constant amplitude of a pattern of the type 
we shall consider. Figure 1 (b) represents its two-dimensional auto-correlation 
function p(€, 7), i.e. the correlation over many samples between the amplitudes 
at two points of the type (x, y) and («+ €, y+ 7) in a cartesian coordinate system. 


pe tn 


Contours of Contours of 
amplitude correlation function 


0 Te 
(a) (b) 


Figure 1. (a) Contours of constant amplitude for an anisometric pattern. 
(b) Contours of equal auto-correlation for the same pattern. 


+ Briggs, Phillips and Shinn (1950) used the word ‘ isotropic’ to describe this property. 
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If a pattern is not statistically isometric, it is likely in many practical cases that the 
contours of constant correlation will take the form of similar concentric ellipses 
as shown in figure 1 (6). A pattern of the type shown in figure 1 (a) could be 
produced from a statistically isometric pattern, for which the correlation contours 
would be circular, by stretching it in one direction. Distortion of this type may 
be represented by a ‘characteristic ellipse’, similar to the contours of constant 
correlation, which may be said to give an ‘average shape’ of the contours of 
constant amplitude in figure 1 (a). Given (i) the axial ratio and (ii) the orientation 
of the ellipse, together with (iii) theauto-correlation function for only one direction 
along the ground, the complete auto-correlation of figure 1 (b) may be deduced. 
If its contour-shape only is required, it is sufficient to determine (i) and (ii). 


2.2. Practical Determination’ of the Characteristic Ellipse 


Ideally, by observation at a large number of points, the statistics of the pattern 
of amplitude on the ground could be investigated without reference to changes 
with time or to drifting. In practice, however, it is these effects which serve to: 
bring various samples of the pattern to a limited number of fixed observing 
points. Therefore the analysis of three-point fading curves is first considered 
for the purpose of finding the parameters of the characteristic ellipse, and the 
question of drifts is left until the next section. 

Let p(£, 7, 7) denote the correlation between amplitudes recorded at two 
points with relative displacement (€, 7) in cartesian coordinates, and at times 
separated by tf. The function p(€, 7) of §2.1 may now be obtained as p(€, 7, 0) 
by direct cross-correlation of a pair of fading records. The form which we 
have assumed for this function (figure 1 (6)) is such that a plot against spacing 
4/(€?+ 7") along any direction on the ground (space correlogram) has a similar 
shape though varying in scale. We shall assume in the following that the shape 
is also similar to that of the time correlogram p(0, 0, 7). 

Consider the analysis of fading curves for points (0, 0), (a, 0) and (0, a) at 
the corners of an isosceles right-angled triangle of side a. We proceed thus: 

(i) From one fading curve determine p(0, 0, 7) for a number of values of 7; 
by plotting the results against 7 the time correlogram is obtained. (Since this 
function is the same for any point on the ground, only one fading curve need be 
used.) 

(ii) Determine p(a, 0,0), p(0, a,9) and p(a,—a,0) from a direct cross- 
correlation analysis between pairs of curves. 

(iii) From the time correlogram find the values of 7, namely 7,, 72 and 73, which 
give values of p equal, respectively, to the three values determined in (ii). 

Stage (iii) above has converted the measurements of cross-correlation into 
‘equivalent time shifts’. Thus we find that amplitudes at points displaced 
distance a along Ow are correlated to the same extent as amplitudes at time 
7, apart on a single fading record. ‘This would occur, for example, if the pattern 
were drifting bodily parallel to Ox with a velocity (V..")o,=4/7,; in general this 


+ A formal definition of this correlation function is given by Briggs, Phillips and Shinn 
(1950). However, throughout the paper, certain other functions which vary with correlation 
may be used in its place. Thus the ‘ after-effect function’ A (see Firth and MacDonald 
1947) which is the average magnitude of the difference between normalized fading 
records, is very convenient, being easier to evaluate—by graphical or other means—than 


p. A minimum of A, of course, indicates a maximum of p. 
P= 
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is not the case, but the ratio defined is still a useful concept called by Briggs, 
Phillips and Shinn (1950) the ‘fading velocity’. It gives the factor by which 
the r scale of the time correlogram must be multiplied in order that it should 
represent the space correlogram for the direction considered. In our example, 
V.’ takes values a/r,, a/ty and \/2a/7; for the three base-line directions. ‘The 
simplest example of spacings in these directions which have a fixed correlation 
is given by putting 7=1; the spacings are then equal to V’,’, the correlation being 
equal to p(0, 0, 1). It follows that a polar plot of V,’ must be one of the ellipses 
of constant correlation considered in §2.1. The known values of V,’ give the 
length of semi-diameters of the ellipse for only three directions, but this is sufficient 
to determine the axial ratio 7(r > 1) and orientation % of the minor axis (measured 
anticlockwise from Ox). This stage is summarized below, the necessary formulae 
being derived in Appendix I. 
(iv) Calculate 7 and &% from the expressions 

R+(P? + Q?)¥? 
R-(P+ OR 
where P=7,2+7,2—757, Q=7,7—7,? and R=7,?+7,”.. Ambiguity of % in the 
range () <7ys<180° is resolved by taking the value giving cos 2% of the same sign 
as Q. 


v2 


— 


and tan2s= P/Q, 


$3. DETERMINATION OF THE DRIFT OF AN AMPLITUDE PATTERN 
3.1. Theoretical Results 


Drift of an amplitude pattern is indicated by a significant average time shift 
between one or more pairs of records of fading, such as those taken at three points 
at the corners of a right-angled triangle. ‘The average time shift between two 
records may be defined as that time displacement which gives rise to the maximum 
correlation between them. 

If the amplitude pattern is assumed to be statistically isometric, and to move 
without changing its form, the velocity V and direction of drift ¢ (measured 
anticlockwise from Ox) may be deduced by the equations given by Briggs, 
Phillips and Shinn (1950), giving 

CTE VoL ge 
and tand=V, /V... 
The equations represent the solution of equations (A) and (B) in Appendix II. 
V,' and V,' are the ratios of receiving aerial separation to average time shift for 
pairs of points lying aleng axes Ox and Oy respectively. 

If we use these equations when the assumptions are not justified, we shall 
determine apparent values of velocity and direction which we may denote by 
V,and¢,. ‘The complete solution of the problem when the pattern is anisometric 
and changing in detail as it moves is given in Appendix II; the results obtained 
are given in the following two equations which, it will be noted, do not involve 
the orientation of the base line of the receiving points : 


(7? — 1) tan ($d, —) 
; ee 
eM ie s aeaves as (dc 10S « aualeiren k (1) 
and VV =cos(o—¢,) re (2) 
Here r and ¢ are the axial ratio and orientation of the V,’ ellipse as already defined. 
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V" is a quantity related to the true velocity V by equation (M) in Appendix IT; 
as we are now principally concerned with the errors arising when the patterns 
are anisometric, it is sufficient to remark here that V’’ is equivalent to the true 
velocity of the pattern when it is possible to neglect changes in detail of the pattern 
as it moves. 

The difference 4—¢, between the true and apparent directions of drift 
is related to the angle ¢,—1 between the apparent direction and the minor axis 
of the ellipse as shown in figure 2. It depends on, the axial ratio of the ellipse. 
It will be seen that the difference may be large, e.g. values up to 55° can occur 
whenr=3. The relation between the ratio V/V’ and the angle ¢, —¢ is shown 
in figure 3. There are no errors in velocity or direction when the minor or major 
axis of the ellipse is directed along the true direction of drift. 


02 if 


+ {- 


4 
120 ISO 180 


0 30 6080 
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Figure 2. The required correction ¢— 4, plotted Figure 3. The ratio of V,, the apparent 
as a function of the angle ¢, — between velocity, to V’’, the velocity which 
the apparent direction and the minor axis would be deduced from a correct 
of the charateristic ellipse, for various axial analysis, plotted in the same way as 
ratios of the ellipse. figure 2. 


3.2. The ‘ Grouping’ of Apparent Directions 

In this section we shall investigate the effect of a systematic departure from 
isometric properties, viz. the case where 7 and ¢ are constant. Consider a group 
of results in which ¢ takes all values equally. ‘The apparent directions ¢, will 
then be crowded together about the most probable value, y. This may be 
seen by inspection of the curves of figure 2; there is always a tendency for the 
apparent direction to be nearer to direction % than the true direction is. 

The probability distribution of apparent directions in a group of results may 
be found as follows. The proportion of values between ¢ and ¢+d¢ (with 
corresponding apparent directions between ¢, and 4, +d¢,) may be written, for 
ys constant, as 

p(b—P)d(d—) = P(t — Pal, —¥). 


Differentiating equation (F), Appendix II, we have 


[1 + tan’ (d—#)]d(d —) =7[1 + tan” (4, — Jahr - #). 


486 G. f. Phillips and M. Spencer 


If 6—s takes all values equally between 0 and z (there is no distinction between 
d— and 7+4¢—~#), we may write p(6—%)=1/7. From the above equations 
and equation (F) we then obtain the distribution of ¢,—# as 


d(p—) _ [+tan®(¢.—$)]/7 
P(ga—¥) =P(G —#) Ud,—b)  r2+retan®(},—p) | 


The most likely value is ¢,-—~%=0, for which pyay($, —¥) =1?/7- 

Distribution curves for various values of r are shown in figure 4. ‘They 
illustrate the extent to which the values of apparent direction of drift 4, cluster 
round the direction % of the minor axis of the ellipse; the distribution of 6—¢% 
is the same as the curve forr=1. As~,r increases, the effect becomes increasingly 
marked. When r=3, for example, 93° of the values of ¢,—% are contained in 
the range —45° to +45°, whereas on our assumption that the values of d were 
uniformly distributed, 50°% of the values of 4—#% lie in this range. It is clearly 
essential to eliminate the effects of a systematic departure from isometric properties 
in a group of results if misleading conclusions are not to be drawn. 


(es) 


P (Da- ) 
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Figure 4. The grouping of apparent directions for various departures from isometric 
properties assuming a uniform distribution of true directions. 


3.3. Experimental Results 


Some records of the fading of radio waves of frequency 2:4 Mc/s reflected 
from the ionosphere at vertical incidence have been analysed to determine the 
importance of anisometric properties of the amplitude patterns. Samples 
approximately 10 fading cycles long were taken from recordings made on 15 
different occasions. ‘Ten were obtained with reflections from the E region, 
two from the sporadic E region, and three from the F region. ‘The amplitude 
pattern was found to be statistically anisometric in many cases, but the results 
deduced from different records were not the same. ‘The values of % were about 
equally distributed through 180° figure 5 (a), showing no preferred direction 
for the axes of the ellipses. The largest value of r was 2:9, obtained with reflection 
from the E region, and the most frequently occurring was 1:3 (figure 5 (b)). The 
largest values for E, and F reflections were 2:2 and 1-6 respectively. A rough 
test showed that values of this order have a real statistical significance for the 
lengths of record analysed. . 
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The errors in V and ¢ arising from the use of formulae appropriate to isometric 
patterns were evaluated for each sample. The greatest error in direction was 
53°, and the mean error 15°. The mean value of V/V’ was 0-94, and the smallest 
was 0-60. From these results it appears that the errors caused by anisometric 
patterns were not, on average, serious, though individual results could be con- 
siderably in error. Erroneous conclusions might have been drawn if there had 
been a preferred value for %, since the apparent directions would then have been 
grouped around the direction corresponding to the most probable value of #. 
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Figure 5. Axial ratios and orientations of characteristic ellipses obtained with reflected 
radio waves of frequency 2:4 Mc/s. (All results grouped together.) 


There was no preferred value for the difference ¢ — % between the true direction 
of drift and the direction of the minor axis of the ellipse, indicating that the direction 
of stretching was not related to the direction of drift. The apparent directions 
of drift tended, however, to lie in the directions of the minor axes, as expected on 
theoretical grounds. 


$4. DiIscussION AND CONCLUSIONS 


An investigation has been made of one of the errors which can arise in the 
deduction from observations at spaced receivers of the velocity and direction of 
drift of an amplitude pattern. ‘The error arises when it is wrongly assumed that 
the pattern is statistically isometric, i.e. that the irregularities in it have the same 
average size in all directions. A less stringent assumption has been made, namely 
that the pattern is one that may be produced by the uniform stretching of a 
statistically isometric pattern, so that its properties may be represented by the 
‘characteristic ellipse’ which would be formed on stretching a circle in the 
same manner. 

The errors in the magnitude and direction of the measured velocity depend 
on the orientation of the ellipse and on its axial ratio, as shown in figures 2 and 3. 
No errors arise when one of the axes of the ellipse is parallel to the true direction 
of drift. The errors may be serious for other orientations. If the pattern 1s 
always stretched in the same direction in a group of results, the apparent directions 
of drift will tend to group themselves about the direction of the minor axis of the 
characteristic ellipse. 

Experimental investigation of the amplitude patterns obtained with waves 
reflected from the ionosphere at vertical incidence has shown that they are often 
statistically anisometric. In the experiments a frequency of 2-4 Mc/s was used 
and, for reflections from the E layer, sufficient samples were taken under similar 
conditions but at widely spaced intervals of time to show that the characteristic 
ellipse was variously orientated. It therefore appears that the mean of a number 
of velocities deduced from this type of experiment should not be subject to a 
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systematicerror. ‘The errors due to anisometric patterns will, however, contribute 
to the considerable fluctuation in half-hourly mean values of the magnitude and 
direction of velocity which are observed by workers in this field. It seems 
permissible to use the simple ‘isometric’ formulae for routine measurements 
of this kind, provided that the possibility of errors in individual results is 
appreciated. 

For reflections from the F layer preliminary results (only three examples) 
do not suggest any marked difference from the results for the E layer. ‘This is in 
striking contrast to those obtained by a different method by Spencer (1955) 
and reported in a companion paper. He made observations of irregularities of 
ionization at a height of about 400 km (above the normal reflection level) using 
waves from a radio star transmitted through the irregularities. He found that 
the amplitude patterns on the ground were highly anisometric, the axial ratio 
of the characteristic ellipse being always greater than 5. It is too early to draw 
conclusions from these differences in results. Further experiments are needed 
to investigate the amplitude patterns obtained with waves reflected from 
different heights within the F region. 

The experimental results for reflected waves have not shown any relation 
between the orientation of the characteristic ellipse and the true direction of drift. 


APPENDIXa 


The Constants of the Characteristic Ellipse 


The equation of an ellipse of axial ratio r (r>1), referred to axes x,, y, along 
the minor and major axes may be written 


xe Fy 
For axes rotated clockwise by an angle ¥, the equation becomes 
x?(7? cos? pb + sin?) + 2xy(r? — 1) sin cos + y?(cos? % + 7? sin? bs) =c?. 
Let the intercepts on y=0, x=0 and x= —y beu, vand \/2w respectively. Then 
u*(r? cos? + sin? yb) = c?, v*(cos? fb + 77 sin? ps) = c? 
and w*[7? + 1 —2(7?— 1) sing cos 4] =c*. 
If the ellipse represents a polar graph of V.’, we shall have 
U=a)7y, C= a), and V/2w=/2a)/Ts, 


where 7,, 7, and 73 are the equivalent time shifts defined in §2.2._ Hence, from 
above, 


a*(r? cos? % + sin? y)/7,? = c?, a*(cos® ys +7? sin? s)/75? = c? 
and a*[r? + 1—2(r2— 1) sins cos 4] /75? = c?. 
Consider P=72 +722 — 7,7 =a2(r2— 1) sin (2h)/c? 
O=7,"—7," = a*(r*? — 1) cos (2:5) /c? 
and Regia =a*(r? +1) ic. 
From these relations we have tan 2% = FO) 
and (7? —1)/(7? + 1) =(P2- O2)127R 


or r2>=[R+(P?2+ Q?)1?]/[R—(P2+ Oe 
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The ellipse may also be built up graphically from the three values wu, v and 
\/2w, using the fact that the diameter of an ellipse bisecting a chord bisects all 
chords parallel to it. This method is no more difficult to apply when the aerial 
spacings are not equal, or when the base lines are not at right angles, whereas 
the algebraic formulae would become more complicated. 


APPENDIX II 


Relations between Real and Apparent Drifts of a Statistically Anisometric Pattern 
(a) Methods. 


The equations for calculating the true velocity of drift, when the amplitude 
pattern is statistically anisometric in the manner we have already described, may 
be established by an extension of the methods of Briggs, Phillips and Shinn 
(1950). The algebra involved is, however, rather too long to reproduce in detail 
here. Fortunately it is possible to arrive at the results by a more direct method. 
The results for a statistically isometric pattern are first summarized in a suitable 
geometrical form, and then adapted to apply to the case of an anisometric pattern. 
Once a geometrical construction has been established to give the velocity of 
drift in this more general case, it is a simple matter to obtain the corresponding 
algebraic formulae. 


(b) Summary of results for a statistically isometric pattern. 
The basic results for an isometric pattern which does not change in detail 
as it moves may be given as 
Ve VCGs@ —  &  ) eraciats (A) 
and PCOS Cy a i eh ene cin (B) 


V is the velocity of drift of the pattern, and V,, is the true component of velocity 
in a direction d,, to the direction of V. V,,’ is the apparent velocity associated 
with a direction at angle d, to the direction of V; it is equal to x,/t,, where 
t,, is the mean time shift between records obtained at receiving points spaced 
a distance x, apart. Thus, if in a practical experiment we determine V,’ and 
V,' from pairs of receiving points in directions 1 and 2, V would be given by 


the construction illustrated in figure 6(a). ‘The main points to be noted are, 


/Direction 2 


Direction | 


Figure 6. Constructions for obtaining the velocity of an anisometric pattern. 


firstly, that the observed time shifts do not give the true components of V directly, 
and secondly, that although figure 6 (a) illustrates the more usual case in which 
the axial directions are at right angles, a similar construction can also be applied 
when the directions are at some finite angle other than a right angle. 
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An isometric pattern which is slowly changing in detail as it moves was 
considered by Briggs, Phillips and Shinn (1950) in relation to axes (Ox and Oy) 
at right angles; we may, however, generalize their relations in the following 
manner, so that they may later be applied to pairs of axes at angles other than a 
right angle. 


V.=Vcosé,. ~~ eee (C) 
V= Vip COSD, ee eee (D) 
VV = (OP oe oe a eee (E) 


Here, in addition to symbols already defined above, we have introduced two 
extra parameters, V’ and V,’.. V’ is the apparent velocity deduced from time 
shifts between records from a pair of receiving points in line with the velocity V 
of the pattern. An important result of Briggs, Phillips and Shinn is that V’ 
is in general greater than V, and related to it by equation (E). This involves the 
parameter V’,’, discussed in § 2.2, being equal to the ratio of the mean rates of 
change of amplitude with time at a fixed point, and with distance over the ground 
at a fixed time. 

For our present purpose we note that if we attempt to deduce V by the con- 
struction given in figure 6 (a) we arrive at a unique velocity, whatever the directions 
containing the points of observation, but that the velocity obtained, although it 
has the direction of V, has a magnitude V’. 

Our final summary of the results for an isometric pattern can now take the 
form of the diagram of velocities shown in figure 6 (6). The axial directions, 
it will be noted, are not now shown at right angles. 


(c) Relation between an anisometric pattern and the associated isometric pattern. 


We now consider an anisometric pattern such as the one whose details are 
represented by the contours of amplitude shown in figure 7 (a). We suppose 
that such a pattern corresponds to a simple stretching in one direction (bya factorr) 
of an isometric pattern. If this is the case, then it is possible to view figure 7 (a) 
obliquely in such a way that we appear to see an isometric pattern, as shown in 
figure 8 (a); this is the pattern that would yield the anisometric pattern if 
stretched uniformly, by a factor 7, in a vertical direction in the diagram. 

We can also show in the diagrams the relative positions of the observing points. 
In the example of figure 7 (a) we have supposed we have points A, O and B 
forming a right angled triangle. In the oblique view of figure 8 (a), however, 
the angle AOB will not appear as a right angle. One important point may 
be noted at this stage. If there were in fact an actual situation corresponding 
to figure 8 (a), namely an isometric pattern observed at the three points A, O and 
B, we could readily deduce the velocity of drift of the pattern from observed time 
shifts by the construction (like that of figure 6 (6)) shown in figure 8 (6). At the 
same time it is interesting to note that records of fading at A, O and B in such a 
situation would be identical in form to corresponding records for A, O and B in 
figure 7 (a) in which the pattern is anisometric. 

If we start to draw a similar construction for the case of figure 7 (a) we should 
first mark off V,' and V,' on axes parallel to OA and OB as shown in figure 7 (db). 
Since, however, amplitude records, and hence time shifts, are identical for 
figures 7 and 8, the ratio of the velocities V,' (and V,’) in the two figures is similar 
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to that of the base lines OA (and OB); from this it follows that velocity diagrams, 
as so far considered, are related (like the other diagrams) by a simple vertical 
expansion by a factor r. 


\'ellipse 


Souls 
/ 


A 
(a) (d) (a) 
Figure 7. (a) A moving anisometric Figure 8. Figure 7 transformed to give 
pattern. (6) Construction for ob- an isometric pattern. 
taining the velocity of an anisometric 
pattern. 


Similarly, a vector V in the diagram of figure 7 representing the velocity of 
drift of the corresponding pattern will have a counterpart in figure 8 which 
represents the velocity of the isometric pattern. This (being displacement 
per unit time) will be related to the first vector by a simple vertical expansion like 
the other vectors in the diagram. A vector V’ parallel to V and defined, as given 
above, in terms of the time shift between records obtained at points in line with 
V, will behave in the same way. Finally, the ellipse of axial ratio 7 which 
represents V’,’ is shown in figure 7(b), and appears in the oblique view of 
figure 8 (b) as a circle. 

The vector V’ is perpendicular to PQ joining the end-points of V;' and V,’ 
in figure 8, but the corresponding lines in figure 7 have slopes increased by a 
factor r; asa result, in figure 7 the vector V’ has a slope 7? times that of the 
perpendicular ON totheline PQ. In other words, V’ and PQ have the directions 
of conjugate diameters of the ellipse. 

The direction of V’ gives the direction of V, and we may deduce the magnitude 
of V from equation (E) above provided we use the value of V,’ appropriate to the 
direction of V. This may be obtained from the length of the semi-diameter of 
the V,.’ ellipse parallel to V. 

We can now (a) summarize the geometrical construction needed to find the 
velocity of an anisometric pattern, given V,’, V,' and the V,’ ellipse, and (4) 
give the algebraic equivalent. 


Geometrical method for determining V. 
(i) Draw, in a velocity diagram, vector representations, OP and OQ, of the 

apparent components V,’ and V,,’. 

(ii) The vector representation, OR, of V’ is such that R lies on PQ, and OR 
and PQ are parallel to conjugate diameters of the V,’ ellipse. 

(iii) If the V,.’ ellipse is drawn centred on O, and OR meets it at ‘T’, then O'T 
represents the magnitude of V,’ appropriate to the direction OR. 

(iv) The vector representation, OS, of V is such that 5 lies on OR and 
OSZOR—OT7 
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Formulae for direction and magnitude of V. 

We take direction OP (parallel to OA) as the standard axis, and denote the 
direction of the minor axis of the ellipse by the angle 4 measured anticlockwise 
from OA. We denote the values of V,’ along OP, and parallel to V, by (V,'); 
and ()’,’), respectively. 

(i) The direction ¢ of the velocity of drift (also measured anticlockwise from 
OA) is given by 

tan(A/—)=r?tan(d,—yY) «a wveee (F) 
where tand, = VV eee (G) 
¢, is the apparent direction that would be deduced if no allowance were made for 
anisometric properties. We can put relation (F) in another form so that the 
correction 6—d¢, may be found for determining the true from the apparent 


direction: 
_ (F=1)tan (J. =) . 
tan (d—¢,)= 1+7? tan? (¢, —#) OIG Le ( ) 
(ii) The magnitude of V’’, and hence of V, may be deduced from the following 
relationships which follow from the construction. 


UV @HtV Aaa 40 oe eee (J) 
V.=V cos (b= hx) «= - ee i eee (K) 
ios smile: (aea i) coset ne 

(V, yy - iG? Slyeose ane dr Te (L) 

VE a ee (M) 
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The Shape of Irregularities in the Upper Ionosphere 


By M, SPENCER 
Cavendish Laboratory, Cambridge 


Communicated by F. A. Ratcliffe; MS. received 28th December 1954 and in final form 
17th March 1955 


Abstract. Observations of radio stellar scintillation on a frequency of 38 Mc/s 
were made with three spaced receivers. Suitable records were analysed to 
determine the average shape of the irregularities in the amplitude pattern on 
the ground. It was found on all occasions that the irregularities were elongated 
by a factor of at least 5: 1, indicating that the ionospheric irregularities responsible 
for the amplitude pattern were also very elongated. The directions of stretching 
were consistent with the hypothesis that the irregularities in the ionosphere were 
extended along the earth’s magnetic lines of force. Further evidence is presented 
which confirms the hypothesis. It is pointed out that under these conditions 
it is not possible to determine true velocities of drift from the time shifts between 
fading curves obtained at spaced receivers, and that the results of previous 
workers may be seriously in error. 

The movement, and the diffusion, of irregularities of the kind here considered 
are briefly discussed. 


$1. INTRODUCTION 


BSERVATIONS of the fluctuations in intensity of waves from radio stars, 

analogous to the scintillation of visible stars, have been made by Hewish 

(1952), Maxwell and Little (1952) and Maxwell and Dagg (1954). 
They used receiving stations separated by a few kilometres, and compared 
records of the amplitude of waves from a radio star obtained at the different 
points. It was found that the variations of phase and amplitude at one point 
could be ascribed to the steady drift of an irregular wave-pattern over the ground. 
The irregularities of ionization responsible for the fluctuations were shown 
to be situated in the terrestrial ionosphere, at a height of about 400 km. From 
observations of the time shifts between the fading curves, it was deduced that the 
irregularities drifted with a velocity of the order of 100 to 300 msec 1}. 

The work described in the present paper was undertaken to determine 
whether the ionospheric irregularities responsible for the radio-stellar scintilla- 
tions were or were not on the average isometrict. In §2 it is explained what 
tests can be applied to decide how far a distribution of amplitude on the ground 
is anisometric. In §5 these tests are applied to experimental results to show that 
the irregularities of amplitude on the ground are considerably elongated in a 
direction roughly North-South, but that the precise direction of the elongation 
varies with time. An obvious suggestion is that the elongation is observed 
because the ionospheric irregularities are themselves elongated in the direction 
of the earth’s magnetic lines of force. 


+ The word ‘ isometric’ is used in this paper to denote circular symmetry in a two- 
dimensional figure and spherical symmetry in a three-dimensional one. 
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The way in which, under these conditions, the amplitude pattern on the 
ground would vary as the radio star moved over the heavens is discussed in $4. 
The apparent directions of drift which would be deduced from the time shifts 
between fading curves recorded at spaced receivers are also discussed. ‘This 
theoretical discussion precedes §5 so that the experimental results can be inter- 
preted in the light of the theoretical expectations. It is found that the experi- 
ments suggest that the ionospheric irregularities are, in fact, elongated in the 
direction of the earth’s magnetic field. 

In §6 the results of previous workers who made observations of radio-stellar 
scintillations are discussed. In addition, the results given in this paper are 
compared with the results obtained by Phillips and Spencer (1955), who 
investigated the lower part of the F region by studying radio waves emitted at 
the ground and returned after reflection. ‘There is also a short discussion of 
the possibilities of the diffusion and movement of irregularities in the upper 
ionosphere. 


§2. "TESTS FOR ELONGATION OF AN AMPLITUDE PATTERN 


An amplitude pattern in which the irregularities are on the average anisometric 
can be represented to a first approximation by a ‘characteristic ellipse’, repre- 
senting an average amplitude contour or a contour of equal auto-correlation. 
The constants of the ellipse can be determined from the fading curves recorded 
at three points. 

The instantaneous correlation between two records (that obtained without 
removing systematic time shifts) gives a measure of the gradient of amplitude 
over the ground in the direction of the line joining the corresponding receivers. 
With three receivers the correlation can be evaluated for pairs of points spaced 
along lines in three directions. ‘The three correlation coefficients can then be 
converted to radii of an average amplitude contour, as described by Phillips 
and Spencer (1955). As a first approximation an ellipse can be fitted to the 
three radii and values obtained for its axial ratio and angle of orientation. 

The above analysis can only however be carried out on records which are 
free from the effects of radio interference. Records which are not good enough 
for the caiculation of cross-correlations can however be used to deduce apparent 
directions of drift from the time shifts between the different fading curves. 
We shall therefore examine next the effects of anisometric patterns on these 
apparent directions. 

The calculation of the true velocity of an amplitude pattern from time shifts 
rests on the assumption that the pattern is statistically isometric, so that the 
irregularities in it have the same average size in all directions. It is pointed out 
by Phillips and Spencer (1955) that considerable errors can arise if the pattern is 
stretched in some preferred direction, so that the assumption is not justified. 
As the amount of stretching increases, the apparent direction of drift will tend 
more and more towards the direction of the minor axis of the ellipse. In the 
extreme case of an infinitely extended pattern, only motion perpendicular to the 
direction of stretching will be detectable. 

If, for example, there existed a systematic stretching of the ground pattern 
in which the pattern was very elongated in a roughly North-South direction, 
any North-South components of drift would be almost completely masked. 
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The East-West components would be preserved, and the apparent drifts would 
be predominantly East-West. For any assumed variation of the precise 
direction of elongation it would be possible to predict the approximate variation 
of the apparent direction of drift, and to test the assumption with experimental 
results. 


§3. THE RELATION OF THE PATTERN ON THE GROUND TO THE 
IONOSPHERIC IRREGULARITIES 


The ionospheric irregularities responsible for radio stellar scintillation on 
38 Mc/s introduce variations of phase alone, the absorption being negligible. 
A pattern of both phase and amplitude is however produced across a plane at 
some distance from that containing the irregularities. The phase deviations 
produced in the ionosphere are of the order of one radian, and it has been shown 
that at normal incidence under these conditions the size of the amplitude irre- 
gularities on the ground is the same as that of the irregularities in the ionosphere 
(Hewish 1951). 

When the radio star is away from the zenith, the average shape of the pattern 
on the ground will be that of the projection of the ionospheric irregularities. 
If they are on the average spherical, their projections on the ground will be on 
the average elliptical. The pattern on the ground will be anisometric by an 
amount depending on the angle of incidence of the waves, and the major axis of 
the characteristic ellipse will vary in orientation with the position of the source. 
Near upper and lower culmination it will le roughly North-South, swinging 
about this direction as the star moves round the sky. For stars of reasonably 
large declination, the deviation from a North-South line will not be large at any 
time. There will thus be a tendency for apparent motions deduced from time 
shifts to be roughly East-West. 

The source most frequently observed (23.01) is practically overhead at 
upper culmination, so that the obliquity effect described will then be small. 
It is still, however, observed that the apparent motions are mainly East-West. 
If one is led to suspect that this is still due to anisometric ground patterns, some 
other mechanism must be postulated. 

It is suggested that the irregularities in the ionosphere are elongated along the 
earth’s magnetic lines of force. On this hypothesis it is possible to predict, for 
a given star and a given time, the orientation of the projection of an irregularity. 
If the elongation is sufficiently pronounced, one will also be able to predict the 
direction of the apparent drift deduced from time shifts, since this must be along 
the minor axis of the characteristic ellipse. 


§4, THE PREDICTION OF THE ORIENTATION OF THE CHARACTERISTIC ELLIPSE 
We consider the case in which the ionospheric irregularities are infinitely 
extended along the earth’s magnetic lines of force. It is shown in the Appendix 
that the direction @ (measured eastwards from North) of the minor axis of the 
characteristic ellipse, when its axial ratio is large, is given by 
tan(6+8)=—cot(A+)—cotdtanecosec(A+f) ...... (1) 
where A is the azimuth of the source, measured eastwards from North, « is the 
elevation of the source, 8 the magnetic declination and d the angle of dip. ‘The 
computation of these angles is also described in the Appendix. When the 
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axial ratio is large, the apparent direction of drift deduced from time shifts can 
only be @ or 6+180°. A slight change in the true direction of drift, or in the 
orientation of the characteristic ellipse, can give rise to a reversal of the apparent 
direction. 

The predicted directions 6 and 6+ 180°, calculated from equation (1) for 
source 23.01 observed at Cambridge, are plotted in figure 1, The directions 
are plotted as functions of the time interval between the observation and upper 
culmination of the source. The height of the irregularities was assumed to be 
400km. The curves for 300 and 500 km did not depart from this curve by more 
than one degree. It will be seen that the directions all lie between 50° and 125", 
or 230° and 305°. 
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110.230 - 
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90,270 + 


80260 


6, 6 +180 (deg) 


70250 F 
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Figure 1. Predicted directions of the minor axis of the characteristic ellipse and the 
apparent drift deduced from time shifts. Calculated for source 23-01 observed at 
Cambridge, with irregularities situated at a mean height of 400 km and infinitely 
extended along the earth’s magnetic lines of force. 


‘The case in which the irregularities are not infinitely extended is also treated 
in the Appendix. It is found that, when the axial ratio of the characteristic 
ellipse is greater than 10, the errors introduced by assuming an infinite stretching 


are small. 
$5. EXPERIMENTAL RESULTS 
5.1. Experimental Arrangement 


The observations to be described were made with three observing stations, 
situated at the corners of a right-angled triangle. One side was of length 700 m 
in an East-West direction, and another of length 1200m in a North-South 
direction. ‘The apparatus at each station was similar to that employed by 
Hewish (1952). Observation of source 23.01 (Cassiopeia) was made on a 
frequency of 38 Mc/s, using a simple interferometer aerial with a phase- 


switching system (Ryle 1952) to eliminate the effect of background radiation 
from the galaxy. 
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5.2. Determinations of the Characteristic Ellipse 

In this section we report experimental results which were analysed to give 
a direct measure of how far the amplitude patterns were anisometric. The 
process described in §2 was carried out on records which were free from the 
effects of radio interference. Fading curves obtained at the three receiving 
points were analysed to determine the instantaneous correlation between the 
amplitudes. The correlation between one pair of records was often much 
greater than that between the other two pairs. The effect was almost entirely 
due to a time shift between one record and the other two. All three records 
were well correlated when the time shift was removed. In a typical sample of 
record, the three instantaneous correlation coefficients were 0:41, 0:52 and 0-88. 
As the greatest correlation was actually that between records from the most 
widely separated pair of receivers, the result indicated the presence of a very 
anisometric pattern on this occasion. 

The correlation coefficients were in each case converted to radii of a contour 
of equal correlation, and an ellipse fitted to the three radii. The ellipse then 
represented approximately an average amplitude contour of the pattern. The 
ellipse corresponding to the case mentioned above is shown in figure 2. Radii 
OA, OB and OC are in the directions of the three receiver base lines. ‘The axial 
ratio of the ellipse was 7 and, as expected from theoretical considerations, the 
apparent direction of drift deduced from time shifts lay close to the direction of 
the minor axis of the ellipse. 


Zz 


Ellipse 
g Minor axis 


2” Apparent 
a feereun of drift 


Radii from 
correlation 
coef ficients 


Figure 2. Characteristic ellipse for the example given in the text. OA, OB and OC are 
radii deduced from correlation coefficients between three pairs of fading records. 


The analysis was performed on seven samples of record, taken from five 
nights’ observations in October and November 1954. The records analysed 
corresponded to experiments each lasting 5 to 10 minutes, during which 5 to 10 
maxima of amplitude occurred. ‘The characteristic ellipses were specified by 
the axial ratio r (r>1) and an angle @ giving the direction of the minor axis, 
measured eastwards from North.t The results are given in table 1, together 
with the orientations expected if the irregularities were infinitely extended along 
the earth’s magnetic lines of force (equation (1), §4). 


+ Note that Phillips and Spencer (1955) specified the orientation by an angle measured 
anticlockwise from a reference line. 
PROC. PHYS. SOC. LXVIII, 8—B 2M 
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It will be seen that the axial ratios were all greater than 5, and the orientations 
were within 5° of those calculated on the assumption of infinite stretching along 
the lines of force. ‘The experimental error was of this order. 


Table 1 
GMT and Date Time after upper r Observed 6 Calculated @ 
culmination 
0025 11.10.54 2h 30m >20 5 Oe Dos 
ASV WA WO. SAI 2h 6m 20) 61° by Ee 
0017 13.10.54 2h 26m 7 59° 55. 
2254 30.10.54 2h 12m 11 61° 56° 
0003 30.10.54 3h 23m >20 bys 51° 
2349 8.11.54 3h 44m >20 Bye Sil 
0207 22.11.54 6h 56m 5 55) 56° 


A large value of r is deduced when the correlation between one pair of records 
is much greater than that between the other pairs. An equal amount of radio 
interference at all stations will reduce this great correlation more than it will 
reduce the small ones, and a smaller value of r will be deduced. ‘The deduced 
value of 7 is therefore a lower limit under these conditions. 


5.3. The Variations in Apparent Direction of Drift 


Since the results given in table 1 fitted the hypothesis of highly extended 
irregularities lying along the earth’s magnetic lines of force, all the results available 
were investigated to see whether the apparent directions of drift deduced from 
time shifts varied in the manner expected on this hypothesis. ‘The number of 
records suitable for this analysis was larger, as the results were not so critically 
dependent on freedom from interference. A total of 43 independent values 
from 15 nights’ observations during October and November 1954 was used. 
The apparent directions were plotted against the time interval between the 
observation and upper culmination of the source. The result is shown in figure 3. 
It will be seen that all the points lie within 8° of the theoretical curve, a departure 
comparable with the experimental error. For comparison, the results are 
plotted against Greenwich Mean Time in figure 4. It will be seen that the points 
are considerably more scattered than in figure 3, as would be expected if the 
hypothesis here presented is correct. 


100,280 


90,270 Theoretical curve 90,270 


Apparent Direction of Drift (deg) 
Apparent Direction of Drift (deg) 


20 2l 22 23 00 Ol 02 03 
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S 
Hours after Upper Culmination 


Figure 3. Observed values of the apparent Figure4. Observed values of the apparent 
direction of drift deduced from time shifts, direction of drift deduced from time 
plotted against the interval between the shifts, plotted against Greenwich 
observation and upper culmination of source. Mean Time. 
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The above results suggest that the irregularities of ionization at heights 
around 400 km may be considerably extended along the earth’s magnetic lines of 
force on all occasions. Under these conditions it is impossible to deduce the 
magnitude and direction of the true velocity of an irregularity from time shifts 
alone. It is, in theory, possible to obtain the true velocity if the constants of the 
characteristic ellipse are known, but the analysis becomes increasingly difficult 
to apply as the elongation increases. ‘This is because the constants of the ellipse 
must be known with very high accuracy. All that can be measured in practice, 
using time shifts alone, is the component of the true velocity along the minor 
axis of the ellipse. 

5.3. The Size of the Irregularities 


The records were also analysed to determine the average size of the irre- 
gularities in the direction of the apparént motion. The sizes were estimated 
by dividing the apparent velocity by the number of maxima per unit time, to 
obtain the average distance between maxima in the pattern. They varied 
between 2km and 4km, and the most frequently occurring value was 3km. 
There was no obvious dependence on the position of the source. This indicated 
that the irregularities were probably in the form of extended spheroids rather 
than ‘curtains’ lying in the magnetic meridian. Had the latter been the case, 
the size would have been markedly dependent on the position of the source. 
The absence of a marked dependence of this kind was confirmed by the measure- 
ments previously made with an East-West pair of receivers by Hewish (private 
communication). 


$6. DiscussION OF RESULTS 
6.1. Comparison with Other Results 


Since the results here presented indicate that the irregularities of ionization 
observed with waves from radio stars may be considerably elongated on all 
occasions, the results of previous workers (Hewish 1952, Maxwell and Little 
1952, Maxwell and Dagg 1954) may be seriously in error. If the irregularities 
are, in fact, elongated on all occasions, then their results give a measure, not of 
the total velocity, but only of its component along a direction which depends 
on the position of the source observed. It will be seen that simultaneous 
observations of two sources would enable the true velocity to be determined. 
The sudden reversals of apparent direction reported by the workers may, in fact, 
be caused simply by a slight change in the true direction of drift, or by a steady 
change in orientation of the characteristic ellipse. 

Some experimental results obtained using waves of frequency 2-4 Mc/s 
reflected at vertical incidence from the ionosphere are given by Phillips and 
Spencer (1955) ina companion paper. It was found that although on individual 
occasions the pattern was often anisometric, the effect was not large and did not 
appear to be systematic. Only three of the records analysed referred to reflection 
from the F layer, but the largest value obtained for the axial ratio of the character- 
istic ellipse was only 1-6; a further investigation of this striking difference will 
be necessary. 

6.2. The Shape of the Irregularities 

We shall make a rough calculation to determine whether anisometric irre- 
gularities are to be expected, and by what process they will decay. 

We shall first consider the process of diffusion, and shall assume that the 
effective diffusion coefficients along and perpendicular to the earth’s magnetic 
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lines of force are in the ratio of the corresponding mobilities. ‘The ratio is equal 
to (v2+w2)/v2, where v and w are the relevant collision frequency and angular 
gyrofrequency. ‘The diffusion is governed by the collision frequency of ions 
with neutral particles or other ions, because the electrons cannot diffuse without 
them and collisions of electrons with ions do not appreciably deflect the ions. 

A high acceptable value for the collision frequency of electrons in the F region 
is 10sec! (Nicolet 1953). ‘he value may be even less at night. ‘The collision 
frequency of ions may therefore be taken to be of the order of 10. Putting the 
gyrofrequency of the ions at 150, the ratio of the diffusion coefficients is then 
about 200. This large ratio shows that even if an irregularity starts in a spherical 
form, it will subsequently diffuse out into one which is extended along the 
earth’s magnetic lines of force. 

A rough calculation shows that the process of diffusion is probably extremely 
rapid. An extended irregularity of the size deduced from experimental results 
will diffuse away in a matter of minutes. The decay by recombination 1s relatively 
unimportant; the time constant for this process in the F region is of the order 
of a day. The rapidity of the diffusion process means that the mechanism 
responsible for the formation of the irregularities must be in continuous operation 
while the irregularities are observed. 


6.3. Drifts of the Irregularities 

The result of $5.3, that the irregularities of ionization appear to be in the 
form of extended spheriods, makes it likely that the observed drifts are bodily 
movements of ionization rather than some form of wave motion. One would 
expect a simple propagated wave to have wave fronts which were extended in 
two dimensions. 

Bodily movement of irregularities of ionization in directions perpendicular 
to a magnetic field can be produced by an external electric field. In the F region, 
this is likely to be the only possible mechanism, as mechanical forces will have 
little effect (Martyn 1953). Clemmow, Johnson and Weekes (1955) considered 
in detail the case of a cylindrical irregularity lying with its axis along a magnetic 


field, and found that a steady state solution existed for motion perpendicular 
to the field. 


§ 7. CONCLUSIONS 


It has been shown in § 5 that on all occasions when a full analysis was possible, 
the amplitude patterns produced on the ground by waves from a radio star were 
found to be highly anisometric. ‘Their orientations were consistent with the 
hypothesis that the ionospheric irregularities responsible for the patterns were 
considerably extended along the earth’s magnetic lines of force. The hypothesis 
was confirmed by measurements of apparent drift velocity, deduced from the time 
shifts between fading curves obtained at spaced receivers. The results of 
another paper have been quoted to show that true directions of drift cannot be 
obtained from time shifts when the irregularities are anisometric. The results 
of previous workers will have to be reconsidered in the light of these facts. 

It has been shown in §6 that a systematic elongation of the irregularities in 
the upper ionosphere is to be expected. It is also shown that the irregularities 


may decay by diffusion in a relatively short time, so that a continuous process of 
formation is required. 
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APPEND 


The Geometrical Problem 
Let NWSE (figure 5) be a plane tangential to the earth at the observing 
point O, and let radiation from the source arrive along lines such as CO, where 
the angle COG =< is the elevation of the source, and the angle GON = A is its 
azimuth, measured eastwards from North. « and A can be derived by spherical 
trigonometry, which gives the formulae 


sine =sind sin 6+cos¢cos6 cos H 
and sin A = —cosésin H/cose 


where ¢ is the observer’s latitude, 6 the declination of the source, and H the 
hour-angle of the source, measured from upper culmination. 


Figure 5. Diagram illustrating the geometrical problem. 


Let the line POQ in the plane NWSE be perpendicular to GO, the vertical 
projection of CO on the plane, and let PQRT be a plane containing a magnetic 
line of force OD. Let OW be the vertical projection of OD on the plane NWSE, 
and let the angle DOW =4d, the angle of dip, and the angle WOS =f, the magnetic 
declination. [et OV be the projection of OD on the plane NWSE by rays from 
the source. 


mn 
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We shall consider first the case of an irregularity which is in the form of a 
prolate spheroid of axial ratio 7, its long axis lying along the line of force OD. 
Its projection on the plane NWSE will be an ellipse. It can be shown that its 
minor axis makes an angle @ with ON (measured eastwards) given by 


2ni(r°n sin d—I cos d) 
y(n? — mi? sin? d) + (2/2 — 1) cos? d — 2insind cos d 


where /=sindsine—cos(4+)cosdcose, 


tan 2(6 + B)= 


m= cose sin(A + 8), 
and n=cos (A+ )sindcose+cosdsine. 
If y becomes infinite this reduces to 
tan(@+$)=—cot(A+f)—cotdtanecosec(A+f) —...... (1) 


In this case the projection lies along OV, and the expression could have been 
worked out by simple trigonometry. 

The angles 4 and « can be computed for a star of known declination as 
functions of the time after upper culmination. ‘The time of upper culmination 
is related to the Right Ascension of the star, and occurs roughly 4 minutes ealier 
on each successive day. 

The angles 8 and d refer to the region of irregularities through which the 
radiation from the star passes. We shall assume that the irregularities are 
located in a region centred at a height of 400 km above the earth. We shall also 
approximate by assuming that the angle of dip and magnetic declination are the 
same at this level as on the ground directly beneath. ‘The values of d and £ 
for a particular position of the source can be determined by plotting on a map 
the position of the relevant point in the ionosphere. ‘The angle of dip and 
declination at this point can then be obtained by interpolation between values 
tabulated for stations on the ground (see e.g. Johnston 1951). ‘The angles dand 8 
are defined relative to a plane tangential to the earth at the observing point. 
It is therefore necessary to make a correction for the curvature of the earth in 
calculating d from values measured at points on the ground away from the 
observing point. ‘The correction to f is small. 

The case of r infinite was worked out for source 23.01 (decl. 583°, R.A. 
23h 21m) observed at Cambridge, to obtain the variation of the angle @ with the 
position of the source. A comparison with the case of r=10 showed the 
differences between the curves to be less than one degree; for larger values of r 
the differences would have been even smaller. The curves for assumed heights 
of 300 and 500km also departed by less than one degree from that for 400 km. 

When + is infinite, the apparent drifts deduced from time shifts can only 
have directions 0 or 0+ 180°. The relation between 6, 6+ 180° and the time 
after upper culmination is shown in figure 1. 

When + is finite but still greater than unity, the apparent directions will still 
tend to group around the directions 6 and 6+180°. It is possible to calculate 
the extent of this grouping by the method outlined by Phillips and Spencer 
(1955). Ifin a group of results the true directions of drift are uniformly distri- 
buted, while the characteristic ellipses have the same orientation and a constant 


axial ratio of 10, then 96° of the apparent directions will lie within 10° of the 
direction of the minor axes. 
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Abstract. Recent experiments (e.g. Llewellyn Jones and Morgan 1953) have 
shown that the emission of electrons from smooth cathodes having a thin tarnish 
film requires the initial deposition of positive ions and that the process then depends 
on the magnitude of the applied field (~10*v cm™!). The mechanism of this 
emission has hitherto been thought to be one of high-field cold emission through 
the surface barrier. The nature of this barrier is considered in more detail and 
it is shown that cold emission is improbable. An alternative theory of field 
dependent thermal emission is proposed which takes into account the existence 
of patch fields due to variation in the work function over the surface and uses a 
more realistic value for the degree of field enhancement near the surface. It is 
shown that, with this mechanism, the predicted emitting areas can be of more 
probable dimensions. 


$1. INTRODUCTION 


T has been shown experimentally (Zuber 1925, Strigel 1939, Tilles 1934, 
] Cobine and Easton 1943, Llewellyn Jones and de la Perrelle 1953, Llewellyn 

Jones and Morgan 1953) that the time lag to breakdown of small gaps between 
metal electrodes in various gases depends on the nature of the cathode surface 
and also on the magnitude of the applied impulse voltage. From these measure- 
ments, under appropriate conditions the mean electron current J from the cathode 
can be deduced. Results obtained by Llewellyn Jones and de la Perrelle (1953) 
and by Llewellyn Jones and Morgan (1953) for several types of metal cathode 
surfaces have been expressed in the form . 


Le BE exp =D) i (1) 


in which &,, is the mean applied field strength (~104 v cm~!) and B and D are 
experimentally determined constants. 

These authors also found that when an insulating layer in the form of a thin 
tarnish film is present on the cathode, a copious emission can be obtained provided 
that positive ions are first deposited on the outside of this surface layer. 

The theory suggested by Llewellyn Jones and Morgan (1953) for this case 
is that cold emission occurs through the potential barrier at the surface. The 
barrier assumed by these authors is shown in figure 1 (a), in which the underlying 
metal has a Fermi level of energy ». and work function ¢,. Positive ions on the 
tarnish layer of thickness a produce a lowering of the work function by the amount 
¢,— 2 and further lowering of the barrier beyond this film is produced by the 
applied field Z,, enhanced by the factor B due to surface irregularity. 
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The emission current of electrons through such a barrier was obtained by 
Stern, Gossling and Fowler (1929) and can be written in the form 


1=38-5 x 192 AP Em" (AACE hay 


(1+ bbe OP BEn 

SO ExDa( = 6'3.2c 10's) electrons: S6C aa ok (2) 
where $= {41 + $2 + (41¢5)!?}a/ (4,12 + 4,") and A is the effective emitting area 
of the cathode. 


Figure 1(a@). Barrier assumed for a cold emission theory. 


Interpreting equation (1) in terms of equation (2) and assuming f = 3, Llewellyn 
Jones and Morgan have obtained values for ¢, and A of approximately 0-05 ev 
and 10-'° cm? respectively for a range of metals in various gases. "These values 
appear unrealistic and for reasons to be discussed it would seem that a cold 
emission theory may not be justified. An alternative theory which seems more 
plausible and provides more realistic emission constants will be given. 


§2. THE SURFACE BARRIER 
2.1. The Tunnel Effect 

In order that the cold field emission mechanism should be adequate it is 
commonly considered that the width of the barrier AB in figure 1 (a) should be 
of the order of 104, the emission then becoming dependent on the applied field 
E,, when variation in this field produces significant change in the magnitude and 
width of the barrier. Normally fields greater than 10®°v cm are required 
(Stern, Gossling and Fowler 1929) to produce the barrier AB. Now the fields 
employed in the experiments under discussion, even after allowing for con- 
siderable enhancement by surface irregularities, are of the order of 10° vcm™ 
and consequently the resultant barrier width AC, instead of AB, figure 1 (a), 
will be too great for tunnelling to take place. The barrier is thus likely to be 
more closely represented by the dotted curve figure 1 (a), than by that pictured 
by Llewellyn Jones and Morgan (1953) which, having a width AB, is out of 
proportion. 

2.2. The Field Enhancement Factor 

Various values for f, the field enhancement factor have been used by authors 
in the past. Llewellyn Jones and Morgan (1953) assume 6=3. More correctly 
8 is a function of z, the distance from the surface, decreasing to unity at small 
values of z for most types of surface irregularity within the microscopic range. 
A useful estimate of B(z) can be made by considering a single prolate spheroidal 
projection on an otherwise smooth plane. Calculations show that while increased 
sharpness of the projection produces an increased value of f(z) at the tip of the 
projection, at the same time |df/dz|is increased. For instance, a point of height 
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60 A and base radius 10A gives a value B=24, s=0 and B=2, z=10A, while a 
hemispherical boss of the same height gives 8 =3, x =O and 6 <2, 7=20A. These 
calculations also show that the potential energy change «(z) of an electron in unit 
applied field is considerably less when z>30A than that obtained by using the 
constant value 8=3. In fact, for the hemispherical boss above, the discrepancy 
becomes appreciable at 15A from the surface. While it is true that projections 
of greater height will extend the range of field enhancement, very much larger 
projections would seem unlikely for the surfaces under discussion. Furthermore 
a practical surface will consist of a multitude of projections rather than a single 
one and this will cause 6() to approach even more closely to unity. ‘Thus the 
assumption of a constant value B=3 produces a far more transparent barrier 
than seems likely in practice, especially if patch fields are taken into account. 


2.3. Patch Fields 


Since BE, is not overwhelmingly large, the importance of such patch fields 
(Becker 1935) should not be overlooked. The presence of positive ions on the 
insulating surface layer produces a lowering of the work function depending on 
the double-layer strength, so that if the ion deposition is not a uniform one (as 
indicated below there is good reason to expect this) then the work function will 
show a similar variation. Since the electron outside the surface must move in 
a conservative field of force, compensating ‘ patch’ fields will arise so that the total 
energy barrier surmounted by an emitted electron would be the same whether 
emitted in a region of high or low work function. These patch fields will be the 
most important factor in rendering the energy barrier AB (figure 1 (@)) inaccurate. 
Such fields were investigated extensively by Compton and Langmuir (1930) 
and by Becker (1935). It was shown that the range of the fields was related to 
the size of the individual patches whilst their magnitudes depended on the strength 
of the equivalent double layers set up. 

It is, of course, impossible to obtain exact expressions for the patch fields for 
any arbitrary distribution of surface charge but Becker (1935) has derived results 
for a single circular patch of constant double layer strength on an otherwise 
uniform surface and also for certain checkerboard arrangements of periodically 
varying high and low work function patches. Herring and Nichols (1949) 
have formally taken the problem a stage further by allowing for different 
periodicities in the two surface directions. 

In all these cases the field is found to decrease exponentially with distance 
from the patch, and at distances large compared with the patch dimensions 
the patch field is small. For a single circular patch of radius r and double layer 
strength V’,, Becker has shown that the axial patch field potential energy P, is 


given by P,=eV,3|(22 +7212 


provided z>a, the thickness of the double layer. Although (3) cannot give the 
true potential, it will be a reasonable approximation when the patches are such 
that they can be considered individually. This is likely to be so in the experi- 
ments under discussion for the following reasons: in the first place the tarnish 
layer produced as a result of surface oxidation will almost certainly be non-uniform. 
The rate of oxidation will be affected by local surface conditions and preferred 
sites for the attachment of oxygen molecules and the subsequent build up of the 
oxide layer are almost certain to occur (Mott 1947). Secondly if, as seems 
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reasonable, the positive ions deposited on these layers result from previous spark 
discharges (Llewellyn Jones and Morgan 1953) then the ions will be localized in 
the neighbourhood of the earlier spark channel. Although Llewellyn Jones 
(1950) has estimated the spark channel diameter to be approximately 8 x 10-3 cm 
at the cathode, the diameter of individual positive ion patches will have a high 
probability of being much smaller than this. There is no evidence that the ions 
are deposited uniformly from the channel and in any case will, once on the surface, 
break up and move into equilibrium positions at suitable sites. This break up 
of the original ion layer will occur as a result of mutual repulsion and clusters 
might well form around oxygen atoms which have gained electrons from the 
underlying metal to form negative ions (de Boer 1935), the initial raising of the 
surtace barrier by the presence of the negative oxygen ion being over-compensated 
by the subsequent group of positive tons. As will be seen later, patch radii 
of the order of 10-° to 10-4 cm appear to give reasonable agreement with experi- 
ment and would be supported by the argument above. 


2.4. The Modified Barrier 


Taking into account the above factors and including the image law neglected in 
figure | (a), the barrier in the neighbourhood of a positive ion patch will probably 
be similar to that shown in figure 1 (6). With such a barrier cold emission 


Surface 


Metal Gas 


Figure 1(6). Barrier in the neighbourhood of a positive ion patch 
(i) Ey, small. (di) E,, large (~ 10* v cm~). 


(equation 2) would not be expected since the width of the barrier in the presence 
of the field Z,, is CD whichis large. If appreciable cold emission is to be obtained 
E,,, must be great enough to overcome the barrier imposed by the patch fields. 
When this has been accomplished the barrier will approach that shown in 
figure 1 (a). The strength required for such a field can be indicated roughly 
by the criterion given by Herring and Nichols (1949). £,, must be such that 


difference in work function of the patches 


CE > patch diameter 


m 
and with a work function difference of the order of 4 ev, £,, must be very much 
greater than 4x 104vcm~! which has not been reached in the experiments. 

The barrier of figure 1 (4), exhibits two maxima having potentials ¢, and 43. 
The maximum 4, will decrease with increasing #,, and will move in towards the 
surface at the same time, in a manner which is analogous to the Schottky-type 
lowering of the work function of a clean surface in a high field, while the maximum 
¢, will depend only slightly on £,,.__'The likely process of electron emission with 
such a barrier is one in which electrons tunnel through the barrier ¢, and are then 
emitted over the top of barrier 43. This would occur for an electron having an 
energy such as W, figure 1 (b), but no emission of an electron from below the 
Fermi level . would be possible. Thus the emission process visualized is a 
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thermal one in which the usual emission constant will be reduced by the trans- 
mission coefficient of the first barrier ¢,. It would be possible to postulate a 
straightforward Schottky type thermionic emission and to interpret the results 
of equation (1) without any allowance for a modified surface barrier. Such an 
interpretation will be found to require values for 8 and ¢ (the work function of 
a simple barrier) in the neighbourhood of 5 and 2 ev respectively. ‘These values 
require further explanation especially as the accepted work functions of the metals 
used are approximately 4ev. In this respect the mechanism now suggested 
provides not only more detail but also acceptable emission constants. 


§3. HicH FreLtp THERMIONIC EMISSION 
In general, for a given barrier, the emission current in electrons cm~ sec + is 
given by 
JS) INCW)DUYV \id- oer a See (4) 
“0 


in which W is the energy of the electron in a direction normal to the emitting 
surface, V(W) is the number of electrons in the metal in the energy range W to 
W+8W and D(W) is the transmission coefficient for an electron of energy W, 
i.e. the probability of such an electron being emitted. 


sie 


Figure 2. Equivalent rectangular barrier corresponding to figure 1 (6). 


By representing the barrier of figure 1 (4) in the simpler form figure 2, in 
which the hump ¢, has been replaced by the equivalent rectangular barrier of 
total height p and width / and the hump ¢, by an equivalent infinitely broad 
barrier of height 7, then, since D(W)=0 for W<n, 


Buu Ry | “exp{ (Wa wikT raw or ae (5) 


in which D(W) is the mean value of D(W) in the range W >n and the condition 
W—p>kRT(T~300°K) has been used. For W near to n, i.e. W=n+7 where 7 
is small, Fowler (1928) has obtained 


8\/n(RTn)"2 


D(W)= ; 


exp [= Zel(p=7)'7]9 ieee . (6) 
in which x? = 87?m/h?. 
Since the temperature is low, N(W) will decrease rapidly with increase of 


W above the Fermi level , so that it is justifiable to use equation (6) in equation (5) 
with the result that 


32732mk2 782 \/n 


—n 
J= he D exp | er —2el(p—n)* | sg gee (7) 
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While equation (7) applies to the barrier of figure 2, no major modification would 
be expected for the more correct barrier of figure 1 (6). Writing n=y+4s, 
p="+¢, and /=a, then the current density J will be underestimated. This 
will not be serious, so that substituting numerical values gives 


T=1-55 x 1026 et Pa)? : SEAR ASL ow 8 mon 1/2 
exp [ — 38-843 — 1-02 x 108a(¢, — 43)"]. 

U+ds 

The dependence of J on £,, is not explicit in equation (8) but it should be 
rembered that ¢3, occurring at comparatively large distances from the surface, 
will therefore vary greatly with E,,, producing a Schottky-type field dependence 
which is unlike that for cold emission. 

If the suggested emission process is to be tenable, equation (8) should give 
reasonable agreement with the experimental current-field relationship obtained 
by Llewellyn Jones and Morgan for particular cathode surfaces. In order to 
check this a relationship between 4, and £,, is required. With this relationship 
it will be shown below that satisfactory agreement can be obtained without 
recourse to exceptional values for A(z) or the emitting area A. 


$4. THE CURRENT—FIELD RELATIONSHIP 


4.1. The Energy Barrier 

The total potential energy of an electron at a distance z from the surface may 

be written as 
P= P,+ P,—eV(z)—ex(2z)E,, 

where P, is the potential energy of an electron leaving the surface when it is free 
of double layers and with zero applied field. P,, is the patch field energy resulting 
from the positive ion patch and is given approximately by (3). V(z) is the 
potential function of the patch itself which will vary rapidly through the patch 
thickness @ while the term ex(z)F,, is the energy decrease brought about by the 
applied field out to the distance 2, as in § 2.2. 

If a maximum P,, of P occurs at z=2,, then 


d(P+P,)]  __ (dV ne 
eae ia! =e (Fy Ns aE eF.., ae 27 Ser eaicne @) 


Also if AP, represents the lowering of P,, below its value Pj» at zero field then 

ral ae Fy Pro = (P; eh PS) a e( ibe a erg (G.) 
Combining equations (9) and (10) and finally substituting the work function 
¢,, corresponding to P,, at z,, then 


dp, _ doy 
dE.. <a e(a),, , dE, = e(«),,- 


m 


em 2m" 


Confining the attention to the maximum at z,( >a), and substituting for P,, 

from (3) then equation (9), with dV/dz=0, becomes 
Jo 10% ie A do. 
a ie reece (7 + 7?)9/2 aa 
In equation (12) the normal image law has been substituted for P;. Calculations 
show that, provided 23 >40 A, 
‘ rs) . 2 
Gree 3-58 x 10 opr r 


i 2" p CX ats 7232 5 
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Finally 4, can be related to E,, by using equation (10). If }g9 is the value of ¢5 
corresponding to P,,) at zero applied field, then the reduction of 4; due to the 
application of £,, is 

5 rae 2 ; 
5) d= er eran Nev eR ay ae (14) 
in which result, for 4), a value corresponding to the work function of the smooth 
uncontaminated metal could be taken. 

Using equations (13) and (14) a relationship between ¢, and £,, for a given 
value of r can be obtained provided V,, and («),, are known. From conclusions 
reached in § 2.2, it is reasonable to assume that («),, = 23 since 3 will be of the order 


of 504, while for V7, a value similar to that used by Llewellyn Jones and Morgan 
(1953), i.e. approximately 4v will be assumed. Before evaluating the current 
density equation (8), ¢, and a remain to be discussed. 


4.2. The Values of ¢, and a 


The first maximum ¢, is determined by the magnitude of the double layer 
V,,, by the image potential, and by the potential change brought about by the 
field B(z)E,,. From these potentials by graphical superposition it is possible 
to show that ¢, lies in the range 3-5—-2-5 ev for the representative projections 
discussed in § 2.2, the maximum occurring at less than 10A from the surface. 

The table gives calculated values of the current density J from equation (8) 
for likely values of ¢,. It will be seen that J is only significant when ¢, is about 
0-5 ev or less and varies very greatly when a is changed from 10A to 204. While 
Llewellyn Jones and Morgan have assumed with some justification that the film 
thickness can be taken as 204, it is very plausible that this thickness varies over 
the cathode surface (§2.3). Since the surfaces received only a brief exposure 
to air, the oxidation reaction will not have been completed and the present author 
is inclined to the view that some patches of thickness less than 20 A existed. 

Using the values a= 104, ¢,=3 ev calculated values of J and E,, for certain 
values of y are given in figure 3. ‘The chosen values of 7 are those most likely to 
fit the experimental results as indicated below and, at the same time, are reasonable 
estimates from other points of view. 


4.3. Total Emitting Area 

The emitting area A must be estimated if the experimentally determined total 
current / is to be compared with the theoretical current density J. If patches 
exist on the cathode, then the emission will tend to be localized at active sites, 
the number of such sites increasing with the field E,,. Unfortunately there is 
no way of assessing the emission from individual patches and one is forced to 
write /=JXA;=JA where J is an average emission density, A; is the area of the 
ith patch and A is the total emitting area. Any estimate of A from the measured 
current / and the theoretically derived values of J must be approximate but 
nevertheless instructive. If A remains constant, a plot of In J and In J against 
E,, should show the same slope. Figure 4 shows typical results for In J taken from 
the paper by Llewellyn Jones and Morgan (1953) and calculated values of In J 
from figure 3 for several values of r. In comparing these, it should be realized 
that the graph for In / is in fact an average value of several such graphs as those 
shown forInJ. If however individual curves are compared, say the experimental 
curve (i) and the calculated current density for a patch radius of 8 x 10-5 cm 


Electron Emission from Tarnished Metal Surfaces 511 


then the emission area is of the order 10-7 cm? and increases as Ey, increases. 
It is interesting to compare this estimate of the area with that for the spark channel, 
5 x 10° cm? (Llewellyn Jones 1950) over which positive ions are deposited from 
an individual spark. Since J could be reduced in magnitude considerably by 


only a slight increase in a (see table), it would be easy to obtain close agreement 
with the spark channel areas. 
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Figure 3. Relationship between current Figure 4. Dependence of In J and 
density J and applied field £,,. InJ on field E,, and derived values 
Patch radius 7: (i) 10-4cm of In A}. 


(ai) 8110s 2ecm: 
(i) 6x 10-> cm: 

It should be noticed that the greatest discrepancies in the slopes d1n I/dE,, and 
d\nJ/dE,, occur at the lower field strengths. ‘This might be expected, since 
from equations (8) and (11) 

dinJ ale A) 

—.— = [ 38-8 — ——__.,, } («), 

dE yy ( (¢,—¢3)"” (@) : 
and will be sensitive to the particular from of patch field chosen in equation (3) 
when 2 is large (~100 4). 


Current density J (electrons cm~? sec~+) 


1 (ev) = 3:5 3-0 2-5 

a(s) = 10 20 10 20 10 20 

da (ev) =0:10 5-6 X10 3-9 x 10? 2-210" 6-3 x 108 1-0 1017 1-4 x 102° 
0-25 2-510! 2-6 «108 1-010" 4-7 108 5-0 x 104 1-2 108 
0-50 3:0x109 6-410 1-410” 1-410? 7-510" 4-2 104 
1:00 51x10 5:2x10-° 28x10? 16x10  1:8x10? 68x10 


§ 5. CONCLUSIONS 
Detailed examination of the barrier existing at the surface of a tarnished metal 
seems to indicate that true cold emission of electrons is improbable with fields 
of 104-105 v cm! because of the likelihood of long-range electron-retarding 
patch fields. Tunnelling through such a barrier would not be expected to occur 
especially as calculations indicate that field enhancement is small. 
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The thermal-type mechanism suggested avoids these difficulties and it 
predicts more reasonable emitting areas. It is believed that enough has been 
done to show that, for the range of ¢, and a to be expected, the present theory 
produces acceptable values for ¢3, J, A and dln J/d&,, together. 

It would appear possible that other instances in which a cold emission process 
has been assumed and has resulted in unreasonable values of work function and 
emitting area as in the case of liquids (Goodwin and Macfadyen 1953) might 
yield better results if an explanation is sought in terms of a Schottky-type field- 
dependent thermal emission. 
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Interpretation of Experiments on Electron Emission in Spark Gaps 


By M. J. MORANT?+ 
Electrical Engineering Department, Queen Mary College, Mile End Road, London, E. 1 


MS. received 7th September 1954 and in final form 28th February 1955 


Abstract. Recent experiments on electron emission in spark gaps with fields 
of the order of 10° v cm™ have been interpreted in terms of a Fowler-Nordheim 
emission process. It is shown that a better explanation is thermionic Schottky 
emission allowing for surface irregularities, although it is not yet possible to 
distinguish between the two types of law. Expressions are derived giving 
relationships between the parameters in the two interpretations. The work 
function (~1-5—2 ev) and emitting area (1-10-8 cm?), for agreement with the 
Schottky effect, should be capable of a much simpler physical explanation than 
the extremely low values obtained from a Fowler—Nordheim interpretation. 
A large error can be introduced in the latter case by neglecting thermionic emission. 
If it is assumed that the emitting surface is heated locally to 500°c, the work 
functions in the Schottky interpretation are of the order of 4 ev. 


§ 1. INTRODUCTION 


N a recent series of papers, Llewellyn Jones and de la Perrelle (1951, 1953), 
] Llewellyn Jones and Morgan (1953), and Morgan and Harcombe (1953) 

have measured the electron emission of various surfaces by observations of 
the statistical time lag for the electrical breakdown of very small gaps in air and 
other gases. For particular experimental conditions, the average time lag to 
breakdown, ¢ sec, for a large number of voltage impulses, has been shown to 
equal the average time interval before the appearance in the gap of a single electron 
from the cathode (von Laue 1925, Zuber 1925). In this way, very small currents, 
equal to 1/Z electrons sec1, can be measured over a small range of field strengths 
E of about 104-10°v cm}. These currents have so far been interpreted as 
cold (field) emission from the cathode; comparison with theory then gives values 
of the work function of 0-5—0-02 ev, and emitting areas equal to or less than 
10-14cm?. It is not easy to give a physical significance to these values. It is 
shown in this paper that the currents are better interpreted as thermionic emission 
(at room temperature) enhanced by the Schottky effect, and much more reasonable 
values of the parameters are found. A detailed comparison of the emission 
equations is given, as similar conclusions may apply to other experiments. 


§2. THE SCHOTTKY EFFECT FOR AN IRREGULAR SURFACE 


The normal equation for the Schottky effect (e.g. Herring and Nichols 1949) 
assumes a plane surface and uniform applied field. Ata distance x from a micro- 
scopic projection on an irregular surface, an applied macroscopic field, £ v cm™, 
will be enhanced by a factor A(x), and this modifies the Schottky equation as 
shown by T. J. Lewis (unpublished). Figure 1 shows the surface image potential 

+ Now at The Research Laboratories of the General Electric Co., Wembley, Middlesex. 
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barrier of a metal, and the applied field. The peak of the resultant barrier 
occurs at a distance x, from the surface where the force on an electron is zero, 
i.e. where 


B(x, )= C4 eee (1) 
The image potential at «, is e/4x,, and the potential due to the applied field is 
| By, )E de= 64) Ee ss (2) 
0 


Image Potential 
e?/4x 


Potential et uin Field 
pe 


Resultant Potential 
Barrier 


Potential Energy of anElectron 


Metal Air or Vacuum 


Figure 1. Surface potential barrier of a metal with an enhanced applied field. 


Thus the lowering Adg of the work function ¢g of the metal, due to the applied 
field, is 


2 


a 


e ie 
Adg= reve Berks. ~~ Ty Sy aeeceee (3) 
ges! 

Substituting for x, from (1) gives 

Ags = de (1 + Blx,)/B(oy)} {eR(w)E}"” 

=ae(el)? 

where « depends on the surface geometry and is unity for a plane surface (8 = B= 1). 
‘The thermionic emission current / over the surface barrier is then 


Sau 1/2 
[=ATPexp | pp +00 SF | acm svete (5) 


where A (theoretically = 120 a deg-* cm~?) is Richardson’s constant, and T is 
the absolute temperature. A Schottky plot of log J against E14? has a slope 
ae*/RT. Aso isa function of x, given by (1), it is also a function of the applied 
field strength £. Although not amenable to calculation because of lack of 
knowledge of the function f(x), « is certain to increase with applied field strength 
as the peak of the potential barrier approaches the surface. Any experimental 
value of « can be interpreted in several ways in terms of A(x) and f(x). For 
example, the sets of values in table 1 all correspond to «=3 and E=105 v cm. 
It can be seen that a given value of « is consistent with a high field intensification 
(and low value of («,)/6(x,)) at a point close to the surface, or a low field intensi- 


fication at a larger distance. Any conditions between these limits appear to be 
equally likely. 


Table 1 
B(x) 1 2 4 6 8 
x (A) 60 42 30 24 21 


B(x) /B(ve) 5-0 3-2 2-0 1-4 1-1 
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Experimental Schottky plots are usually made for applied fields of less than 
4x 10*vcm™!. Within this range x, is so large that large values of B(x,) and 
B(x,)/B(x,) are unlikely so that « is approximately unity and the field enhancement 
effect is not normally detected. Even so, as shown in figure 2, Schottky plots 
may deviate greatly from straight lines because of surface patch fields. For low 


and moderately high applied fields, the curve has the correct Schottky slope, 


Increased Slope due to 
field enhancement 


gchottky SIOPE _ 


(Applied Field)’ 


Figure 2. ‘Typical experimental Schottky plot. 


e?? RT, andintercepts onthe In /axisof (In AT? — ¢,,,,/RT)and (In AT? — dg min/RT) 
respectively, where dg,, and ¢g,,;, are the average and minimum work functions 
of the surface (Herring and Nichols 1949). For applied fields of the order of 
patch fields, the slope of the Schottky curve is greater than e??/RT. Although 
patch fields are usually less than 4 x 10* v cm™!, values of « greater than unity 
may be partly explained in terms of path effects in fields of up to 10° vem". 


$3. COMPATIBILITY OF FOWLER-NORDHEIM AND SCHOTTKY PLOTS 


The measurements of electron emission referred to in $1 have hitherto 
been interpreted in terms of a Fowler—Nordheim field emission law of the form 


is BE xpd DID) 0%) (ema (6) 


where B and D are constants. However, since the fields are considerably less 
than those usually associated with field emission, and the currents are only 
10?—10° electron sec}, thermionic emission over the surface barrier should not 
be neglected, even at room temperature. With a normal image force barrier, 
the potential maximum occurs at 15A from the surface for the highest field 
used (1:3 x 10° v cm™) and a field intensification, B(15), of 12. Thus, tunnelling, 
even through the top of the barrier, is an unlikely process, and 1s practically 
prohibited for electrons below the Fermi level. An explanation in terms of an 
equation of type (6), derived for a tunnelling process neglecting emission over 
the barrier, is bound to lead to unsuitable values of the constants B and D, as is 
shown by the low values of the work function obtained in this interpretation. 

Over the small range of applied fields for which the experimental method can 
be used, plots of log (Z/E?) against 1/E give. straight lines. However, when a 
dependent variable changes extremely rapidly with respect to an independent 
one, several different log plots can usually be found to give straight lines over 

2N-2 
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asmallrange. Inthe present case the current can change by as much as 200 times 
tor a 30% change of field, so that agreement with equation (6) is not significant. 
This can be shown by re-plotting the results in the Schottky form 
I= AT*Sgexp (ye) eee (7) 

where p= —¢s/RT, y=xe22/RT and S, cm? is the emitting area. As an example, 
it is shown in figure 3 that results previously plotted as In (//E?) against LE 
(Llewellyn Jones and de la Perrelle 1953, figure 4) give equally good straight lines 
when plotted as In J against £1. 
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Figure 3. Schottky plot of results of Llewellyn Jones and de la Perrelle (1953, fig. 4). 


It can be shown that extremely accurate measurements would be needed to 
distinguish between (6) and (7) as the correct law for the variation of J with E£. 
Assume that results are available fitting equation (6) exactly so that 


Inf=2inke lp BD Se) eee (8) 
We require to find the deviation from a straight line of a Schottky plot (In J, £1) 
of these results. Expanding f(£"?) as a ‘Taylor series in terms of a field Ep, 
AE!) = f(Bq}) + (EN — By}? )f (Ey!) + (E!*— Ey})f" (Eg )/21 +... 


where 


; d, 
(E)= (Gera), ,, =A1Bo 42D) 


P(E!) = —4)\(Ep?P + 6D (E,!2)—— ete. 
Therefore 
In T= f(E'2) = f(E,"?) + (BN? — By}?2)(4 + 2D/By)/ Ey)” 
—= (Bie BoM? )*(4-- ODE) 2k 
+ (EMS EPS 24D ie) ole ae) ee (11) 
‘This curve is shown in figure 4. It can be seen that over a small range of E12 
the curvature is very slight. By taking Ey"? as the mean of the maximum and 


minimum values of £1? for a single set of experimental results, it can be shown 
that the curve, /(Z"”), (PQ, figure 4) differs from the straight line 


In T= (Ey!) +(E¥?— E,')(442D/E, Ey? oe... (12) 
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(RS, figure 4) by about 4% of the experimental rangeofIn/. ‘The actual deviation 
has been calculated for all the published experimental results quoted previously 
The largest deviation is 5-9°%, the smallest, 0:-5%. If the experimental points 
lay on the curve PQ (figure 4), the best straight line through them would be R’S’ 
and not RS. This deviates from the curve by about half the above values, i.e. on 
the average by about 2% of the total range of InJ. The scatter of the experimental 
points is such that this deviation could not be detected. Thus, experimental 
results which obey a straight line law when plotted in accordance with (6) would 
also give a straight line when plottéd in the Schottky form (7). 


Une 


tn (= 4B)” 


= Ee Ef Tae 
(Applied Field)” 


Figure 4. The form of the Fowler-Nordheim equation when plotted as (log J, E) 2), and 
the best straight line approximation. 


Equivalence of Parameters of the Two Interpretations 


The parameters obtained from the two methods of interpreting the results 
are, of course, related. From (12) the slope of the Schottky plot in terms of the 
slope —D of the equivalent Fowler-Nordheim plot is 


PROD ye" ty Sea) Oe (13) 


Also the intercept of the Schottky line RS (figure 4) on the In J axis, obtained 
from (7) and (12), ist 
lIn(seA17)+e=2ln ky +lnB—3D/Ry=4  } cake (14) 


where B is the corresponding intercept on the In(//E?) axis in the Fowler— 
Nordheim plot. ‘The constants p, y, B, and D can be obtained by expressing 
(6) and (7) in their more usual forms: 


Fowler—Nordheim: 


Gh z € 7] 5 Al 
I= 6-16 x 10-6 _—____. M,,*F*S,, exp (— 6°8 x 10'4,3?/M,E)amp  .. (15 
x (dy of Ody? I i p( bp / i ) p ( ) 
Schottky: 
I=120T*S,exp(—¢g/RT+ae(eL)7/RT) amp ...... (16) 


where S,, Sy cm? and ¢p, dy electron volts are the emitting areas and work functions 
in the two interpretations of the measurements, and M, is the field intensification 
factor for agreement in the Fowler-Nordheim theory. ¢ is the kinetic energy of 


+ The use of RS rather than the best straight line R’S’ is much simpler and gives an 
error of less than 1° in the value of the work function obtained from the intercept. 
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an electron at the Fermi level in the metal, taken as 5 ev. Substitution of the 
values of the constants in (13) and (14) gives 
ae(ek,)2/RT=4+413-6x 10"by??/MypEyg se se (17) 
6:16 x 10-8127 My? SpE? 4 20:4 x 10"by°” eds 
nf 120T?Ss($p + Oby? i . E,My Re, Abeas 

Thus the Schottky field intensification factor « is determined uniquely from 
(17) using values of ¢y, Sp, My, and E, obtained from a Fowler-Nordheim 
interpretation of a particular set of experimental results. The corresponding 
work function dg in the Schottky interpretation can be obtained from (18) for 
various values of the effective emitting area S,. These values of ¢g are the 
maximum consistent with the Schottky hypothesis, as it has been assumed, 
in obtaining the intercept, that x is constant for fields lower than the experimental 
values. However, a lower limit ¢g/ can also be obtained by assuming that «= 1 
for applied fields less than the minimum used in any particular experiment. 
The value of ¢s’ can be obtained to within 5°% from the relationship 

(¢5—¢5 )/RT = (2D/E, +4) — e(eky)?/RT 
=e(eL e=—lLiRP = | 32a (19) 

which may be derived by assuming that «= 1 for F<, instead of E< yin. 

Typical results for the parameters in the Fowler-Nordheim and Schottky 
interpretations using values from Llewellyn Jones and de la Perrelle (1953, 
figure 4) are given in table 2. As will be shown later, the Fowler-Nordheim 
interpretation is usually incorrect, as the low values of work function required 
for the correct slope would give a thermionic emission greater than that observed. 


Table 2 
Material Fowler—Nordheim Interpretation Schottky Interpretation 
ee ee Se eae a dg (ev) dg’ (ev) Sy (cm?) 
Ss “12 $35 237 1-46 0a 
aes { 10 0-47 1-5 10-14 8-35 2-14 1-23 10-¢ 
100 28 OS MQ 8:35 1:91 1-00 Om 
Jaya 1 0-05 IRS MNOS 4°53. 1:79 1-39 1 
Oxidized ff 1g 9.93 1-6 10-28 454 1:56 116 10-4 
tungsten 
100 1-10 AAW SO 4:54 1-33 0:93 KO 


Taking an emitting area, Sx, of 1 cm?, values of the work functions dy and ds’ 
obtained from a Schottky interpretation of all the published results lie between 
1-4 and 2-5 ev. ‘These values are up to 14 times greater than the corresponding 
work functions ¢y in the Fowler-Nordheim interpretation. The Schottky 
values do not depend critically on the assumed emitting area, a reduction of which 
by 10% times changes the apparent work function by only 0-46 ev. Also, they 
are independent of the field intensification factor « which is uniquely determined 
and found to have values between 3 and 14 for the wide range of surface finishes 
to which the published results refer. Values of 4, between 0-013 and 0-09 ev 
for highly polished electrodes of various metals tabulated by Llewellyn Jones and 
Morgan (1953), indicate that « may be unity and is certainly less than 6 for these 
very smooth surfaces. Exact values cannot be obtained as the corresponding 
field strengths are not given by these authors. 


Interpretation of Experiments on Electron Emission in Spark Gaps She 


. In the same way, Kerner and Raether (1954) have recently concluded that 
direct measurements of electron emission in fields of the order of 104 v cm- 
can be accurately described as Schottky emission and they obtain similar values 
for the parameters. ‘These authors assume that the field enhancement does 
not vary with distance, and so give the slope of the Schottky plot as Be3?/RT 
instead of ~e?/RT as derived above. | 

It is interesting to note that similar conclusions apply to measurements of 
electron emission into pure liquids derived from the conductivity in fields of up 
to 2x 10° vem! (Goodwin and Macfadyen 1953). A Fowler-Nordhe!m 
interpretation gives extremely low values of work function and emitting area 
(¢p=0-11 ev, Sp~10-!§ cm? for M,=10). The larger values of the Schottky 
interpretation are easier to interpret physically (¢s,~1-0 ev for Ss=10-™ cm2), 
but « in this case (~1-3) is partly accounted for by the dielectric constant of the 
liquid (LePage and DuBridge 1940). 


$4. Discussion 


It has been shown that measurements of electron emission in spark gaps, 
previously interpreted as field emission by tunnelling, can also be explained in 
terms of the Schottky effect including a field enhancement factor which is inde- 
pendent of the values of work function and emitting area. The equivalent work 
functions for the Schottky effect cannot be determined exactly without knowing 
the variation of the field intensification factor with distance from the surface. 
Upper and lower limits of the work function can, however, be obtained, and the 
difference between them is not great. Although the work functions obtained 
are lower than the average values for most metals, it is recognized that the intercept 
of the high-field Schottky plot is determined almost entirely by the patches of 
lowest work function on the surface (Herring and Nichols 1949). Onthe Schottky 
interpretation the effective work function does not vary greatly with the assumed 
emitting area (1—10-!? cm?) which can be very much greater than the values 
(< 10-4 cm?) required for agreement with the Fowler-Nordheim theory. 

The normal potential barrier of the Schottky interpretation has been shown 
to be sufficiently thick for tunnelling to be quite negligible. On the other hand, 
a Fowler—Nordheim interpretation presupposes a low work function as a barrier 
must be thin and the applied fields are low. Because of thermionic emission over 
such a barrier, the Fowler-Nordheim law is definitely incorrect for many of 
the results quoted. For the example of the nickel and tungsten samples of 
table 2, the smallest measured currents were 1:9x 10°" and 3-6x10°%a 
respectively, and extrapolated to zero field these are 1-5 x 10° and 5-0 x 107 a, 
and yet the thermionic currents, obtained for the most likely values of work 
function and emitting area (i.e. for M, = 10) would be 1-1 x 10° and 1-8 x 10° a 
respectively, even without the Schottky enhancement. 

It has been assumed in the above Schottky analysis of the results that the 
emitting points are at room temperature. However, if the temperature of a 
single emitting point of area 10-° cm? is assumed to be raised to just 500°c, the 
indicated work functions are of the order of 4 ev and the normal surface barrier 
of the clean metal is sufficient to explain the results. Local heating of this 
amount seems possible as the measurement involves 50 discharges per second, 
and at least 10-® coulomb passed in 1 psec in a spark channel of diameter of the 
order of 8x 10-3 cm (i.e. 2x 104 acm -?)(Llewellyn Jones and Morgan 1953). 
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The long time lag before the first breakdown of a series could be explained as the 
time required for the emission of an electron over a barrier of about 4 ev at room 
temperature. Subsequently, the emission could be mostly from the same 
cathode spot, heated slightly by the discharge 2 x 10-? sec earlier. The discharge 
could occur at a different part of the surface when an electron was occasionally 
emitted from outside the cathode spot of the previous discharge. 

Variation of the temperature of emitting points would also be consistent with 
observations of the dependence of the emission on pulse length, obtained at 
a constant pulse repetition frequency but without spark quenching (Llewellyn 
Jones and de la Perrelle 1953). These measurements have previously been 
taken as evidence of a layer of positive ions on smooth surfaces with thin tarnish 
layers. Such a layer modifies the surface barrier and gives a different inter- 
pretation of the constants in the Fowler-Nordheim equation which otherwise 
gives emitting areas less than molecular dimensions for these surfaces (Llewellyn 
Jones and Morgan 1953). In view of the reasonable parameters obtained in 
the Schottky interpretation the use of a more complicated surface barrier than 
that of the image force does not seem to be justified at present. 
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Abstract. A second-order differential equation in the variables p and T is obtained 
which is valid for all phase equilibria of the first and second orders. On the basis 
of this equation, Ehrenfest’s treatment of second-order phase changes is presented 
as a degenerate case of first-order transitions involving discontinuous changes 
of volume which are very small but non-zero. The ensuing discussion, in which 
special reference is made to the case of liquid helium, indicates how a fuller 
understanding of the nature of a second-order transition can be achieved by 
regarding it as the limiting case of a first-order transition. 


$1. INTRODUCTION 
HE fact that the transition from liquid helium I to liquid helium II occurs 
with no measurable latent heat and with no apparent change of density 
led Ehrenfest (1933) to investigate the properties of so-called second-order 
phase equilibria in which both the volume change and the latent heat of trans- 
formation at constant pressure and temperature are exactly zero. He showed 
that, if 1 g of pure substance undergoes a phase transition of this type, then 
dp _ AC, _ ha aay 
DE Pens Ne a) el ek 
where dp/dT refers to the change of pressure with temperature along the second- 
order transition line, v is the specific volume, and AC,, Aw and Ak denote 
respectively the discontinuities experienced by the values of the specific heat 
at constant pressure, the volume expansion coefficient, and the isothermal 
compressibility on crossing the transition line. Objections have been raised 
by Justi and von Laue (1934), Eucken (1934) and other authors to Ehrenfest’s 
postulate that second-order phase transitions can take place; and, as Rice (1954) 
has shown, Gorter’s model of such transitions, quoted by Keesom (1942), is 
open to criticism. Since the whole question has evoked considerable discussion, 
it seems desirable to investigate the connection between first-order and second- 
order transitions, and to explore the possibility of regarding the latter as limiting 
cases of the former. 


§ 2, GENERAL EQUATION FOR PHASE ‘TRANSITIONS 


For a phase equilibrium in which the transformation takes place with the 
development of finite latent heat L and with a finitely discontinuous volume 
change Av, the entropy S satisfies the equation 


dS _ (aS) |, a dp 
CHE AG WON op) p dT 


te 
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along the boundary between the phases. In consequence, the discontinuities 
shown at the boundary by the entropy, the constant-pressure specific heat, and 
the expansion coefficient « are connected by the relation 

d d ({L AC Aap 

— = — _— => —_—_—-C ll ee OG = GPU Giieeaterens 2 

Tee a(7) TF ~ ar ets 2) 


where the symbol A indicates that the value of the operand immediately to one 
side of the transition line is to be subtracted from its value at the corresponding 
point just across the transition line. 

Similarly, the equation 


de _ (de) | (ae\ dp 
ar Nat et Nap) eae 
which is valid along the phase boundary, implies that 


d i ap 
Tp a2) = Alex) — 77 Ah). sa eieiae (3) 
The condition for phase equilibrium is AG =0, where G is the Gibbs function. 

Since dG=vdp—SdT, it follows that dpAv—dTAS=0 at the boundary. 
Consequently, if dp/dT exists, the equation AS =(dp/dT)Av holds good for the 
whole transition line, and can be differentiated along it. On differentiating 
with respect to T and using equations (2) and (3), we have at once 

OS ie dp \? dp 

rie wy aT A(va) a (3) A(vk) =F aT? INO eee (4) 
In the special case when L=0, and therefore Av=0, the equation (2) becomes 


dp AG _ AG 
dt © TK(oa) © Totes 
and (3) becomes dp _A(va) Aa 
dT A(vk) Ak’ 
In this special case, the equation (4) is also consistent with the pair of Ehrenfest 
equations (1). Thus, it can be regarded as a general equation valid for all phase 
transitions of the first and the second kinds. For equilibria of the third and 
higher orders it reduces to a trivial identity. 


§ 3. PHas—E CHANGES WITH NON-ZERO, BUT VERY SMALL, LaTENT Heats 


In the general case, equation (4) can be written in the form 


dp 7 A(Ga) 2 eal dp 
ca rot ae. (vk) {ar sv-B} ee eee OS. (5) 

where AC, . {A(oa)}? 
E> =p quan) ey ee (6) 


By the Ehrenfest equations, E=0 and dp/dT=A(va)/A(vk) when Av=0. 
Moreover, since in any case of physical interest the volume discontinuity Av 
will always be a differentiable function of position along the transition curve, 
we deduce from (3) that, so long as A(vk) remains finite, dp/dT will tend con- 
tinuously to the limit A(v«)/A(vk) as Av tends to zero. 


For Av small but non-zero, 
we therefore write 


dp a A(va) 
av = lar c) Age) TO es (7) 
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By equation (3), Le ad Av) 9 
CS SS See (ING 
Ae) Tr Oa, oF en dence (8) 
so that, provided A(va) and A(vk) remain finite, « can be regarded as a continuous 
function of Av which tends to zero as Av tends to zero. On substituting in 
(5) from (7) and (8), we now have 
d*p aly A : 
= Av= E+ — <= (Av)> . oe. 
dT? A(vk) \aT | ) J ae) 
It is clear from the above argument that we can now conceive a class of 
first-order phase equilibria, showing finite discontinuities A(vx) and A(vk), but 
with non-zero volume changes Av and non-zero latent heats L so small that 
e* is negligible. It will be convenient to use the term ‘small-Av’ to describe 
an equilibrium of this class. A small-Av phase transition is therefore one which 
is governed to a sufficiently close approximation by the equations 


apt A(va) 

Ties aan) = i ee (10) 
d*p E 
On ee le (11) 


In any specific case of a first-order transition, equation (10) could be used in 
principle to estimate « from measurements of the physical properties of the phases 
involved, thus making it possible to judge whether (11) is an acceptable approxi- 
mation to the exact equation (9). Unfortunately, it is notoriously difficult in 
practice to measure Ax and Ak accurately; as a consequence of this fact, it has 
not yet been possible, for example, to employ the Ehrenfest equations as a sure 
test of the second-order nature of the helium transition. 

Equation (11) shows that, in the case of a small-Av transition, the curvature 
of the boundary between phases remains finite only if E is a quantity of the same 
order of smallness as Av. It follows that a substance with the property that 
the numerical value of £ is large for all values of p and T could not exhibit along 
a transition curve of finite extent a phase equilibrium associated with extremely 
small values of Av. 


§ 4. SECOND-ORDER PHASE ‘TRANSITIONS 


A second-order transition is now to be regarded as the limiting case of a 
first-order transition with infinitesimally small Av. By the argument just used, 
a second-order transition curve of finite extent in the (p, 7) plane can be obtained 
if, and only if, the properties of the two phases happen exactly to satisfy the 
equation Ey =0, where 
AG, w(x)? 

(rN : 
is the expression to which E reduces when Av=0. As soon as the curve runs 
into a region where E,40, it must immediately terminate in a critical A-point or 
a triple point. It would indeed be entirely proper to define the second-order 
transition line as the locus of points for which £,=0. From this condition, 
and the first equation (10) with «=0, we recover the Ehrenfest equations (1). 

The circumstance that Z, must be exactly zero on a second-order transition 
line has been used by Epstein (1937) as an argument against the existence of 
second-order transitions, in that a rather unlikely restriction is imposed on the 


Eo 
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physical properties of the participating phases. In view of the fact that transitions 
known, or suspected to be, of this type are exceedingly rare in comparison with 
first-order equilibria, Epstein’s argument loses its force once it is realized that 
no sharp distinction need be drawn between a second-order transition with 
L, Av and E all exactly zero, and a first-order transition in which these quantities, 
though non-zero, have values which are all extremely small. 

In the case of the He I-He II transition, the direct experimental evidence in 
favour of it being either second-order, or so nearly so that the deviation is of no 
practical consequence, is very good. From the measurements of Keesom and 
Keesom (1935), it is known that the latent heat developed does not exceed 
2x 10-3 cal g-! at the A-point. Using the measured slope of the A-line, it can be 
deduced from (10) that, if the transition were a small-Av first-order one, | Av | 
would have as an upper limit the value 5 x 10-4 cm? g-!. Now, a rough estimate, 
based on experimental values of p and 7 for points on the A-line, yields the value 
3-410’ dyn cm? deg? for |d%p/dT?| at the A-point. Consequently, by 
equation (11), | Z| is, at most, 1-7 x 104 erg g-1 deg-?. Since |AC,/7'| is about 
3-4 x 107 erg g |! deg ? at the A-point, the difference there between the values of the 
two terms forming E is certainly less than 5 x 10-4 times the value of either term 
taken separately. ‘Thus, although the nature of the case precludes exact experi- 
mental confirmation that the transition is true second-order, there can be no 
doubt that the departure therefrom is small enough to be insignificant in practice. 

The arguments already advanced demonstrate that it is legitimate to look 
upon a second-order transition as the limit attained by the class of small-Av 
first-order transitions when Av tends to zero. In the (p, v) plane, a second-order 
boundary between phases can therefore be regarded as the result achieved by 
collapsing laterally the usual Q-shaped first-order boundary until it becomes one 
line which is bent back upon itself, as it were, at the critical point. By the time 
the collapse has been completed the isotherms of the first-order case will have 
become curves showing a sharp change of slope at the second-order transition 
line. ‘This correlation between transitions of the first and second orders is quite 
different from the one adopted by Rice (1954), who draws the diagram of a transition 
which resembles a first-order transition except that the slope of an isotherm in 
the two-phase region is not quite zero, and then interprets this diagram as being 
the representation of two sets of second-order transitions, one set on the left-hand 
branch of the pseudo first-order boundary and the other on the right-hand 
branch of this boundary. One obvious defect of this viewpoint is that it seems 
to require one second-order transition always to be accompanied by another, 
a prediction which is in conflict with available experimental evidence. 

The picture of a second-order transition presented here has the advantage 
of explaining very simply why liquid helium I and liquid helium II have never 
been observed to coexist in a volume throughout which there is a uniform 
temperature and pressure. The normal two-phase region contained within 
the first-order boundary in the (p, v) diagram has ceased to have an area in the 
process of collapsing that boundary into a second-order transition line, and 
consequently there is no longer any possibility of having a phase equilibrium 
such as is achieved in the first-order case. It is immediately obvious that, in the 
second-order case, the participating phases can be present simultaneously in 


a given volume only if one of the variables of state, such as temperature, possesses 
a gradient in that volume. 
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Abstract. Liebmann’s method of tracing paraxial rays is critically reviewed, 
corrections being made to the higher terms of his formulae. A new and very 
accurate method of ray tracing is described, which is a development of that used 
by Burfoot; the predictor is one used by Goddard and the corrector is the double 
integration formula on which the method of Stérmer is based. Like Goddard’s, 
this method is applicable to marginal as well as to paraxial rays. ‘The results of 
numerical tests of various methods are compared. The methods of Gautier and 
Laudet are discussed. ‘The use of the constancy of the Wronskian determinant 
as a criterion of accuracy of paraxial ray tracing is considered, examples being 
given of instances in which it is and is not reliable. 


§ 1. INTRODUCTION 


IEBMANN (1949) proposed, and he and collaborators (Liebmann and 
Ie Grad 1951, MacNaughton 1952) have used, a method of paraxial ray 
tracing and of determining the primary aberrations of axially symmetric 
magnetic and electrostatic lenses. It is the purpose of the present paper to 
correct certain errors in Liebmann’s paraxial formulae and to compare their 
accuracy with that of the method of Goddard (1944) and with that of anew method 
which, like Goddard’s, is applicable to the general as well as to the paraxial ray 

equation. 

§ 2. MopIFICATION OF LIEBMANN’S METHOD 

In Liebmann’s method, which is a development of that of Cosslett (1946, 
pp. 37 and 97), r and 7’ (here and throughout f=d"f/dz") are expanded in 
Taylor’s series : 

Vat lat Ty ol FEL, Cdn ee re (1) 
Ci Wag, WAT, (WA oo, ee (2) 
where w=2,,41 — % = constant. 

Bothy and?’ are computed at every step through the lens; 7’ is expressed in 
terms of r (and of r’ if necessary) from the paraxial differential equation, and 
r’’ and 7” are obtained in terms of r and 7’ by differentiating that equation. 
Hence equations (1) and (2) may be written in the form: 

int, 0th, Op = eee (3) 

Tye tO tp Oe oe eee (4) 
where Q;, Q2, Qs; and Q, are functions of w and of the field (and hence of oat 
In effect Liebmann states (1949, p. 756) that his Q’s are correct up to and including 
w*, but two errors are committed in their derivation which vitiate this claim. First, 
although an expression for r'Y is derived, it is subsequently neglected; con- 
sequently no w® terms are given in Q; and Q,, although (apart from Qs in a purely 


Ray Tracing in Electron Lenses 527 


magnetic field) such terms are not zero even according to a derivation in which 
the second error is committed. This second error occurs in the differentiation of 
r’ and r’’’, where Liebmann treats the magnetic field H and the electrostatic 
potential ® as constants; he states (1949, p. 755) that the resulting error “is can- 
celled (except for higher order terms)...if the constant field values assigned 
to the (n+ 1)th interval are the [geometric] mean of the field values at P,, and 
P41. Itis true that the use of mean values renders the series for the Q’s more 
rapidly convergent, but although it diminishes it does not eliminate the error 
arising from treating H and © as constants. 

Liebmann derives recurrence relations for the primary aberration as well 
as for the paraxial rays and therefore proceeds from the exact ray equation. For 
the present purpose it is simpler and sufficient to apply his method to the paraxial 
equation, which may be written r’’= Ar’ + Br where A and B are functions of z, 
but are treated by Liebmann as constants. Such treatment yields 


0" = Ar" + Br’ =(A?+ B)r'+ ABr 
rv = (A? + B)r”’ + ABr' =(A?+2AB)r' +(A2B + B?)r. 
Hence QO,=1+4w°B+jiu° AB 
Q,=w +3u°A + 4w*(A? + B) 
O,=1+ Aw+43w(A? + B)+4w3(A4?+2AB) 
O,=wB+}$w'AB+}w*(A?B + B?). 

For a magnetic lens d = 0, B= — H?/4 P? where P=(Hp), the ‘specific momen- 
tum’ of the electrons. For an electrostatic lens d= —}0’'/®, B= —10”/®. Sub- 
stitution of the appropriate values of A and B in these equations for Q,...Q, 
yields Liebmann’s results (1949, equations (18 a—d) and (19 a—d)) save that, as 
explained above, the w? terms have been omitted from his equations for Q, and 
Q,, and that there is an obvious typographical error in equation (18 4). 

We have carried out the differentiations without treating A and B as constants 


and have thus obtained Q,...Q, in terms of H,, and ®,. ‘The Q’s for a purely 
magnetic lens are: 


O21 pot HP? 2th Pe ae a (5) 
Geese 9 8 SS PO eee (6) 
On sa Pt 2 fa Ps i (7) 


O,= —1wH?/P?—4 ,w*H, Hy P?+50w( nih |P2+ 4H4/P4— H/?/P?), 


Following Liebmann (1949, § 11), we may transform these expressions into 
terms of H,, 1/2 and its derivatives, in place of H,, etc., where H744,=H,A,, 41- 
To effect the transformation we use H,,,,=H,,+H,w+3H jw" + 


mbence H? =H? ,1j.—H,Hi,w—}H, Hy w®.. 
In these terms the values of the Q’s for a magnetic lens are 
Q,=1- NTIS betty 0 Sieciccy Jad g amt c terry eek rn 2 ee (9) 
O,=w— nual Pea a (10) 
QO, = 1-4 w*Ah + 1)0/ P?— 3° Ay 4112 An sae/ PP Sie iar (11) 


O,=—- 4 wH? s/P? +504 FAA, 1H ga) LE 4H +1/ P*— ibe isle 
E(12) 
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These formulae agree with Liebmann’s as far as his go, but it is only in Q, 
that he gives the w? term. Comparison between his formulae and our two groups 
(equations (5)-(8) and (9)-(12)) shows the error of his assumption that the use of 
H., .1/2 justifies the treatment of H as a constant. 

For the electrostatic lens a similar derivation yields 


O,=1-—}w?h"+ Aw wise iow (13) 
Os batd? < -- ieee ks Bee (14) 
Os = 1— 3 opp’ + peop? —p') + erp” — 3p’ p" + 3p) sree (15) 
y= — boop! + Leotp'p! + Leo(Qph + 3p" — SPW") aaa (16) 


where for brevity we have written (O™/®), , .,.=p™. 

Equations (13)-(16) agree with Liebmann’s up to and including the w? term, 
apart from a misprint in the sign of the w term in his equation (19d) which is, 
however, given correctly in equation (7d). Liebmann’s w* terms in both Q, and 
QO, are wrong; indeed, that for Q, should be zero. He gives no w? term in 
Qs; or Qs. 

We have followed Liebmann in checking these formulae by applying them to 
a field in which the paraxial ray equation may be solved analytically. For the 
magnetic field we have repeated his ray trace (see § 4 below); a simpler check is 
to calculate the Q’s exactly from the analytical solution of the ray equation. From 
equations (3) and (4) it follows that 


OF 7s Ca Te Ot the tay 7 al 

Os = 74 Os= Fy sa Or Une fay 7 — Onn oe 
The Q’s have been calculated to five decimal places for a ‘specific momentum’ 
P=3aH, in the field H=A,(1+2?/a?)-! with w=0-2a (i.e. twice Liebmann’s 
interval) where a is the ‘ half-width’ of the field. The errors in the Q’s 


calculated from equations (9)-(12) and from Liebmann’s equations (18a—d) are 
displayed in figure 1. 


125 ae 
L BOS, 
yaa > 
J = 
7 § 
100+ a os =| = a a 
-07 rs -03 -01 +01 os +05 +07 
: X/A aN 


o Authors’ formula 
@ Liebmann’s formula 


7a) 


Figure 1. The errors of the Q functions for the field H=H,(1+2?/a2)-1, P=}aH,; 


tabular interval w=0-2a. The error E(Q)= Qapprox— Qanalytical: Q2 and QO, are 
symmetrical about z/a=—O0-1. The formulae of the present authors and of 
Liebmann are identical for Q,. 
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A similar but less extensive check has been made on the formulae for the 
electrostatic field, by applying them to the field b=, exp[(4/+/3) tan —}(2/a)] 
for which Hutter (1945) gave the paraxial solution 


r=Ccosec B sin(\/28 +«) exp [(B — $7)/4/3] 
where C and are arbitrary constants and cot B=z/a. Table 1 shows for z/a=5-0, 
w=0-5a and 1-0a the analytical values of the Q’s together with the errors of those 
obtained from Liebmann’s formulae (19 a—d) and from our formulae (13)-(16). 
(Error=Q., 


approx O'nsaivticai) 


Table 1 

w=0-5a QO; OQ, QO; Oy 
Analytical value 1-000 754 0-494 936 0-980 636 0-002 879 
Error of Liebmann’s formula —0-000 030 _+0-000 135  —0-000 038 -+0-000 018 
Error of our formula —0-000 001 —0-000 021 +0-:000 005 —0O-000 001 
w=1:0a 

Analytical value 1:002 772 0-981 385 0:965 785 0-005 118 
Error of Liebmann’s formula —0-000 142 -+0:000 837 —0-000 216 -++0-000 109 
Error of our formula +0-:000 063 —0-:000 290 -+0-000 082 —0O-000 018 


Liebmann’s formulae for the magnetic lens are simpler than ours and if 
paraxial ray tracing alone were in question, it would be preferable to reduce the 
tabular interval w rather than to use our w? terms with the wider interval; even 
so, our formulae would be valuable for giving an indication of the error in the Q’s 
at any given tabular interval. As shown in § 4, however, the entire procedure is 
disadvantageous for purely paraxial ray tracing. 

If the primary aberration is to be determined by Liebmann’s method, our 
equations (9)-(16) will be preferable to his for the paraxial trace, since the 
derivatives required in our w? terms have in any case to be evaluated for Q,, the 
the aberration term (Liebmann’s equations (18 e) and (19 e)). 


§ 3. A SIMPLIFIED METHOD OF PRECISE Ray TRACING 
It is well known that the general ray equations in an axialiy symmetric field 
may be written as a simultaneous pair : d?r/ds?=4,(r, 2), d®?z/ds? = ,(r, =) (Maloft 
and Epstein 1938, eqn. (8.17)). Since the problems of solving a single non-linear 
equation or a simultaneous pair are not vastly different, we shall discuss the single 
equation with first derivative absent: 
FiO Poe yy eS OE Se Ws AS (17) 
The paraxial equation, whether there is axial symmetry or not, is always linear 
and hence may be reduced (if necessary by a change of dependent variable, cf. 
Picht 1932) to the form Visit tiie 0 tol wate fne as wlio (18) 


The very accurate central difference method of solving equations of the types 
(17) and (18) which was proposed by Stormer (1907) is the basis of our own. 
As described by Hartree (1952, p. 127) and Milne (1953, p. 86), this method is 
open to the objection that it involves estimation of 5’’f one place ahead, of 3 two 
places ahead, of 5% three places ahead (and so on) of the last available value. 
Although Comrie (1944) argued strongly for this method, many have found it 
prohibitively tedious unless the tabular interval w is so reduced that the term in 
5° is negligible or small. j 

+ We use A(™ to denote the nth central difference of r, 8") to denote that of r”. 
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Backward difference formulae are not open to this objection but their con- 
vergence is extremely poor. Booth (1954) has pointed out that as early as 1883 
Bashforth and Adams proposed a combination of backward and mixed difference 
formulae, for the integration of first order differential equations. They used a 
purely backward difference formula to predict one step ahead, formed differences 
from the predicted result and then corrected it with the help of a more convergent 
mixed formula. Milne (1933) applied the same technique to equation (17), his 
predictor being 


Tn 4] = Yn =D Tn-2 = n-3 a Aw 57, aly Di a STs) slg ~(17w?/240)8" 


which was followed by the corrector 

T= 20 — Mya tay? (1h! 4 + 100! + 7h! 1) — ~(w?/240)8. se (20) 
If one eighteenth of the discrepancy between predicted and corrected values is 
significant, the tabular interval w must be reduced, or a formula of higher order 
used. Goddard (1944) based a method of ray tracing on equation (19) alone. 

Fox and Goodwin (1949) have proposed, and Burfoot (1952) has applied to 
paraxial electron optics, a method whereby the predictor is used throughout the 
trace and then followed by the corrector, instead of their being applied alternately 
at each step. This has the advantage that high order difference corrections may be 
brought in, enabling w to be relatively large without loss of accuracy. In particular, 
this procedure gives flexibility in the order of differences used, which often obviates 
the necessity of changing w throughout a trace. his flexibility, however, 
depends upon the coefficients of high order terms being known, as they are in 
equation (24) below. 

The general procedure of Fox and Goodwin, when applied to first order 
equations, makes possible the use of the most convergent of all formulae for 
single integration between tabular points 


+w 
AD CES AeA Wad A Atri Teen Vile eee oe val 263 x 
y dx = 2(¥9 + 5 Ao 180 Ag+ T1240 — s36800 Ao + Ta968500 Aj— --). 
- —w 


(see Comrie 1947, p. 942). This form is applicable alike to linear and non-linear 
equations, whereas the correctors of Fox and Goodwin are for linear equations 
only and are less convergent than (21). 

For the linear second order equation (18), equation (20) may be rewritten 


Trail ar: Uy 1) = Tf 2 Bw fn ) ne Li 35 ws,,1) ae D eiekaieliota (22) 
De A ae Ae Fe eta ee ee (23) 


100800 29700 


Fox and Goodwin and, following them, Burfoot, use as predictor equation (22) 
with D=0 and as corrector (22) with D given by (23). 

We use the less convergent (19) as predictor, difference r’’ and use (24) as 
corrector, re-calculating r’’ from the corrected 7 at each step. The size of the 
discrepancy between predicted and corrected r’’ indicates whether a second 
application of the corrector is needed and whether 8’’ should be revised : we 
have rarely found this necessary and have never needed to revise the higher 
differences. Irregularity of the discrepancy between predicted and corrected 


values of r reveals mistakes, although small mistakes may be masked if the trunca- 
tion error of the predictor is oscillatory. 
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Our corrector is the central difference formula for double integration on which 
Stormer’s method is based: 


A= wry + 28, +m Oy +m de +moei+...) ween. (24) 
where M, = +0:-08333 33333 My. = —0-00000 26014 

m= —0-00416 66667 m1, = +0-00000 05104 

m,= +0-00051 25661 My, = —9-00000 01036 

mg = —0-00007 96407 Mg = +0-00000 00216 

My = +0-00001 38977 My = —0-00000 00046. 


We have calculated the coefficients from the exact values given by Oppolzer (1880, 
p. 545) and reproduce them because of the inacessibility of that work. It is a 
trivial transformation to convert (24) to a formula for r,, in terms of the double 
sum of 7;/, 7’; itself and its central differences (cf. Comrie 1947, p. 809); this 
is sometimes preferable as a precaution against building-up errors. 

Two modifications to the procedure just described are sometimes needed. 
First, if, as in the lens field of a solenoid whose length considerably exceeds its 
diameter, there are two ranges of z where f(z) in equation (18) varies rapidly, it 
pays to stop the predicted trace in the middle of the lens and to correct it fully 
before applying the predictor to the second half. Secondly, in a diverging lens 
(1.e. /(=) <0) a converging solution (i.e. one of the order of e-* in a region where 
}(z)~const.) may become contaminated and swamped by the e? solution; in so 
far as this contamination arises from truncation error of the predictor, it ceases to 
be advantageous to carry the predicted trace many steps ahead. ‘This problem 
has been discussed by Todd (1950). An example of such a diverging electron 
optical system is a magnetic prism having a plane of anti-symmetry (Khurgin 
1939, Sturrock 1950). 

The advantages of our method over that of Burfoot are (i) it applies to non- 
linear as well as to linear equations; in this connection, both our predictor and 
our corrector are more convergent than the formulae (4.13) mentioned by Fox 
and Goodwin; (ii) the predictor (19), although less convergent and using four 
instead of two known points, needs the tabulation of only one function (f), whilst 
Burfoot’s (our equation (22)) needs two (1 + 4, w?fand 2— ¢w?/); (iil) the predictor 
(19) involves no division; it is especially simple if w=2 x 10"(7=0,+1,42...); 
(iv) our corrector (24) is about twice as convergent as the corrector (23); 
(v) coefficients in equation (23) have been published only as far as that correspond- 
ing to (but exceeding) m,,) whilst for equation (24) we have my . Working to six 
figures in r, which is not excessive if aberration is to be found from the difference 
between marginal and paraxial traces, we found it necessary to use coefficients as 
far as my, in part of the trace to which table 2 (vii) refers. 

It is, of course, true that a predictor—corrector sequence involves duplication 
of labour, but it may well be preferable to a single trace with half the tabular 
interval, as the additional work involved in halving the interval is more than a 
mere doubling, for the field must be calculated at the intermediate points. 
Even if this can be done by subtabulation, the labour is not negligible; but it 
is not obvious that subtabulation is always feasible. In our method, as in 
Burfoot’s, the second trace is independent of the first, which affords a check 
on mistakes, not available in the labour-saving ‘-process’ of Clenshaw and 


Olver (1951). 


20-2 


532 F.C. E. Fennings and R. G. Pratt 


$4. COMPARISON OF METHODS 


A direct check on the accuracy of marginal ray tracing is scarcely feasible 
for lack of a suitable field having an analytical solution to the ray equation. Com- 
parison has therefore been made on the paraxial equation. 

Liebmann checked his magnetic lens formula by tracing a ray of momentum 
P=1aH, in a fied H=H,(1+2*/a?), with initial conditions r=1, r’=0 at 
z/a= —3-1; he used an interval w=0-1a and compared the z-intercept and the 
slope r’ at that point with the values calculated from Glaser’s (1941) solution. 
It is more instructive, however, to make the comparison throughout the lens, 
as figure 2 shows. 


ore 50) 
(a) (d) 
Figures 2a and 6. The errors of the ordinate of the ray r_34=1, 7_34=0, P=taHy 
in the field H=HA,(1+2?/a2). E(r)=7approx—Tanalytical- L1 denotes Liebmann’s 
(1949) trace, with w=0-la. M1-—4 denote methods 1—4 for which w=0:2a. 


We have traced the same ray with w=0-2a by means of: 
Method 1: Liebmann’s formula (1949, equations (18a—d)), 
Method 2: our modification of Liebmann’s formula (equations (9)-(12) above), 
Method 3: Goddard’s formula (equation (19) above), 


Method 4: our predictor—corrector method, method 3 providing the first 
approximation. ‘To the accuracy employed no further change would 
have resulted from a second application of equation (24). 

The error in y is shown in figures 2 (2) and 2 (b), which also show the error in 
the trace of the same ray by Liebmann (1949, pp. 768-9) with w=0-la. Two 
figures are needed because of the great range of the magnitudes of the errors of the 
various methods. ‘Throughout we took + to five decimal places, save that in 
method 4 we carried a non-significant sixth figure in A” andr, purely asa protection 
against accumulation of rounding errors. Whilst, in methods 1 and 2, H? was 
calculated, following Liebmann, to five decimal places, in methods 3 and 4 only 
four places were used; in spite of this the accuracy of the trace by method 4 is 
far superior to that by the other methods. Figure 3 exhibits the errors in r’ for 
methods 1 and 2, and for Liebmann’s own trace with w=0-la. 

In figure 2 () the errors in the traces by methods 2 and 3 are about equal in 
magnitude. ‘This is fortuitous, however; the leading error terms in A’ are 
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~w'*r’ and ~w*r™' respectively. In fields which vary slowly enough, therefore, 
Goddard's method must give greater accuracy than equations (9)-(12). 

. It is pertinent to add that, although such high accuracy as has been achieved 
with method 4 is wanted only rarely, the method should show advantage in labour 
and accuracy also when fewer decimal places are required, so that a still wider 
interval could be used. 


5 hes M2 


Figure 3. The error of the slope of the ray r_3;=1,73.,—0, P=}aH, in the field 
H=H, (1+27/a’)—1. E(r’)=r' approx —? analytical: L1 denotes Liebmann’s (1949) trace 
with w=O-la. For the other traces w=0-2a. 


Two further methods of numerical ray tracing have recently been described 
by Gautier (1953) and Laudet (1953). Gautier uses for the paraxial ray (he also 
considers primary aberration) the formula 7, ,,=2r,,—r,_,+w?r,/ in which the 
leading error term is 4w*r'Y. This is justly described by Milne (1949, p. 140) 
as a‘ crude but rapid method ’. Its error is of the same order as that of equations 
(9)-(12), whilst it requires only two preceding points compared with four for 
equation(19). Gautier traces what purports to be the same ray as that of Liebmann 
and ourselves, but in fact he makes the boundary conditions 7_3.;=7_3.9=0-1 so 
that comparison cannot be made. 

Laudet proposes several formulae for paraxial tracing, of which the most 
accurate, according to a trial in Glaser’s ‘ bell-field ’ with 2P = aH)//3, is equation 
(22) above with D=0. 

He makes traces at intervals w and 2w (the size of w is not stated) and uses 
the deferred approach to the limit (Richardson 1927, Duncan 1948) to get a better 
approximation, whose error is only two or three times that of method 4. He takes 
the index (Duncan 1948) of his formula to be 3, which would correspond to an 
error in A’ of order w*, whilst the error is known to be of order w®. It is hard to 
resist the conclusion that the good final result is fortuitous, in much the same 
way as the approximate equality of the errors in methods 2 and 3, illustrated in 
figure 2 (d). 

We have also found difficulty in understanding the choice of index adopted by 
Liebmann (1949, § 9) when using the deferred approach; he assigns different 
indices to ry and 7’, which seems to us unjustified since each quantity is calculated 
from the preceding values of both, at everystep. Figures 2(a) and 3 show that the 
ratio of the errors of the traces L1 and M1,(Liebmann’s method with w=0-la 
and ()-2a) varies greatly with z, both for r andr’; in other words, the deferred 
approach is not reliable in this case. We believe that for the deferred approach 
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to be valid the formulae must be such that the indices for 7 and r’ are the same 
(e.g. our equations (9)-(12)). However, the method of the deferred approach 
appears to us to be at best uncertain, for although in its favour it may be said 
that the independence of the traces affords a check on mistakes, yet for the extra- 
polation to be valid the truncation error from all but the leading term must be 
negligible at the wider interval, so that the smaller interval must involve very 
many steps. Further, there is no simple criterion by which the final accuracy 
can be estimated. 


§ 5. THE WRONSKIAN AS A CHECK ON PARAXIAL ACCURACY 


Dietrich (1951, p. 63) used the constancy of the Wronskian determinant of 
equation (18), 7,74;—1r,r, (where r,,7, are linearly independent solutions), 
as a check on the accuracy of numerically determined solutions. Laudet (1953), 
regarding numerical values obtained indeed from an analytical formula such as 
that of Glaser for the ‘ bell-field ’, writes of the relation : Wronskian = constant, 
that ‘‘ appliquée aux valeurs numériques, (elle) permet de mettre en évidence 
toute erreur de calcul’. 

The constancy of the Wronskian is a simple and valuable check on the freedom 
of a numerical solution from the cumulative effects of rounding errors and from 
mistakes; it may also be a check against truncation errors, but its sensitivity in 
this respect depends on the formula used for integrating the differential equation. 
For the constancy of the Wronskian is not a sufficient, although it is a necessary, 
condition that a given function satisfies equation (18); indeed, at least for a 
field symmetrical about z=0, it may be proved that the Wronskian of a solution 
found by Liebmann’s method is identically constant, whatever the tabular interval 
and, hence, whatever the truncation error. The proof depends on the symmetry 
of the Q’s about z = — }w and on the equality of Q, to Os. 

Although truncation error is not detected by the Wronskian check in this case, 
it is detected when some other numerical methods are employed for solving the 
paraxial equation (18); in the absence of a general theory of this useful property 
of the Wronskian, help may be derived from a tabulation of some results of this 
check; these are given in table 2. 

Sections (i) to (v1) of table 2 refer to a ray traced through Glaser’s ‘ bell-field ’, 
as described in §4; the error of the trace by the various methods is shown in 
figure 2. Comparison between table 2 and figure 2 confirms that the Wronskian 
test is useless as a check on truncation error when applied to method 1 and shows 


Table 2. Values of Wronskian Determinant 


(i) (ii) (i11) (iv) (v) (vi) z (vii) (viii) 
n TL1 M1 M2 Glaser M3 M4 (cm) M3 M4 
0-5 0°73827 0-73485 0-74075 0-740077 0-73928 0-74004 O 3:57349 3-57491 
ils 7 5 5 77 0:74095 + 10 1 
2-5 6 5 5 80 0-74005 6 20) S59 0 
335 6 5 4 78 0-73873 6 
4-5 7 5 3 78 
5:5 7 5 3 76 sla (ix) (x) 
6:5 6 5 4 0-0 0:63736 0-63748 
Wes Zi 0-5 0-63750 8 
8-5 6 1:0 0-63719 8 


t In () for m read n—4, e.g. the first entry is at n=0. Throughout the table n—2/w. 
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that it is extremely insensitive for method 2, but a useful guide for methods 3 
and4. Sections (vii) and (viii) refer to traces (with w= 2 cm) of one ray (for which 
the focal length was approximately 28 cm) through the lens field of a solenoid of 
length 36 cm and inner and outer radii 3-810 cm and 6-386 cm respectively ; 
calculation of the field and tracing of the ray were performed by Mr. D. K. Das 
Gupta and one of us (J.C.E.J.). Sections (ix) and (x) refer to traces (with w= 0-2a) 
of one ray through the lens field of a solenoid having a single layer of radius a, 
length 2a and approximate focal length 1-5a. 

In order to form the Wronskian it is necessary to evaluate r’; this is also needed 
when evaluating primary aberrations. If the ray has been traced by method 4, 
r and its differences \’ and A” and also r’’ and its even differences 5’’, 5’ etc. 
will be available. ‘The standard ways of evaluating r’ are (i) by numerical differ- 
entiation of r, viz. from A’, A’’’, AY etc. and (ii) by numerical integration of 1’. 
The second method has the advantages that the formula is more convergent than 
that for numerical differentiation and that it uses only the tabulated differences 
6; but constants of integration and of summation have to be determined. We 
have developed a formula for numerical differentiation which combines the 
simplicity of the first method with the convergence and dependence on available 
differences of the second. It is 


WI) = (71 —7_y) — WR (ry — 714) + Re(87 — 82)) + ROY —3%,) +... } 


where Ryo = +0-08333 33333 R ,= +0-00008 41772 
i — 0-009 72, 27222 Rip =— 0-00001 89709 
R,= +0-00183 53175 Ry, = +0-00000 43526 
R,= —0-00038 38736 R= —90-00000 10113 


Rig = +9-00000 02372. 
This formula has been obtained from 


a se SNOW IS Ne EN 
Wo = 3(71— 7-1) — GAO + 3545 igo alracvere 


given by Oppolzer (1880, p. 21) and Comrie (1947, table XXVII), by means of 


substitutions such as 
Ag’ = w(84 +m, 55 +717, 86 + m,d5 +...) 
and AY = w(8o’ + 2,55 + 455°...) 


where my, m4, etc. are the coefficients in equation (24). 


§ 6. CONCLUSION 


Method 4 and Burfoot’s method are superior to all the others considered. Of 
these two, method 4 has the advantage of being applicable also to the general ray 
equation. In addition, its use is somewhat less laborious and it offers the further 
advantages that the coefficients of the correcting terms are smaller and are 
available up to a very high order. These considerations apart, however, Burfoot’s 
method is equivalent; it would, for example, undoubtedly give equal accuracy 
in the trace through the ‘ bell-field ’ whose results have been given in § 4. 

Where primary aberrations are to be determined, Liebmann’s method is still 
applicable, but advantage will be gained by using the formulae (9)-(16). 
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A Study of Domain Structures in Alnico 
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Abstract. ‘The Bitter figure technique is used to study domain structures on 
polycrystalline alnico specimens with coercivities ranging from 0 to 100 oersteds, 
in which recognizable domains are recorded. In low coercivity specimens the 
domains are bounded by comparatively straight walls but they show more 
irregular outlines in high coercivity specimens. 


$1. INTRODUCTION 


T is well known that alnico (Al 10, Ni18, Co12, Cu6, Fe 54), when 
[eerste from 1250°c in water and subsequently annealed at 600°c, 

develops pronounced permanent magnet properties. The coercivity 
increases from an oersted or so in the quenched condition to values in the 
neighbourhood of 300 oersteds for specimens subjected to prolonged annealing 
at 600°c. The effect is known to be due to the precipitation of a metallurgical 
phase in the form of sub-microscopic islands. The present paper records a 
powder deposit examination of the ferromagnetic domain structures in four 
specimens of alnico, denoted by S1, S2, S3, S4, in which had been developed 
coercivities of about 2 (quenched), 10, 40 and 100 oersteds respectively. The 
powder deposit technique has often been used for studies of domains in soft 
magnetic materials and has been described for example by Bates (1954) and 
Mee (1950). The patterns are formed on highly polished surfaces by fine 
magnetic powders deposited from colloidal suspensions, and when interpreted 
indicate the form of the underlying domain structure. 


§ 2, EXPERIMENTAL RESULTS 


The four specimens of alnico were polycrystalline, with about 10 grains 
per mm?. The patterns obtained clearly revealed the polycrystalline nature of 
the samples since the type of pattern depended markedly on the orientation of 
the underlying crystallite. Some crystallites formed comparatively simple 
patterns and their simplicity could be attributed to the presence of an easy 
direction of magnetization running parallel to the surface. It is this type of 
pattern which actually provided most of the information of interest, and the 
photographs recorded here are therefore mainly of this type. In many of the 
photographs the grain boundaries of the crystallites of major interest have been 
marked in ink for greater clarity in description. 
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2.1. Specimens S1 and S2 


Patterns obtained on these specimens of comparatively low coercivities 
were very similar, and examples are shown in figures 1, 2:3 and: 427) ei hey 
indicate domain structures of the type depicted in the diagram, figure 1 (6), 
that is, a system composed of domains magnetized parallel and antiparallel to 
one another. The domains were about 10 microns in width. It is unfortunate 
that we were unable to obtain surfaces free from the pitting so evident in the 
photographs. All the pictures were obtained when small fields were applied 
perpendicularly to the surfaces. These small fields, while not disturbing the 
domain structures to any great extent, caused deposits to form over the whole 
of the surfaces of alternate domains instead of at the domain walls only. Reversal 
of the small normal fields caused the deposits to change domains, i.e. the other 
set of alternate domains acquired the deposits. The pair of photographs of 
figure 2 illustrate this effect, which has been frequently observed in cobalt and 
explained by Mee (1950). 

The patterns obtained on crystallites with less suitable orientations ranged 
from the types in figures 1-4 to the maze or honeycomb type shown in figure 5. 
Figure 6 shows a general view of a number of crystallites with various patterns. 

Patterns like those described above bear a striking similarity to those found 
on crystals of cobalt (Mee 1950). The type of structure shown in figure 1 
is found on surfaces of cobalt crystals which contain the easy direction of 
magnetization, the hexad axis. Maze or honeycomb patterns similar to the 
alnico pattern in figure 5 are found on surfaces of cobalt parallel to the basal 
plane. Both types of pattern indicate domain structures made up of ‘ bundles’ 
of needle-shaped domains, each domain being magnetized parallel or anti- 
parallel to its length. ‘The simple patterns, like those of figure 1, represent 
sections parallel to the directions of magnetization of the domains themselves. 
while the maze patterns of figure 5 reveal the complex subdivision of the domains 
at surfaces perpendicular to their directions of magnetization. The uniaxial 
magnetocrystalline anisotropy of cobalt provides an explanation of this type of 
structure in that metal, but an explanation of its appearance in alnico is not 
obvious. It is suggested that the strains created during the quenching process 
are the cause of the apparent uniaxial anisotropy in the alnico crystallites. 

Magnetization processes in applied fields were observed with specimens 
Sl and $2. When a field was applied in a direction parallel to the domain 
walls, magnetization proceeded by the displacement of the walls, alternate 
domains expanding at the expense of the others. Such a process is recorded 
in figure 3. When the field was applied approximately at right angles to the 
lines marking the walls, no change was at first apparent. If the field was 
comparable with the coercivity, wall displacement began to occur, the domains 
magnetized slightly more favourably with respect to the magnetic field increasing 
in width at the expense of the others. Such a process is shown in figure 4. 
The absence of any re-arrangement of the structure to form a configuration 
including 90° walls confirms the presence of uniaxial anisotropy. 


2.2. Specimen S3 


Specimen S3 had been annealed at 600°c for six hours and had thus developed 
a coercivity of some 40 oersteds. Patterns obtained on it were similar to those 
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found on specimens SI and S2. Figures 5 and 7 show respectively grains 
containing a maze pattern and a simple structure. Interesting evidence that 
the sizes of the domains depended to some extent on magnetic history now 
appeared. For example, figures 7 and 8 were obtained on the same crystallite, 
but whereas the former was taken immediately after the heat treatment (thermal 
demagnetization), the latter was found after the specimen had been demag- 
netized by field reversals, and the domains have been decreased markedly 
in size. 


2.3. Specimen S4 


Specimen S4+ had been annealed at 600°c for 27 hours, and had thereby 
acquired a coercivity of about 100 oersteds. Powder patterns were obtained as 
before, but the domains were no longer bounded by straight walls, but had in 
general somewhat irregular outlines. Examples are given in figures 9-13. The 
reversal of the small normal applied field produced the usual movement of colloid 
deposits from one set of alternate domains to the other. This is illustrated in 
the pairs of photographs of figures 9 and 10. A study of magnetization processes 
in this specimen was difficult since the deposit technique lost its effectiveness 
in fields as large as the coercivity of this specimen. In high fields the powder 
particles were attracted strongly by the surface defects and the heavy deposits 
thus formed tended to mask the true domain structures. Nevertheless, 
boundary displacement seemed to occur in this specimen also. 


§ 3. DiscUssION AND CONCLUSIONS 


The only previously published powder patterns obtained on precipitation- 
hardened alloys were those found on quenched alnico V (Alcomax) of composition 
51 Fe, 24Co, 14Ni, 8 Al,3 Cu (Nesbitt 1950) which in that condition 
exhibited a small coercivity. The patterns recorded in the present work show 
that recognizable domains can be observed in specimens of alnico in which 
coercivities of at least 100 oersteds have been developed. Both single-domain 
mechanisms and a wall displacement model have been considered as possible 
magnetization processes in alnico specimens which have maximum coercivity. 
For specimens with coercivities of 100 oersteds or less it is clear from the 
present study that the latter model is the more accurate. Even if domains with 
well formed walls are to be expected in the fully developed condition it is generally 
-considered that they will be very small in order that as many as possible of the 
islands of free poles, which are created by the precipitation process, should be 
bisected by domain walls. Although a coercivity of 100 oersteds represents about 
a third of the maximum which can be attained using the heat treatment selected, 
and about a half of that value at which the most pronounced magnetic viscosity 
-occurs (Phillips, Street and Woolley 1954), no very clear evidence of a decrease 
in domain size below that of the quenched condition was observed. 

The most obvious change in the above patterns appeared in the shapes of 
the domains. In the quenched condition the domains were bounded by 
comparatively straight walls, while in specimens with higher coercivities there 
was a tendency for domains to show a more irregular outline. The increase 
in coercivity denotes the appearance of centres of impedance to wall movement 
and it is therefore not surprising that domain walls should adopt positions and 
orientations which depend on the local conditions. 
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The dependence of domain size upon magnetic history, shown in figures 7 
and 8, is perhaps also to be expected. If domain walls are moved only with 
difficulty, a crystallite will not be able to adopt the optimum domain size 
spontaneously. 

It would clearly be desirable to obtain pictures of domains in specimens 
which have been treated to produce coercivities higher than that of S4. If the 
domains are less readily recognizable because of their irregular shapes it becomes 
essential to have surfaces free from pits and other defects for convincing results to 
be obtained. It is this feature which has held up further progress in this direction. 
The severely pitted surfaces of the specimens used in the present work are 
perhaps due to defects in the material itself, for it was very brittle. It is hoped, 
however, that it will be possible to obtain better surfaces, which will permit 
even more definite conclusions to be drawn concerning the dependence of 
domain size and form upon the degree of inhomogeneity and upon magnetic 
history, and the work is being continued. 
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Abstract. ‘The sounds, recorded on a microphone in air and on a hydrophone 
beneath the liquid, when a solid body strikes the surface are recorded and correlated 
with cine-photographs of the cavity formed on entry. Measurements of base 
pressure on a projectile forming a cavity are also made. It appears that the major 
contribution to the sound comes from pulsations of the cavity. 


$1. INTRODUCTION 


experiments on the cavities formed when solid bodies strike a liquid surface. 

Since then a number of other papers have appeared on the subject, in 
particular those of Gilbarg and Anderson (1948), May and Woodhull (1948), 
May (1951, 1952). All these papers have been concerned with the dynamics 
of water entry. It was thought by the author that an investigation of the sounds 
on impact might be of interest. 

This was indeed the problem which, judging from the title of his paper, 
Mallock (1918), an early investigator, set himself but did not in fact solve. On 
the other hand Minnaert (1933) and others have studied the sounds of splashes 
and bubbles formed in natural water courses, while Meyer and ‘Tamm (1939) 
have studied the natural frequencies and damping factors of small bubbles 
formed under water. 

The scheme of the experiments to be described was to drop or shoot solid 
spheres from moderate heights into a tank of liquid, photograph the cavity and 
splash so formed on a cine-film while records of the sounds picked up by a micro- 
phone above and a hydrophone below the liquid were made, then to attempt to 
correlate the two. 


|: an earlier paper hereafter referred to as I the author (1948) described 


§ 2. EVOLUTION OF ENTRY CAVITIES 


When an object hits the liquid vertically it sends up a splash and cleaves the 
water as it enters to form a cavity which, unless the missile has supersonic velocity, 
quickly fills with air. After its initial horizontal impulse, the cavity wall 
decelerates, reverses direction and seals at the surface due to the falling down of 
the liquid originally thrown into the splash and, later, at a depth due to the collapse 
of the cavity walls. 

The whole phenomenon may be shown (I) to scale on a Froude basis, 1.e. if V 
is the entry speed, D the diameter of the obstacle—in most experiments a sphere— 
the evolution of the cavities and their scaling is governed by the constancy of 
V2/gD. From the films one can derive the maximum volume of the cavity which 
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occurs some time after surface seal at about the instant when, in fact, the ‘lid’ 
formed at the surface tends to be pulled down into the liquid. Thereafter deep 
closure takes place, leaving from half to one quarter of the cavity attached to the 


projectile. The remainder pulsates, eventually splitting up further into pieces 
which rise and break surface. 


§ 3. SOURCES OF SOUND 


Among possible sources of the noise picked up by microphone or hydrophone, 

we may consider : 

(1) the ‘slap’ on the water surface, due to the ‘rigidity’ of the latter ; 

(2) natural vibrations of the projectile ; 

(3) the splash of water, thrown up from the surface ; 

(4) pulsations of the cavity volume, due to changes of pressure inside it, 
accompanied by motion of the walls of the cavity ; 

(5) oscillations of the air inside the cavity in resonator fashion, particularly 
when the roof is open to the atmosphere, or when bubbles break surface. 

Of these, (3) and (5) would be most apparent in the air, (4) in the water, while 
(1) and (2) might affect both microphone and hydrophone. 

While (1) and (3) may be rather indeterminate in frequency, (2) can be calculated 
(for a sphere) and sought in the noise spectrum; (1) and (2) start at instant of 
touch-down, (3) rather late. "The remaining two sources both involve pressure 
fluctuations inside the cavity, (4) in the gas as a whole, (5) with differences of 
amplitude, possibly also of phase, over the gaseous volume—Helmholtz resonator 
or organ-pipe oscillations—-without involving any motion of the walls. 

In some of the photographs there is evidence of another type of vibration in 
the cavity, 1.e. those of high order bell-like oscillations of the cavity wall, for which 
—in a sphere—Rayleigh (1879) gives the formula 


w?=(n+1)(n—1)(n+ 2){o/pa?} 


where w is the pulsatance, a the radius, o surface tension and p density of the liquid, 
n being an integer greater than unity. 

The evidence for these is the regular ‘fluting’ of the cavity walls, which 
probably indicate nodal lines of longitude, though such a high-order oscillation 
would not radiate to a distance and furthermore involves no change of size of the 
cavity, so that it need scarcely be considered seriously in this connection. If such 
a ‘fluted’ cavity is photographed from above the appearance, in a time exposure, 


is somewhat as figure 1 shows, with dark segments between the nodes indicating 
the existence of oscillation. 


Figure 1, Flexural oscillations of cavity walls, as seen from above. 
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Before taking measurements of the sound radiated from the cavity into the 
surrounding air and liquid, it was decided to attempt to measure the pressure 
fluctuations within the presumed source of sound itself, by fitting the plane base 
of an ogive-nosed projectile with a thin metal diaphragm and fitting inside the 
shell a self-contained recorder of the vibrations of the diaphragm. The latter 
was a D.V.L. scratch recorder shown in section in figure 2. The motion of the 
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Figure 2. Scratch recorder; the vibrations of the membrane Z are inscribed by the 
diamond U on the moving stainless steel strip T. 


diaphragm Z, magnified by a system of levers V is scratched by a diamond U 
on a stainless steel ring T rotated through the friction wheel R by clockwork 
and set in action at the instant of dropping the body on the water. ‘The records 
were subsequently projected in an episcope to give a magnified trace on paper. 


Figure 3 shows three typical records and details of eight successful drops are 
given in the table. 


No. h (ft) V (ft) F a, tO Ayo ra) 
1 4 16 60 to 90 (lil xo) Mer 0°35 to 0-6 
2 ~ 20 50 to 80 11 to 0:4 0:27 to 0:5 
3) + 19 60 11 to 0:2 0-40 
aa 3 14 60 7 to 0:2 0-20 
5 3 14 70 2 to 0:2 0:27 
6 ~ 18 40 — a 
yf 3 14 50 4-5 to 0:4 0:25 
8 3 14 60 4-5 to 0:4 0°25 


The second column gives the height of drop, the third the entry velocity, 
the fourth frequencies of pressure oscillations (deduced from the * wavelengths’ 
on the record), the fifth their amplitudes reckoned from the initial and the tenth 
oscillation, the sixth the decrement. 

Tenth-second time marks were made on the pressure records by a clockwork 
device, and a standard fork gave a record on one beam of the oscillograph used 
later, but when two beams were in use the fork record was made immediately 
before and after the sound record. 


544 E. G. Richardson 


Pressure (Ibin*) 


O08 O16 
Time (sec) 


Figure 3. Base-pressure records in cavities formed by ogive-headed projectile. 


§ 4. EQUIPMENT FOR SOUND MEASUREMENTS 


For the airborne sound a microphone and amplifier was used so that the wave 
form could be exhibited on a split-beam cathode-ray oscillograph. For the 
water-borne sound small electromagnetic and crystal hydrophones with high 
natural frequencies were constructed and sealed with picsin to prevent entry of 
water. ‘The record of either of these was also amplified and shown on the 
cathode-ray oscillograph. No obvious differences appeared in their records, 
when they were simultaneously employed. 

Spheres of steel (ball bearings) or aluminium of diameter 1 in., 14 in., 3 in. 
and 5 in. anda 3 in. sphere of varnished wood were used and dropped or catapulted 
from heights up to 8 ft into either a glass-walled tank or a larger tank. 

The latter, of dimensions 4 ft x 4 ft x 12 ft, was more suitable for this work 
since its size allowed both microphone and hydrophone to be set at equivalent 
distances (1 ft and 4 ft respectively) from the point of impact. (The microphone 
was protected from splash by a muslin hood.) Moreover, the tank was lined with 
arrays of rubber prisms (‘fafnir’) to reduce reflections from the walls. It is 
known that reflections affect the size and so the natural frequencies of cavities 
formed in small rigid-walled tanks. 

For calibration purposes an underwater loudspeaker was used as a source 
and the hydrophones set successively at the same point in the tank as another 
probe which had itself been calibrated in a tank belonging to the Admiralty. 
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The hydrophones were flat within 5 ds from 50 to 1000 c/s. The electromagnetic 
type had a slight eminence near 400 c/s and the crystal type several peaks above 
2 ke/s. 

To disentangle the possible sources of sound (§3) it was desirable to relate 
the onset of the sound to the instant of impact. To this end a pair of foil contacts 
could be arranged just at the water surface so that the ‘touch-down’ by the sphere 
applied a steady potential to one beam without appreciably interfering with the 
water entry. 

The following types of experiment were then made and the cathode-ray 
oscillograph traces photographed: (1) hydrophone and contact (figure 4, C, D 
(Plate)); (2) microphone and contact; (3) hydrophone and microphone 
(figure 4, A, B); (4) the same correlated with water-entry cine-photography at 
200 frames/sec in the glass-sided tank (figure 4). From the films, which were 
provided with a time base, the rate of growth in size of the cavity up to its maximum 
volume and the instants of surface and deep closure were derived. 


§ 5. RESULTS AND DIscUSsION 


Typical records are shown in figure 4 alongside frames from the film which 
illustrate the change in frequency and amplitude in the light of the evolutions of 
the cavity. 

The chief frequency detectable in the oscillograms is an oscillation of frequency 
like that of the ogive-nosed projectile (figure 3), which can be ascribed to pulsations 
of the cavity, starting from the instant, or instants, of seal often preceded by a 
more intense short-lived oscillation which represents the ‘slap’ on closure of the 
cavity. 

Minnaert (1933) and Smith (1935) obtained a formula for the frequency of 
pulsation of a sphere, by equating kinetic to potential energy in the vibrating gas, 
which was verified, for small spherical bubbles, by the former and by Meyer and 
Tamm (1939). For air bubbles in water the latter find the frequency f to be 
inversely as the radius a with the formula fa=326. ‘These cavities are not spherical 
but inasmuch as the theory only involves change in volume, we may still expect 
this formula to apply approximately if we take the mean radius of the volume, 
deduced from the cavity volume at the instant of closure. 

If v,, stands for the maximum volume (reached shortly after surface seal), 
dimensional analysis indicates v,,D-§0VD-g"l? or v,,0cD*, We should 
then have f, tov, !8ocVi8D*~VI3D (fy stands for the lowest frequency 
occurring at the beginning of the closure (figures 3 and 4). 

When deep closure occurs, the frequency of the main cavity will rise and this 
rise will continue as the two portions break into further fragments. On some 
records indeed beats can be seen in places, probably indicating a difference in 
frequency between the broken portions. 

The formula last quoted is justified by the results, as figure 5 shows. 

The further deep sealing and fracture of the cavity into pieces causes repercus- 
sions of the sound at higher frequencies along the record (figure 4 A) or a gradual 
rise in the base pressure (figure 3). These evolutions do not in fact, produce 
catastrophic rises in natural frequency for, since the latter is proportional to v", 
a splitting of the whole cavity into two equal-portions—which is more or less 
what actually takes places—only raises the pitch in the proportion 4:5. ‘The 
greatest change which has been observed in one pressure trace is 2:3. 
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A rather rapidly damped high-frequency underwater sound can be detected 
(figures 4 C and D), if sufficient gain is used, at the instant of impact. This, 
more prominent in the records with the metal than the wooden balls, is ascribed 
to natural vibrations of the solid excited on impact, such as one gets by tapping 
with a hammer. 


OO F = 


x x Sound 


Figure 5. Reciprocal of initial cavity frequency plotted against the product of projectile 
diameter and the cube root of impact velocity. 


As to the intensity of the sound picked up, the force of impact is, as is shown 
in I proportional to DV?. If the projectile can then be considered to change 
its velocity suddenly to a smaller value V,, due to the ‘added mass’ of liquid, it 
covers this distance V, in the succeeding second. We may consider then the 
sound radiated into the water in unit time proportional to V?V, or to RV? where k 
is a factor depending on the added mass and, as measured for various types of 
‘head’, given in the fifth column of table 2 of I. ‘Thus an ogive head should 
radiate five sixths of the sound of a hemisphere, two thirds of that of a flat disc, 
other conditions being equal. 

It must be stated, however, that in spite of this high exponent in the relation 
between sound intensity and impact velocity, the intensity of sound was not 
so ‘repeatable’ as the frequency, even with a projectile of the same diameter 
and density. Sometimes ‘soft impacts’ were recorded for which no explanation 
is offered. May (1951) points out that impacts at low speeds are not always 
reproducible. 

In figure 6 is shown the decrement 6 of the principal oscillation measured 
(a) for the ogive projectile from the pressure record, (b) for the spheres from the 
sound records. ‘The greater damping in the former may be instrumental, but 
both seem to be proportional to frequency directly. Meyer and Tamm (1939) 
and Exner and Hampe (1953) point out that on the assumption of spherical 
radiation and an inviscid liquid, radiation resistance would require § to be 0-045 
for all frequencies, but in fact they found the damping of their small bubbles to 
rise nearly in proportion to the natural frequency. Some of this effect may be 
due to the heat conductivity but it is small at low frequencies, being a function of 
2a(zfic)'* (Pfriem 1940). Viscous damping should be in proportion to frequency. 
A similar feature is apparent in these results but the values of the decrement are 
very much larger than is deduced from the results on the spherical bubbles 
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extrapolated to low frequencies. This is not unexpected, considering the transfer 
of energy into turbulent motion by the vibration, change of size and break-up 
of the cavities. 


100 
$ (<A) 
Figure 6. Decrement of cavity pulsations plotted against frequency, 


It is interesting to note, from a study of the pressure records of figure 3, 
that as the frequency of the cavity vibrations rises in time (see above) so does the 
decrement. ‘Thus on the first record, as f goes from 60 to 90 c/s in the length 
shown, 6 rises from 0-45 to 0:6 sec"!. 

Some sound records and cavity photographs were also obtained when the 
lin. and 1} in. balls were shot into glycerine. For economy’s sake these were 
done in a small tank (1 ft x 1 ft x 4 ft) and were not free from tank oscillations 
at the instant of impact. These however had died away by the time the cavity 
sealed. ‘The frequencies of the ensuing pulsations were the same as those recorded 
for equal conditions in water but their decrements were two to three times those 
in water, a feature noted by Meyer and Tamm (1939) for small bubbles in 
glycerine. 
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Abstract. With the use of a double-cone diamond indenter, directional hardness 
studies are made on virgin surfaces of cast single crystals of Sn and Bi. The 
crystallographic orientations are determined by x-rays. Surface flow effects 
associated with the indenter are studied by multiple-beam interferometry. 
Hardness variations are measured over a 180° orientation range on each surface 
studied and they depend on the particular crystal face indented. Thus on a 
tin (311) face the ratio of maximum to minimum hardness goes through the 
range 1-6 : 1 whilst on a (554) face of bismuth the range is as great as 4:5 : 1. 

It is demonstrated by interferometry that slip mechanism plays a primary 
part in producing directional variations in hardness. 


$1. INTRODUCTION 


LTHOUGH the existence of variations in directional hardness for several 
metal crystals has long been known, yet little work in this field has been 
published. ‘This is probably associated with the fact that the older and 

still widely used hardness measuring devices are not well suited for measuring 
directional effects. It can be anticipated that hardness in a metal crystal will 
be a function of crystallographic direction. O’Neill (1923) reported that ball 
indentations on single crystals of aluminium produced elliptic impressions due 
to hardness variations in different directions. Schultz and Hanemann (1941) 
also found slight asymmetries in the indents on aluminium crystals, when a 
Vickers diamond pyramid was used, and directional variations of hardness up 
to 7°%, were found by rotating the crystal relative to the indenting too!. Meincke 
(1950) described scratch tests on single crystals of Al, Zn and Cu and later (1951) 
reported measurements made with a diamond chisel. The scratch test data 
reported by Meincke gave surprisingly large variations, for according to him | 
both in Zn and Cu the hardness on one face was no less than 24 times that on the - 
other. | 
In no case quoted above was a study made of the flow pattern of the material 
surrounding the indent. However, Tolansky and Nickols (1949, 1952) by 
applying multiple-beam interferometric methods to the examination of surface | 
flow around Vickers pyramid indents on single crystals of tin revealed the existence 
of curious flow anomalies closely related to crystallographic directions. The | 
indents instead of being square-shaped had two opposite sides convex with the | 
other two concave. ‘There was also marked surface pile-up in the direction of 
the c-axis of the crystal, irrespective of the orientation of the sides of the indent, | 


and to a lesser, but no less striking degree, sink-in in a direction at right angles 
to the pile-up. 
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In view of this crystallographic flow effect the existence of a directional 
hardness variation was clear. Study has therefore been carried out on a number 
of tin and bismuth crystals. This has aimed at measuring directional variations 
of indentation hardness on known (arbitrary) crystal faces and at the same time an 
interferometric study of surface flow and slip-trace characteristics has been made. 

Tin and bismuth crystals are extremely soft and it is evident that any mechanical 
polishing or surface preparation processes will certainly introduce serious 
falsities. There are likely to be Beilby layer effects, production of micro-slip, 
possible twin formation, and perhaps anomalous surface hardening. For the 
interferometric studies in particular, one requires a reasonably flat surface, as 
smooth as possible and with as high a reflectivity as possible. 

The crystals have therefore been prepared by casting the metal on to polished 
glass, the melt being slowly cooled. Under such conditions large single crystals 
can be grown. It is found that the tin takes on the contour of the glass surface 
very closely and on removal has a smooth natural high virgin polish, ideally suited 
to interferometric study. A micro-hardness indentation on such a surface will 
not be falsified by mechanical surface preparation. In bismuth contouring 
is less perfect, though adequate. 

The drawback to this technique lies in the absence of control over the crystal 
direction lying in the surface. It would have been preferable to have made 
observations on natural crystal facets with selected low indices. ‘This we have 
been unable to achieve yet and have had to be content with arbitrary planes whose 
orientations we have, however, determined by x-ray methods. The surfaces 
examined are, however, virgin surfaces and any observed hardness variations 
are undoubtedly truly crystallographic. Despite repeated attempts which 
include seeding, pouring from the melt, and electrolytic deposition, we have 
failed entirely to secure satisfactory single crystals of tin exhibiting plane crystal- 
lographic faces of a size sufficiently large to accept an indentation tool and have 
found it necessary to make studies on the arbitrary crystal faces arising from the 
casting method. We have sought the expert metallurgical advice available at 
the Tin Research Institute, but as yet it has not been possible to secure a suitable 
crystal with sufficiently good natural facets. The single crystals produced have 
very curved faces and these are clearly not suitable. 

The beautiful bismuth crystals which can be grown easily from the melt 
never seem to exhibit flat faces. 


§2. EVALUATION OF DIRECTIONAL HARDNESS 


There exists a wide variety of hardness tests (O’ Neill 1934) and it is agreed 
that they do not all measure the same physical quantity. “The more widely used 
methods involve either an indentation or a scratch. In common use for indenta- 
tion hardness studies are (a) the ball, (6) the right-circular Rockwell diamond 
cone (c) the square-based Vickers diamond pyramid, and (d) the Knoop elongated 
diamond rhomb. More recently (e) the diamond chisel and (f) the diamond 
double-cone have been advocated. 

We have considered the characteristics of these various methods, primarily 
as to the effects produced on a crystal or other surface which has variations in 
hardness in different directions. Scratching by a diamond (see Meincke 1950) 
does indeed reveal directional hardness, but the technique is notoriously difficult 
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to apply and liable to serious systematic error. According to Bierbaum the 
relatively strong corner of a diamond cube is the best scratching point. The 
scratches formed are always narrow, and the width, which is the required 
dimension, is difficult to measure accurately, partly because of the scale and 
partly of irregularity and distortion of the edges due to plough-up of material. 
Much more serious is the impossibility of recognizing and allowing for recovery 
effects. We have established that long narrow indents can reveal exceptionally 
big recovery effects in their width dimensions and, as scratches have somewhat 
related characteristics, it may well be that errors of even hundreds per cent can 
arise through recovery defects. Although undoubtedly capable of revealing 
qualitative differences we reject the scratch method as unsatisfactory for quantita- 
tive measurement. 

The ball indentation, and also the cone, produces slightly elliptical impressions 
on an anisotropic material but these are not easily amenable either to exact 
measurement or to clear interpretation. _Non-symmetrical indents which appear 
on anisotropic materials when using a Vickers diamond square-based pyramid 
are very difficult to interpret quantitatively, although they certainly do reveal 
qualitative directional differences (Tolansky and Nickols 1949, 1952). The 
diamond chisel advocated by Meincke (1951) appears to us to be even more 
unsatisfactory than the scratch test. With a chisel the width of a long narrow 
indent is measured and in addition to recovery defects there are serious end-effects. 
Furthermore, the method is restricted to indents of relatively large dimension, 
for clearly the smaller the chisel the more serious are the end-effects. 
Consequently heavy loads are often required, involving a strong massive 
machine. 

There remain, for consideration, the Knoop rhomb (Peters and Knoop 1940) 
and the double-cone (Grodzinski 1952). The Knoop rhomb, favoured in 
U.S.A., is an elongated pyramid which produces a long narrow rhomb-shaped 
impression which gives a much closer approach to a directional hardness figure 
than any of the above methods. It still retains some of the characteristics of 
the square-based pyramid. it is reasonable to expect that recovery will affect 
the minor diagonal rather than the major diagonal and this is an important 
advantage. 

The double-cone, designed by P. Grodzinski, appears to us to be the best 
instrument for our purpose. Although recently described it is an improved 
development of a much earlier proposal. Indentation measurements with 
a double-conical knife were first described long ago by Middleberg (1886), and 
Frémont (1924) used a 5 cm double conical wheel of V-shaped profile. 

The double-cone, although cut from a single diamond, may be regarded as 
the equivalent of two right circular cones placed with bases in contact and vertices 
opposing, such that the curved surfaces meet to include an angle exceeding 120°. 
Such an indenting tool has a strong edge and when a load is applied as shown 
schematically in figure 1 the result is the production of an elongated, shallow, 
boat-shaped impression. ‘The theory of the instrument has been given by 
Grodzinski (1951) who has calculated the area of the indent, assuming no recovery, 
and thus derived an expression for double-cone indentation hardness analogous 
to that of the widely used Vickers pyramid hardness. The area of the impression 
is, closely enough, 4= 2/%tan$«/R in which R is the radius of the cone base, 
2% the angle between the normal to the plane being indented and the cone, as 
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shown in figure 1, and / the length of the indent. The depth is approximately 
//8R and the width 4/?tan!x/R. For our indenter «= 154°. 

For any particular indenter R and « can be regarded as constants and if a 
load of Pkg has been employed to produce the indent then, since indentation 
hardness is defined as P/.4, the hardness is given by C'P//? in which C is the 
instrumental constant 6R/taniyx. In accordance with standard practice the 
hardness number is given in kg mm-2. 

Grodzinski has established, by measurement on a variety of materials with 
a very wide range of hardness, that the double-cone hardness, as defined above, 
correlates closely with the corresponding Vickers pyramid hardness. Although 
this is satisfactory, in that it permits correlation of double-cone hardness figures 
with the widely accepted Vickers pyramid criteria, yet in fact, even if there were 
no systematic correlation, the double-cone would still be valid for revealing 
directional effects on any given material. | 
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Figure 1. 


We have measured the double-cone hardness of pure polycrystalline tin, 
(purity better than 99-995°%, supplied by the Tin Research Institute) at room 
temperature with a 50 g load and find the value 3-9 (tin is of course very soft). 
It is eminently satisfactory that this agrees exactly with the best available Vickers 
pyramid value (3-9 at 20°c) reported by Homer and Plummer (1938), who made 
comprehensive measurements over the range 0° to 100°c. 

This agreement gives confidence in the numerical values we quote later. 
Attention is drawn to the fact that mechanically worked tin has been reported 
(Perryman 1950) to have a substantially higher hardness (7-7), as is only to be 
expected, and this indicates how dangerous mechanical polishing of surfaces 
would be in these experiments. 

We have been able, for the first time for micro-indents, to measure the depths 
as well as the widths and lengths of the indents. Furthermore, it has been 
established that recovery effects can be very marked both on the depth and width, 
but evidence from the behaviour of surface distortions when examining both 
soft and hard materials shows that the length dimension hardly appears to be 
affected by recovery. It is therefore considered that any observed variations in 
length of the indent with direction (the load being kept constant) do give a true 
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measure of variations in directional hardness. Since the length of the indent 
in a given direction can be altered by varying the load the instrument is suited to 
micro-hardness testing and the indent size can be made sufficiently small to permit 
a large number of indents to be well spaced even on a small crystal face, and so 
placed as to escape distortion from neighbours. This is an important practical 
advantage possessed by the double-cone. 


§3. MEASUREMENTS: ‘TIN 


A double-cone indenter has been adapted to fit the standard micro-hardness 
indenting attachment of the Vickers projection microscope. Indents have been 
made on selected tin crystals. In each case the directions of the crystal axes 
relative to the plane face receiving the indents was determined by x-ray methods. 
The x-ray measurements were made by us at Birkbeck College through the 
courtesy of Professor J. D. Bernal. The crystal was oscillated through successive 
15° ranges, the spots and streaks on the x-ray photograph enabling identification 
of planes. The angles these planes made with the axial directions were calculated 
so that location on a stereographic projection became possible. 

Micro-indents, with 50g loads applied for 15 seconds, were made. ‘The 
first indent was placed with its long axis parallel to the projection of the b-axis on 
the crystal surface. A succession of indents was then placed with angles between 
the indentation long axis and the 4-direction increasing, clockwise, by 10° up to 
180°. Lengths and widths were measured and the surface flow and distortion 
associated with each indent was examined by standard multiple-beam interference 
methods (Tolansky 1948). A full sequence of interferograms of the regions 
around these indents, with magnification x 20, is shown in Plates II and III. 

The cast plane receiving the indents (as found by x-rays) and the orientation 
of indents (1) and (9) relative to the crystal axes are shown schematically in 
Plate I. The cast plane for the particular special case to be discussed here in 
detail is found to be almost exactly a (311) plane. To avoid confusing the diagram, 
only the position of indents (1) and (9) are shown. These are respectively parallel 
to the projections of the b- and c-axes in the (311) plane. The remaining indents 
are oriented in succession following each other at 10° intervals. 
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For each indent it is found that the three dimensions, length, width and 
depth, vary with the direction and these are plotted together in figure 2; curve I 


shows length, curve II width and curve III depth, obtained by counting fringes 
within the indents. 
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There is fairly close parallelism between the three dimensional variations. 
The maximum width dimension (minor axis) cannot be considered to have much 
significance since we find that there are width variations along the length of the 
indent which are closely associated with the directions of pile-up and sink-in, 
as revealed by the fringes. ‘These variations are connected with recovery and 
complicate the pattern. 

The maximum depth measurements are of much interest in that they reveal 
a considerable recovery in depth. ‘The fringe orders closely enough follow a 
\n rule, characteristic of Newton’s rings, thus a reliable radius of curvature 
along the long axis can be computed. The radius approximates to 4mm. 
However, both interference and microscope measurements made on the diamond 
double-cone itself show that the diamond radius of curvature is only half this, 
i.e. 2mm. ‘Thus there has been practically a 50°, recovery in depth. This is. 
surprising when the shallowness of the indent is realized. (The diamond itself 
has certainly not flattened by being impressed on soft tin.) 

The directional double-cone hardness values (50 g load) calculated from the 
lengths are shown on a polar diagram, figure 3, the angles referring to the b-axis. 
direction which is taken as zero. The hardness exhibits two maxima (2:1 at 60° 
and 2-2 at 130°) and two minima (1-4 at 10° and 1-9 near 90°). 
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Figure 3. 


The two maxima and two minima are separated by the same amount. ‘The 
extreme values differ by about 60°%, the ratio being 1:6:1. This of course 
applies specifically to this (311) plane only. A notable feature is that for this 
single crystal even the maximum value 2-2 is appreciably less than the value 3-9 
which we and others find for polycrystalline tin. This will be accounted for later 
by considerations of the restriction imposed on slip in the polycrystalline aggregate. 

Several crystals have been studied and all exhibit similar polar diagrams but 
the particular values for the maxima and minima are determined by the accidental 
orientation of the plane receiving the indents. Nevertheless, an approximately 
quantitative explanation can be made for any particular crystal in terms of slip 
directions. 


§4. THE SURFACE FLOW 
Surface flow directions have been identified both by Fizeau fringes and by 
fringes of equal chromatic order (Tolansky 1948). Consider the first indent, 
Plate II : surface flow is symmetrical, with hillocks about one light wave high 
piled up on either side. Within the hillock regions fringe discontinuities reveal 
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the existence of slip-band formation. The slip traces can also be seen by direct 
micro-photography, but only the fringe pattern gives a measure of the heights. 
The traces observed are parallel to the long axis of the indent, are some 3 microns 
apart and the heights approximate to only 200A. 

On following through the sequence of indents the direction of piling-up in all 
cases remains the same, although the amount decreases progressively from 
indent 1 to 6. 

In each case the slip traces maintain the same direction as for indent 1, but 
the traces become more widely spaced and tend to increase in height, although 
there is some uncertainty in determining this because of the rapid variation in 
fringe dispersion (high dispersion is needed to show the small step heights). 

Using a N.S.E.W. description, the following holds. The E and W pile-ups 
for indents 1 to 5 have associated with them N and S slight sink in, exactly in 
accord with the observations made with a pyramid by Tolansky and Nickols. 
On indents 2 and 9 (those which give minima for hardness), the pile-up maxima 
are in accord. The hardness maxima occur between these positions. ‘Thus it 
follows that maximum hardness arises when there is greatest interference by the 
indent with the slip systems. As this will be more marked in a polycrystalline 
aggregate, this confirms that one can anticipate a higher hardness for polycrystals 
than for single crystals, as is indeed the case. 

As indent 9 is approached the character of the distortion changes. ‘The 
original pile-up disappears and a new pile-up direction associated with the second 
hardness minimum appears, confined to the N direction. ‘This pile-up is 1} light 
waves high, and it is highly asymmetrical, extending to no less than 14 times the 
length of the short axis of the indent, which is that lying in the N.S. direction. 
This again emphasizes that the generally accepted separation between indents, 
prescribed for isotropic materials by the British Standards specification, is 
totally inadequate for single crystals. (This specification accepts as valid 
pyramid indents separated by only 2} times the diagonal.) 

On following through successive interferograms 9-18 the original pile-up 
direction once more becomes re-established. 

We have analysed in detail here only one of the many series of observations 
made, each on a different crystallographic face. In all cases there is an analogous 
behaviour, but with numerical data for the polar diagram being specific to the 
particular face. 

In every case the fringe pattern behaviour relative to directions of axes and 
slip trace directions is consistently uniform, hence there is little point in multi- 
plying illustrations by including observations made on other faces. 


$5. BISMUTH 


Although we have hopes of developing a method of growing good bismuth 
crystals, we are as yet obliged to resort to the casting technique to obtain virgin 
surfaces adequately smooth for interferometry. We find that in bismuth 
((Chempur’ quality) the effect of directional slip is even more striking than in 
tin since the number of slip systems which appear to operate is more limited 
than for tin crystals. On one crystal a change of hardness from 1-5 to 6:8 was 
observed on one face. Plate IV shows the interferograms of the two corresponding 
indents made in these two directions, both with 50 g loads. On this crystal face 
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only one slip plane was suitably orientated to permit slip to take place. ‘The 
first indent shows the position of minimum hardness, i.e. there is maximum flow 
on this slip plane. ‘The slip traces are clearly revealed by the fringes which show 
discontinuities which mean that the maximum slip step is 2004, and as the 
distance from the impression is increased the steps become only 504 high. The 
second indent shown was made with the cone axis in a direction at 90° to the first, 
with the same applied load of 50g. This lies in the direction least favourable 
for slip and is therefore the position of maximum hardness. This is not due to 
any interference of slip systems acting, but just because of the difficulty of slip 
on any system taking place. ‘The fringes show that no piling up has taken place 
in any direction. 

As in the case of the tin crystals the crystallographic orientation of this face 
has been determined. It is near enough (554), i.e. not very far removed from the 
important (111) face. 
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Figure 4. 


The directional hardness variations found for this face, by making systematic 
indents over 180° orientation, are shown on a polar diagram in figure 4. The 
ratio of the extreme values is no less than 45:1. This surprisingly large ratio 
is almost twice as big even as the extreme ratio reported by Meincke for Cu and 
Zn with the scratch test (which we regard as suspect). Small twins were some- 
times observed on bismuth crystals at the edges of the impression when the 
indenter was placed in certain directions. ‘The occurrence of these, however, 
did in no case affect the smoothness of the hardness curve obtained. 


$6. CONCLUSION 


It seems clear that the slip mechanism plays a primary role in leading to 
directional hardness variations. It is suggested that our observed directional 
anisotropy is mainly due to the change in orientation of the indenter relative to 
the active slip plane and slip direction. ‘The forces acting on the crystal during 
indentation can be considered to operate normally to the face of the indenter. 
The resolved shear stress along the slip plane due to this force has been calculated 
and will form the subject of a separate report. ‘The length of indentation can thus 
be regarded as a measure of ease of slip, a larger indentation appearing when the 
resolved shear stress is high, a smaller when it is low. 

For this reason one can expect quite different hardness ratios for single crystals 
and polycrystal masses of the same material. 
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APPENDIX 
Crystallographic Considerations 
By ANNE P. WILLIAMS 


The traces beside the indentations are traces of the planes on which slip has 
occurred in the interior of the crystal to relieve the stress applied by the indenter. 
The indices of the slip planes have been determined from x-ray data, the possible 
slip planes being known from values given by Schmid and Boas (1935). For tin 
the possible planes and directions are the systems (100), [001]; (101), [101]; 
(121), [101]; (100), [001]. The system (100), [101] is given with a query by 
Barrett (1943). For bismuth only the (111) planes and [101] directions are 
possible. 

For the tin crystal the slip traces observed are parallel to indents 1 and 9. 
From a stereographic projection it is found that the traces parallel to indent 1 
are due to slip on the (101) plane, and those parallel to indent 9 to slip on the (010). 
plane. The slip could occur in different directions on the planes but the most 
suitably oriented were the [101] direction for the (101) plane and the [101] 
direction for the (010) plane. 

The force applied to the crystal may be considered as acting in directions at 
right angles to the V faces of the cone, and can be resolved in the slip plane and slip 
direction giving the shear component on the slip plane. Inthe test the actual value 
of the force is not known, but if this is taken to be a value F, then F cos ¢ cos A is. 
this shear component, where ¢ is the angle between F and the normal to the plane 
and A the angle between F and the slip direction (Barrett 1943). 

Daniels and Dunn (1949) have made such an analysis of directional tests on 
crystals of silicon ferrite and zinc. ‘The correction factor for the presence of 
a constraining force on the slip due to the indenter which they calculated has been 
applied to this work, and the resultant stress is F'cosé cosA cosy where yf is the 
angle between the direction of indentation and an axis in the slip plane at right 
angles to the slip direction. 

Now the value of F which depends on the applied load may be taken as a 
constant factor and the value of cosécosAcosy% will change as the indenter is 
placed in the different directions on the surface. In this case the slip plane is 
known and the values of 4, A, % may be obtained by the method of Daniels and 
Dunn. The positions of the force directions and slip planes and directions 
are plotted on successive stereograms and the values of cos¢cosA cosy for each 
position of the indenter calculated from measurements of 4, A and i. 

Figure 5 shows how the calculated curve compares with the measured length 
and hardness curves. When the stress applied to the slip plane is greatest 
this agrees with the maximum length and the minimum position of hardness. 
The variation agrees in range, i.e. the values for the (101) plane operate from 
Q—60° and 120-180° and the (010) in the intervening region, and in turn with the 
observed changes in pattern of fringes. The curve for the slip plane (121) has 
been included in figure 5, as Barrett queries (100), [101], to show that agreement 
in range is also given by this plane. It was not possible to see the slip traces 
clearly in this direction to distinguish between the two possibilities. 
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Thus the variation in directional hardness may be explained qualitatively 
by the change in shear stress on the slip planes. For other tin crystals the slip 
systems (110), [001] and (121), [101] have been observed to operate. Similar 
results are found for bismuth (figure 6) showing the curves obtained for this 
crystal. The first indent, with maximum deformation, is at 0°. 
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For tin the yield stress is 1-4 tonin~ or 2:2 kg mm? (Tabor 1951). This 
is approximately equal to the mean of the hardness numbers observed by ‘Tolansky 
and Williams on several crystals. The yield point of a crystal will depend on 
direction and degree of work-hardening, obeying the resolved shear stress law 
(Schmid and Boas 1935). Schmid (1931) finds that for a cylindrical single 
crystal of any orientation the yield point gives a constant resolved stress on the 
active slip plane, equal to the critical stress. 

When the slip plane is most suitably orientated the yield stress or applied stress 
required is a minimum. We have seen that the slip plane is most suitably 
orientated for slip during indentation when the hardness value is a minimum. 
Maximum hardness occurs when the crystal is least suitably orientated for slip 
or when the resolved shear stress on possible slip planes is least. Hardness of 
a crystal may therefore be considered to be a measure of the yield stress of the 
crystal in different directions. ‘The propetty measured is the yield property 
mainly in a direction at right angles to the length of the indenter, though in fact 
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it depends on the force distribution around the indenter which will determine the 
shape of the yield surface in the interior of the crystal. This agrees with the 
concept of the hardness of non-work-hardened material in a crystal as given by 


Tabor (1951): 
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An Occasional Mode of Growth in Diamond 
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Abstract. It is shown that in rare instances a mode of growth by plane sheets 
operates on the octahedral faces of diamond which leads to the formation of 
six-sided growth features containing alternate angles of approximately 90° and 
150°. It is shown that the edges of these are effectively parallel to the directions 
(431). ‘These may possibly arise through intersection of {221} with the (111) 
face. 


§ 1. INTRODUCTION 


growth characteristics on natural diamond faces. In this study several 

hundred octahedral faces have been subject to detailed examination by the 
microscope, by interferometry and by the light-profile microscope. It has been 
established that by far the great majority of these diamond faces grow by means 
of plane sheet growth which leads to trigon formation and to oppositely oriented 
triangular growth pyramids (for a recent discussion see Halperin (1954)). In both 
trigons and triangular growth pyramids the edges are strictly parallel to the 
three edges of the normally triangular face constituting the (111) natural octahedral 
face of the diamond. 

In two exceptional instances we have found again a plane-sheet mode of 
growth, but this time the edges of the growth sheets are parallel to (431) and it 
is the object of this brief note to describe these relatively infrequent growth 
features which we have found on four separate faces. ‘Three of these occur on 
different octahedral faces of one diamond and the fourth on another diamond. 


|; this laboratory an intensive systematic optical study is being made of 


§ 2. OBSERVATION 
Case I. 


The first example is remarkable for its approximate symmetry and gives us 
the clue to the others. It appears on one face of a good transparent octahedron 
from South Africa, of weight 0-63 carat. The feature is quite small indeed and 
is shown (x 1000) in figure 1 a (Plate). It consists of a hexagonal pattern and 
measurement reveals that the alternate angles are respectively approximately 
some 90° and 150°. The sides are almost, but not quite, equal in length. ‘The 
angles are difficult to evaluate with any precision because the sides are not quite 
straight. The angles can be measured to within a little better than 3°. ‘They 
are respectively, in degrees, 893, 150, 923, 144, 95, 1503. Their sum is 721}. 

Examination by fringes of equal chromatic order (figure 1 5) (see Tolansky 
1948) establishes that this feature is a plateau standing merely some 1000A 
high above a more extensive growth pyramid. It is certainly a growth feature 
for there is no evidence for the existence of any etch effects whatsoever on this 
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diamond. This observed hexagonal pattern can be crystallographically described 
as having its growth edges more or less parallel to the directions (431). lie 
calculated angles for a hexagon in these directions are respectively 87° 47’ and 
152° 13’. The values in the observed figure are somewhat similar. Although 
there is only a crude parallelism to ¢(431) the main fact is the differentiation 
from the general mass of growth features on octahedral faces, which consist of 
trigon or pyramidal growth features in which the three sides are, almost invariably, 
inclined to each other at angles very near to 60°. 

The lines which form this hexagon could arise from intersection of (111) 
with any of many planes which include for example (221), (430), (103), (014), 
etc. Of these, we tend to conjecture in favour of (221) for the following reasons : 
It is the only set of planes which can produce simultaneously on each of all the 
(111) planes of the crystal both our hexagonal pattern and equilateral triangles, as 
in figure 2, and both patterns appear simultaneously on three faces of our crystal. 
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Figure 2. 


Further, (221) is the most close packed of all the possible forms giving our hexagons 
and might well be favoured during growth. Again, it has been established by 
etching experiments (Omar, Pandya and Tolansky 1954) that the most important 
planes produced by etching (111) on diamond are (221). This evidence is far 
from decisive but favours (221) a little. 


Gasca 


In the second example, figure 1c (x 650), interferometry once more 
demonstrates that this figure lies on a growth pyramid. This pyramid reflects 
the feature, but there are distortions because of interference from surrounding 
growths. 

As betore, we have a six-sided figure, the angles being 90, 153, 92, 150, 923, 
151°. ‘The sum of these is 728}° and the excess (84°) over that for a rectilinear 
figure is undoubtedly due to curvature of the sides and not due to faulty esti- 
mation of the angles. Within the hexagon are the familiar 60° growth trigons. 


Casealile 


This example (figure 1 d) ( x 300) at first seems a most irregular pattern but 
can be classified along with the two previous ones. The key lies in the appearance 
of the alternate angles, approximating once more to some 90° and 150° which 
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establish that this is just another distorted example. The angles measured are 
89, 153, 93, 149, 90, 151, with sum 725°, and again the excess is attributable to 
curvatures. 

It is noteworthy that these three features, each on a different face of one 
crystal, cover a relatively insignificant fraction of the total area. Despite the 
numerical differences in angles, these features are undoubtedly similar and are 
clearly related. 


Case IV. 


In this example (figure 1 e) (x 15), the mode of growth under consideration 
is on a much bigger scale and dominates the whole growth of the face. The 
stone is a clear octahedron mined in South Africa. There is a good deal of 
deviation from the ideal case shown in figure 1, nevertheless the relationship 
is evident. We have here a relatively rare example of a crystal face which has 
grown primarily both in this manner as well as by trigon formation. The strongly 
outlined hexagonal central feature, which seems to start off with angles near 
90° and 150°, quickly transforms its character on moving to the edges, tending to 
become a crude 60° equilateral triangle. 

We have sought through microphotographs published by other observers 
to see whether any examples of this particular hexagonal mode of growth have 
been recorded and overlooked. We have indeed found one clear example 
amongst 86 excellent micrographs of (111) faces recorded by A. F. Williams in 
his comprehensive book on diamond published in 1932. (There is amongst 
these photographs what may possibly be a second example but the evidence 
here is rather uncertain.) Although Williams had the opportunity of inspecting 
many thousands of stones yet he never, it seems, noticed this special mode of 
growth, despite its appearance in one of his published photographs. It is 
certainly of infrequent occurrence. 
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such as germanium and silicon and is one of the factors governing the 

selection of material for the manufacture of transistors and allied devices. 
Many methods for measuring this property have been described (Goucher 1951, 
Haynes and Shockley 1951, Navon et al. 1952, Pell 1953, Many 1954, Stevenson 
and Keyes 1955) but some of these have tended to give misleading results where 
trapping of minority carriers is an important effect (Arthur et a/. 1955). The 
method to be described here is such as to allow trapping effects or conductivity 
modulation to be detected and steps taken to eliminate them. 

A modification of the method for determining drift mobilities as described 
by Haynes and Westphal (1952) is used and their electrode configuration is 
retained. A short pulse of minority carriers, holes in the case of an n-type 
specimen, is injected into the specimen from an emitter. A sweeping field is 
applied to the specimen by a pulse which is triggered by, but delayed after, the 
emitter pulse. ‘This delay may be varied at will. Under the influence of the 
sweeping field the carriers drift to the collector point. ‘The holes decay after 
the interval owing to recombination so that the number passing the collector is 
proportional to exp (—t/7) where ¢ is the period between injection and collection 
and 7 is the lifetime. Diffusion of the carriers takes place according to the 
equation L =(Dt)'? where L is the diffusion distance and D the diffusion constant. 
The collected pulse is not therefore a sharp replica of the emitter pulse but is 
rounded into a gaussian distribution whose area is proportional to H\/t where H 
is the collected pulse height. This area is proportional to the number of holes 
surviving so that H?!/? oc exp (—t/7). 

‘Two pulse generators are used in the arrangement shown in figure 1. The 
first, which may conveniently be free running at about 100 p.p.s. provides an 
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Figure 1. Experimental arrangement. 
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emitter pulse of 2 usec duration. The second generator, triggered from the 
first through a variable time delay circuit provides a sweep field of about 
20 psec duration. As can be seen from the figure, bias is applied to the collector 
during the pulse by the voltage drop across that part of the specimen to the 
right of the collector together with R,, so that no d.c. bias need be applied. 
During the series of measurements, f is varied by altering the setting of the time 
delay generator without disturbing any of the other parameters such as injection 
efficiency or collector bias. Both ¢ and H may be read from a calibrated 
oscilloscope (figure 2). 


A Injection pulse C Sweep pulse off 
B Sweep pulse on D Collected signal 


Figure 2. Typical oscilloscope display. 


Conductivity modulation has the effect of delaying the arrival of the peak 
of the pulse so that the trailing edge of the collected pulse is made steeper. 
This effect may be reduced to negligible proportions by using a small emitter 
pulse. If trapping is present the trailing edge is extended by carriers released 
from traps. A uniform and constant illumination may be applied to the specimen 
so as to raise the overall concentration of minority carriers and saturate the trapping 
levels. This should also be applied if it is found that the efficiency of the collector 
is varying with carrier density (Jacobs et al. 1953, Hogarth 1954). 

It is found that the above method may be conveniently and easily used to 
give results that are consistent and reproducible within an accuracy to about 5%. 
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EPOSITS of polonium on nickel and lead were used as radioactive tracers 

to investigate the transfer of metal between electrodes in high vacuum 

with a view to checking Cranberg’s (1952) theory of the initiation of 
high vacuum electrical breakdown. Since polonium is «-active, one can observe 
the distribution of transferred tracer by means of a nuclear plate. 

Electrode separations were of the order of 1mm and d.c. voltages up to 
80 kv were used. ‘The density of polonium deposit was usually of the order 
of 10" atoms per square centimetre. 

Nuclear plates revealed clumps of polonium atoms (figure 1, Plate) on the 
non-radioactive electrode as well as the expected uniform distribution. Such 
clumps were also found on the radioactive electrode after experiments in which 
it was the cathode. Figure 2 shows the various electrode systems and the different 
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types of clumps which were obtained. Class A clumps were obtained at voltage 
under the sparking voltage as well as after sparking. All class B clumps | 
obtained after sparking. Class C clumps are divided into two groups, those 
obtained at voltages below the sparking voltage (class C,) and those obtained 
after sparking (class C,). Class C, clumps are much larger than class C, clumps 
and there is reason to suppose that each class C, clump has a corresponding 
class B one. | 
Clumps contained too many polonium atoms to be explained by aggregate 
recoil (Lawson 1919). Estimations of the size of the clumps by projecting 
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a-particle tracks in a nuclear emulsion back to their origin were limited by 
measurement errors and by errors introduced because of «-particle scattering. 
They did show that the polonium atoms of a clump were confined, in most cases, 
to an area of less than 10-7 cm?. 

Class A clumps were investigated most thoroughly. A high field rather than 
a high voltage is effective in producing them. Occasional sparks at large electrode 
separations occurred without producing clumps. These sparks were probably 
what Arnal (1954) has termed ‘ microdischarges ’, involving adsorbed gas atoms 
from the electrodes. It became progressively more difficult to obtain clumps 
with the use of the electrodes. 

The only plausible explanation of these experiments is as follows. Class A 
clumps are formed by positive ions of polonium drawn to points of field emission. 
The positive ions are formed from the polonium deposit on the anode. Class C 
clumps also consist of polonium ions drawn to points of field emission, but the 
polonium ions are now formed from polonium atoms liberated from the same 
electrode by positive ion bombardment. ‘This explains why class C, clumps 
are small and why class C, clumps are very large. Class B clumps are formed 
when the point of electron emission, giving rise to a class C, clump, melts or 
disrupts, and is transferred to the non-radioactive electrode. Continued use of 
the electrodes (conditioning) destroys many of the sharp irregularities necessary 
for field emission by melting and positive ion bombardment. This picture of 
what is happening between the electrodes prior to breakdown agrees very well 
with that which Bertein (1946) has described. Inter-electrode current pulses, 
numerous at first and gradually decreasing with duration of applied voltage, 
were detected by an oscilloscope at voltages below the sparking voltage. 

There was no obvious difference, apart from magnitude, between clumps 
obtained before and after sparking. A spark, being usually defined by the 
emission of visible light, is an arbitrary term. A series resistance of the order 
of megohms imposed an upper limit to the intensity of sparks but many sparks 
were quenched naturally before they reached this intensity. Field emitted 
currents could be estimated from the number of transferred polonium atoms 
assuming a known density of deposit on the anode. Currents of 10° amp for 
1 minute produced easily detectable clumps. 

One hesitates to identify the clumps with those postulated by Cranberg for 
two reasons. Firstly class C clumps cannot be clumps of transferred electrode 
material. Secondly a clump can have a density of polonium atoms (minimum 
estimate) which is greater by two orders of magnitude than the density of polonium 
deposit on the radioactive electrode from which it originated. For many cases, 
however, this second reason is not valid, and there is no reason why such class A 
clumps should not be attributed to the transfer of a clump of electrode material. 
The distribution of transferred clumps in the following experiment is typical 
and particularly favours the Cranberg clump explanation. With an anode formed 
by the sharpened tip of a nickel wire of diameter 0-053 cm and a plane cathode, 
the electrode separation being about 0-026 cm, 19 clumps were found over an 
area of 1 cm? of cathode. If a clump is detached in the solid state by electrostatic 
forces the initial acceleration might be in any direction over a solid angle of 
almost 27 because of local field variation. 

The electrostatic stress, E2/87, at the anode at breakdown was found to agree 
well with the tensile strength of the electrode. The breakdown field E was 
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calculated by observing the onset voltage of field emission when the electrode 
was cathode. Breakdown occurred at 7:6 times this voltage for copper. Thus 
electrostatic forces are quite capable of detaching clumps near the breakdown 
voltage. 

Using electrodes of radioactive cobalt and cadmium, it was shown that less 
than 2 x 10-° g of electrode material was transferred prior to breakdown. 

The uniformly scattered distribution of polonium atoms was transferred 
most easily from cathode to anode probably because of the tendency of polonium, 
which is electronegative, to form negative ions. The amount transferred from 
anode to cathode increased with the applied voltage and with the duration of the 
applied voltage and, except where field emission or a spark occurred, can be 
explained by aggregate recoil (Lawson 1919). 
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thin layers of magnesium oxide bombarded with electrons of a few hundred 

volts energy can under certain conditions give an effect similar to the ‘ Malter 
effect’ (Malter 1936). That is to say the secondary emission coefficient is a 
function of the difference between the collector potential and the potential of the 
metal surface (‘target’) to which the magnesia is applied. The effect occurs 
because the magnesia surface charges up to a potential near that of the collector, 
so that most of the collector—-target potential difference appears across the magnesia 
layer. ‘The secondary emission coefficient rises with increase in this potential 
difference, and may reach values between 100 and 1000 before breakdown of the 
layer occurs. It is also well known that under electron bombardment magnesia 
exhibits a feeble cathodo-luminescence. The work described below was under- 
taken to determine whether the conditions leading to field enhancement of 
secondary emission would also lead to field enhancement of the luminescence, i.e. 
whether in a layer showing the Malter effect the light output was determined solely 
by the energy and current in the primary bombarding beam, or whether it varied 
with the collector—target potential difference. 


if is well known (Jacobs 1951, Jacobs et al. 1952, Dobischek et al. 1953) that 
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Experiments have been carried out on three types of magnesia: (i) formed by 
evaporating magnesium through oxygen at 0-1 mm pressure, on to a pure nickel 
base, and then heating, (@) at 700°c in oxygen or at 900°c in a vacuum, (6) at 400°c in 
a vacuum, (11) by burning magnesium in air and condensing on a nickel plate a 
thin layer of oxide smoke which was examined (a) after heating in a vacuum to 
900°c before any bombardment was given and (6) after heating only to 400°c in a 
vacuum before bombardment, (iii) by suspending in a binder solution a fine 
magnesia powder (analar) obtained from a chemical supplier, and spraying to form 
a coating on nickel. ‘This was baked in air at 500°c to decompose the binder, and 
was then examined after heating in a vacuum, again (a) at 900°c and (b) at 400°c. 

The coatings were bombarded at 1-100 uAcm~? using current from an oxide- 
coated cathode. The light was measured using an R.C.A. type 931A photo- 
multiplier. All measurements were made in sealed-off gettered tubes following 
careful outgassing processes during pumping. 

We refer firstly to the results on magnesia of types (ia), (iia) and (iii), all strongly 
heated ina vacuum before bombardment. All showed blue cathodo-luminescence 
which was maintained for many hours under all conditions of test, up to 1 macm 
at 500 volts. With (ia) the light was examined spectrographically and a broad band 
was identified centred at 3-lev. With (iia) the blue band was centred at 2-8 ev, 
while faint bands were present at 2-3, 2:04 and 1:95ev. With all three types, 
rapid increase of secondary emission with potential difference between collector and 
target was observed, and with all three was found an associated increase in lumines- 
cence, without change in colour. At sufficiently high fields scintillations occurred 
as breakdown set in at different parts of the layer, but the luminescence increase was 
a genuine effect in no way connected with scintillations, occurring over a wide range 
of voltage below the breakdown threshold. his applied in particular to layers of 
types (ia) and (iia); with the sprayed coatings (iiia) local breakdowns occurred at 
rather low mean fields, and there was not such a wide range in which luminescence 
enhancement occurred, nor was it possible to apply high mean fields, as they led 
to cumulative breakdown processes. 

The diagrams show the increase in secondary emission current and light 
output occurring (figure 1) on keeping the target potential constant and raising the 
collector potential and (figure 2) on keeping the collector potential constant and 
lowering the target potential, the two potentials being initially equal in each case. 
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Figure 1. Secondary emission and light output as a function of collector voltage. Target 
voltage constant. 
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The genuine nature of the effect is perhaps demonstrated most clearly from the 
second result. A plot is also given (figure 3) of the variation of light with voltage 
when the two potentials are varied in step, so that having set one, the other is 
adjusted to make the secondary emission coefficient unity. This gives the true 
variation of light output with target voltage, and is seen to give a curve much less 
steep than in figures 1 and 2, in which the enhancement effect occurs. 


a" 
Light =<. } 
output . 


al ale 
Collector potential constant 
at 400V 


Photomultiplier Output (4A) 
Secondary Emission Coefficient 


Photomultiplier Output (4A) 


a Fis € I ae 400 . 0 100 200 300 400 500 600 700 

get Potential (volts) Collector Potential (volts) 
Figure 2. Secondary emission and light output as Figure 3. Light output as a function 
a function of target voltage. Collector voltage of collector voltage. Target voltage 
constant. adjusted to maintain a secondary 


emission coefficient of unity. 


. The variation of secondary current with voltage follows the same type of law as 
investigated by Dobischek et a/. (1953). It appears that electron multiplication 
processes are occurring in the oxide, leading to the increase in secondary current 
and in light. Thus the light increase is due to a d.c. electroluminescent 
effect. We find with layers (iia) that having established the enhanced effect, 
the bombarding beam can be switched off, and a high current from target to 
collector is maintained for an hour or more. A high light output is maintained at 
the same time, and is now provided entirely by the high field phenomenon, with no 
cathodo-luminescence. Both current and light output are a little lower than when 
the bombarding beam is on. 

After heating magnesia of type (i) at temperatures lower than those used for 
state (ia), 1.e., lower than 700°c in oxygen or 900°c in a vacuum, the luminescence 
was blue but very faint; there were no enhancement effects because of high 
conductivity of the film. This condition, which includes (ib), was due to a high 
magnesium content remaining in the film, and was not typical of the oxide. 
In oxygen at 700°c the magnesium was more fully oxidized, and in a vacuum 
at 900°c the excess magnesium was evaporated off. 

With magnesia of types (ii) and (iiib), heated in a vacuum at 400°c before bom- 
bardment, the cathodo-luminescence was pink, not blue. This was because with 
both (11d) and (itid), the bands at 2-04 ev and 1-95 ev previously observed in (iia) 
were now much stronger than the blue band, which remained stronger than the 
green band at 2-3ev. This was weaker than in state (iia). The blue was nowcentred 
at 2-7 ev i.e. it was shifted to slightly longer wavelength compared with (iia). 
These bands are similar to those observed by Saksena and Pant (1954) after 
electron bombardment of single crystals of magnesia. Our plates were not 
sensitive beyond 66004, so that the red band at 1-73 ev (7100 A) observed by Saksena 
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and Pant may also have been present. The 1-95ev band was considerably 
stronger than the 2:04ev. ‘The enhancement effect was present, but was smaller, 
both in secondary current and in light, than with (ia), (iia) and (iiia). When 
once bombardment had occurred, e.g. at 100 wa cm? and 500 volts for 15 minutes, 
subsequent heating in a vacuum below 1100°c or in 0-1 mm of oxygen up to 800°c 
had no effect. The blue luminescent state with the large enhancement effect 
was not obtained, although when similar heating had been given before bombard- 
ment, with (ia) and (iia), this was the stable state produced. Heating to 
between 1100 and 1200°c in a vacuum did, however, produce the blue luminescent 
state. ‘This occurred also when smoke layers of type (iid) deposited on tantalum 
or platinum were heated between 1100 and 1500°c ina vacuum. When bombard- 
ment was continued with types (115) and (iid), there was rather rapid visible dark- 
ening of the magnesia, accompanied by a decrease in luminescence. Heating ina 
vacuum up to 1000°c then had no effect; heating in oxygen at 800°c removed the 
darkening, but the luminescence remained pink, and the enhancement remained 
small. 

When the voltage across the layer was increased in the early stages of bombard- 
ment, there were violent current fluctuations and bright scintillations when 
breakdown occurred. The voltage difference leading to breakdown was similar in 
state (114) to that in (iia). The magnesia remaining at regions where breakdown 
had produced partial local disruption of the layer, gave the blue luminescence and 
the more marked enhancement. This was probably due to the intense local 
heating during the breakdown process. 

The nature of the red, green and blue emitting centres, the reason for the 
difference in scale of the enhancement effect in the two states, the mechanism of the 
enhancement and the reason for the remarkable effect in (iid) and (id) of electron 
bombardment in stabilizing the red state, are the subjects of continued research. 

There are indications that the blue band is due to excess magnesium, and the 
red to excess oxygen, but further evidence is required to establish definitely whether 
this is so. 
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T is well known that when bias in the reverse direction is applied to a germanium 
diode (either of the point contact or junction type) the fluctuations of current 
have a spectral density which at low frequencies is greatly in excess of the 
expected thermal and shot noise components. ‘This excess noise has a mean 
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square current spectral density which varies approximately inversely as the 
frequency and increases with increasing current; at sufficiently high frequencies 
the excess component is negligible compared with the thermal and shot 
components. 

The current flowing in such a diode under reverse bias may be increased 
by illumination and the current increment is fairly closely proportional to the 
light intensity. It is of fundamental importance for understanding the mechanism 
of noise generation in semiconductor devices to enquire how the noise varies under 
illumination; it is also of practical significance in assessing the sensitivity of 
such devices as photocells. 

Experiments have been reported on low-frequency noise measurements of 
illuminated germanium diodes. Slocum and Shive (1954) made measurements 
of the noise in p—n junction diodes in a band centred on 1 kc/s; the diodes were 
selected for low reverse current and the noise measured at various bias voltages 
with varying illumination. It was found that for currents from about 5 to 
200 pa the noise intensity was very close to the shot noise value. Earlier observa- 
tions by Shive (1952) at 1 kc/s can be analysed to support the view that the zmcrease 
of noise at a given reverse bias when the diode is illuminated corresponds to shot 
noise associated with the increase of current. 

Granville and Gibson (1953) made measurements at 16-5 c/s on a reverse 
biased point-contact diode with and without illumination and noted that at a 
given current the noise was less under illumination than when dark. ‘The authors 
interpreted this result qualitatively in terms of a reduction of the effective ~ in 
the current magnification factor for the hole to the contact. It will now be shown 
that a simpler interpretation will explain these results as well as those of Slocum 
and Shive, namely, that whereas the dark current may have an appreciable 
low-frequency component of noise which is unaffected by illumination, the 
increase of current due to illumination (at a given reverse bias) is accompanied 
by a corresonding addition of shot noise only. 

The elementary theories (Lehovec 1948, Cummerow 1954) of the current- 
voltage characteristic of an ideal p—n junction or point-contact diode under 
irradiation yield 

I= A[l—exp(—eV/RT)|+BL 


in which V is the applied voltage and J the diode current (both measured in the 
reverse direction), e the electronic charge, Rk Boltzmann’s constant, 7 absolute 
temperature and L intensity of illumination; A and B are constants which 
depend on the properties of the diode and the spectral distribution of the incident 
light flux. In practical diodes A and B both increase with increasing reverse 
voltage and this non-ideal behaviour may be attributed to one or more of the 
following effects : carrier pairs generated within the depletion layer (Shockley 
and Read 1952), leakage across a surface barrier (Culter and Bath 1954) and 
electron multiplication in regions of high electric field (McKay and McAfee 1953,): 

Thus the theory for the ideal diode indicates that illumination produces an 
increase of reverse current which is independent of the applied bias voltage. 
From figure 1 of Granville and Gibson (1953), it is seen that the increment of 
reverse current was in fact nearly constant at 8a for the illumination used. 
Now it is to be expected that the dark current in these experiments at the low 
frequency of 16:5 c/s contained very great excess noise, i.e. greater than shot 
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noise by a factor of at least 103. Consequently the addition of 81a of shot noise 
on illumination would result in a completely negligible increase of noise and this 
is in fact closely confirmed on a quantitative basis by the authors’ figure 1 when 
comparison of noise at a given reverse voltage is made. It is suggested that their 
comparison at a given reverse current is quite inappropriate for noise mechanism 
interpretation since this involves different reverse voltages in the dark and 
illuminated conditions. 

In the early experiments of Shive on the junction diode at 1 kc/s the excess 
noise of the dark current was not so overwhelming as in the point-contact diode 
-and accordingly when sufficient illumination was applied so as to increase the dark 
current by a factor of 100 the increments of noise were detectable and numerical 
analysis shows them to be of the order expected for the shot noise of the photo- 
-current (1.e. 144 noise in a 1 c/s bandwidth for 600 a current). 

In the later experiments of Slocum and Shive the junction diodes were of 
improved technique of manufacture and selected for low dark current. 
Accordingly the excess noise of the dark current was relatively small, and this 
resulted in a close approach to shot noise behaviour under all conditions of applied 
bias and illumination. 

The fundamental significance of this interpretation of the experimental 
data is of importance in understanding the mechanism of excess noise generation 
-at low frequencies in semiconducting devices. The dark reverse current of a diode 
arises from the hole-electron pairs generated within a few minority-carrier 
diffusion lengths of the barrier region; the additional photocurrent arises from 
the pairs generated by the incident light quanta within the same region. Since 
these processes are therefore alike except in the actual pair generation mechanism 
it is concluded that the dark-pair generation is subject to a modulation process 
with a marked low-frequency spectrum. Whereas the photoelectric generation 
-of pairs arises from direct electron transitions between the valence and conduction 
bands the dark current generation process mainly arises (at least in germanium) 
by way of intermediate bound levels (Shockley and Read 1952). It therefore 
-seems that the capture and release of electrons by these intermediate levels or 
traps does not proceed randomly and independently. Either co-operative 
-effects may exist between traps which are close together or, more probably, the 
rate at which electron transitions proceed to and from individual traps is not 
-a simple Poisson process. 
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REVIEWS OF BOOKS 


Building Materials: their Elasticity and Anelasticity, edited by M. REINER. 
Pp. xv +560 (Amsterdam : North-Holland Publishing Company, 1954) 84s. 


Books made up of contributions by a number of specialist authors are 
becoming increasingly common, and these are always difficult to review ade- 
quately. This arises because of the distinction which should be made between 
good articles and good collections of articles. In the present case the frame of 
reference set by the Editor is sound and worth while, the articles are to the point, 
and the whole work is clearly going to be of value in building research. In 
recent years, a lot of information has reached the technical press on the behaviour 
of such materials as clays, concrete, asphalt and wood, and a collation at this 
stage is timely. The main concern of the authors is with the rheological proper- 
ties of materials, and in this connection, Professor Reiner contributes a well- 
assembled introductory article, with Professor Freudenthal continuing with the 
structural engineering aspects. The complexities of time- and rate-dependent 
processes are always difficult to present; the phenomena are here neatly sorted 
out and many will find these articles the most valuable in the book. ‘They 
should, indeed, be recommended to anyone starting out on plasticity problems. 
For the rest, the book covers a whole range of materials; paints, putties, metals, 
soils, plasters and so forth. The style and the subject matter are more academic 
than practical, and although it would be ungracious not to welcome this enter- 
prising and interesting work, it must be said that it will be the research worker 
rather than the applied engineer who will benefit directly from it. As the book 
was designed particularly for the technologist, it is a pity that the power of the 
methods is not brought out more specifically by reference to actual civil engineer- 
ing problems and projects. It is only in this way that rheological ideas will 
gain wider acceptance in the applied field. 


A, J. KENNEDY. 


Table of the Gamma Function for Complex Arguments. National Bureau of 
Standards—Applied Mathematics Series 34. Pp. xvi+ 105. (Washington : 
U.S. Government Printing Office, 1954.) $2. 


Once again we are indebted to the Mathematical Tables Project of the National 
Bureau of Standards for a table of considerable importance to many engaged in 
computation in both pure and applied mathematics. In physical problems, the 
gamma function with complex argument often occurs as an external factor to 
complex hypergeometric series, and may need to be known with unusually high 
accuracy. 

The table under review presents 12D values of the real and imaginary parts 
of log. F(z) for z=x+7y, x=0(0-1)10, y=0(0-1)10. By means of the familiar 
sin 7z formula, and the duplication formula, the values given can readily be 
extended to cover the ranges, —18 <x <20, —20 <y <20. Outside this region 
the asymptotic series of Stirling provides similar precision, so that in effect the 
quantitative behaviour of I(x) in the whole complex plane is known. Ina table 
of such wide range it is of course unreasonable to expect accurate interpolation 
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to be everywhere straightforward. Linear interpolation is out of the question 
except for the crudest calculations, but one finds that a simple 4-point inter- 
polation mostly provides 5D accuracy when x, y>1, improving to 8D accuracy 
for larger values of x and y. For uses needing greater precision details are given 
of interpolation formulae using up to 8 points in the table, and ensuring at least 
9D accuracy when x, y> 2. Various formulae are also suggested for inverse 
interpolation. 

There remains of course the awkward region near the singular point at x=0. 
Here the obvious procedure is to use this table to find (2+ 2) or P(1+3), and 
hence ['(:)=I'(1+2)/s. There also exists the complementary table of Stanley 
and Wilkes (Toronto, 1950), giving 6D values of 1/I'(z) for x= —0-5(0-01)0-5, 
y=0(0-01)1, which remains a valuable accessory. Otherwise the N.B.S. table 
has no rival, and is good value at the price. 

Ry Age: 


Advances in Electronics and Electron Physics, Vol. VI, edited by L. Marron. 
Pp. x1u1+538. (London and New York: Academic Books Ltd., 1954) 
$11.80. 


With the latest volume the title of this well known series has been changed 
by adding ‘“ Electron Physics” to the original ‘‘ Electronics.” In fact the 
previous volumes have always been concerned with the wider field, containing 
only a minority of contributions devoted to the subject of Electronics in the 
narrow meaning which has come to be attached to the term. It is clearly the 
intention of the Editor to concentrate even more in future on the fundamental 
phenomena in which electrons take part. A survey of the topics treated, 
which in any case is al! that can be attempted here, shows how wide he casts 
his net. 

The first review is of Metallic Conduction at High Frequencies and Low 
Temperatures, by A. B. Pippard, which is primarily concerned with the anom- 
alous skin effect at micro-wave frequencies and its importance in the study of 
superconductivity. A short article by E. Abrahams deals with Relaxation 
Processes in Ferromagnetism, under which are included the frequency dependence 
of initial permeability, ferromagnetic spin resonance absorption, heat transfer 
effects and lag of magnetization in a changing magnetic field. ‘Iwo authors 
from the Philips Laboratories at Eindhoven, J. Smit and H. P. J. Wijn, write 
on the Physical Properties of Ferrites. ‘hey cover, in fact, the preparation 
of ferrites and their behaviour under operating conditions as well as their 
fundamental physical properties. A contribution of over 100 pages from H. F. 
Ivey provides a most valuable account of recent experimental and theoretical 
work on Space Charge Limited Currents, ending with a discussion of the 
related problems that arise in semiconductors. 

Two other articles on electronics in the narrower sense are those by 
W. M. Webster, comparing Analogous Semiconductor and Gaseous Electronic 
Devices, and by R. G. E. Hutter on Travelling Wave Tubes. In each of these 
a large amount of recent development is surveyed. A subject which involves 
the electron both in its ‘ free’ aspect and in its interaction with matter—the 
Electron Microscope—is dealt with in a comprehensive review by M. E. Haine. 
The final contribution is by J. van der Handel on Paramagnetism. 
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It will be seen that the Editor has given a very wide interpretation to. 
Electron Physics, including problems of the solid state as well as the emission 
of electrons from solids and the behaviour and utilization of the free electron. 
Detailed criticism is hardly possible with such a catholic collection, but it should 
be said that the reviewer found admirable each of the three surveys on which 
he felt able to pass judgment. Dr. Marton is to be congratulated on the feat 
of maintaining a high standard of contributions into the sixth volume of the 


series, with promise of more to come. 
VerE COSSEEI IS 


Applied Mass Spectrometry. ‘The Report of a Conference organized by the 
Mass Spectrometry Panel of the Institute of Petroleum, held in London, 
October, 1953. Pp. vii+333. (London: Institute of Petroleum, 1954). 
50s. 


As the title of this Report would suggest, the bulk of the papers contributed 
to this Conference deal with applications of mass spectrometry, mainly to 
problems of chemical analysis, but also to certain fundamental problems of 
chemistry and molecular physics. It is significant that comparatively little 
interest was shown (38 pages of the report) in the fundamentals and developments 
in ion optics; at least an equal interest was shown, for example, in computing 
methods in analysis. ‘The conference held at the National Bureau of Standards 
in Washington some years ago included a much more comprehensive series of 
papers on the physics of mass spectrometers and it is a pity that this report is 
not more readily available in this country. 

Atomic and molecular physicists will find the section on molecular structure 
of interest, in particular the papers contributed by G. A. MacDowell and other 
members of Liverpool University. ‘There is also an excellent bibliography of 
the subject, covering the period September 1950—-June 1953. 

J. B. HASTED. 


Microscope Design and Construction, by B. O. Payne. Pp. 271. (York: Cooke, 
Troughton & Simms Ltd. 1954.) 25s. 


Intended for the scientific worker who requires to use a microscope as an 
implement in his work, this book competently describes both the optical and 
mechanical parts of modern microscopes. Also included is a description of 
illumination techniques and light sources. It is, of course, inevitable in such 
a book that the examples are primarily drawn from the range manufactured by 
the author’s firm: special products of other companies have, however, not been 
excluded. It is particularly welcome to see a section on interference microscopy 
included with the phase-contrast technique. Detailed points of design, such 
as the statement that Lister type objectives of numerical aperture 0-3 may be 
freed from zonal spherical aberration and the implication that the bell crank 
lever slow motion may be expected to have as much as five microns of lost 
motion, are not above reproach, but the book is a careful piece of work and the 
comprehensive bibliography at the end of each chapter is of great value to the 
reader who wishes to study the subject matter of the chapter in greater detail. 
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The author is to be congratulated on producing an interesting book which 
is eminently suitable for its purpose, which is to assist the scientific worker to 
select equipment of a suitable type, and to make the best use of his apparatus. 

G. W. HAMSTEAD. 


Eléments de base des mesures en vol, by RocerR BETEILLE. Pp. 247. (Paris: 
Publication Scientifiques et Techniques de I’Air, 1954.) 2,230fr. 


R. Beteille, who is a French .aeronautical engineer and a specialist in the 
instrumentation for the flight testing of aircraft, has considered the dynamical 
theory of linear instruments and its application to the recording of pressure 
and temperature in flight, with particular attention to the derivation of height, 
Mach number, temperature and speed. 

The interpretation of instrument readings under rapidly varying conditions 
is frequently necessary, as in the testing of fighter aircraft through the sound 
barrier, and even in the case of high performance transport aircraft, such as the 
Comet, where height may be varying continuously over a considerable part of the 
journey. 

In part 1, Beteille discusses the conditions under which the input and output 
of an instrument can be related by a linear differential equation and uses the normal 
techniques of Fourier or Laplace transformation to obtain transfer functions, 
weighting functions, etc., giving a detailed treatment of the first and second order 
equations with constant coefficients. 

Part 2 concerns the measurement of pressure, and he shows for example that 
the variation of pressure in an altimeter capsule, etc., connected by piping to a 
pressure head, can be approximately represented by a first-order equation with 
a characteristic pneumatic delay time varying as the ratio of the viscosity to the 
pressure. An acoustic delay time is also introduced. 

Part 3 deals in a similar manner with the response times of the thermometers 
used in the measurement of surface or air temperatures, and with such topics as 
frictional and compressional heating, and the precautions necessary to avoid 
errors arising from radiation or conduction losses. 

The last section treats the measurement of Mach number in subsonic and 
supersonic flight, and the measurement of height. A useful bibliography is 
appended, but there are few references in the text itself. 

Because of the wide range, the treatment of several topics is necessarily 
superficial, and the book would probably be more rewarding if it were not biased 
quite so heavily toward a formal mathematical treatment, and dealt in greater 
detail with the instrumental layout, and the conduct of tests. 

R. W. H. STEVENSON. 
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Figure 2. Figure 3, Oinn. 


Figure 1. (a) Powder patterns on a crystallite of specimen S1 (coercivity 2 Ce). 
(6) Diagrammatic interpretation of (a). 

Figure 2. (a) Powder patterns on a crystallite of specimen S2 with a small 
normal applied field (coercivity 10 Oe). (6) Patterns on the same 
crystallite with the normal field reversed. Note the change of the 
powder deposits from one set of alternate domains to the other. 

Figure 3. (a)-(d) Patterns showing the change in domain structure of a 
crystallite of specimen S1 when an applied field parallel to domain 
length is increased from zero. 
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Figure 4. (a)-(d) Patterns showing the change in domain structure of a 


crystallite of specimen S1 when an applied field perpendicular to 
domain length is increased. 


Figure 5. Maze or honeycomb pattern on a crystallite of specimen S3 
(coercivity 40 Oe). 

Figure 6. A number or crystallites, in specimen S2, of different orientations 
showing several types of pattern. 

Figure 7. (a), (b) Patterns obtained on a crystallite of specimen S3 after 
thermal demagnetization : (a) with a small normal field, (6) with the 
normal field reversed. Note that the deposits ‘ change domains ’ 

Figure 8. ‘The same crystallite as in figure 7 but after demagnetization by field 
reversals. ‘The domains have decreased in size. 
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Figures 9 and 10. Patterns obtained on a crystallite of specimen S4 (coercivity 
100 Oe): (a) with a small normal applied field, (6) with the normal 
field reversed. ‘The deposits have ‘ changed domains ’. 


Figures 11, 12 and 13. Patterns obtained on crystallites of specimen S4. 
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Figure 4. Sound records of cavity vibrations; A, B, hydrophone (above) and microphone 
(below) : C, hydrophone and contact ; these are for the 3 in. aluminium sphere 
dropped on water from 6 ft with photographs of the cavity at corresponding instants 
annexed; D, hydrophone and contact, 2 in. wooden sphere from 2 ft. 
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OX, OY, OZ axial directions, O’X, O’'Y, O’Z projections of their directions on the crystal 
plane, which is in the plane of the paper. 
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Class A clump obtained after a spark. Exposure of about one day. 
Magnification—longest track is 2-1 «10-3 cm. 


Figure 1, 
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X-Ray Extinction and the Effect of Cold Work on integrated Intensities 


By G. K. WILLIAMSON anp R. E. SMALLMAN 


Metallurgy Division, Atomic Energy Research Establishment, Harwell, Berks. 
MS. received 10th November 1954 and in amended form 27th April 1955 


Abstract. Previous results on the intrinsic effect of cold work on integrated 
intensities are interpreted using the latest extinction corrections and a new method 
of plotting which gives reasonable differentiation between the various possible 
corrections. It is shown that cold work reduces the integrated intensities of 
the line by a small factor of between 3 and 5% and this intensity goes into the 
background as overlapping long tails to the lines. 


§ 1. INTRODUCTION 


N early studies of the effect of cold work on the integrated x-ray intensities 

from metals, extinction was usually neglected. However, Brindley (1940) 

during a study of the effect of cold work on the x-ray diffraction pattern did 
include extinction terms in his analysis, assuming that primary extinction had 
the principal effect. Averbach and Warren(1949), during their study of the intensity 
change on cold work, assumed extinction was primary (equation (2)) and hence 
negligible for the 400 reflection. ‘They reported only a slight change in intensity 
(less than 2°) of this reflection upon cold work. Hall and Williamson (1951 a) 
were the first to investigate the experimental validity of extinction corrections 
prior to their study of cold work effects and proposed a correction of the form 


2 
(=) ley a) “> Oe ees, (1) 
where f is the value of the atomic scattering factor, f,,, is their experimentally 
determined value uncorrected for extinction and g is the required extinction 
coefficient, an angular independent constant. ‘This correction gave corrected f 
values in better agreement with theory than the Darwin correction for primary 
extinction which is of the form 


for ) tanh PY s 
a a a OY 0) a 2) 
(Se) = Pt m1 — Mp9) 
where p is the number of planes over which the lattice is perfect and q is given by 
NJ, 2 
G= ea | F'| x polarization factor 


~ sin Ome? 


where N is the number of unit cells per cm’, ais the unit cell size, /'is the structure 
factor and @ is the Bragg angle. 

Weiss (1952 a) has quite correctly criticized the use of both of these corrections, 
and has suggested the following alternatives, for primary extinction : 


(=) ee ig) = (3) 
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° 
and for secondary extinction : 
fos" joke (4) 
fa eae We Usinke 


where K is the polarization factor, which, for crystal monochromatized radiation 
(Bragg angle «), takes the form (Guinier 1951): 
1 + cos? 2% cos? 26 


C= ae —— nee eee 5 
K 1 + cos? 2a 


and g’ and g’’ are quantities independent of @ and depending primarily on the 
dimensions and the angular distribution of the mosaic blocks. 

These corrections ((3) and (4)) have been criticized by Langt (1953) who 
prefers corrections of the form given in (6) and (7) for primary and secondary 
extinction respectively : 


(4) 2 2 re (6) 


IBS 2 7 olV Je 
(4) en ka (7) 


Lang gives a refined treatment of polarization effects and has shown that, 
for a beam monochromatized by reflection from a crystal with Bragg angle «, 
the appropriate value of the polarization term K to be used in equations (6) and (7) 
is Ay, where 


1 + cos? 2a cos* 26 


K => > whe 
U 1+ cos? 2x cos? 20 


Thus, since neither the correction used by Hall and Williamson (equation (1)) 
nor the correction implicitly assumed by Averbach and Warren (equation (2)) 
have theoretical justification it is of importance to reconsider their interpretations. 

In this respect it is of interest to note that Ay, is almost independent of @ over 
the range of 6 normally encountered. For the results of Hall and Williamson 
Ky, varies by less than + 6% over the range studied and by less than + 2%, over 
the ranges in which the strong lines 3, 4, 19, 20 and 24 occur. To a first approxi- 
mation then equation (6) reduces to equation (1) which Hall and Williamson 
observed to be a good experimental fit. Their conclusions, which in fact depend 
on the use of this correction, are unlikely to be basically altered. None of the 
recent corrections closely resemble the Darwin primary correction (equation (2)) 
and hence interpretations based on it need careful re-examination. 


§ 2. INTERPRETATION OF EXISTING EXPERIMENTAL RESULTS 


In previous papers (Hall and Williamson 1951 a, b, Weiss 1952 a, Lang 1953) 
both the nature and the magnitude of extinction effects were assessed by fitting 
the experimental points to a set of curves calculated for a wide range of g values 
and showing the variation of extinction with N(=2+k?+J?). This procedure, 
apart from involving unnecessary calculation, is unsatisfactory for differentiating 
between the various corrections. ‘The measurements are not absolute and hence 
after a first approximate fit has been obtained the results require normalizing and 
refitting. If extinction is large, adjacent curves are very similar, so that a precise 
value of g is difficult to obtain. An added disadvantage for the present study 
is the difficulty of deducing reliable accuracy brackets for the corrected intensities. 


} These criticisms were advanced independently by the authors, see Smallman (1953). 
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Greater discrimination can be obtained if all corrections are written in the 
form 


Relative intensity observed /fons\?_ : 
Calculated intensity a ( - ) CoA ys en roe (9) 


where g and A(@) are the appropriate extinction coefficient and geometrical factor 
(including K) respectively, of equations (3), (4), (6) or (7); C is the constant 
necessary to place the observations on an absolute basis such that, if extinction 
is zero, 

ote)? = Cr: cee eee (10) 

Thus a plot of (f,,,/f)? against A(6)f? will give a straight line with intercept 
C and slope Cg. The value of g involving the use of an extrapolated C value is 
very sensitive to slight experimental error, particularly with large extinction. 

Equation (10), however, also holds for the corrected intensities (since for 
these intensities extinction is zero) and hence if cold work does produce a uniform 
fractional change in the apparent scattering factor, by dividing equation (10) for 
the corrected /? values for the annealed specimen by the corresponding equation 
for the cold worked specimen 

CPSs sy Coy, 
(f cold vecced) Con , 

If there is no change in the apparent scattering factor on cold working, 
e..—C,,,, on the other hand if there is. a reduction; C,,,/C., > 1. 

In the case of «-brass the intensities from the cold worked sample show neg- 
ligible extinction. This simplifies analysis since J,,, can be equated to [,,), 1n 
equation (9), so that the required ratio C,,,,/C.,, can be obtained directly from 
one graph. In such cases, therefore, an intercept of unity indicates no change in 
the scattering factor due to cold work. A reduction in the apparent scattering 
factor on cold work is indicated by an intercept greater than one by an amount 
equal to the square of the fractional change in the scattering factor. 


x Filed 
© Annealed 


Figure 1. Application of correction (1) to results from annealed and filed aluminium. 


This method of plotting has been employed on the results for aluminium 
(Hall and Williamson 1951 b) for all six corrections, figures 1 to 6. ‘The results 
for aluminium are better for testing the validity of the various corrections than 


those for «-brass, because they include results from three groups of strong 
2 R-2 
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Figure 2. Application of the Darwin formula, correction (2) to results from annealed 
aluminium. 


“90 5 *l0 20 30 40 50 60 
Kage 


Figure 3. Weiss’s primary extinction correction (3) applied to results from annealed 
aluminium. 
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Figure 4. Weiss’s secondary extinction correction (4) applied to results from annealed 
aluminium. 
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Figure 5. Application of correction (6), using K=K,, to results from (@) annealed and (6) 
filed aluminium. 
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Correction (7) for secondary extinction, using K= Ky, applied to results from 
(a) annealed and (6) filed aluminium. 
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reflections. Thus the two adjacent lines 3 and 4 are the most intense pair in the 
whole of the spectrum and can be measured with a high accuracy to within + 1%. 
The group of lines 19, 20 and 24, although having the smallest f values of all the 
lines measured, are nevertheless quite intense (due to a combination of high 
multiplicity and the geometrical factor for copper Kx). Of the remaining lines, 
8 and 11 are by far the most reliable and can also be measured to better than +2%. 
Thus in order to test the validity of an extinction correction, it is best to measure 
the deviation of one of these groups from the line through the other pair. For 
aluminium, the two groups of points 3, 4 and 8, 11, are approximately collinear 
for all corrections tried and hence the deviation of the group 19, 20 and 24 from 
this straight line has been used as a criterion. From the reproducibility of the 
results it is unlikely that the scatter of this group will exceed 2%. 

Thus corrections (2) and (3), and (4) due to Darwin and Weiss respectively 
with deviations of about 10° for the 19, 20 and 24 group are totally unsatisfactory 
for aluminium. Replacement of K by Lang’s polarization term K;,, gives little 
improvement. It therefore appears that the theoretical criticism of these 
corrections is justified. Correction (6) gives a very good fit to the experimental 
points, the deviations for any one group being less than 1°. ‘This correction is 
slightly better than correction (1). Correction (7), however, (for secondary 
extinction) is not a good fit, the deviation being about 6°, outside probable 
experimental error. 


Change of Intensity on Cold Work after Correction 


Metal Data Primary Extinction Secondary Extinction Correction 
Al HW Bad fit Good fit Eqns 
1951 Decrease 3% + 1%, Dy, Gl) 
Al HW Bad fit Bad fit Eqns 
1951 (3), (4) 
Al HW Good fit Bad fit Eqns 
1951 Decrease 39,4 1% (6), (7) using K= Ku 
a-Brass AW Good fit Med. good fit Eqns 
1949 Decrease 694 + 2% Decrease 19/1297, (6), (7) 


Radiation in each case Cu Ka. 


The results are summarized in the table, and it will be seen that for the two 
cases where a reasonable fit is obtained a decrease in intensity on cold work of 
about 3°% is indicated. 

The only other published results of sufficient accuracy for interpretation 
are those of Averbach and Warren (1949) on «-brass. Figures 7 and 8 show the 
interpretation according to equations (6) and (7). Only two groups of high 
accuracy points are available and hence it is not possible to decide which correction 
is the more appropriate, although the primary extinction plot (figure 7) appears 
to be the better of the two. Of the two materials, aluminium is the more likely 
to exhibit secondary extinction, since it has a much smaller absorption coefficient, 
but figures 5 and 6 indicate that even in aluminium any secondary extinction 
effect Is very small. It seems reasonable to suppose therefore that secondary 
extinction is most unlikely in «-brass-and hence that the reduction in intensity 
on cold working is 6°%, + 2%. 
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gure 7. Correction (6) for primary Figure 8. Correction(7) for secondary extinc- 
extinction, using K= K,, applied to tion, using K=K,, applied to results from 
results from a-brass (Averbach and a-brass (Averbach and Warren). 
Warren). 


§ 3. CONCLUSIONS AND DISCUSSION 

‘The re-investigation of existing results using latest extinction corrections 
supports the original conclusion of Hall and Williamson (1951 b) that the intrinsic 
etfect of cold work is to reduce the integrated intensities of the lines rather than the 
conclusion of Averbach and Warren (1949) that there is no change. In the case of 
aluminium extinction is largely primary and the reduction in intensity is 
approximately 3°,,._ In the case of «-brass the possibility of secondary extinction 
cannot be excluded from the results alone, and if the extinction were secondary 
the indicated reduction in intensity is too small to have statistical significance. 

A block size of 3-5 x 10-4 cm is sufficient to account for the observed primary 
extinction in aluminium. ‘The effective penetration 1/2 of Cu Kx in aluminium 
is 40 x 10-4 cm or 11 blocks; it is hardly surprising that secondary extinction is 
negligible. For brass 1/2 is about 10 x 10-4cm and the block size to give the 
observed primary extinction 1-25 x 10-4cm so that the effective penetration is 
only 8 mosaic blocks. ‘The scattering per unit area of block is proportional 
to Z?D, which for Al in this case is 6 x 10-2 and for the brass 10 x 10-? so that 
secondary extinction on this basis alone seems as unlikely in brass as in aluminium. 
In addition if the angular misalignment between blocks is due to dislocations, 
the smallest angle between the blocks is «=b/D where 6 is the Burgers vector 
of the dislocation and D the block size. Since g is proportional to 1/%=D/b 
the probability of secondary extinction decreases with the block size. Allowing 
for these factors secondary extinction is about three times as probable in aluminium 
as it is in brass and since only primary extinction is observed in aluminium it 
seems safe to conclude that this is also the case for brass. 

The minimum dislocation density pmin is related to the values D found for 
the primary extinction by pmin=3/D?. For aluminiurn the derived value of 
omin is 2:4 x 10% and from «-brass pmin = 2°4 x 108. 

Thus it seems reasonable to conclude that extinction is primary for these 
two metals and there is a reduction in the intensity of the lines as measured by 
about 3°%, for aluminium and 6% for «-brass. There is added support for this 
latter figure since measurements of high precision made by Averbach and Warren 
for the weak 400 reflection from a-brass showed that cold work produced no 
shange (within 2%). Figure 8 indicates that the reflection from the annealed 
sample was reduced by about 5°% by extinction. Thus after correction the cold 
worked intensity is about 5°% lower than the annealed one. 
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It must be remembered that the measurements discussed here are not measure- 
ments of total reflected intensity; they are experimental measurements of line 
intensities. With all such measurements no definition of the precise physical 
quantity measured is possible. Some of the difficulties are indicated by Hall 
and Williamson (1951 b), the most fundamental obstacle being the uncertainty 
as to where any one line begins or ends. In some cases it is very apparent that 
neighbouring lines overlap appreciably (e.g. see lines 3 and 4, 11 and 12, 19 and 
20 in Hall and Williamson (1951 b, figure 1); for other lines it is not possible 
a priori to decide whether there is an overlap or not. In accurate measurements 
such as the ones used here the ‘thermal’ tails to the lines are detectable and 
should strictly be excluded from any analysis of extinction. Hall and Williamson 
deliberately excluded these tails and judging by the agreement between calculated 
and observed intensities from cold worked «-brass (extinction free), it appears 
that Averbach and Warren excluded them also. 

In attempting to compare the integrated intensities of lines from cold worked 
and annealed metals respectively a similar difficulty arises. The long tails due 
to cold work certainly overlap for adjacent lines. The slight rise in background 
level observed in Hall and Williamson’s figure 1 and in Averbach and Warren’s 
figure 3, makes it reasonable to suppose that there is extensive overlap over the 
entire spectrum. Ideally, this background should be resolved into the component 
tails and these tails included with the line intensities before comparison. Such 
a procedure was in fact attempted by Averbach and Warren, but it 1s difficult to 
justify their (or any other) method of resolving tails. Hall and Williamson on 
the other hand used total increase in background intensity and ‘otal line intensity 
so that this problem did not arise, and found that within experimental accuracy 
there was no change in total reflected intensity. The rise in background level 
is itself very small, being very little greater than the statistical scatter of the 
experiments so that many more measurements of line intensity and background 
level are really necessary before results given here can be regarded with certainty. 

Confirmation of the theory that cold work produces no change in total reflected 
intensity has been given by Weiss (1952 b) from a neutron diffraction study of 
cold work in «brass. In this case extinction is said to be much smailer than in 
the present case and Weiss showed that there was no significant change in the total 
reflected intensity. He also showed that there was no change in the total integrated 
intensities of the two adjacent lines 3 and 4 on cold work. These intensities, 
however, were measured relative to the background level of the annealed sample, 
a level significantly lower than that near the two reflections from the cold worked 
state. ‘These results in no way conflict with those given in this paper because of 
the differences in the definition of integrated intensity (discussed above). There 
is now universal agreement that, after correction for extinction, there is no change 
in total reflected intensity with cold work and hence the slight fall in integrated 
intensity reported in this paper corresponds to a slight increase in the intensity 
of the tails remote from the lines, an observation in good agreement with 
dislocation theory. 
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Abstract. The lanthanum manganite-strontium manganite system has been 
examined as a function of the lanthanum content. The perovskite phase is 
stable from 23% to 100%, lanthanum. At the lower limit of stability it is of 
cubic symmetry the unit cell becoming rhombohedral between 50% and 60% 
lanthanum. 

In the lanthanum manganese oxygen system of general formula LaMnO, 
the value of « has been varied between 3:24 and 3:07. Over the entire range the 
structure is of the perovskite type with small type of cell. At the oxygen rich 
end of the system the symmetry is rhombohedral while at the other end it is 
cubic. 

In both systems the relations between the lattice parameters and composition 
and magnetic Curie temperatures are indicated. 


$1. INTRODUCTION 


HE perovskite structure has provided much interest for many years now 

| from both academic and dielectric points of view. More recently magnetic 

(Jonker and van Santen 1950) and luminescent (Klasens, Zalm and 

Huysman 1953) materials having this structure have been studied. The field 

of applications is likely to be still further widened so that a better knowledge 

of this apparently simple structure is desirable in the interests of material 
development. 

The work reported here is concerned with the manganites of lanthanum 
with and without the addition of strontium. Departure from stoichiometry 
has been given consideration and its effect on the structure reported. In the 
LaMnO,-SrMnQs system, Jonker and van Santen have determined the structure 
in the region of 40-50°, SrMnO,. In this range they state that these materials 
are cubic but outside it they are not so. 

Other structural work bearing on this subject has been done by Askham, 
Fankuchen and Ward (1950) who have found that LaCoO, has a perovskite 
structure and a rhombohedral unit cell. ‘They made no attempt to vary the 
oxygen content. 

§ 2. SAMPLES 


The compositions studied are divided into two groups. One involves the 
system (La,Sr,_,) MnO; where 1>y>0-2 and the other LaMnO, where 
S25 N= 3:05, 

The preparation of the samples involved normal ceramic techniques. This 
included the mixing of the oxides or carbonates, pressing into pellets, prefiring 
at about 1000°c, crushing, remixing and refiring. The final firing lay between 
1250°c and 1650°c in an atmosphere of oxygen, air or nitrogen according to the 
amount of oxygen finally required in the sample. 


“J 
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$3. EXPERIMENTAL TECHNIQUE 
3.1. X-ray Diffraction 

The pellets were crushed and rolled into rod samples about } mm diameter 
with the aid of a suitable binder. Most photographs were taken in Debye- 
Scherrer type cameras 11-5 cm in diameter with iron radiation and a manganese 
filter, and a few with chromium radiation and a vanadium filter when higher 
dispersion was required. Almost all exposures were made at room temperature 
but a few were taken when the specimen was cooled with liquid oxygen or heated 
to about 400°c. 

3.2. Magnetic Measurements 


As only a rough measure of the Curie temperature was required a simple 
arrangement was constructed. ‘This consisted of a piece of ‘ Ticonal’ in the form 
of a hollow cylinder about half an inch long and rather less in diameter. Into 
this was cemented a thermocouple whose tip was located in the end plane of the 
cylinder. A sample, magnetic at room temperature, was fixed to this end and 
slowly heated in a furnace. When the Curie temperature was reached it fell off 
and dropped on to an alarm system. ‘The temperature as indicated by the 
thermocouple was recorded. 

For samples not magnetic at room temperature a small vessel was filled with 
liquid oxygen. Into this the sample was dropped and soon after the magnet 
was also lowered into it. ‘The sample was picked up by the magnet and was 
allowed to warm up slowly in air free from draughts. Again when the Curie 
point was reached the alarm indicated that the temperature had to be recorded. 
The measurements were carried out on different pieces of material at each com- 
position and a standard deviation of the temperature readings was found to be 
about +2°c which was quite adequate for the purpose. 


$4. INTERPRETATION OF DIFFRACTION PATTERNS 


All the compounds examined were of the perovskite type and all but two of 
these were either of cubic or rhombohedral symmetry. ‘The two exceptions were 
orthorhombic. 

Figure 1 (Plate) shows the patterns obtained from the two different types of 
structure. The upper one, being obviously cubic, calls for no comment. ‘The 
lower was found to be rhombohedral. ‘This was determined in the following 
manner. A split in the (111) reflection cannot be obtained from an orthogonal 
unit cell: this eliminates cubic tetragonal and orthorhombic symmetry. For 
a monoclinic unit cell and the sides nearly equal, a symmetrical doublet should 
occur: this is seen not to be the case. A rhombohedral cell demands a doublet 
consisting of (111+111+111) as one member and (111) as the other. Ifa <90° 
the stronger line will appear at the larger Bragg angle while conversely if « —90° 
the arrangement found in the lower picture will be obtained. 

The (210) reflections consist of asymmetrical doublet. ‘Tetragonal symmetry 
requires three lines of equal intensity while 2 monoclinic unit cell would give 
a symmetrical triplet with the middle line strongest. _Rhombohedral symmetry 
on the other hand requires a doublet with lines of equal intensity as is found in the 
photograph. ; . 

In this way all reflections were indexed satisfactorily. ‘The lattice parameters 
were then computed on the basis of successive approximations and the results 
plotted against composition as a variable. 
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§5. RESULTS 
5.1. LaMnO,-SrMnO, System 


A summary of the crystallographic and magnetic measurements is given 
in table 1 and also graphically in figures 2 and 3. 


Table 1 

Unit cell Curie 

La/Sr seiko parameters temp. 
a (A) a (°c) 

94:6 Rhombohedral 3-883 90° 35-4’ —62 
86 : 14 Rhombohedral 3°881 90° 29-4" +16 
(2228 Rhombohedral 3-8725 90° 25:8’ +74 
68 : 32 Rhombohedral 3°870 90° 24’ +85 
OS) 6 BS Rhombohedral 3-866; 90° 19-2’ +94 
60 : 40 Rhombohedral 3:°861 90° 18-6’ +81 
52:48 Cubic 3-858 90° — +71 
34 : 66 Cubic 3-832 90° — +68 
22°78 Cubic 3-824 90° — +61 


Figure 2 shows the variation of the structure with the lanthanum-strontium 
ratio. All samples in this series were made under the same firing schedule and 
the results relate to this rather than to the constancy of oxygen content. ‘The 
latter was subsequently found to have varied somewhat through the series but 
was not the subject of detailed study. At low strontium content the unit cell 
is rhombohedral, both parameters decreasing with increasing strontium. Between 
40 and 48°, strontium a transition to cubic symmetry occurs, the lattice parameter 
continuing to decrease after this. The transition from one form to the other 
has not been explored in detail but it appears to be somewhat abrupt. 


— 


& Rhombohedral unit cell 13.93 
a Cubic unit cell 


50 
% SnMn0, 
Figure 2. 


The Curie temperature was measured on the same samples and the results 
are seen in figure 3. A maximum for one structure will be seen. The shape of 
the curve is similar to that obtained by Jonker and van Santen. It appears from 
the change in direction at the structural transition that the latter has an effect on 
the Curie temperature. 
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Figure 3. 


5.2. LaMnO, System 


The samples in this sytem were divided into three groups as three batches 
of MnO, were used. The parameter x was varied between 3-05 and 3-25. 
Attempts to make stoichiometric LaMnO, proved fruitless, but the use of a 
reducing atmosphere was not tried. 

Table 2 summarizes all results in this system, some of which are also repre- 
sented graphically in figures 4 and 5. 


Table 2 
Structure Unis cell Curie Firing Batch of 
parameters temp. (C°) conditions MnO, 
x a (A) oy 

3-07 Cubic 14 3-904 90° — —97 1400°c in No 1 

(2 hours) 
Cubbie 3-885 90° — —97 

3-10 Rhombohedral 3-880 90° 32:2’ —110 1400°c in air 
(2 hours) 

Ge i7 Rhombohedral 3:83, 90° 31-2’ +6 1000°c in air 
(2 hours) 

Bilis Cubic 3-961 90° — —115 1650°c in air 2 
(4 hours) 

8-115 Cubic 3-889 90° — —112 1400°c in Ng 
(4 hours) 

Sel7 Rhombohedral 3:885 90° 34:8’ —55 1250°c in N, 
(4 hours) 

B22 Rhombohedral 3-879 90° 33-0’ —112 1400°c in O, 
(4 hours) 

3:23 Rhombohedral 3:878 90° 31:8’ —108 12 50nCnm@> 
(34 hours) 

3-146 Cubic 3-896 90° — —95 1250°c in No 3 
(4 hours) 

Sosy Rhombohedral  3:879 90° 35:4’ —67 1400°c in Og 

; : (4 hours) 
3:156 Rhombohedral  3:878 90° 46:8" —63 1250°c in O, 


(4 hours) 
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Figure 4 gives the relation between the oxygen content and the lattice para- 
meters of Group 2. A comparison of the three groups shows that similarities 
exist between one another although the transition for Group 1 is displaced to 
the lower values of x. This can be seen from table 2. This may be due to the 
impurities in the raw material. "The samples which conform most nearly to the 
ideal formula are cubic while those most remote are rhombohedral. The 
orthorhombic samples had a lower oxygen content than even the cubic ones. 
The transitions appear somewhat abrupt although no evidence for a discontinuity 
can really be seen. 


Y%Mn** of total Mn Value of x 
22 30 40 3:10 
Group 2 ae F 
3.90F gt ee g0%40 -60- 
ie a fe 
ot ‘ j Oeani= 
S3.89b i 90°20 & 780 
Ss foe 5 
1, ime: 
4 z -100 - 
3887 od 190°0' L 
elias i -120F 
3:11 315 3:20 3-24 20 
Value of 2c %Mn4* Content 
Figure 4. Figure 5. 


No co-existence of the two forms could be observed although special attention 
was paid to this possibility. 

The relation between the Curie temperature and the Mn** concentration 
is given in figure 5 for batch 2. Although the number of points in the curve 
are rather few the character of the relation for each group is similar. 

In spite of the apparent displacement of the (lattice parameter, oxygen content) 
relation of Group 1| relative toGroups 2 and 3 the relations between Mn** concentra- 
tion and Curie temperature brings the three groups into line with one another, 
although the structural transition in Group 1 still appears at a different Mn‘*t 
concentration from that in the other two groups. 


§ 6. DiscussION 


The transition from a cubic directly to a rhombohedral modification of the 
perovskite structure has been reported only once before (Shirane and Hoshino 
1952). ‘That is in the system (Pb. Ba)ZrO3. There the cubic phase is para- 
electric and the change to rhombohedral, effected either by reducing the tempera- 
ture or by increasing the lead content, is associated with a ferroelectric Curie 
point. Here in common with other ferromagnetic materials the phase change 
is not connected with the appearance or disappearance of the spontaneous 
magnetization. ‘This will be clearly seen in figures 3 and5. In figure 3 the phase 
change takes place at about 45°, Mn** at room temperature whereas the Curie 
temperature is about 70°c. In figure 5 all samples will be seen to be non- 
ferromagnetic at 20°c, some being cubic and others rhombohedral. 

The temperature sensitivity of the structure was further examined on three 
samples which have compositions very near that involving the phase change. 
These, it was considered, should be more sensitive to heating or cooling than 
those lying more remote in a compositional sense from the transition point. 
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In particular a specimen having a Mn** content of 29°, from Group 2 was 
examined by x-ray diffraction at liquid oxygen temperature. No change in 
symmetry was noted although a small contraction in the lattice parameter was 
found. 

‘Two samples which were rhombohedral at room temperature were heated 
to about 400°c. These contained 33% Mn‘** in Group 2 and 31% Mn!+ in 
Group 3. Both specimens remained rhombohedral at 400°c although a small 
change in the lattice parameters again took place. 

The character of the phase change has not been investigated and from the 
results obtained it is not possible to be very specific on this point. However, 
figure 2 seems to indicate that an abrupt transition takes place, as also does 
figure +, Group 2. Other measurements would have to be made to determine 
whether the transition is of the first or second order. The indications are that 
it might be one of the first order, in which case a latent heat should be measurable. 

The packing of the ions in the perovskite structure, of general formula ABOg, 
has received much attention. Goldschmidt derived a simple geometric relation 
which involves the A ion being in contact with the oxygen ions as nearest neighbours 
and also the B ion being in contact with the six anions surrounding it. This 
leads to the relation R, + Ro = 1/2 (Rp + Ro) where R,, Ry, and R, are the radii 
of the A, oxygen, and B ions respectively. As the lattice will tolerate certain 
departures from these values Goldschmidt introduced a tolerance factor ¢ on the 
right-hand side of the above equation. ‘This factor has been calculated for the 
La—SrMnO, system. For this purpose the ionic radii used were those derived 
empirically by Goldschmidt and corrected for the effect of coordination relative 
to oxygen as computed by Pauling. ‘They are: 


Ton Coordination Radius (A) 
Sires 12 log 7 
aes 12 1-30 
Mn+ 6 0:70 
Mn?** 6 O52 

a= 6 1-32 


The results are indicated in figure 6. ‘The compounds with a tolerance factor 
near to unity are cubic, while those more remote are rhombohedral. The transition 
occurs at a tolerance factor of 0:96-0:97. It 1s interesting that the structure is 
stable up to a tolerance factor of 1-008 and that the lattice at this value is cubic. 
Barium titanate, another compound with a tolerance factor above unity, is, of 
course, tetragonal at room temperature. 

The relation between the Curie temperature and the tetravalent manganese 
content has a maximum for each material studied at about 30-35% Mn?**. 
Experimental evidence is not sufficient to show whether this is due to the negative 
interactions between the Mn*+—Mn‘** balancing the positive Mn?+—Mn*+ 
interactions or whether an ordering mechanism is set up having a maximum 
degree of order at that Mn** content. The possibility of antiferromagnetic 
domains thus being formed is a real one and neutron diffraction would reveal this. 


§ 7. CONCLUSIONS 


The lanthanum-strontium manganite system has a perovskite structure when 
the lanthanum content is in the range 23-100%. It is cubic at the lower and 
rhombohedral at the higher limits of stability. The lanthanum manganese 


592 M. G. Harwood 


oxygen system has a perovskite structure for the whole range of oxygen contents 
which were examined. The samples conforming more closely to the ideal 
ABO, formula are cubic while the others are rhombohedral. 
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Figure 6. 


The relationship between Curie temperature and tetravalent manganese 
content gives a maximum value for each system at 30-359% Mn‘*+. ‘This must 
be explained in any theory which attempts to account for the magnetic interactions 
of the ionsinthese systems. ‘The change of structure from cubic to rhombohedral 
is somewhat abrupt, but evidence is not sufficiently complete to show whether 
it is discontinuous or not. The (Curie temperature, Mn‘*+) curve in the 
La—SrMnO, system shows that the magnetic interactions are structure sensitive. 
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Abstract. ‘The values of the refractive index nm and the extinction coefficient k 
have been measured for evaporated films of gold, silver, copper, zinc, tin and 
aluminium, at wavelengths between 1 and 15,, by a reflection method. The 
apparatus for the measurements contained two selenium film polarizers, and an 
infra-red spectrometer with two rock salt prisms and a radiation thermocouple. 
Theoretical formulae for the infra-red properties of a metal are discussed and it is 
shown that the present experimental results are not sufficiently accurate to 
distinguish between the classical free electron theory and later modifications. 
The experimental results have been compared with theory by a graphical method. 
Some inferences about electronic band structures are made from the comparison 
of experimental points with theoretical curves. 


$1. INTRODUCTION 


HE optical properties of metals have been widely investigated since 
Maxwell’s formulation of the theory of electromagnetic waves in absorbing 

_ media. Using Maxwell’s theory, m the refractive index and k the extinction 
coefficient can be found by measurements of the change in polarization of light 
reflected from the surface of a metal. ‘The original theory shows that in the limit 
as the frequency f+0, then nkf—o, and n* — k? «9, where oy and €, are respectively 
the conductivity and dielectric constant for static fields. ‘This theory gives 
no more information about the variation of m and k with frequency. ‘To make 
predictions about this variation, one must turn to theories of the atomic structure 
of metals. 

Drude (1904) has deduced expressions for m and k as a function of frequency 
from the classical free electron model of a metal. ‘This theory gives the values 
of m and k in terms of the frequency and two parameters, the density of free 
electrons and their relaxation time. Kronig (1931) has shown that Drude’s 
theory is valid for a free electron model obeying quantum mechanics, with a 
re-interpretation of the parameters. ‘The free electron formulae for n and k 
should be valid for frequencies below the threshold for transitions between 
electronic bands. This threshold frequency occurs for most metals in the visible 
or near infra-red. The optical properties of most metals in the visible spectrum 
are therefore influenced by inter-band transitions. ‘The infra-red properties of 
metals, at least for wavelengths greater than 5, may be expected to obey the 
formulae of the free electron theory. These formulae have been modified by 
Dingle (1953) to allow for the anomalous skin effect. 

+ Now at Department of Physics, University College of North Staffordshire, Keele, 
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This paper describes measurements of n and k for some metallic films at 
wavelengths between 1and13 x. It seems that the comparison of the experimental 
results with the free electron theory can give useful information about the 
electronic band structure of a metal. 


§ 2. MEASUREMENT OF ” AND R& IN THE INFRA-RED 


The most accurate methods of measuring 7 and & in the visible spectrum have 
made use of phase compensators. These compensators are usually restricted 
by absorption to wavelengths less than 2-5. Only simple polarizers are 
available for polarization measurements between 2:5 and 15. ‘There are several 
reflection methods for measuring 2 and k which require only one or two polarizers. 
Ingersoll (1910) measured x and k for some bulk metals at wavelengths between 
0-65 and 3. He calculated and k from the measured values of the principal 
angles of incidence @ and azimuth y. His method has the advantage that it uses 
a radiation receiver only to indicate equality of two intensities. Similar methods 
of finding n and k in the infra-red by measurements of 6 and x have been used by 
Forsterling and Freedericksz (1913) and by Weiss (1948). Values for n and k 
can be found by measurements of reflectivity for at least two values of 0, the angle 
of incidence. This method has been used by Bueche (1948) for some metallic 
films at wavelengths between 1 and 2-5. ‘The method is not capable of high 
accuracy because the variation of reflectivity with 6 is not sensitive to changes in 
n and k. 

The principal angles method is not suitable for measurements on most metals 
at wavelengths greater than 2:5 ,1, because of the large values of @ which occur. 
The value of @ for silver, for example, increases steadily with wavelength in the 
infra-red, reaching 88° at about 3. The use of large angles of incidence involves 
large reflecting films to counteract foreshortening, and small angular dispersion 
of the incident beam to give a well defined value of 6. The maximum value of 6 
with the apparatus used for the present work was 88°, which would limit measure- 
ments by the principal angles method on silver, for example, to wavelengths 
below 3 yp. 

The method used for the present measurements depended on the analysis 
of elliptically polarized radiation reflected from a metallic film. The incident 
radiation was plane polarized at 45° to the plane of incidence. It was reflected 
by a metallic film at an angle of incidence 6, into a second polarizer. As the 
second polarizer was rotated, the transmitted intensity varied sinusoidally. 
The phase and amplitude of this variation gave the elements of the vibration 
ellipse, from which v and k can be calculated. This method has the advantage 
that it requires measurements at only one, arbitrary, value of 6. The most 
accurate results are obtained when @ is near to 0. This means that for most 
metals, when A>3 y, 6 should have the maximum value of 88°. Since the shape 
of the vibration ellipse is derived from an intensity variation, a receiver of known 
intensity response is required. 

The reflected vibration ellipse may be specified by its axes a and b (a>b), 
and the acute angle y between the major axis and the normal to the plane of 
incidence. It is convenient to introduce an angle 7, defined by: 


tan =b/a (O<9<45°). “1, (9) | Sieeeee (1) 
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In the calculation of x and k, the values of % the azimuth and A the phase angle 
are first calculated from 7 and y. The necessary formulae can be derived by 
geometrical consideration of the vibration ellipse: 
cos 2y = cos 27 cos 2y ; tanA=>—tan2ycosec2y 6  -F.8... (2) 
Formulae for calculating and k from ys and A have been given by Price (1946): 
Ps See ee ete 
> 9 2£sin®@ tan? 6(cos A + sin 24 
ee ( ) iE ele CN SO (3) 
sin 25 (cos A + cosec 2ys)? 
2 sin? @ tain? @ sin A 


onk = 
2nk fan 2b(cos A + cosec 2h)? ‘hc. See) eee iocecn (4) 


The intensity /(¢) transmitted by the second polarizer as a function of ¢, the 
acute angle between the transmitted vibration of the polarizer and the normal 
to the plane of incidence, is given by 

CI(¢) = (a2 +b?) +(a2?—b?)cos2id—y) ssa ae (5) 
where C is a constant. The corresponding output D(¢) from the radiation 
receiver, is given by 

DMT See ee (6) 

where 7(¢) allows for the instrumental polarization. ‘The values of 7(¢) were 
found by measurements in which the radiation was allowed to pass directly between 
the polarizers, without reflection at a metallic film. To find a, band y by equation 
(5), values of J(d) for at least three values of ¢ are required. Experimental 
measurements of J(¢) at a larger number of values of ¢ showed that the intensity 
variation agreed with (5) within the experimental error. In most of the 
measurements D(¢) was measured for three values of ¢ at intervals of 45°. 


§ 3. THE APPARATUS 


An apparatus for reflection measurements in the infra-red between 1 and 
15,4, was constructed with two selenium film polarizers and a rock salt prism 
spectrometer. ‘The infra-red properties of metals do not show any sharp changes 
with wavelength, so a low spectral resolution in the spectrometer was sufficient. 
It was an advantage to use as small a resolution as adequate, so as to have as much 
intensity as possible at the thermocouple. Because of the large changes in x and k 
between ly and 15, an appreciable intensity of scattered, short wavelength 
radiation could falsify the results at longer wavelengths. It was therefore 
necessary to ensure that a negligible intensity of scattered radiation reached the 
thermocouple. 

A spectrometer with two 60° rock salt prisms and a Hilger vacuum thermo- 
couple wasused. The spectrometer prisms were arranged so that their dispersions 
cancelled. The resolving power of the spectrometer was controlled chiefly 
by the intermediate slit width. The results of previous workers indicated that 
a resolving power of about 20 would be adequate for the present work. The 
intermediate slit width was adjusted at each wavelength to give a resolving power 
of 20 to 30. The intensity of scattered radiation of \ less than 2-5 » was found to 
be less than 0-5°,of the total intensity at A= 15 p. 

The collimating system was designed for angles of incidence up to 88° with 
3 in. x 1 in. metallic films, deposited on microscope slides. "The arrangement is 
shown in figure 1. The source of radiation was a Nernst glower, connected to 

28-2 
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the mains through a barretter. ‘The radiation from the glower was focused by 
a mirror on to a slit 1-5 mmx 7 mm followed by the first polarizer. A second 
mirror M, formed a three-fold magnified image of the slit at the centre of the 
metallic film. This film was mounted on a turntable with its short edge vertical. 
A third mirror focused the reflected beam on to the entrance slit of the spectro- 
meter, preceded by the second polarizer. The angles of incidence at the 


to 24 Polarizer 
and Spectrometer 


ae, 


M2 


M, 


Figure 1. N, Nernst glower ; Pj, first polarizer ; 5, slit; MF, metallic film ; M,, Mo, 
aluminized concave mirrors. 


collimating mirrors were too small to introduce appreciable polarization. The 
range of values of 6 among the rays incident on a film, was equal to the angle 
subtended at the film by the mirror M,. Not all the rays from M, reached the 
thermocouple however, because of the limited aperture of the spectrometer 
prisms. ‘The effective rays were located by moving a screen with a vertical 
edge across M, and noting the response at each position of the screen. This 
experiment showed that the range of @ was 0-6°. 

The thermocouple was connected to a mirror galvanometer. The deflection 
of this galvanometer was measured by a photocell amplifier with negative feedback. 
Measurements showed that the amplifier plus thermocouple had an intensity 
response linear to +0-5%,. 

Selenium film polarizers were used, similar to those described by Elliot et a. 
(1948). Six selenium films were mounted on a piece of one inch aperture brass 
tube, at an angle of 22° to the axis of the tube. ‘Two of these polarizers were 
mounted in converging beams of radiation, near the spectrometer entrance slit 
and the slit S (figure 1). ‘The semi-angle of the beams was 3°. The efficiency 
of the polarizers was estimated from the minimum and maximum intensities 
when radiation was passed through both polarizers, one of which was rotated. 
‘The transmission for the allowed vibration was 0-69 and the degree of polarization 
of the transmitted radiation was 0-994. ‘The low transmission may be due to the 
rather wrinkled shape of some films in the polarizers. The small unpolarized 
component transmitted by the polarizers necessitated a correction to the observed 
amplitude ratio to give the ellipticity b/e. 

The metallic films used for measurements were made by vacuum evaporation 
in an apparatus of standard design. An electrical discharge in the bell jar was 
used to give a final cleaning to the slides on which the metallic films were 
deposited. 


$4. EXPERIMENTAL ERRORS 


The values of x and k were affected by errors in the measurement of intensities 
@ . . 7 . : 
in the value of # and in the setting of the second polarizer for ¢ = 0 (see equation (5)) 
A constant error in either of the last two quantities would cause systematic errors 
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innandk. ‘To detect any such errors, measurements were made at each wave- 
length for two values of 6. By trial variations in the assumed values of 6 and the 
zero of ¢, it was found that the small variations with 6 of the apparent values of 
n and k were not due to constant errors in 6 or ¢. 

The use of a straight mean for the value of @ in equations (3) and (4) will lead 
to certain errors, especially for large values of #6. ‘The measured values of y and » 
are certain averages over the bundle of rays reflected at the film. Owing to the 
complexity of the equations, it has not been possible to find a formula for the 
effective value of @ for a bundle of rays. An estimate of the possible error due to 
taking a straight mean for 6 has been made from (3) and (4). For values of @ 
near 90°, k® —n? and nk are nearly proportional to tan? 6. If the difference between 
the mean value and the effective value of @ is 50, then the error in k? — n? is 8 (tan? 6). 
The semi-angle of the bundle of incident rays was 03°. Taking 0=0-1°, we 
find for 6=84°, 86°, 88°, 8(tan?6)/tan?26=3%, 5%, 10% respectively. A com- 
parison of measurements for 6 = 86° and 88°, and the agreement of the experimental 
points for k?—n? for a silver film, with a theoretical curve, both indicate that the 
error was less than 10°, for @=88°. ‘The reason for the greater scatter of points 
for nk of the silver film is discussed in the next paragraph. 

The probable error in y and 7 due to random errors in measurements of 
intensity was estimated at +0-5°. The effect of these errors on the values of 
n and k depends on the values of y and 7. For films of silver, gold and copper 
some simplifying approximations may be made. _ For these metals in the infra-red, 
2s is always between 80° and 90°. If we put 25 = 90° — 2y, equations (3) and (4) 
can be simplified for the case when y is small. ‘To the first order, k?—n? is 
independent of y, and wk is proportional to y._ The probable error in x is about 
the same as in y or 7, i.e. +0°5°. The errors in the values of nk for these metals 
are therefore large, being + 10°, and + 20%, when 2% is 80° and 85°, respectively. 
This probably accounts for the greater scatter of the points for mkv of a silver 
film, about the theoretical curve, compared with the points for k? —n?. 


§ 5. FREE ELECTRON ‘THEORY 


The theory of Drude (1904) for the infra-red properties of a metal will be 
given in a notation similar to that of Mott and Zener (1934). Drude found 
expressions for m and k in terms of the density of free electrons Ny and their 
relaxation time 7. ‘The formulae take a simple form when one introduces 


; Tl p2| 2 
Ve ie 20Cr ; ee = Noe?/ pI 5 HII G (7) 


vo and vp have the dimension of wave numbers and will be given in cm~' in the 
rest of this paper. ‘The formulae for m and k at wave number v are 


Re—n+ lav2/(v2+vp2) ne eee (8) 
2NRV=V,VaVer ve eee (9) 

The static conductivity o, is given in e.s.u. by 
Go sCrg VR. = i ti‘ wn 


Kronig (1931) has used quantum mechanics to find expressions for n and k 
fora metal at low frequencies. His formulae show the same frequency dependence 
as (8) and (9) but the parameters have slightly different interpretations. 
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The theory of the anomalous skin effect, as originally given by Reuter and 
Sondheimer (1948), indicated that (8) and (9) would be valid for the frequencies 
and temperatures of the present measurements. A parameter p was introduced 
by these authors, to denote the fraction of electrons specularly reflected on 
striking the surface of a metal. Their calculations for high frequencies were 
limited to the case p=1. Holstein (1952) and Dingle (1952) later showed that 
when p<1 a constant deviation from the classical formulae will persist at all 
frequencies and temperatures. Experimental results of Chambers (1952) on 
the anomalous skin effect at radio frequencies indicate that usually p=0. Dingle 
(1953) has published calculations of the anomalous skin effect for any value of 
p and wide ranges of frequency and temperature. His formulae take the form of 
series expansions valid for certain ranges of v. Dingle’s formulae (4-5) and 
(4-6), with p=0, (p. 734), are given below in the present notation: 


Rt —7n?=7,27 *— pep Cl 108x073 1K eee Ge) 
2nkv = vo2vp_(1 + 0-433x)v-? — vp2vQ3(1 + 1-89x + 1-25x? + 0-28x3)y-4 + ... 


x= Dingle’s o= \/3uvr9/2evp, where wu is the electronic velocity at the surface of 
the Fermi sphere; (w= [3v,2h3c?/8m?2e?]"*). ‘The first two terms of each series 
are good approximations to the sums if vy Svp and x <1. When (8) and (9) are 
expanded in powers of vv, the first two terms in each series are just those 
outside the brackets in (11) and (12), (neglecting 1 in (8)). The accuracy of the 
experimental values for 2 and k was not sufficient to distinguish between the 
variations with v implied by (8), (9) and (11), (12), in the region vy Svp. The 
experimental data had been compared with (8) and (9) before Dingle’s calculations 
appeared. ‘The only useful correction to this comparison, with the present 
experimental error, was in the value of vp. We see from (12) that vp in (9) should 
be replaced by 


vp’ =v_(14+0-433x)=_+0375ur,/e. see (13) 


The second term in (11) is almost equal to 142vp’2v~4, so the two pairs of formulae 
predict nearly the same variation with v, when the change in vp is allowed for. 


$ 6. COMPARISON OF EXPERIMENT AND THEORY 


The experimental values of k?—n® and nk for each metallic film have been 
compared with expressions of the form of (8) and (9), with vp replaced by vp’ 
to allow for the anomalous skin effect. The parameters vy and vy’ were chosen 
for the best fit with experimental values at long wavelengths. For some of the 
metals investigated the influence of inter-band transitions extended into the 
infra-red. Formulae (8) and (9) are not valid for these metals in the near infra-red. 
The best values of vy and vx’ for each film were found by a graphical method. 
Formulae (8) and (9) are equivalent to 


A=(1+R =p) =y, "2 7) eee (14) 
= (2nkv)-} = Vo "vp (v? ar vp”). So DOS (L3) 
The experimental points for X and Y were plotted on a graph against v?. 


According to (14) and (15), these points lie on two straight lines, intersecting on 
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ores: ee 2 . T 
the v? axis at v?= —v,’? and with slopes in the ratio vy il. The graph for a gold 
film is shown in figure 2. Because of the small value of Vp, the intersection on 
Behe. f 2 
the v? axis does not give an accurate value of vp’ for gold. 


0 
0 I 2 3 4 x108 
v2 (cm) 


Figure 2, X=(k?—n?+1)-1; Y=(2nkv)-}. 


The experimental values of the parameters for several metallic films are given 
in the table. vy was calculated from the slope of the graph of X plotted against v?, 
according to (14); m) the number of free electrons per atom was calculated from 


Migell YA) Ae 72) (om) ~~ VatEHs) Gy Mase) do (b.) 0:375 vou/e 
(e.s.u.) (e.s.u.) (Cie) 
x 103 Sali? < 1016 OS SlOe 

Au 521 0-30 0:53 0-6 13-6 41-3 0-072 
Ag Te55 0:37 1:08 Del 61-4 OPNBS 
Cu 6°81 0-72 0-61 9-7 51-8 0-113 
Zn 3°43 0:53 O2i 3°3 15-8 0-036 
Sn 6:66 esa 1233 1-1 21 8:28 0-109 
Al 8-64 1°53 1-35 Dod) 73 31:6 0-169 


dy (b.)=bulk at 18°c. 


vy by (7); m(a.s.e.) are values found by Chambers (1952) from the anomalous 
skin effect at radio frequencies; vp was derived from v’, and vy by (13), and the 
static conductivity o, from (10). 


§ 7, EXPERIMENTAL RESULTS 


(i) Gold. The method of evaporating gold from a molybdenum boat, as 
used by Weiss (1948), was found unsatisfactory. Molten gold reacted with the 
molybdenum and films produced had widely variable properties. An evaporating 
source of a crucible of alundum cement on a tungsten wire base was found to 
produce gold films with reproducible properties. The experimental values for 
a gold film are compared with theoretical curves in figure 3. ‘The points at long 
wavelengths agree with the curves within the experimental error. ‘The experi- 
mental values for nk deviate from the curve for A less than 2-5, as is clearly 
shown by the more detailed results of Weiss and forsterling. This deviation 
is presumably due to inter-band transitions. 
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(ii) Silver. Evaporation from a molybdenum boat was found to give 
satisfactory films of silver. ‘The properties of a silver film were measured immedi- 
ately after deposition to minimize the effect of atmospheric corrosion. ‘The 
experimental values are compared with theoretical curves in figure 4. Some 
results of Weiss for silver films and of Ingersoll (1910) for bulk silver, are included. 
The greater scatter of the points for mkv about the curve may be attributed to the 
greater experimental error in the values of nkv compared with k?—n?. 
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Figure 3. Figure 4. 
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Figure 5. Figure 6. 


(ii) Zinc. Zinc evaporates rapidly in vacuum at temperatures below its 
melting point. Films of zinc were made by evaporation from a tungsten coil. 
The properties of a film were measured immediately after deposition. The 
experimental values are compared with theoretical curves in figure 5. For 
A less than 2 the points for nkv lie above the curve and for k?—72 below the 
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curve. ‘This behaviour can be attributed to inter-band transitions for A less than 
2. The conduction band is separated by a gap of about 0-6 ev from the next 
energy band. ‘The experimental value of 7 is in good agreement with the value 
0-21 deduced by Wilson (1936) from the zone structure of zinc. 

(iv) Tim. ‘Tin can be conveniently evaporated from a molybdenum boat. 
Visually opaque films of tin had cloudy surfaces of low visual reflectivity. The 
cloudiness increased with the thickness of the film. This may be an effect of 
micro-crystalline structure in tin films, which becomes coarser as the film thickness 
isincreased. The experimental values for a tin film are compared with theoretical 
curves in figure 6. ‘This film was visually feebly transmitting and had little surface 
cloudiness. For this film vp=6-66 x 104 cm~! and vp’ = 1-42 x 10? cm~1, while 
fora: thick; cloudy film of tin »,=5:75 x 10*cm~ and’ v,°=1-16 x 10° cm=*, 
The variation of mk and k?—n® with wavelength was similar however, for all 
films of tin. 

The experimental points for k® — n” agree with the curve over the whole range 
A=1p to 13. Since the short wavelength part of the curve is determined 
almost entirely by vg, this indicates that the effective number of free electrons 
N, is constant forA=1yto 13. The experimental points for nkv lie above the 
curve forAlessthan4y. An inter-band transition for A less than 41 would reduce 
the values of k?—n® below the free electron curve. It seems that the infra-red 
properties of tin are determined by the electrons in the conduction band. The 
variation with wavelength could be explained by a variation in vz which is related 
to the relaxation time 7 by (7). 

(v) Aluminium. Aluminium was evaporated from a tungsten filament 
to make a film for infra-red measurement. The molten aluminium alloys with 
tungsten, so the film possibly contained some tungsten. The values of the infra- 
red constants of this film should be useful for practical applications in which 
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Figure 7. 


evaporated aluminium films are used. ‘The infra-red constants were measured 
immediately after deposition, to minimize the effect of oxidation. ‘The experi- 
mental values are compared with theoretical curves in figure 7. The points show 
small but systematic deviations from the curves. 
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(vi) Copper. Copper was evaporated from an alundum crucible to make | 
a film for infra-red measurement. The infra-red constants were measured 
immediately after deposition. ‘The agreement between experimental points 
and theoretical curves was very similar to that obtained for silver. 

Several films of gold, silver and copper were prepared at various times and their 
infra-red constants measured. Films of the same metal were prepared by a 
similar evaporating procedure each time. The values of v) for the same metal 
show variations up to +5%, while for vg the variations were up to 20 8% 
For aluminium and zinc, only one film has been measured. All the metals 
investigated, with the probable exception of gold, rapidly form a surface layer 
of oxide on exposure to air. This initial layer of oxide is usually between 20A 
and 1004 thick (Mott and Cabrera 1949). Approximate calculations have been 
made of the effect of a thin surface layer of oxide on the apparent infra-red constants. 
These calculations indicate that an oxide layer of optical thickness less than 
\/100 will not affect the apparent values of m and k by more than a few per cent. 
In future measurements it would be desirable to find the thickness and refractive 
index of the oxide layer, so that its effect can be eliminated. 
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Abstract. A relationship between friction and mechanical wear for lubricated 
surfaces is derived in the form Z?3=k( f—f,) where Z is the wear per unit sliding 
distance, f the friction coefficient, and k and f, are constants. Experiments are 
described in which the metal transfer and the loose wear were measured, and 
satisfactory agreement with the derived equation obtained. 


§ 1. INTRODUCTION 


HEN contacting surfaces are rubbed together, two phenomena, namely 

friction and wear, invariably accompany the sliding process. In a 

general way it may be said that high friction and high wear go together, 
as do low friction and low wear, and much research has been carried out in an 
attempt to find a mathematical relationship between them. However, the friction 
and wear processes are known to be very complex, and it is not surprising that 
no simple relationship, certainly not a direct proportionality, has been found. 

A number of factors are responsible for resistance to motion, and their sum 
constitutes the total friction force. Adhesion between the surface molecules 
of the two materials, interlocking of their asperities, ploughing of the bulk of one 
surface through the other, and (perhaps) electrostatic attraction all play their 
part, though adhesion is in most cases the predominant factor. Wear in the form 
of material transfer and of loose wear fragments may be produced by adhesion 
and asperity interlocking respectively, while chemical interaction of the lubricant 
with the surface leads to another important form of wear, namely corrosion. 
Other known forms of wear are pitting and erosion (Burwell and Strang 1952), 
It is clear that no correspondence between friction and wear is to be expected 
unless the relative magnitude of some of these variables can be diminished. 

To carry out experiments with lubricated surfaces, it was decided to 
standardize in each case the materials constituting the sliding surfaces and the 
load, speed of sliding, geometry, and surface finish. By using hard metals, the 
influence of ploughing may be drastically reduced, and smooth surfaces serve to 
diminish the importance of the interlocking of the asperities. It then remains 
to carry out tests using a variety of lubricants, and to measure friction and wear in 


each case. 


§ 2. "THEORETICAL RELATIONSHIP 


A theoretical relationship between friction and wear may readily be derived 
by assuming that all the friction is due to adhesion between the metals or resistance 
to shear of the lubricant, while all the wear at the metallic junctions is in the form 
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of welded metal fragments. Using the concept of Bowden, Gregory and ‘Tabor 
(1945) of the lubricant partially separating the sliding surfaces while metallic 
contact is maintained over the remainder, we may readily derive the expression 


f=ef,+U—a)f ee (1) 
where f is the coefficient of friction observed, f,, and f, the coefficients for 
unlubricated and perfectly lubricated surfaces respectively, and « the proportion 
of the surfaces that has remained unlubricated. he validity of this equation 
has been examined in earlier papers which have shown experimentally that /, 
has a definite value independent of the nature of the contacting surfaces 
(Rabinowicz 1954) and that « occurs as a linear function in the equation connecting 
f, f, and f,, (Rabinowicz 1955). 

An analogous relation may be written for the metal transfer Z of the lubricated 
surfaces as a function of the metal transfer for unlubricated surfaces Z,,, but in 
this case only one term need be considered, since 7, the metal transfer between 
perfectly lubricated surfaces, is presumably zero. Hence we may write 

ZL, = Plies =. etl) p. aes (2) 
where f represents the reduction in wear in the presence of the lubricant. 

Furthermore, a relation between « and 8 may be derived by considering that 
both refer to phenomena associated with the same surface conditions and that « 
is an area term and f is essentially a volume term (Rabinowicz and Tabor 1951). 
Hence we assume 

me BASi 6” POU BI eA eee (3) 


and combining equations (1), (2), (3) we obtain 


4 - f-h 3/2 
Lis, a ie 4) ieee | ©) 
or Zea hf) wed gee leet Gia (5) 


where k= Z,,?"/(f,—f,). This equation states that the 2/3 power of the metal 
transfer is proportional to the difference between the friction coefficient and some 
constant f,, and may be applied to advantage when using a series of lubricants. 
having a similar chemical structure, i.e. essentially the same value of f. 


§ 3. RESULTS OF METAL TRANSFER EXPERIMENTS 


Tests to check this law in the case of metal transfer were carried out using 
a number of long-chain compounds, copper palmitate, ferric palmitate, palmitic 
acid, cetyl alcohol, octadecyl alcohol, and cetane. Since all these have a similar 
chemical structure differing only in the end group, they should have the same value 
of f, but they differ widely in their value of «. Data are included of tests at 
temperatures varying from 20 to 160°c, since the effect of a rise in temperature 
is to raise x while keeping f, nearly constant. ‘The experimental technique was 
that described by Rabinowicz and Tabor (1951), using a load of 2000 g, a speed of 
0-01 cm sec’', and a geometry of a radioactive copper hemispherically ended 
rider (diameter 6-2 mm) on a flat copper surface. The metal transfer Z was 
calculated from the autoradiographs of the flat surface in units of g cm~! of track, 
and each reading corresponds to a sliding distance of about 0-3cm. The 
measurements of metal transfer have a probable uncertainty of about 40%. 
The friction coefficient was measured to + 0-005. 
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Since the readings cover such a wide range of Z with many points at low values 
of Z, it is expedient to plot the values logarithmically, i.e. to plot log Z as a function 
of log(f—f,). For this purpose f, must be known, and a value at room temperature 
of 0-045 was estimated from previous work (Rabinowicz 1954) and used in our 
calculations. It is known that f, is to some extent a function of temperature, and 
the value of 0-045 was used for the range 20-60°c, while a value of 0-035 was 
adopted for the range 60-160°c. In any case, the exact magnitude of the assumed 
value of f 1s of little practical importance except for very low values of f. 

The results are shown plotted in figure 1. Although the 250 points show 
considerable scatter, they seem to lie symmetrically with respect to the straight 
line of slope 2/3, and are thus compatible with equation (5). At high values of 
f—fi above about 0-7, systematic discrepancies from the straight-line relationship 
become noticeable, and this behaviour may be explained by the ‘snowballing’ 
mechanism (Rabinowicz 1951), as a result of which the geometry of the sliding 
process is altered and equation (3) no longer applies. ; 
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Figure 1. The friction due to metallic adhesion plotted as a function of the metal transfer, 
both on a logarithmic scale. The straight line has a slope of 2/3. 


§ 4. ResuLts oF Loose WEAR EXPERIMENTS 


In a previous paper it has been postulated that loose wear fragments which 
accompany the metal transfer process arise mainly from the filing action of the 
roughnesses of one surface against the other (Rabinowicz 1953), though Feng 
(1952) has considered a different mechanism in some detail. It seems reasonable 
to assume that in the presence of lubricants both the loose wear fragments and the 
transferred fragments will be reduced in the same proportion, so that the loose 
fragments will also obey equation (5). Wear tests to confirm this assumption 
have been carried out using the metal titanium and a wide range of lubricants. 

Tests were carried out on a } in. hemispherically ended rider of titantum 
producing a circular track of 5cm diameter on a titanium flat. ‘Tests were 
continued for about 10000 cm at a speed of 5 cm sec 1, and an average friction 
value was calculated from a continuous recording of the friction force. The 
titanium flat and rider were weighed before and after each run, and the loss in 
weight as result of the test was calculated. ‘The lubricants used included mineral 
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oils, fatty acids, polyalkylene glycols, sugar solutions, silicones, fluorocarbons, 
and halogenated hydrocarbons. Figure 2 shows a plot of Z?/3 as a function of f, 
an arbitrary scale for Z2 being used. A value of f, of 0-10 for these conditions 
was estimated from previous work with a long-chain hydrocarbon derivative 
(Rabinowicz 1954), and the straight line was drawn through this point. It will 
be seen that a very satisfactory fit of the experimental points is obtained. 

As a matter of interest it was decided to recalculate the data of Neely (1937), 
who, using a geometry of three cylinders with flanged rims sliding on a cylinder 
with two flanged rails, searched for, but failed to find, a direct proportionality 
between F, the total friction force, and Z, the wear, his tests being carried out 
over a range of loads. Figure 3 shows his data obtained at one load, and the 
points, while showing large scattering, are consistent with our postulated 
relationship. 
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Figure 2. The 2/3 power of the wear rate (on an arbitrary scale) plotted as a function of the 
friction coefficient. 
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Figure 3. ‘The 2/3 power of the wear rate (on an arbitrary scale) plotted as a function of the 
friction coefficient. 
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$5. Discussion 

The results of three different experiments have been shown to obey the 2/3 
power relationship between the total wear and the metallic part of the friction 
force, and this provides experimental support for the theoretical treatment given 
earlier. 

It should be emphasized that this law may be expected to apply only as long 
as the original wear mechanism remains the same: namely, as long as during 
sliding junctions are made and broken with the occasional formation of a fragment 
and as long as the effect of the lubricant is to change the fraction of each junction 
that is in metallic contact, but in other respects to leave the sliding process 
unchanged. 

It must also be noted that the wear law is statistical in nature, since the friction 
force is continuous and the producton of wear fragments essentially 
non-continuous, and hence short-term disagreements between the postulated and 
observed wear rates are to be expected. Much of the scattering of results for the 
test shown in figure 1 is believed due to this cause, measurement of the wear 
having been carried out over too short a length of track. 

In the other two experiments some divergence of the results from the postulated 
relationship doubtless arises because the various lubricants did not have a similar 
chemical structure and, hence, had different associated values of f,. In fact, 
in the case of titanium, where the lubricants were so different in nature, it is 
surprising that the scatter from this cause was not greater. 

Equation (5) may be expected to apply whenever most of the friction and 
most of the wear are due to the adhesion mechanism. While this appears to be 
true in the great majority of cases as regards the friction, it will not be true in a 
considerable number of cases in regard to the wear. Prominent among the latter 
are cases in which chemical attack of the metal by the lubricant has taken place. 
If, as frequently happens, the products of reaction have low values of f,, we will 
have a situation in which high (corrosive) wear will be accompanied by low 
friction, and conversely (Larsen and Perry 1950). In these cases equation (5) 
still applies for the mechanical component of the wear, the latter being but a small 
fraction of the total wear. 

The mathematical relationship of equation (5) shows clearly how small changes 
in friction can produce large changes in wear. ‘Thus, assuming a value of f, of 
0-045, we find that, if the friction is changed from 0-05 to 0-10, i.e. increased by 
a factor of 2, the corresponding increase of wear will be by a factor of 37. 
Furthermore, two lubricants giving the same friction coefficient of 0-05 may 
produce quite different amounts of wear, although their values of /, differ only 
slightly: e.g. if f, is 0-048 and 0-042 in the two cases, the wear produced will vary 
bya factor of 8. At large values of f we find, on the other hand, a better correlation 
between friction and wear, since small differences in f, will produce much smaller 
differences in the rates of wear. 

It is of interest to note that divergences from the simple relationship of 
equation (5) occur at high wear rates, as shown in figure 1, and that the divergences 
are such that the wear obtained is larger than that postulated. Burwell and 
Strang (1952), who investigated the influence of load and contact area on the wear, 
also found that divergences were obtained at high wear rates, and again the amount 
of wear was greater than expected. It appears that severe wear conditions are 
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governed by laws about which we as yet know very little, though a considerable 
degree of progress has been made in formulating the quantitative laws of miid 


wear. 
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Abstract. ‘This paper describes an experimental investigation of the mechanism 
of sliding friction by shearing large-scale models of friction junctions under 
conditions where no normal displacements are allowed. This condition, as 
A. P. Green first pointed out, must hold in steady sliding. Experiments have 
been performed simulating the cases of very strong adhesion, weak adhesion, 
and lubricated sliding with very little adhesion. The results are in good 
qualitative agreement with the theoretical solutions obtained by Green using the 
theory of plasticity. For very strong adhesion the models yield average values of 
win the range 3-10. Coefficients of friction of the order ,=1 are only obtained 
for weak adhesion. This suggests that the value observed for clean metals 
sliding in air (w=1) results from the presence of oxide or contaminant films. 
Results for lubricated junctions, where adhesion is negligible, suggest that in 
lubricated sliding, plastic deformation of the sliding metals may contribute an 
appreciable part of the observed friction even when there is no actual penetration 
of the lubricant film. 


§ 1. INTRODUCTION 

CCORDING to the adhesion theory of friction, when one metal slides on 
another, contact at any instant occurs only at a small number of minute 
asperities. Because the total area of real contact is very small the high 
stresses developed at these regions are sufficient to cause the metals to flow 
plastically giving rise to strong adhesion between them by a process analogous to 
cold welding. ‘The friction force F' is the force required to shear these welded 
junctions. If p is the mean normal stress over the regions of contact in sliding, 
and s the mean shear stress, then the load W= Ap, and F= As, where A is the real 
area of contact. In the original formulation of the theory p and s were considered 
to be constant strength properties of the material, so that d= W/p, 1.e. the true 
area of contact is proportional to the load, and independent of the apparent 
area of contact, while /= Ws/p, i.e. the friction force obeys the two basic laws 
of friction: it is proportional to the load and independent of the apparent area 
of contact. ‘This simple mechanism has also proved valuable in explaining many 

other frictional phenomena. 

If the simple theory is extended too far, difficulties arise. At first sight it 
seems reasonable to identify p with the yield stress in static loading, p,,. But 
it can be shown that if & is the critical shear stress at which plastic flow begins, 
then for an ideal plastic material, p,,~6k (Tabor 1951). If it is also assumed 
that s~k, then the coefficient of friction w= F/W=s/p~k/6k=0-17 for an ideal 
plastic material, and may be expected to have a similar value for all metals. In 
practice it is found that for most clean metals in air j« is near 1, so that at least one 


of these assumptions must be wrong. 
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In fact it is clear from modern plasticity theory that plastic deformation takes 
place under the combined effect of the normal and tangential stresses so that the 
values of these at which yielding takes place are not constant properties of the 
material, but are interdependent and may vary during the life of the junction. 
A junction of given shape has a yield criterion involving both p ands. ‘This was 
first pointed out by McFarlane and Tabor (1950), who found experimentally 
using indium, a very soft, ductile metal, that the yield criterion was p?+as?= py,” 
where « had the value 3-3. 

The consequences of this are two-fold. In static loading with no tangential 
force the junctions are already at the yield point under the normal load alone. 
As a result, the smallest tangential force is sufficient to upset the equilibrium, and 
some motion occurs. This will involve both a small tangential displacement and 
a sinking together of the surfaces, so that the junctions increase in size and 
number. ‘This constitutes an increase in the area of contact. In the new state 
of equilibrium the normal load is supported over an increased area and so pro- 
duces a decreased normal stress. Consequently the tangential stress must be 
increased further before sliding will continue. Both these consequences have 
been observed experimentally; the initiation of tangential movement for the 
smallest tangential force by Cocks (1954) and by Eisner (1954) and the continuous 
growth of the junctions under these conditions by McFarlane and Tabor (1950), 
and by Parker and Hatch (1950). 

Although this application of the modern theory of plasticity explains junction 
growth during the initial stages of microdisplacement it is insufficient to explain 
why, with most metals in air, the process comes to an end and steady state sliding 
generally takes place when p has a value near unity. Green was the first to 
point out that the characteristic feature of steady sliding which had been overlooked 
is that the surfaces move parallel to themselves, each junction shearing without 
undergoing any normal motion. ‘This is not an assumption but is implicit in the 
conception of a steady state and it is this condition which determines the 
relationship between p ands. ‘The purpose of this paper is to describe an experi- 
mental examination of the shearing of a simulated friction junction, under 
conditions where no normal motion is permitted. 


§ 2. THEORETICAL JUNCTION MODEL 


In his theoretical treatment Green (1955) considers a simplified form of asperity 
shown in figure 1 (a) and (4). In the first instance he assumes strong adhesion 
across the interface AB. He postulates no normal motion during shearing of the 
junction (i.e. he neglects small scale motion that may be possible on account of 
the elasticity of the metals) and in this way obtains a soluble problem in plasticity. 
The force to shear the junction depends on the geometry of the junction and this 
has been solved for two extreme cases : (i) plane strain where the junction is very 
thick in the direction normal to the plane of the paper, (ii) plane stress where the 
junction thickness is uniform and very small. His solution gives only the values 
of the forces needed to deform certain simple shapes of junction. Some typical 
results for the plane strain and plane stress solutions are given in figures 2 and 3 
respectively. It is evident that there is an intrinsic inadequacy in the plane 
strain solution for very small values of « and 8: for in the limiting case of a long 
shallow junction where «<~$0 (figure 1 (c)) one obvious solution is pure shear 
across the neck AB, which can take place for any value of the normal stress p 
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(including p=0) so that the normal force W is indeterminate. Its value can only 
be found by abandoning the model of a plastic-rigid material and taking into 
account the elastic deformation. This Suggests that the values of W predicted 
for small but non-zero values of « and f also are likely to be critically dependent 
on the plastic-rigid assumption. 


(c) 
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Figures 2 and 3. Forces required to deform a junction of given shape. 


In the next stage of his analysis Green constructed some plasticine models 
rom which he was able to form a general picture of the way in which deformation 
roceeds during the shearing process. He observed ane a decreased slowly 
yhilst 8 increased fairly rapidly to values well beyond 90°. In this way he was 
ble to make an estimate of the theoretical forces throughout the deformation of a 
inction. ‘Typical results for the plane strain and plene stress solutions are given 
1 figures 4 and 5 respectively. The plane strain solution shows three main 
atures: (i) a fairly constant value of the tangential force F until the junction 
actures, (ii) a rise in the normal force W during the initial stage of deformation 
nd a decrease to zero when the junction reaches a symmetrical shape, (111) a 
ibsequent stage in which the junction is in tension (i.e. W is negative) until 

2 T-2 
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fracture occurs. ‘The plane stress solution is valid over such a small range of | 
that it is more difficult to predict how the forces will vary. However it seems 
likely that the plane stress solution will show the same features qualitatively as the 
plane strain solution, though the relative values of F/W will be very different. 
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Figure 4. Plane strain. 
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Figure 5. Plane stress. Circles denote points for which Green’s plane stress solutior 
holds ; crosses are estimates for the symmetrical position. 


If two metals are in contact over a large number of junctions, such that some 
are being formed whilst others are being sheared, the average value of the forces 
over all the junctions at any instant will be equal to the average value of the 
forces involved in a single junction over its complete life cycle. Using the results 
of figures 4 and 5 it is thus possible to estimate the ‘ coefficient of friction ’ of the 
junction, defined as the ratio of the average tangential force to the average norma 
force (see table 1). ‘This value clearly depends on the point of rupture of the 
junction, and in this way on whether the material is brittle, normal, or ductile. 


Table 1. Theoretical Coefficients of Friction 


Mode of deformation Plane strain Plane stress 
Very brittle solid (fracture at A) 0-4 Ihals 
Normal solid (fracture at B) 0-8 350) 


Very ductile solid (fracture at C) 1-0 4-0 
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Green originally suggested that the value of y of the order of 1 observed in 
practice for clean metals in air corresponded to the behaviour of a moderately 
ductile junction under plane strain conditions. But as Green points out in a 
later paper, the behaviour of a real junction will be complicated by three factors 
which will be difficult to allow for numerically: (i) the inadequacy of the 
assumption of a plastic-rigid material, (ii) the fact that a real junction has a 
certain amount of freedom to spread normally, (iii) the difficulty of predicting in 
detail the way in which the deformation proceeds. ‘These mean that no great 
significance can be attached to the actual values of x in table 1. It seems likely, 
however, from the results described below that the value ~~1 does not arise in 
the way originally suggested by Green, but must be ascribed to the effect of 
oxide films. 

§ 3. EXPERIMENTAL 


A very simple apparatus was constructed to measure the tangential and normal 
forces involved when a‘ model’ junction is sheared. The junction is supported 
on stout steel cantilevers whose deflections, determined with sensitive dial gauges, 
provide a measure of the deflecting forces (figure 6). In order to keep the vertical 
displacements very small compared with the size of the junctions so that condi- 
tions should approximate to the theoretical condition of ‘ no vertical movement ’, 
the beams are about 20 times more rigid in the vertical than in the horizontal 
plane. 


Figure 6. Apparatus for shearing metal junctions. Movements of beam upwards or 
sideways recorded by sensitive dial gauges. 


The model junctions (figure 1 (d)) used in the first stages of the work were 
fabricated from a single piece of material. ‘This provides the closest approxi- 
mation to the theoretical model which assumes very strong interfacial adhesion. 
Materials used were annealed aluminium, lead, indium and plasticine. 


§ 4. RESULTS 


4.1. The Initial Forces for functions of Different Shapes and Thicknesses 


Experiments were carried out on model junctions to see how far the observed 
initial forces agreed with the predictions of the theory (figures 2 and 3). It was 
found that a finite shear was necessary before representative values of normal 
and tangential forces were obtained. This is probably because the yield point is 
not sharply defined. The tangential forces agreed reasonably well with theory, 
but the normal forces were always considerably less than the theoretical values. 
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The first junctions used were thin compared with their length so that conditions 
would approximate to plane stress. Using plasticine it was possible to measure 
the forces on very thick junctions (thickness six times the length) so that conditions 
were closer to those of plane strain. This produced no appreciable change in the 
normal stress. ‘The normal forces remained small and were of the same order 
as those predicted by the plane stress model. In particular it was found that for 
long shallow symmetrical junctions («S<0) the normal force was negligibly 
small. Similar results were observed using lead junctions (thickness twice the 
length). It was concluded that under the conditions of the investigation the 
plane strain solution found little experimental justification. 

With aluminium (on account of its very much greater strength) it was not 
possible to use thick junctions. ‘Therefore most of the subsequent work was 
carried out on metal junctions cut out of thin sheets for which the plane stress 
theory might be expected to hold. With these junctions the tangential forces 
were in reasonably close qualitative and quantitative agreement with the 
theoretical values. ‘The tangential forces were higher when « was increased as 
the theory predicts (see figure 2). The normal forces also increased with « 
(see figure 2) but were 30-40% less than the theoretical values. ‘This means 
that the ratio W/F is also 30-40% less than the values predicted by the plane 
stress theory (figure 7). It was considered that this might be due to the small 
amount of vertical yielding in the cantilevers which would tend to reduce the 
normal force. ‘To overcome this a lever of the second kind was constructed over 
the main cantilever arms and weights attached until no net movement was 
observed in the vertical dial gauge. This procedure led to an appreciable 
increase in the normal force and the agreement with the plane stress theory was 
more satisfactory (see figure 7). 
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Figure 7. Forces required to deform junctions of different shapes. 


These preliminary measurements show that the initial solutions for junctions 
under plane stress conditions are satisfied experimentally. Slight vertical 
yielding causes an appreciable drop in the normal force. Large increases in the 
thickness do not appear to ‘ shift’ the results towards the plane strain solution. 
This is due in part to the materials from which the thick junctions were made. 
Plasticine has to undergo a large strain (~10%) before it gets round the bend of 
the stress-strain curve and deforms in a truly plastic manner. Lead also has a 
badly defined yield point, and in fact it is only for work-hardened metals or for 
very large strains such as those involved in strip-rolling and other technological 
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processes that the plastic-rigid theory gives accurate results. There is also the 
consideration that the vertical force is a constraint and does no work. Such 
forces tend to take almost arbitrary values, i.e., they depend critically on minor 
factors. ‘This is probably the main reason for the difference between the value 
of the normal force predicted by the plane stress theory and that predicted by the 
plane strain theory. On the other hand the tangential force, which does do work, 
is predicted to have almost the same value on either theory. This variability 
of the normal force suggests that a very small amount of yielding, either vertical 
or lateral, could completely alter its value. It is plain that the same will apply to 
the actual friction junctions formed between sliding surfaces. 


+.2. Deformation of Typical Model Functions 
The life cycle of a typical plasticine junction (before the additional lever was 
fitted) is given in figure 8. It is seen that it reproduces all the main features of the 
theoretical solution. ‘The shearing force is roughly constant throughout the 
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Figure 9. Typical deformation for a one-piece junction (aluminium), 


deformation whilst the normal force rises to a maximum, falls to zero when the 
junction shape is symmetrical, and then becomes negative when the junction is 
subjected to tension. Substantially the same results were obtained for thin 
junctions as for very thick ones, the behaviour in all cases being fairly near the 
theoretical results derived for deformation under plane stress. With plasticine 
the negative loop may have an area larger than the positive so that the overall 
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average value of W over the life-cycle is negative. ‘This means that if plasticine 
surfaces are slid together a finite friction may be observed even if the normal load 
is reduced to zero or even made tensile. 

With lead a similar negative loop was obtained before the junction fractured. 
The overall average value of W was positive but very small so that the coefficient 
of friction was very large; it depended on the shape of the junction but in general 
lay between 3 and 10. 

With aluminium no negative portion of the normal force curve was observed. 
A typical result obtained when the additional lever was applied to prevent vertical 
movement is given in figure 9. For a junction of this shape »=3-4. 


4.3. Deformation of Typical Two-Piece Functions 


In the experimental study so far described, the junctions have all been cut 
from a single piece of material to simulate the case of very strong adhesion 
discussed in the theoretical model. It is of interest to compare this with the 
behaviour of two model wedges which come into contact and form a junction 
which resembles more closely the junction formed in ordinary frictional experi- 
ments (the case of weak adhesion in the theoretical model). 

The results obtained for a two-piece indium junction are very similar to those 
observed with the single-piece model junction shown in figure 9. In one experi- 
ment a pair of indium wedges was removed from the apparatus after being 
partially deformed and the wedges pulled apart in a standard Hounsfield tenso- 
meter. ‘The tensile strength was very large; the wedges did not separate at the 
interface but tore away in the bulk of one of the wedges. It is clear that when 
interfacial adhesion is very strong the two-piece junction behaves essentially like a 
single-piece model junction. The coefficient of friction (for «=10°) is again 
about 2:5. 

With two clean grease-free aluminium wedges (« = 10°) the normal forces are 
almost the same as for an ideal junction of the same shape, while the tangential 
force is appreciably smaller (figure 10). The coefficient of friction is about 1. 
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Figure 10. Deformation of a clean two-piece aluminium junction. 
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Observation showed that adhesion between the wedges was small; some 
yielding appeared to take place in the vertical direction and there was slight 
slipping of one wedge over the face of the other during the deformation process. 
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The only contamination on the aluminium was its oxide film and it would seem 
that this reduces the strength of adhesion at the interface and so decreases the 
overall value of uv. These effects are all in accordance with Green’s theoretical 
results for weak adhesion. 

If a lubricant such as a metallic soap is deliberately added to the aluminium 
wedges these trends are more pronounced and the coefficient of friction (for 


%=10°) is about 0-15. The main characteristics of the three types of junction are 
shown in figures 11 (a), 11 (0) and 11 (c). 
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Figure 11. Relative values of W and F for various junctions. (a) single-piece junction, 
(b) two-piece junction with oxide film, (c) two-piece junction with lubricant film. 


These results are summarized in table 2 and compared with the coefficient of 
friction u, observed with the same materials in a standard frictional experiment. 
The general agreement is reasonably close. 


Table 2. Frictional Behaviour of Junctions 


Type of junction 


(a=10°) Material Surface condition lu (le. 
One-piece model Any Perfect adhesion 3 poe 
not observed 
Two-piece Indium Strong adhesion ie) 2, 
Two-piece Aluminium Weak adhesion 1 1 
Two-piece Aluminium Lubricated 0-15 0-05 


It is seen that strong adhesion at the interface gives average values of « of the 
order of 2-3 and this agrees with the observed values of »,. Values of of the 
order of 1 for two-piece junctions are only observed if the interfacial adhesion is 
reduced by the presence of oxide films. Lubricant contamination produces a 
very much larger reduction in p. 


4.4. Behaviour of Lubricated Two-Piece Junctions of Different Shapes 


A more detailed study was made of the effect of surface films on two-piece 
aluminium junctions. ‘The angle 6 was kept constant at 30° after preliminary 
experiments had shown that its value made little difference and the angle « varied 
from 31° to 14°. These are, of course, initial values corresponding to the shape of 
typical surface asperities and change during the deformation process. The 
lubricants used were lead, tin and indium foils, and thin films of metallic soap and 
of P.T.F.E. The results are summarized in table 3. 

It is seen that oxide films reduce 2 from its value for ideal junctions of 3-5 to 
about «=1 and that lubricant films reduce the value of j. by a further factor. 
The biggest reductions are observed with soap and with P.'T.F.E. films. 
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For well lubricated surfaces decreases with decreasing «. With the P.'T.F.E. 
films the electrical resistance across the junction was measured and it was found 
that the resistance remained infinite throughout the greater part of the deforma- 
tion of the junction. ‘This means that the increase in « with « is not primarily 
due to increased metallic interaction. It arises from the fact that more plastic 


Table 3. Effect of Lubricant Films on Behaviour of two-piece Aluminium 
Junctions—values of pu 


ae) Tdeal single- Two-piece junctions with films of 
piece junction Oxide Lead Tin Indium Soap Peel B18. 
14 2 1 0-6 0-4 0:26 OL22 0-23 
7 3 1 0-24 = 0-15 0-09 0-19 
3h 5-6 i 0-17 _ 0-10 0-05 0-10 


work is expended in deforming the junction. This suggests that with well 
lubricated surfaces, asperities of larger angle (i.e. rougher surfaces) may give a 
higher friction without necessarily giving a greater amount of metallic interaction. 


§ 5. FRICTION EXPERIMENTS 


Some experiments were made to detect any dependence of friction on surface 
roughness. Lead surfaces were prepared, covered by a set of parallel ridges 
which had one face sloping at 30° and the other at 60°. These were covered with 
oleic acid and the friction measured forwards and backwards, perpendicular to the 
ridges, at a load great enough for the slider to be in contact at any instant with 
about ten ridges. Preliminary results suggest that the friction in the direction up 
the 60° slopes (corresponding to « = 60°, 6 =30° in the previous work) was con- 
sistently higher than the friction in the other direction («=30°, B=60°) by a 
small amount (~10%). This may be due to increased breakdown of the lubricant 
film. On the other hand, the results are also consistent with the view expressed 
above that in lubricated sliding the friction depends to some extent on the amount 
of plastic work done on the metal through the lubricant film. 


§ 6. CONCLUSION 


The first and most important conclusion of this experimental study is the 
close qualitative agreement with Green’s theory of the deformation of a friction 
junction sheared under conditions of little or no normal motion. In addition it is 
found that the ratio of the tangential and normal forces averaged over the life- 
cycle of a single junction is close to the observed coefficient of friction in an 
ordinary sliding experiment. Thus two basic elements of Green’s theory are 
qualitativeiy valid. Quantitatively the agreement is good for the plane stress 
solution but does not appear to be satisfactory for the plane strain solution. 

Ideal junctions involving very strong adhesion at the interface give, for small 
angle of the surface asperities (x =34°), an average coefficient of friction of over 
3, and for ductile materials values of . greater than 10 may be attained. This 
is comparable with the friction observed between thoroughly clean metals in vacuo. 
The observed values of » of the order of 1 for clean metals in air must be ascribed 
primarily to the effect of oxide films. 

Lubricant films produce a further reduction in the average friction. For 
steeper asperities (larger «) the average friction is increased. This does not 
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appear to be due to increased penetration of the film leading to increased metal-— 
metal interaction: it arises primarily from the greater amount of plastic work 
expended in deforming the metal beneath the lubricant film. 

Ordinary friction experiments between lubricated surfaces as distinct from 
experiments with ‘model’ junctions support this view. The friction is higher 
when steeper asperities are present. This suggests that in lubricated sliding the 
friction is due not only to the shearing of the lubricant film and of any metallic 
junctions formed by penetration of the film; there is also a term due to the plastic 
deformation of the surfaces beneath the lubricant film. This agrees well with the 


practical observation that the friction between lubricated surfaces decreases after 
prolonged ‘ running-in ’. 
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Abstract. In studies of electron bombardment conductivity, it has commonly 
been the practice to coat one face of the material under investigation with a 
metallic film, which can act as an electrode. If such a film is sufficiently thin the 
incident electrons can pass through it without serious loss of energy. 

The experiments described show that, in some cases, the apparent electron 
bombardment conductivity is greater with thick films than with thin. They 
show further that this effect can be ascribed to the generation of x-rays in the 
film. The bearing of these results on previous measurements of electron 
bombardment conductivity is discussed. 


§ 1. INTRODUCTION 


HEN an insulating crystal is bombarded with electrons of sufficiently 

\ X / high energy, some of the electrons in the crystal will be raised to the 

conduction band and the crystal may then show appreciable conductivity. 

This effect is known as electron bombardment conductivity and has been studied 

by several people including Ehrenberg and Ansbacher (1951), Pensak (1949, 
1950), McKay (1948, 1950) and Benda (1951). 

Although the basic phenomenon is simple, any attempt to study it is subject 
to two major difficulties. The first of these arises from the fact that the bombarded 
crystal is an insulator. Unless steps are taken to stabilize the potential of the 
surface on which the electrons impinge, charges will be built up and the effective 
energy of the incident electrons, as well as their distribution over the surface, 
will be subject to considerable uncertainty. In the work of Pensak, stabilization 
of the surface potential was achieved by flooding the surface with electrons 
(from a separate source) whose energy was too low to cause appreciable bombard- 
ment conductivity, but most other investigators have coated the face of the crystal 
with a metallic film which acts as an electrode, but which is not thick enough to 
cause serious loss of energy from the incident electrons. It is with the effects 
produced by metallic-film electrodes of this type that the present paper is 
concerned. 

The second major difficulty is caused by the presence in the crystal of electron 
traps. As a result of these, space charge is built up in the crystal and, if the 
incident electron current and the field applied to the crystal are both steady, 
the space charge may eventually neutralize the applied field so that flow of current 
through the crystal ceases. ‘Two general methods of overcoming this difficulty 
have been employed. In the first of these the conditions are such that the primary 
electrons penetrate the whole of that region of the crystal through which the 
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flow of current is measured. ‘Thus, in the work of Pensak and of Ehrenberg and 
Ansbacher, the insulator was in the form of a thin polycrystalline film through 
which the majority of the primary electrons were able to pass. The continuous 
generation of hole/electron pairs throughout the film ensured rapid neutralization 
of any trapped particles and thus prevented the building up of excessive space 
charge. A somewhat similar result was achieved by Benda, who used two 
electrodes on the same face of the crystal and bombarded the narrow area between 
them. 

While experiments of this kind may provide results of considerable technolo- 
gical importance, they are rather limited in the information they can give about 
the fundamental processes taking place inside the crystal. A second method of 
allowing for the effects of space charge has therefore been used by McKay, who 
worked with a relatively thick crystal and bombarded it with pulses of electron 
current of only a few microseconds duration. Between pulses the crystal was 
subjected to treatment which removed space charge so that, at the beginning of 
each pulse, the only field in the crystal was the externally applied one. The 
current through the crystal was measured with an oscillograph and the rapid 
build-up of space charge could readily be observed and taken into account. 

A somewhat analogous method has been studied in this laboratory. The 
results obtained with it have proved difficult to interpret and will not be discussed 
in detail, but it has provided some very definite information about the large effect 
that can be caused by the metallic-film front electrode which is commonly used 
in such work, and this information is reviewed below. 


§ 2. METHOD AND APPARATUS 


The experiments were made on a diamond which was a nearly perfect single 
crystal and which was a satisfactory specimen for counting alpha particles. It 
was of a fairly uniform thickness of about 0-15 cm and its large faces were roughly 
triangular in shape. On these faces silver electrodes about 0-3 cm in diameter 
were evaporated, the front one being sufficiently thin to permit the passage of the 
primary beam of electrons without undue loss of energy. 

The diamond was mounted in front of an electron gun in an evacuated vessel, 
so that a focused beam of electrons could be projected on to its front face. It was 
enclosed in a metal screening box in one side of which wasa hole, 0-07 cm in diameter, 
for the passage of the incident electrons. ‘The diamond with its two electrodes 
formed a small condenser which was connected in one arm of a sensitive a.c. 
bridge of the type described by Clark and Vanderlyn (1949), in which closely 
coupled coils are used as ratio arms. Such bridges are almost immune from the 
effects of stray capacitances to earth, and they permit the use of very high ratios 
so that small capacitances can be measured against standard condensers of 
convenient size. The circuit used is shown in figure 1 where C, shunted by r 
represents the specimen, C, is a standard condenser and r,, 7, and R are standard 
resistances. ‘The incident electron current was returned to the cathode through 
a suitable meter and means were provided for applying a d.c. field to the crystal, 
though this was not needed in the experiments under review. . 

When the diamond is bombarded, two, changes will occur which may be 
expected to alter the effective capacitance and parallel resistance of the condenser 
of which it forms the dielectric. Firstly, a layer of the diamond adjacent to the 
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front electrode will be penetrated by the incident electrons and large numbers of 
holes and electrons will be formed in it. This region, which may be termed the 
plasma, will thus become conducting though its resistance will not be negligible. 
In consequence, the overall capacitance will increase and so also will the power 
factor. In the second place, during one half-cycle electrons will be drawn from 
the plasma into the rest of the crystal while, during the following half-cycle, 
holes will likewise be drawn in. The currents thus caused to flow will not, in 
general, be in phase with the voltage across the condenser and, for our present 
purpose, it is not necessary to analyse them in detail. ‘They will cause further 
changes in the effective capacitance and power factor. 


Primary lecpal 


Current 


d.c. i 
One ve 


Figure 1. Bridge circuit. 


It is possible to make a rough estimate of the depth to which the primary 
electrons penetrate and from this to calculate the change in capacity to be expected 
from the short-circuiting effect of the plasma. This turns out to be only about 
1°, of the observed change, so both of the processes described above must be 
operative. 


§ 3. RESULTS 


For our present purpose it is sufficient to regard the change of capacitance 5C 
or the change of parallel resistance 67, produced by bombardment as a measure 
of the induced conductivity, without attempting to relate either to any other 
parameters. In general the changes in 67 were very similar to those in 5C, so 
only the latter will be considered. 

Figure 2 shows curves, for two different values of bombarding current, of 
dC plotted against the energy of the incident electrons. The change becomes 
very small below about 6 kev and it seemed probable that this value represented 
the mean energy lost by the electrons in passing through the silver film. 
Measurements were therefore made using the same crystal but with front electrodes 
of varying thickness, and the results are shown in figure 3. The broken lines 
represent attempts to extrapolate those parts of the curves which correspond to 
conditions when nearly all of the incident electrons pass through the electrode. 
At lower energies some of the electrons will still get through and we should 
expect the values of d5C to tail off gradually. Clearly such extrapolations are 
somewhat arbitrary, but the values of the threshold energies obtained from them 
are in rough agreement with the Thomson—Whiddington law. 
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What is more important is that, although the values of 5C are increased by 
reducing the thickness of the front electrodes when the energy of the incident 
electrons is fairly low, the reverse is true at higher energies. It seemed unlikely 
that this result could have been brought about by the emission of secondary 
electrons into the crystal from the back face of the front electrode, but to check 
this point some rough measurements were made with silver films deposited on 


Frequency 5 kc/s 
A.C. Volts 5 
= 


Primary Current 4A Thickness (A) 
Frequency Skc/s 
AC Volts 5 


5 10 IS 20 


Bombarding Energy (kev) Bombarding Energy (kev) 
Figure 2. Variation of dC with the energy Figure 3. Variation of dC with 
of the incident electrons. electrode thickness. 


a collodion substrate about 5 x 10-§cm thick. These indicated that, with an 
incident energy of 10 kev and with thicknesses of silver ranging from 5 x 10-6 to 
2:5 x 10-° cm, the number of low-voltage (<80 ev) secondary electrons issuing 
from the back face did not exceed about 15°% of the primary current. Further- 
more, the number decreased with increasing primary energy to about 5% at 
20 key. 

The most probable explanation of the increased effect with thick films appeared 
to be the generation of x-rays in the metal, and this was confirmed as follows. 
A piece of tungsten foil 10-4 cm thick was mounted in front of, but not touching, 
the diamond, which was provided with its normal front electrode. ‘This thickness 
of tungsten was sufficient to stop the incident electrons, whose energy did not 
exceed 20 kev, so that none of them reached the front electrode of the diamond. 
The variation of 6C with incident electron current and energy was now found 
to be very similar to that obtained previously, except that the new values of 5C 
were about four times as great as the old. 


§ 4. DIscussION 


The experiments described above show that the generation of x-rays in the 
front electrode can, under certain conditions, seriously affect the results obtained 
in investigations of electron bombardment conductivity and it is interesting to 
recall that, in the work of Benda (1951), increased conductivity was observed 
whenever the incident beam was allowed to strike one of the metal electrodes rather 
than the crystal surface between them. ‘The extent of the part played by x-rays 
will depend very much on the particular experimental arrangement. Whenever 
the incident beam has been allowed to pass through a metal film electrode, 
investigators have always been careful to ensure that only a small proportion of 
the initial energy was lost thereby. Thus, evén if the whole of this energy were 
converted into x-rays and if all the x-rays penetrated into the crystal, it would 
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still be safe to conclude that the number of hole/electron pairs generated by x-rays 
from the metal was small in comparison with those generated directly by electrons 
reaching the crystal. The large effects produced by x-rays in the present 
experiments must therefore be ascribed to the fact that the electrons only generate 
pairs very near the surface, whereas the x-rays penetrate more deeply into the 
crystal. Since the magnitude of 5C is largely controlled by the behaviour of 
trapped electrons and the space charge which they produce, one can see why the 
generation of hole/electron pairs in the body of the crystal should produce as 
large an effect as a much greater number of pairs in the surface plasma. 

It may tentatively be concluded that, in experiments of the type conducted 
by Ehrenberg and Ansbacher (1951), where the plasma extends throughout the 
dielectric, the effect of x-rays should be relatively small. The arrangement used 
by McKay (1948, 1950), where pulses of incident electron current were applied 
to a crystal free of space charge, presents an intermediate case. The initial height 
of the resulting conductivity pulse should not be greatly affected by x-rays, since 
it depends only on the total number of hole/electron pairs. On the other hand the 
shape of the trailing edge, which is governed by the build-up of trapped space 
charge, may be seriously modified by the x-rays. 

X-rays may, of course, be generated in the crystal itself but consideration of 
any effects which these may produce is outside the scope of the present paper. 
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Abstract. ‘The nature of the contact between sliding metal surfaces has been 
investigated by measuring the electrical contact resistance and the coefficient of 
friction between them. Observations were made over a wide range of conditions 
which extended down to very light loads of only a few milligrammes so that the 
influence of surface films might be studied. Many noble and base metals have 
been investigated in both clean and lubricated states. The contact between 
certain typical pairs of dissimilar metals has also been studied. 

It was found that at loads below a few grammes the oxide film on base metals 
prevented actual metal-to-metal contact almost entirely. At higher loads the 
film was disrupted, and metellic contact occurred. The change from oxide-on- 
oxide to metal-on-metal sliding was usually eccompanied by changes in the 
coefficient of friction, the nature of the sliding, and the appearance of the track. 
This, however, was not invariable and occasionally changes in the nature of 
sliding occurred which were detectable only by measurements of the contact 
resistance. ‘lhe experiments emphasize the importance of the measurement of 
contact resistance as a tool in the investigation of the behaviour of non-conducting 
surface films. ‘The loads at which the oxide films on various metals, 1n particular 
platinum, disrupt have been compared; the manner in which the oxygen layer 
is attached to the metal and the physical factors controlling the break-through 
have been studied. 

The same techniques have been used to investigate the influence of the 
Beilby layer, by comparing the behaviour of annealed and electropolished 
surfaces with that of worked ones. 

The contact between lubricated metals has also been studied over a wide 
range of loads and the electrical contact measurements have shown that with 
monobasic fatty acids a change in the nature of contact occurred as the load was 
increased. It was found that at heavy loads the contact resistance between 
lubricated metals fell to a value comparable with that of clean surfaces although 
measurements of the coefficient of friction suggested that the area of actual 
metallic contact had not increased correspondingly. 

These experiments have shown that the behaviour of oxide, Beilby, and 
lubricant films on metal surfaces follow the same pattern, and that a single 
yeneral picture, based on the theory of the sliding between clean metals at heavy 
loads, can be given which will describe their influence on the contact and sliding 


between metals. 
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§ 1. INTRODUCTION 


tT is only under very specialized conditions (for example, in a high vacuum 

at high temperature) that a metal surface can exist free from any contaminating 

fiim. ‘The contaminating films encountered on a typical metal in air may 
be divided into three main groups: oxide films, worked (or ‘ Beilby ’) films, 
and adsorbed films. All these influence the contact resistance and frictional 
characteristics of metal surfaces (Holm 1946, Bowden and Tabor 1950, Hirst 
and Lancaster 1954). In general the effect of these films is most marked when 
the load between the surfaces is small. Whitehead (1950) has extended the work 
of Bowden and Tabor (1945) to the study of metallic friction at very light loads. 
He found that in general Amontons’ law, which states that the frictional force 
is independent of the area of the surfaces and directly proportional to the normal 
load, was obeyed over a very wide range of loads, but that significant variations 
in the coefficient of friction, which he attributed to the influence of the natural 
oxide layer, did occur. He suggested that this oxide layer might remain intact 
at light loads, and that the sliding under such conditions would be that of surfaces 
covered by oxide layers. ‘The mechanism of sliding friction between two such 
oxide layers is similar to that betwgen metal surfaces; oxide junctions can be 
formed and sheared, thus giving @ge to the frictional force, but no metallic 
junctions occur until the applied load is sufficient to cause rupture of the natural 
oxide layers. ‘These conclusions were based on measurements of the coefficient 
of friction and observations of the appearance of the track on a limited number 
of metals. 

This paper describes experiments, carried out from 1950 to 1952, in which 
the measurement of contact resistance was introduced as a method of obtaining 
further information about the breakdown of the natural oxide. In addition, 
Whitehead’s work was extended to cover most common metals. <A brief note 
on the effect of oxide films at low loads has been published (Wilson 1952). The 
presence of an unbroken oxide layer greatly reduces surface damage, although 
it does not necessarily reduce the friction. 

A comprehensive theory ot the contact resistance between stationary surfaces 
was developed by Holm (1929) and his conclusions have been applied to sliding 
surfaces by Bowden and Tabor (1939). When an electric current passes between 
two clean metal surfaces the flow of charge is restricted to the areas of real contact, 
and this constriction appears as an extra resistance to the current. In the case 
of two flat surfaces there will be several areas of contact but if one of the surfaces 
is flat and the other spherical the contact is restricted to a single area. For a 
single clean contact area of radius a, Holm showed that R=(p,+5)/4a where 
p, and p, are the specific resistances of the metals. In practice most metal surfaces 
are covered by oxide layers and other contaminant films, which have a very high 
resistance. "This high resistance part is proportional to 1/a?. 

The surfaces near the metallic contact area may be partly conducting due 
to the tunnel effect. Calculations made by Holm show that even in the most 
favourable circumstances this cannot increase the current by more than about 
2%. ‘The contact resistance can thus be used to determine the area of metallic 
contact, and the value so calculated may be compared with the total area of 
contact, metallic and non-metallic, measured by direct microscopic examination. 
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This work has shown that measurement of the contact resistance provides a 
very sensitive method of detecting the breakdown of an oxide layer and of studying 
this effect quantitatively. 


§ 2. EXPERIMENTAL 
All the experiments were carried out on the light load friction apparatus 
designed by Whitehead which was modified in order to increase its scope and 
simplify the interpretation of results. The most important of these was an 
electrical device which enabled the contact resistance between the sliding surfaces 
to be measured and recorded simultaneously with the frictional force. 


2.1. The Friction Apparatus 

Figure 1 shows the essential parts of the apparatus. The block which rotates 
at a speed of about 0-01 cm sec! was clamped to a turntable driven by a 
synchronous motor. ‘The slider which wes screwed on to a spring steel suspension 
wire was a 45° cone with a rounded tip of radius 0-05 mm. The suspension wire 
was attached to a beam which was pivotcd on a torsion bar and had its remote 
end supported on a micrometer. ‘The lever arm ratio was unity and a pre- 
determined normal load was applied to t lider by raising the remote end 
of the beam. The vertical restoring forcc\fn the suspension wire loaded the 
slider against the block. Seven interchangeable suspension wires enabled the 
load on the slider to be varied between 3 mg and 200g. When the turntable 
carrying the block was set in motion, the slider moved with it in a horizontal 
plane until the restoring force was sufficient to shear the junction between the 
slider and the block. ‘he laterai deflection of the wire, representing the 
frictional force, was measured by means of an electromagnetic pick-up. 
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Figure 1. Sketch of essential parts of friction apparatus. 


2.2. The Resistance Apparatus 


The electrical resistance between the sliding surfaces was calculated from 
he measured value of the potential drop across the interface when an alternating 
L0 c/s current, drawn from a high impedance source, was passed between the block 
ind slider. In order to make heating effects at the intcrface negligibly 
mall, the current was adjusted so that the contact voltage did not exceed about 
50 Vv, a value very much lower than the lowest value (70 mv for tin) recorded 
»y Holm (1946) in his results of the measurements of the contact voltage required 
o produce thermal softening of the junctions which form the actual contact. 

2 U-2 
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The contact voltage was amplified and measured with accuracy to +3%; the 
apparatus was calibrated by inserting resistances of known value in place of the 
metal junction. 

2.3. Preparation of Surfaces 

It is almost impossible to prepare a series of standard surfaces which have 
identical characteristics. Recent developments in electropolishing techniques 
have made possible for the first time the preparation of relatively smooth stress- 
free surfaces on metals; however, even electropolished surfaces vary slightly 
from one to another. Electron micrographs indicate that electropolished surfaces, 
although much smoother than hand-polished ones, are still rough on an atomic 
scale. Fortunately surface roughness does not greatly influence the frictional 
characteristics of metals. Electropolishing techniques were used whenever 
possible to prepare both contacting surfaces. Except where otherwise stated 
the blocks were given a prolonged electropolish in order to remove all local 
surface stresses. ‘The sliders, however, could be given only a light electropolish 
as the contour of the tip had to be preserved. 

Since, as is shown in § 4.2, a worked surface is harder than a stress-free 
surface, the sliders were harder than the blocks, and scored clearly defined 
tracks. 

When the surfaces had been suitably prepared they were subjected to a 
standard degreasing procedure consisting of vapour degreasing followed by 
electrolytic degreasing in 5°%, potassium hydroxide in methyl alcohol. ‘The 
sliders, blocks, and their holders were considered grease free if they were 
completely wetted by water. ‘They were tested before and after use. 


2.4. Examination of Surfaces 

The tracks produced by the sliders were examined using a metallurgical 
microscopc; phase contrast technique is particularly suitable for this examination. 
The electron microscope was used when the resolving power of the light micro- 
scope proved inadequate: the methyl methacrylate replica technique developed by 
Brown (1950) was adopted. ‘The widths of the tracks were measured and compared 
with those calculated from the value of the contact resistance and also with those 
deduced by theoretical calculations of the deformation of the contacts (Hertz 
1881, elastic deformation; Meyer 1898, plastic deformation). 


§ 3. THE OxIDE LAYER 


Except when otherwise stated, the experiments described in this section 
were carried out on annealed specimens. Simultaneous records of the contact 
resistance and the frictional force were obtained for a large number of metals 
using loads varying from 3 mg to 200g. The metals examined ranged from 
gold, which does not form an oxide in air, to magnesium and iron which form 
quite thick oxides under normel atmospheric conditions. The breakdown of 
the oxide was investigated by comparing the track width calculated from the 
contact resistance with that measured microscopically. 


3.1. Measurements of the Contact Resistance 
(a) The Noble Metals. 


Gold does not form an oxide layer under normal conditions and thus 
measurements of its contact resistance provide an indication of the effect of 


Contact Resistance of Surface Films on Metals 629 


adsorbed layers. It was found that the agreement between the track width 
calculated from the averaged contact resistence measurements and the optically 
measuerd values was quite good over the load range 0-2 g to 200 g (see figure 2). 
At very light loads the tracks could not be located, but the values calculated 
from contact resistance measurements did not fall on the theoretical curve. 
This trend was unchanged when the specimen was heated to 120°c and thus 
it is unlikely that adsorbed water molecules have any influence on the values 
obtained. Holm (1946) found that adsorbed water had a negligible influence 
on contact resistance. Went (1941) measured the resistance of static gold 
contacts and observed a similar increase in contact resistance. He calculated 
that a layer of adsorbed oxygen two molecules deep would be sufficient to account 
for this behaviour. 


Track Width (cm) 


o Calculated from contact 
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Figure 2. Track width measurements on gold surfaces. 


Experiments with platinum showed that the method of preparation of its 
surface had a marked influence on the nature of the contact. This is in general 
agreement with the findings of other workers, see, for example, Holm (1946) 
and Giintherschulze and Betz (1938). ‘Three types of surface were investigated. 
Annealed outgassed platinum gave contact resistances which except at the 
lightest loads agreed with theoretical values for completely metallic junctions 
(compare gold). Platinum which had been polished and then annealed in air 
gave the values shown in figure 3. The contact at loads above 1 g 1s essentially 
metallic since for annealed metals Meyer showed that Roc W~'?° where W is 
the load. With platinum at loads below 1g R<1/W; since Wx a this suggests 
that there is a comparatively thick layer of semiconducting material between the 
two surfaces. Finally, a specimen was outgassed in vacuo and then made an 
anode in sulphuric acid solution. The slope of the relation between contact 
resistance and load indicated that a semiconducting layer had again been 
produced. The contact resistance of all three surfaces remained finite at all 
loads used. or 

Silver surfaces were prepared in two ways :' by electropolishing, which gave 
a very smooth finish, and by abrading on 600 grade carborundum paper under 
water, which gave a clean but rough surface. ‘The contact resistances of these 
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surfaces are given in table 1. It is apparent that the method of preparation of 
the surfaces can have a profound effect on the load at which breakdown of the 
oxide occurs. 
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Figure 3. Contact resistance measurement, during sliding, 
for a platinum surface annealed in air. 


Table 1. Contact Resistance, in ohms, between Silver Sliders and Blocks 


Load (g) Method of surface preparation 
Electropolished Abraded 
0-0034 no contacts O-1 
0-01 occasional contacts 0-075 
0-02 occasional contacts 0-04 
0-05 5 0-03 
O-1 5 0-01 
0-2 0:5 0-015 
0:5 0-3 0-005 
1 0-1 0-0035 
2 0-01 0:0025 
5 0-0015 0-0015 
10 0-001 0-001 
20 0-0005 0-0005 
50 0-0003 0-0003 


Palladium behaves similarly to silver. The contact resistance measurements 
showed that it forms a definite oxide in air, and that the load at which this oxide 
breaks down depends on the surface finish. The presence of this oxide makes 
it dificult to decide whether an oxygen-containing layer, such as that detected 
on platinum, is also present in the surface layers of palladium. 


(b) The Base Metals. 


Contact resistance measurements were made during sliding between most 
common base metals. All these metals are known to form an oxide layer in air. 
It was demonstrated that, with the exception of indium, sliding can occur at 
light loads on all these metals without this oxide layer being ruptured. As the 
load is increased breakdown of the oxide begins, and the contact resistance 
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begins to fluctuate violently. With many meials, such as iron and magnesium, 
this behaviour continued up to the heaviest loads used. With others, such as 
nickel, lead, and cadmium complete breakdown of the oxide occurs and the 
contact resistance trace becomes smooth; the resistance values then correspond 
to complete metallic contact. The actual load range over which breakdown 
occurs depends very markedly on the surface finish. Measurements on zinc, 
given in table 2, emphasize this point. On an abraded surface some breakdown 
of the oxide layer occurred at loads as low as 0-01 g and breakdown was practically 
complete at loads of 1 g, whereas, on an electropolished surface, breakdown 
began at 0-2 g and was not complete at 200 g. Consequently it is only possible 


Table 2. Influence of Surface Roughness on the Contact Resistance of Zinc 


Load (g) Contact Resistance. Oh9) —_—_———— 
Theoretical Rough surface Smooth surface 
0-0034 0-087 occasional contacts no contacts 
0-01 0-061 100 no contacts 
0-02 0-048 20 no contacts 
0-05 0-035 10 no contacts 
0-1 0-028 ! occasional contacts 
0:2 0-022 0:5 100 
0°5 0-014 0-14 30 
1 0-01 0-05 2 
2 0-0071 0-02 1 
5 0-0044 0-007 0-07 
10 0-0032 0-0035 0-10 
20 0-0022 0-003 0-02 
50 0-0014 0-0013 0-008 
100 0-001 0-0009 0-007 
200 0:00071 ()-0006 0-0025 


to compare the loads at which oxide breakdown begins and is substantially 
complete for various metals if all the surfaces have been prepared by the same 
technique. Table 3 gives the results obtained for metals which had been prepared 
by electropolishing. The hardness of various metals and their oxides is also 
given. ‘These values were obtained by micro-hardness measurements on natural 
or synthetic crystals of the oxides concerned, and showed a considerable scatter ; 
they should be regarded as approximate only. ‘The effect of the thickness of 
the oxide layer was also investigated. 

It was observed that if the motion of the slider was arrested during sliding 
on smooth electropolished surfaces in the load range where some oxide breakdown 
was occurring, the contact resistance fell to a very low value compared with that 
recorded during sliding. This behaviour suggests that as long as the slider keeps 
moving some cracking may occur although the oxide does not disintegrate 
completely, but that if the movement ceases the slider may penetrate the oxide 
due to creep deformation of the underlying metal. 


(c) Dissimilar Metals. 

All the results described so far refer to contact between two pieces of the 
same metal. A few representative combinations of dissimilar metals have also 
been studied. Whenever possible, combinations of metals having similar specific 
conductivities have been chosen, since this permits the direct comparison of 
contact resistance values. 
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Table 3. Measured Hardnesses of Various Metals and Oxides 
and the Load at which Oxide Breakdown begins on Electropolished Surfaces 


Metal Hardness Hardness of Load at which 
(kg mm~?) oxide (kg mm~?) breakdown begins (g) 
gold 20 — = 
platinum 40 = == 
silver 26 — 0-003 
palladium 100 _ 0-02 
indium 1 oo 1 —— 
a SnO, 1650 ; 
tin 5 SnO 350, 0-02 
lead 5 250 0-1 
cadmium 20 a 0-1 
aluminium 15 1800 0:2 
molybdenum 220 50 0-2 
cobalt 240 — 0-2 
Zinc 35 200 0:5 
copper 40 130 1-0 
nickel 86 430 1-6 
MgO 400 
magnesium Zi Me(OH), et 10-0 
MegCO, 50 J 
iron 105 all about 400 10-0 
chromium (plated) 850 1600 above 500 


Copper and gold. ‘This demonstrates the nature of the contact between two 
metals with similar physical properties, one of which does not form an oxide in 
air. ‘lhe hardness of the annealed gold specimen was 24 kg mm~? and that of 
the annealed copper 38 kg mm~?. The contact resistance values are given in 
table 4. ‘The values for gold on gold can be regarded as representative of those 
obtained between oxide free surfaces, but in comparing these results it must be 
remembered that since the specific resistance of gold is 50°% higher than that 
of copper a clean contact on gold has a higher ohmic resistance than one of the 
same area on copper. When copper slides on gold the oxide on the copper 


Table 4. Contact Resistance between Gold and Copper Sliders and Blocks 


Load (g) ———____—_—_—_—- Contact Resistance (ohms) 
Gold on gold Copper on gold Copperoncopper Gold on copper 
0:0034 1-0 no contact no contact no contact 
0-01 0-05 no contact no contact no contact 
0-02 0-035 no contact contact at start no contact 
0-05 0-03 occasional contact 10 occasional contact 
0-1 0:0175 1-0 1 20 
0:2 0-015 0-75 2 4 
(G85 0-01 0-005 0:5 1 
1 0-005 0-002 0-1 0-1 
2) 0-0035 0-0015 0:02 0-01 
5 0-0015 0-001 0-005 0-007 
10 0-0013 0:00085 0-001 0-0035 
20 0-0008 — 0:00075 0-0015 
50 0-0004 — 0-0005 0-0013 
100 0-0003 0-00035 0-0004 0-00125 


200 0-0002 0-0003 0-0003 0-0014 
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slider prevents metallic contact at light loads. As the load increases the oxide 
breaks down, and finally the resistance values become very close to those 
corresponding to contact between clean surfaces. When gold slides on copper 
the gold slider, although oxide-free itself, always encounters unbroken copper 
oxide, and, as it is softer than the copper, it does not disrupt the oxide layer as 
much as a copper slider on copper. 

Platinum and tin. ‘Vhis illustrates the contact between two metals of different 
hardness one of which does not form an oxide in air. The platinum used in 
these experiments was about ten times harder than the tin. Tin forms a hard 
oxide which ts readily disrupted. Contact resistance measurements showed that 
there was considerable contact when platinum slid on tin. The hard platinum 
slider penetrates the thin brittle oxide layer on the soft tin very readily. The 
contact resistance values were of the satme order as those for tin on tin. The 
contact resistance values for tin sliding across a platinum surface were much 
higher than those recorded for tin or for platinum on tin. 

Lead and steel. ‘This pair is a typical example of two metals one of which 1s 
much softer than the other and both of which form an oxide layer. 

The steel hada hardness of 140 kg mm ?, and the lead a hardness of 5 kg mm ?. 
The contact resistance values for the various combinations are given in table 5: 


Table 5. Contact Resistance between Lead and Steel Slides and Blocks 


Load (g) Resistance (ohms) 
iead on lead Lead on steel Steel on steel Steel on lead 
0-0034 10 no contact no contact no contact 
0-01 Z no contact no contact no contact 
0-02 0-5 no contact no contact no contact 
0-05 0-2 no contact 1000 50 
0-1 0-1 no contact 70 8 
0-2 0-2 no contact 8 1 
0-5 0-05 100 7 0-7 
1 0-025 50 8 0-5 
2 0-023 40) 8 0-3 
5 0-022 8 8 0-1 
10 0-018 8 7} 0-05 
20 0-016 3 2 0-04 
50 0-015 0:5 0-1 0-03 
100 0-015 0-03 0-075 0-025 
200 0-012 0-01 0-05 0-02 


the contact resistance values for steel sliding on lead are lower than for steel 
on steel; on the other hand the values for lead on steel are, in general, higher 
than those for lead on lead. In no case was the contact completely metallic. 


3.2. Measurements of the Coefficient of Friction 

The value of the coefficient of friction and the nature of the sliding between 
oxide layers would be expected to differ from that observed for metallic surfaces. 
However, it was found that the appearance of the track does not necessarily 
change when the oxide breaks down, although it may show marked changes in 
appearance at loads not related to those required to disrupt the oxide. Such 
a change in the nature of the sliding, which was also associated with a marked 
change in the coefficient of friction, was observed on annealed gold, which has 


no oxide layer. 


634 R. W. Wilson 


Experiments showed that only fully work-hardened metals obey Amontons’ 
law. Comparisons of the values for the coefficient of friction of metal and oxide 
have been made on such surfaces. Figure 4 shows that the coefficient of friction 
for oxide sliding on oxide can exceed, equal or be less than that between the 
corresponding metal surfaces. Sliding between oxide layers is always relatively 
smooth, but when breakdown of the oxide occurs the motion may become 
irregular. 
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Figure 4. Coefficient of friction measured on fully work-hardened surfaces. Oxide 
breakdown begins at c. 1 g load in copper, c. 0:5 g in zine and c. 0:2 g in cobalt. 


In no case was the air-formed oxide layer thick enough to see, even when the 
electron microscope was used, but an idea of the physical mechanism of the 
penetration of an oxide iayer was obtained by observing the disruption of an 
anodized layer of aluminium. This was produced by a sulphuric acid anodizing 
process, and had an amorphous structure resembling that of the natural air-formed 
layer. It was, however, at least one thousand times thicker than the natural layer. 
Figure 5 (Plate I) shows the stages in the breakdown of this anodized layer. At 
light loads the oxide remains intact; as the load increases a regular crack pattern 
is produced, with the cracks at an angle of about 45° to the direction of sliding. 
As the load increases further cracks develop across the base of the tracks and, 
finally, the oxide layer is penetrated. 


3.3. The Effect of the Oxide Layer 


‘he oxide layer which is present on most metals under normal conditions 
was found to have a profound effect on the nature of the contact between their 
surfaces. At light loads the oxides slide over each other without being disrupted; 
the properties of the junction are then controlled by the oxides and the electrical 
resistance of the contact is very high. As the load is increased the deformation 
of the contacting surfaces ruptures the oxides and metal-to-metal contact occurs; 
the properties of the junction become determined by those of the metal and the 
contact resistance falls to a very low value. 

‘The appearance of the track is not a reliable guide as to whether the sliding 
occurred between oxide and oxide or metal and metal. Sliding between oxides 
usually produces a smoother track than that between metals, but this is not always 
so; with lead and nickel, for example, there is no visible change in the track when 
the oxide is penetrated (see figure 6 (Plate I1)). 

Contact resistance measurements on gold showed that, in air, a very thin 
layer of impurity, probably oxygen, is adsorbed. This adsorbed layer affects 


Contact Resistance of Surface Films on Metals 635 


the contact resistance only at the very lightest loads and there is no evidence 
that gold forms an oxide in the normal sense. 

Platinum which had been outgassed in vacuo at a high temperature behaved 
similarly to gold; but when more usual methods were used to prepare the surfaces 
the contact resistance was found to be greater than that calculated for completely 
metallic contact, and to depend on the load in a manner indicating the presence 
of a semiconducting surface layer. There are two ways in which such a layer 
might be produced. It could be a residual Beilby layer; when a polished surface, 
on which there is an amorphous layer, is annealed all traces of the layer do not 
disappear. Moore and Tegart (1952) suggested that the residual effect is due 
to the presence of extraneous particles which have been embedded in the surface 
during the polishing operations. These particles may interfere with the passage 
of electrons and so increase the specific resistance of the surface layers. The 
main source of these extraneous particles is thought to be oxide which is included 
into the surface as a result of the deformation; with platinum, however, there 
may be no oxide available. 

An alternative explanation is that the surface layers contain an appreciable 
amount of adsorbed oxygen (Sidgwick 1950). The oxygen atom is large and 
might be expected to interfere with the electrical conductivity. 

Measurements on platinum after it had been made the anode of an electrolytic 
cell give strong support to the view that oxygen can be absorbed into the surface 
layers of platinum and produce a semiconducting layer. The contact resistance 
values recorded when this layer is present, although higher than those obtained 
on a clean metal surface, are nevertheless much lower than would be expected 
if a distinct oxide layer was formed. 

All other metals examined formed a distinct oxide layer in air which had a 
very much higher conductivity than the parent metal. 

In contact between similar metals the load at which breakdown of the oxide 
begins depends largely on the relative mechanical properties of the oxide and the 
underlying metal. Thus, if a thin hard brittle oxide covers a soft metal it will 
be almost completely disrupted by very light loads: on the other hand, if the 
metal and its oxide have similar mechanical properties the oxide will deform 
in a similar manner to the metal and will impede metallic contact even at great 
loads. The behaviour of tin is typical of the first case, and that of iron and, to 
a less extent, copper of the second. 

The load at which breakdown occurs is influenced also by the surface roughness 
and the thickness of the oxide. With rough surfaces breakdown occurs more 
readily than with smooth ones; on the other hand, metallic contact can be reduced 
to some extent by deliberately thickening the oxide. The results do not indicate 
any dependence of the breakdown on the crystallographic orientation of the 
underlying metal. 

When the difference in hardness of the contacting metals is great another 
effect becomes important. A hard slider moving over a soft block may rapidly 
become coated with the soft metal and sliding will then be between two surfaces 
of the soft metal. A substantial proportion of the oxide at the original interface 
may remain intact and make a permanent contribution to the contact resistance. 
The experiments with a steel slider moving over a lead block illustrate this effect. 

These results support the picture of the formation and growth of junctions 
put forward by MacFarlane and ‘Tabor (1950). 
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§ 4. THE BEILBy LAYER 
4.1. Measurement of the Contact Resistance 


It is now generally accepted that there is a layer on a mechanically polished 
metal surface very similar to that originally envisaged by Beilby (1921). ‘There 
is very little information concerning the effect of this layer on contact resistance. 
Chambers and Pippard (1953) measured the resistance of metal surfaces using 
high frequencies and concluded that the Beilby layer has only a slight influence 
on the electrical conductivity. 

No effects which could definitely be attributed to the presence of the Beilby 
layer were recorded. 


4.2, Measurement of the Coefficient of Friction 


The Beilby layer and the worked metal associated with it can have a very 
marked effect on friction in the range of loads under consideration. Finch, 
Quarrell and Roebuck (1934) showed that the surface layers of a mechanically 
polished surface are amorphous, and Burwell and Wulff (1939) showed that, 
although this amorphous layer is only a few hundred angstroms thick, the 
deformed layer beneath can extend for many thousands of angstroms. ‘There 
is, of course, no clear demarcation between these two layers. 

On some metals changes in the coefficient of friction and in the appearance 
of the track were detected which were not associated with breakdown of the 
oxide layer. ‘These changes were confirmed by experiments on gold and outgassed 
platinum surfaces which have no oxide. The results of frictional measurements 
on the annealed gold and platinum are given in figure 7. There is a change in 
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Figure 7. The friction of annealed outgassed platinum and gold surfaces. 


the appearance of the track in the load range where the coefficient of friction 
changes. At light loads the sliding is regular and, although the coefficient of 
friction is fairly high, the track is smooth. The coefficient of friction rises at 
greater loads, and the motion becomes erratic and heavy scoring occurs. 

Experiments were also carried out on gold and platinum surfaces which had 
been prepared by other methods. In one experiment, an annealed gold surface 
was abraded on 600 carborundum and then polished by hand so that it acquired 
a Beilby layer. ‘This treatment reduced the coefficient of friction below that of 
a fully annealed surface. Platinum behaved similarly. Finally a fully work- 
hardened platinum specimen was examined. It was found that in this case 
Amontons’ law was obeyed and that the coefficient of friction was lower than 
that recorded with platinum specimens prepared by other methods. 
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Micro-hardness tests provide a simple non-destructive means of measuring 
the extent of the work-hardened layers. Instruments are now available which, 
when used with great care, will make measurements at loads down to 1 ge It 
is possible to make impressions less than one micron deep and, by regularly 
increasing the load, the degree and extent of the surface hardening may be 
determined. Results obtained in this way on the platinum surfaces used in the 
friction experiments are plotted in figure 8. The increase in surface hardness 


when an annealed specimen is hand-polished is quite pronounced. The results 
on gold were similar. 
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Figure 8. Micro-hardness measurements on platinum surfaces. 


With the base metals the exact behaviour is obscured by the presence of 
an oxide layer, although some changes in the coefficient of friction not directly 
connected with oxide breakdown are observed with, for example, lead and nickel 
(figure 6). 

4.3. The Effect of the Beilby Layer 


It has been demonstrated that for many metals Amontons’ law is not obeyed. 
Contact resistance records show that this is not entirely due to the breakdown 
of their oxides as suggested by Whitehead. In fact the nature of contact is 
markedly dependent on the load even with surfaces on which no oxide can be 
detected. The effect of the Beilby layer, although usually masked by that of 
the oxide layer, may be imporxtant on surfaces which have no oxide. 

If an annealed mechanically polished metal touches another metal lightly, 
the nature of the contact will be determined by the properties of the surface 
layer and will be characteristic of contacts betwcen work-hardened metals. 
At heavier loads however the properties of the bulk mctal become more important 
and the contact becomes typical of those between annealed metals. Measurements 
on hand-polished annealed gold and on outgassed platinum illustrate this. 


§ 5. ADSORBED LAYERS 


Boundary lubricants are probably the most important class of adsorbed 
layers. It is known that to perform effectively boundary lubricants must form 
solid layers on a metal surface. Nevertheless it has been shown by electrographic 
methods (Moore 1948) and by radioactive transfer techniques (Rabinowicz and 
Tabor 1951) that some metallic contacts are always formed even through the 
best boundary lubricants, and consequently an attempt was made to make 
quantitative measurements using the contact resistance method. 
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5.1. Measurements of the Contact Resistance 


The contact occurring during sliding of two platinum surfaces lubricated by 
a stearic acid monolayer applied by retraction from solution was studied by 
means of the contact resistance method. The platinum behaved very much as 
though it was covered by an oxide layer; at light loads (below 100 mg) there 
was no contact during sliding, but as the load increased there was some intermittent 
metallic contact and, finally, at loads above 50 g the contact resistance became 
comparable with that recorded between clean surfaces. 

A similar experiment was conducted on steel. In this case the stearic acid 
was applied from the melt and it probably reacted to form a stearic soap before 
retracting to leave a monolayer. A comparison of the results with those obtained 
on an unlubricated steel surface showed that at loads of about 20 g the contact 
resistance was actually lower on the lubricated surface. In spite of this the 
sliding was smooth and the coefficient of friction low. ‘These experiments were 
repeated using multilayers of stearic acid; the contact resistance values were 
only slightly higher than those obtained when monolayers were employed. 
Experiments using other metals and boundary lubricants gave similar results. 

In general, at loads in excess of 1 g the contact resistance was much lower 
than the radioactive transfer measurements would indicate. ‘This shows that the 
area of contact as defined by the area through which an electrical charge may flow 
and calculated from measurements of the constriction resistance 1s greater than 
the area of actual metal-to-metal contact as calculated from the observed frictional 
force or indicated by radioactive transfer techniques. 


5.2. Measurements of the Coefficient of Friction 


The frictional records showed that, regardless of nature of the underlying 
metal, the coefficient of friction was high when there was no electrical contact, 
and low when the contact resistance was very low, suggesting that this behaviour 
was characteristic of the lubricant used. In order to check this several 
experiments were carried out using sliders and blocks cut from solid lubricants. 

Observations of the sliding between two stearic acid surfaces confirmed that 
the coefficient of friction was dependent on load. Some typical results are shown 
in figure 9. It will be seen that there is no tendency for the coefficient of friction 
to rise continually as the load is reduced as Whitehead suggested. Figure 9 
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Figure 9. Friction measurements on stearic acid. 


also shows the values obtained when stearic acid slid over clean platinum, and 
over platinum covered by a retracted monolayer of stearic acid. It is apparent 
that the results shown follow the same general pattern. The shear strength of 
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stearic acid was calculated by measuring the tracks left on the platinum surface 


by the stearic acid slider and assuming circular contact. 


are given in table 6. 


Some typical values 


Table 6. Shear Strength of Stearic Acid 


Load Track width Friction force Shear strength 
(g) (mm) (g) (g mm) 

5 0-1 1-6 204. 
10 0-12 soul 274 
20 0-15 6:2 Sil 
50 0-2 10-5 334 
100 0-27 17-0 297 
200 0-4 42-0 335) 


Experiments with sliders and blocks made from lauric acid and octacosanoic 


acid illustrate the effect of chain length on the coefficient of friction. 


‘These 


results are plotted in figure 10, and show that, in general, the longer the chain 


length the lower the coefficient of friction. 


This relationship was originally 


observed by Hardy (1936). It is also evident that the change from a higher value 
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Figure 10. Effect of chain length on the friction of fatty acids. 


to a lower value of the coefficient of friction begins at lighter loads with the longer 
chain acids. As with stearic acid, the track widths were measured and used to 
calculate the shear strengths of the acids. ‘The values were all between 200 and 
300 g mm, which is in good agreement with those obtained by Bailey and 
Courtney-Pratt (1955). 

Sebacic acid is a dibasic acid containing the same number of carbon atoms as 
stearic acid. As it has an active group at each end of the molecule it takes up 
an orientation parallel to a metal surface. In this respect it differs from stearic 
acid which orients itself almost perpendicular to a metal surface. Measurements 
of the frictional force were made for sebacic acid sliding on itself and also on a 
platinum surface. In both cases the coefficient of friction remained low and 
constant at all loads. 

A number of experiments on various metal soaps suggested that they behave 
similarly to the fatty acids. A few straight chain hydrocarbons were also examined. 
Unfortunately these had a tendency to crumble in the heavier load ranges, but 
the results followed the same general pattern as with fatty acids. 


5.3. The Effect of Lubricant Films 
The contact resistance measurements have shown that even the most effective 
boundary lubricants are able to resist the close approach of metal surfaces only 
at loads below one gramme; at greater loads very low contact resistance values, 
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often of the same order as those obtained on unlubricated surfaces. were recorded. 
On the other hand the measurements of the frictional force, and also the radioactive 
transfer investigations referred to earlier, indicate that with an effective boundary 
lubricant there is very little true metallic contact. Consequently the area 
conducting electricity must be greater than the area over which the metals 
actually touch. It is suggested that at loads above one gramme the metal surfaces 
must be very close together; so close in fact that most of the conduction may 
be explained by the tunnel effect. Calculations show that under the experimental 
conditions employed the conduction would be significant only if the surfaces 
approached to about 5 A over all the area which undergoes plastic deformation, 
that is over all the region which would, but for the presence of the lubricant, 
be in true contact. At the same time of course, the surfaces would have to be 
free from any insulating oxide layer. ‘Two possible mechanisms by which the 
oxide layer could be removed are mechanical abrasion during sliding, and chemical 
attack by the more active boundary lubricants. In either case the metal would 
remain clean only because it would be protected from renewed oxidation by the 
presence of the boundary lubricant itself. 

If, as the contact resistance measurements indicate, the metal surfaces do 
approach to about 5 A of each other, the molecules of boundary lubricant must 
be almost parallel to the surfaces. ‘This suggestion offers an explanation for many 
of the experimental facts observed at light loads. In particular it can account 
for the observed dependence of the coefficient of friction on load. At light loads 
the boundary layer is oriented perpendicularly to the metal surface; the sliding 
is across the ends of the molecules, and the contact resistance is very high. As 
the load is increased the molecules are bent over and the surplus lubricant is 
squeezed out so that the surfaces approach very closely; the sliding is now along 
the length of the molecules, conduction by the tunnel effect is possible. The 
transition from one type of sliding to the other occurs at a lower load when a 
long chain fatty acid is used than with a short chain length acid. With a dibasic 
acid the friction is low and constant at all loads since the acid is always oriented 
parallel to the surface. 


Table 7. Change in Mean Pressure on Stearic Acid Tracks with Increase in Load 


Load Track width Pressure Coefficient 
(g) (mm) (g mm?) of friction 
5 O-1 640 0:32 
10 0:12 880 0:31 
20 0-15 1130 0:31 
50 0:2 1600 0-21 
100 0:27 1720 0:17 
200 0-4 1600 Ot 


It is not at first evident why increasing the load should in itself cause a bending 
over of the molecules; if the mean pressure were constant this would not be 
expected. However, calculations made from measurements of the tracks left 
by fatty acid sliding on platinum show that the mean pressure on the acid increases 
as the load increases, see table 7. Thus experiments indicate that the pressure 
increases with load and that when it exceeds about 1000 g mm~ there is a fall 
in friction. It is suggested that this corresponds to the bending of the molecules. 
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§$ 6. CONCLUSIONS 


The behaviour of metals when in sliding contact has been studied by making 
simultaneous measurements of contact resistance and friction under a wide range 
of conditions and the effect of various surface films has been investigated. When 
one metal slides over another the frictional force is the force necessary to shear 
the junctions formed between the two surfaces. In the simplest case, that of 
a clean, oxide-free, fully work-hardened metal, the junctions have similar 
mechanical properties to the bulk., If the mechanical properties of the surface 
layers of the metal differ from those of the bulk metal, or if the surface layers 
acquire different properties during the formation of the junctions, the size of 
the areas of contact depends on the properties of both the bulk metal and the 
surface layers. This dependence obeys certain specific laws and the behaviour 
can be explained by a simple extension to the adhesion theory of friction. If 
oxide or lubricant films are present the growth of metallic junctions is restricted, 
and at light loads may be completely prevented. In this latter case the frictional 
force is the force necessary to shear the junctions formed between the oxide or 
lubricant films. 

The results are in accord with the general theory of contact between surfaces 
developed by Bowden and Tabor and, in particular, confirm and amplify the 
picture of contact between metals at light loads originally proposed by Whitehead. 
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Abstract. A new method is described for separating reversible and irreversible 
components of the magnetothermal effect by carrying out small, ‘backward’ 
increments in magnetization at given points on the hysteresis cycle. With the 
sensitivity of the existing apparatus this method is of limited application, but 
with increased sensitivity it could be applied generally. Results for the reversible 
and irreversible heat changes measured with a cobalt specimen, confirm that if 
reversible thermal effects alone are measured, the 5” coefficient, as defined in the 
Stoner and Rhodes theory, remains constant over the hysteresis cycle. 


§ 1. INTRODUCTION 


HEN a ferromagnetic material is taken around a hysteresis cycle there 

is always an energy dissipation, and in recent years measurements have 

been made of the several heating and cooling effects which occur in 
different parts of the cycle (see Bates 1951), in the hope of obtaining information 
about the energies associated with the several magnetization processes. As with 
most technical magnetization phenomena, an initial classification of magnetothermal 
effects simply consists of dividing them into reversible and irreversible effects. 
It is clear that such a division is only a beginning since further subdivision may 
be made when the particular energy changes associated with any one mechanism 
are understood. However, practical magnetothermal measurements of the 
reversible and irreversible quantities must first be made, but, as many writers 
have emphasized, the separation is important if full use is to be made of the 
measurements in an analysis of the various magnetization processes. 

However, at present the state of the theory is such that irreversible effects 
can only be handled in a qualitative manner, and numerical predictions are there- 
fore referred to a highly idealized materia! and are not applicable to practical 
cases except in general terms. Fortunately, the same is not true of reversible 

nagnetothermal effects, and the Stoner and Rhodes (1949) theory is applicable 
to real materials. Results are presented below of what we believe are the first 
direct measurements of reversible heat changes, together with a discussion of 
how the measurements support the above theory. 


§ 2. REVERSIBLE AND IRREVERSIBLE Heat CHANGES 


2.1. Irreversible Changes 


An irreversible contribution usually occurs when the material ‘jumps’ 
from one metastable state to another. As the material is taken slowly around 
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a hysteresis cycle, such contributions occur mainly as a coercive point, where 
large irreversible magnetization changes take place, is being traversed. A 
theory of Rhodes (1948), for an idealized ferromagnetic material, predicts that 
little irreversible heating will take place outside the steep part of the hysteresis 
cycle and that at a coercive point the heating rises sharply to the value of the total 
overall heating per half-cycle. In practice the heating step will not be as abrupt 
as this simple theory would suggest and a rounding off of the corners of the curves 
of thermal changes occurs. It is. generally thought that irreversible thermal 
curves can manifest themselves as a heating of the specimen only, but it has been 
recently suggested by Tebble, Wood and Florentin (1952) that in certain cases an 
irreversible cooling may be possible. Perhaps one might here draw attention 


to the extraordinary magnetothermal behaviour of MnAug, described by Meyer 
and ‘Tagland (1954). 


2.2. Reversible Changes 


When reversible thermal effects are considered, the quantitative thermo- 
dynamical treatment of Stoner and Rhodes can be applied. Briefly, they divide 
a heat change AO’ into two parts, which may be written as follows: 


Ors al Sa) P| Hdlivek of. adam (1) 


The two coefficients g and 4 are dependent on the material under investigation 
and are given by 


where T is the temperature, /, the intrinsic magnetization and K the principal 
anisotropy coefficient. The symbols / and H refer respectively to the intensity 
of magnetization of the specimen and the effective field to which it is subjected. 
The first term on the right-hand side of equation (1) is due to changes in intrinsic 
magnetization and reduces at high fields to the familiar expression for the 
magnetocaloric effect. ‘The second term is the contribution to the energy effects 
of reversible rotational processes. Although other terms might occur in the 
expression, the above represent the chief energy processes, and other effects may 
be considered as second-order effects, e.g. the anomalous low-field effect (Bates 


and Sherry 1955). 


§ 3. PREvioUS SEPARATION OF REVERSIBLE AND IRREVERSIBLE HEAT CHANGES 


It is clear that reversible and irreversible heat changes must be measured 
separately if the results are to be considered in the light of the above theory. 
When earlier ‘total’ thermal curves are examined, the Stoner and Rhodes theory 
is satisfactory in the regions of moderate and high fields, but it breaks down at 
low fields, because the measurements in the latter region include irreversible 
effects which are not considered in the theory. 

There have been two attempts to measure reversible heat changes 
experimentally. The first was a direct method applied by Okamura (1936) 
to a large number of materials. But his method does not appear to be sound 
and one can only say that his results give an indication of the types of the two 


separate effects to be expected. 
2 X-2 


044 L. F. Bates and N. P. R. Sherry 


More recently an indirect measurement of heat changes has been developed 
at Leeds (Tebble, Wood and Florentin 1952). This is based on the simple 


thermodynamical relation 
AO. = (00 JOH). dH =— T(al/d!), ah” re (3) 


and involves the measurement of small changes of the intensity of magnetization 
with temperature. So far, these are the only truly accurate measurements of 
reversible thermal effects, since any direct method must be based on 
approximations. However, these indirect readings must be supplemented by 
a direct measurement of the total thermal changes which cannot be calculated 
from equation (3). Since the latter measurement involves disturbing the specimen 
between the two sets of measurements, it appeared that it would be worth while 
to investigate the possibility of making a valid direct measurement of heat changes 
in such a way that the total and reversible curves could be obtained at the same time 
on the same specimen. 


$4. PResENT METHOD OF SEPARATION 


The obvious way of measuring the reversible component of the thermal change 
is by a method which is analogous to that used in the measurement of reversible 
susceptibility, viz. by carrying out small backward and forward increments at 
given points on the hysteresis cycle. ‘There seems little doubt that at moderate 
and high fields this operation may be satisfactory, but it has been shown that to 
apply this method in the low field or coercive point regions, extremely small 
increments in field would be necessary. ‘The work leading to these conclusions 
was, however, carried out on materials of low coercivity with a hysteresis curve 
falling sharply in these regions. Thus, it is possible that in materials of high 
coercivity a satisfactory approximate separation might be effected by taking small 
backward increments on the cycle. 


Figure 1. Method of separating reversible and irreversible changes. 


‘The method employed may be followed by reference to figure 1 in which the 
unbroken curve depicts a portion of the magnetic hysteresis curve for a ferro- 
magnetic material that is in the cyclic state and has arrived at the conditions 
represented by point A. When the field increment H, to Hy, is made, the thermal 
effect accompanying the change is measured by the Bates method which is fully 
described elsewhere (Bates 1951). This, of course, is the normal method of 
measuring the total thermal change for this step. Now, instead of continuing 
around the cycle, the field is returned to H, and, unless the step AB is entirely 
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reversible, the material will now be at a condition A’ which is different from A. 
If this subsidiary step is reversible, when the field is again increased to //, a return 
should be made to B. Strictly, this is only true if the step AB is vanishingly 
small, but in practice finite changes of sufficient magnitude have to be taken to 
give a measurable thermal effect. The reversibility test to be applied here is 
that the heat change accompanying the step BA’ must be equal in magnitude but 
opposite in sign to that of A’B. A further check of reversibility consists in 
observing that the associated increments in magnetization are also equal and 
opposite. ‘The field increments are so chosen that the difference between the 
magnitude of the thermal changes BA’ and A’B is smaller than the experimental 
error and therefore to a first approximation the area of the closed subsidiary loop 
is so small that irreversible effects can be neglected. 

It is reasonable to assume that the step A’B represents the reversible part of 
the step AB since, as long as the subsidiary step is reversible, the measured 
AQ’ ey AH value cannot depart much from the true limiting value, and there are 
few irreversible jumps or the subsidiary loop would not be closed. Thus it 
appears that a satisfactory direct separation may be made when materials with 
a moderate coercive field are chosen. 


§ 5. RESULTS AND DISCUSSION 
The first measurements made on the above lines were made on a specimen of 
electrolytic cobalt. The sensitivity of the system was approximately the same 
as that of the Bates and Marshall system, viz. 500 erg cm-? mm? deflection. 
Reversible and total readings were made on specimens both in the heat-treated 
and untreated states, and the irreversible heat changes were deduced from the 
simple relation 


O" sot = Os a O scye PO QO (4) 


~ wy 


The results are shown graphically in figures 2 and 3 respectively. Considering 
first the heat-treated specimen, figure 2, it is seen that the total curve O’,, exhibits 
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Figure 2. Cobalt (heat-treated)—separation of reversible and irreversible changes. 
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the usual form for cobalt (Bates and Harrison 1948): it rises slowly to a maximum 
and then descends to the value of the energy loss per half-cycle. “The extreme 
portions of the graph are linear, because the function {Hd/ is linear over these 
regions. ‘The overall heating is in good agreement with the value predicted by 
Warburg’s law. The curve for irreversible changes O'j,,., also appears to be 
satisfactory: because little change takes place at the larger field values, the major 
part of the heating occurs on the steep part of the hysteresis cycle, and the middle 
of the rise is at the coercive point (34 oersteds). No irreversible cooling is observed. 
The curve for reversible changes is symmetrical about the zero field axis, and the 
net thermal effect is only — 1400 erg cm™*. ‘The latter may appear to cast doubt 
on the validity of the separation until it is remembered that this value is obtained 
from a summation of the AQ’,,., values, and such a discrepancy is within the limits 
of experimental error in view of the observed maximum reversible heating of 
42 800 erg cm-?. 
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Figure 3. Cobalt (untreated)—separation of reversible and irreversible changes. 


A quantitative test of these results can be obtained by the application of the 
Stoner and Rhodes theory, since we may now consider only the effect of the 
reversible rotations. If the energy changes due to rotations are denoted by 
QO" ev, they may be obtained, as is seen from equation (1), by subtracting from 
Q'vey the effect caused by the changes in intrinsic magnetization. Fortunately, 
the latter effect is small in cobalt, as d/,/dT is small. The results and the theory 
may then be tested by the consistency of the coefficient 5”, for b” = AO”, / Af Hd1,,.,. 

The results for the reversible increments in intensity of magnetization were 
obtained by similar ‘back* steps and the value of AfHdlI,,,, evaluated. Once 
again, it is observed that the method is a first approximation only, since the overall 
value for AJHdI,,, is not zero as would be expected, but is small and positive. 
In figure 4 a plot of Q”,.., against [Hd/,., is given. In this graph the open circles 
represent the results from —400 oersteds to zero field, while the black circles 
represent the second part of the hysteresis cycle from zero to +400 oersteds: 
the outermost end is at the value for zero field. It is important to note that 
within the limits of experimental error the ascending and descending points 
fall on the same straight line. This shows that the value of 5” is constant right 
down to the lowest fields. Previous results have indicated 6” to be constant at 
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the higher field values, but it is now shown for the first time that direct experimental 


support is obtained for the Stoner and Rhodes theory over the whole field range. 
The experimental results give 5” = — 1-1 which is in good agreement with the 


calculated value, particularly in view of the possible unreliability of the values of 
dK /dT. 
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Figure +. Cobalt (heat-treated)—test of Stoner and Rhodes’ theory. 


In the case of untreated cobalt, figure 3, the results again appear reasonable, 
and the 4” plot in figure 5 shows the coefficient 5” to be constant over a large part 
of the field range, but with a slight increase as zero field is approached. ‘The 


actual value of 5” is again most satisfactory, as both the linear portions have a 
slope of —1-3. 
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Figure 5. Cobalt (untreated)—test of Stoner and Rhodes’ theory. 


In cobalt, the 6” coefficient should not be dependent on the state of annealing. 
The results obtained here for b” are —1-:1 and —1-3 respectively for annealed 
and unannealed cobalt but, in view of the difficulties of measuring the reversible 
changes, the slight variation in the measured 6” values is not thought to be 
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significant. From the theory, equation (2), it is suggested that for rotational 
effects in cobalt b” is — 1:27, in very good agreement with the experimental values 


obtained above. 
§ 6. CONCLUSION 


From the results on cobalt it is clear that the new direct method provides a 
satisfactory initial separation of the reversible and irreversible thermal components. 
It is, however, limited to materials in which the incremental susceptibility is 
nowhere large; but even in less favourable cases it should be of use in giving 
a general indication of the components. 

The method appears to be sound and applicable to any material provided that 
the thermal sensitivity of the measuring apparatus can be sufficiently increased. 
Perhaps this could be achieved by using a split photocell amplifier, but such 
a system could be employed successfully only if there were a marked reduction 
in the random thermal drift associated with the apparatus. 
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Abstract. A theoretical and experimental examination of a virtual slit formed by 
reflection at a convex circular cylinder suggests that it is well suited for use as 
an entrance slit in spectroscopy. An expression for the aberration of the reflected 
wave front is found by making use of the properties of the virtual caustic. 
Measurements made on the wave front with a Lloyd mirror are in agreement with 
this expression. For a given tolerance on the aberration, the upper limit to the 
radius of the cylinder that can be used is inversely proportional to the cube of the 
angular aperture over which the reflected light is collected, and is from ten to 
twenty wavelengths for an aperture of 60°. The image is always rectangular ; 
it follows precisely the much greater movements of the source slit and can thus 
be opened symmetrically even at widths of the order of one wavelength. Its 
brightness is from 10° to 20° lower than that of the source. Attention is drawn 
to its use as a curved slit and to its advantages over conventional slits at widths 
approaching a wavelength. 


$1. INTRODUCTION 


HE investigations of Schuster (1905), van Cittert (1930) and Stockbarger 
and Burns (1933) have demonstrated the need in spectroscopy for fine 
entrance slits, ranging between one and twenty wavelengths in width 
if the highest resolution is to be achieved. It is well known that such narrow slits 
are very difficult to manufacture especially if they are required to open 
symmetrically. With this in mind the writer was prompted by an article on the 
production of fine slits by refraction (King 1946) to explore the properties of the 
virtual image of a slit formed by reflection at a convex cylindrical surface. 
This paper presents the theoretical and experimental results of these investi- 
gations with particular reference to the aberration of the reflected wave front, 
the slit width and the intensity of the final spectral image. 


THEORY 


§2, ABERRATION OF THE REFLECTED WAVE FRONT 


Consider first the reflection of a plane wave front by a cylinder of radius r 
whose axis is parallel to the wave front. The aberration of the wave front from 
the ideal wave front, a circular cylinder whose axis cuts the axis of the collimator 
and lies in its focal plane, can be found by-:the methods of geometrical optics, 
advantage being taken of the fact that the virtual caustic formed by reflection 
is the evolute of the reflected wave front. 
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We shall neglect the dependence of the phase and amplitude of the reflected 
wave on the angle of incidence ¢ (figure 1 (¢)). This approximation is sufficient 
for the present purpose since in practice 30°< 4< 60", so that the phase change on 
reflection does not vary by more than a few degrees from its mean value. Although 
the intensity may vary by as much as 30%, from its mean value, simple calculations 
show that this increases the width of the resultant image by less than 0-4%,. 


calimator \ Collimator Axis of Collimator 


Reference Wave Front 
(Radius Rk) 


A~ Reflected 
Wave Front 


Reflected 
Wave Front 


Plane 
Wave Front 


Virtual 
Caustic 


¥” Reflecting 
Cylinder ~ 


Figure 1 (a). Figure 1 (6). 


Let the focus of the collimator be at dy (figure 1 (4)), and let its axis be tangential 
to the caustic at this point. We take the reference cylinder, from which the errors 
in wave front are measured, to be centred at ¢). For any other value of 4, 
corresponding to reflection not on the collimator axis, the error p in the reflected 
wave is, in the notation of figure 1 (b), p=t—u, R>r._ It is easily shown that 
the caustic has the form 


x=4r(1+2sin?¢)cos¢ 
y=rsintd } 
then 
t = 37(cos ¢,—cos ¢) 
u= 5r(cos¢ + 2sin® f cos d — cos dy — 2 sin” Jy cos hy) cos 26 Porte) 
+ r(sin? ¢ — sin? dy) sin 24 


eee 


l 


substituting 6=4—¢, 
ae rot OP is r06 
p=r6? sin by + FZ 68 bo- z sin dy — 5g C08 bo + sat, saeco ent) 


and if only the leading term is retained 


p=ré? sin dy + O(64). ince od) 
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‘The most serious effect on a spectral image of aberration having this form is 
perhaps the reduction in contrast caused by the increase in the intensity J, of 
one of the subsidiary maxima relative to the intensity J, of the principal maximum 
(Rayleigh 1899). As the ratio J,/J) changes from 0-047 when the maximum 
aberration P,,,,=0 to 0-07 when P,,,,=A/8 and to 0-137 when P,,,.=A/4, this 


effect 1s not serious until the lines to be resolved differ by about a factor of five in 


intensity. ‘Then it would seem desirable to use the criterion P,,,, <A/8, other- 


wise the criterion P,,,, <A/4 should suffice. To satisfy these conditions 
r/A < 1/867, SIN dy = 8/Q3 sin do } (4) 
or riA< 1/403, Sind; = 16/0? sing, 


where {2 is the angular aperture of the collimator. 

Provided 27r A>1 the results obtained by physical and geometrical optics 
are almost coincident (Morse and Feshbach 1953). Therefore equation (4) can 
safely be used to find the maximum permissible value of 7/A for systems with 
apertures up to 60°. 

When the point source isa finite distance a from the cylinder, the corresponding 
caustic is a surface lying parallel to the axis of the cylinder and with a cross section 
similar to that described above. Provided a > 4+, the aberration is given to a good 
approximation by psiny, where p is given by equation (3a) and y is the angle 
between the axis of the cylinder and the normal to the wave front. 


§3. WIDTH OF THE VIRTUAL SLIT 


If light waves from two distant sources, Q, and Q, (figure 2), strike the cylinder 
the reflected wave fronts appear to diverge from the points Vy and V, where 
tangents passing through the centre of the collimator touch the corresponding 
caustics, i.e. Vj and V, are the Gauss images of Q, and Q,. 


to Centre of 

Collimator 

to Centre of 
Collimator 


Figure 2 (a). Figure 2 (6). 
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Resolving the distance V,V, into orthogonal components, s, and J, (figure 2), 
we have 
s, = 2rsin (8/8) cos (¢y — 8/8) 
similarly Sy = 2r sin (8/8) cos (¢y + 8/8). 
Therefore, if Q, and Q, are at the opposite edges of a slit source subtending an 
angle f at the cylinder the total width of the image resolved perpendicular to the 
collimator axis is 


5=5,+5,=4rsin (8/8) cos¢,)cos(8/8)=4rBcosdy. «+s (5) 


If the source slit of width s, is at a distance ¢ from the cylinder equation (5) 
becomes 


S275 ,/2aycosd, 08 = RES eae (6) 


By making use of equation (1) and the fact that caustics 1 and 2 are rotated 

through angles + 8/2 with respect to caustic O we find 

laL+i=sstand, “~~ Valea (7) 
Since the image acts as an incoherently lit slit, the optimum value of s is A/Q, 
any further increase in s producing an appreciable broadening of the spectral 
image with only a slight increase in its intensity. 

Using this value for s and noting that the depth of field df of the collimator 
is given by df= 4A/Q?, we find that / is less than 5f/8 for dy <45° and Q < 60° and 
consequently causes no significant defocusing. As the image of each point 
source is a line parallel to the axis of the cylinder, the image of the source slit is 
rectangular. 

The displacement 5s of the centre of the image from the image of the centre 
of the source slit is 

65 =(s,—5_)/2 = 27 sin dp sin? (8/8) 
and ds/s = } tan dy tan (8/8) 58 tan dy. 


Substituting for 6 from equation (5) and for ry from equation (4) we find on 
putting s=A/Q that 
/ Q? 2 
(65/5) min = 128 tan* go. 
Therefore it should not be difficult to make 6ds/s small enough for practical 
purposes. 
With s replaced by A/Q equation (6) becomes 
Tt) N= 24] Qs, COSGo> ' | ee — eee (9) 
This equation along with equation (4) enables us to choose the most suitable 
values of r,a and sy for any particular application. To illustrate, suppose © = 30°, 
A=5000A. Let $)=45° and P,,,<A/8. Then with r=4x10-%cm and 
a=3cm we can obtain a virtual bilateral slit 10-4 cm wide adjustable to within 
10~° cm if we use a 0-2 cm source slit adjustable to within 0-02 cm. 


§4. SLit BRIGHTNESS 
As with a real slit, the virtual slit is of maximum brightness if every line passing 
through it intersects an emitting area of the source. Thus, apart from a 10% 
to 20%, loss on reflection, the brightness of the virtual slit is equal to that of the 
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source if the source is of height not less than aQ+h(a+f/)/f where f is the focal 

length of the collimator and fh is the height utilized of the virtual slit. This 

compares very favourably with the performance of real slits as used in practice. 
It should be noted that when s=A/Q, 


B/Q.= 2s/Qr cos dg = 2A/r.Q? cos dy > FQ tan dy 
according to equations (4) and (5). Consequently the angle 6 subtended by 
the source slit at the cylinder can be made much smaller than the angle Q sub- 
tended by the collimator. his’ angle transforming property is of particular 
advantage when the source employed is so narrow that in normal practice it 
would be necessary to use a condenser lens to fill the collimator with light. 


EXPERIMENT 


$5. ABERRATION OF THE REFLECTED WAVE FRONT 


A Lloyd mirror experiment as illustrated in figure 3 was performed to test 
the validity of equation (3). ‘Two sets of fringes were recorded on the photo- 
graphic plate, the first due to wave fronts reflected from an aluminized glass rod 
(0-36 cm diameter), the second due to wave fronts reflected from a nickel-plated 
sewing needle (0-068 cm in diameter). The needle served instead of a fine slit 
as the source of the reference wave front as none of the slits available were able 
to produce fringes over a sufficiently large angle (20°) for an adequate test of 
this theory to be made. With the distance of the plate from the cylinder much 
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Figure 3. 


greater than the distance of the virtual slit from the plane mirror, the ray —6 
interferes with the ray +0 (figure 1). Then the difference between the ordinal 
number N of the fringe produced by the reference wave front ot the point w (= 29) 
on the plate and the ordinal number x of the fringe produced by the unknown 
wave front is, according to equation (3), given by 
N-—n=[i(7,—7 yw? singyt+(dy—d,)sinw]/A ss... (10) 

where d,/2 and d,,/2 are the distances of the needle and cylinder caustics respec- 
tively from the mirror. ‘This test, like the Young experiment, reveals only the 
odd power terms in the aberration. 

A vernier effect was produced by making d,21-1d, and allowing the two 
exposures to overlap in a narrow strip of the plate (see Plate). “This made it 
possible to get a much more detailed and accurate estimate of the dependence of 
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N—non Nand hence on w. Since every cycle of the modulated fringes marks 
a change of unity in N—n, N—n can be found directly as a function of N. The 
data thus obtained were initially expressed by the method of least squares as a 
power series in N terminated at N%, the coefficients of N* and N° being less than 
twice their standard deviations. In addition N was found by means of a travelling 
microscope as a function of position on the plate. It was then expressed as a 
power series in w by the above method. 

Substitution of this expression for N into the expression for N—n vields 
N—n= —(2-783 + 0-031) + (523-9 + 1-0)w —(7 + 8)w? + (450 + 19)m?, ...... (11) 
the limits quoted being the estimated standard deviations. The small standard 
deviation, 0-040 fringe, of the experimental points from this regression line 
reflects the artificial sharpening of the fringes due to the use of a photographic 
plate of high contrast. 

The expected expression for N —7 is 
N—-n= —(3+0-4)+ (390 + 200)w — (6:5 + 4:6)w? + (4204 30)m?. i... (12) 
This is based on equation (10) and measurements of the cylinder diameter etc. 
Allowance is made for a small unexpected discrepancy in the expression for N. 
This effect, assumed to be due to curvature of the plane mirror, accounts for 
—6-5w? + 30w* in equation (12). The constant term and that in w are due to 
a zero error in w and the factor d,,—d, in equation (10) respectively ; the remainder 
of the term in w? is given by equation (10). As the contribution }(7,, —7 ,)w? sin dp 
amounts to 477w® it follows that the first term in equation (3a) agrees with 
experiment to within 10%, r.m.s. 

Through a suitable rotation (up to 45°) of the source slit, the virtual slit can 
be made sufficiently parallel to the mirror for fringes to be obtained over the whole 
region of interference. ‘This sensitive effect was used conversely to make the 
cylinder parallel to the mirror to within thirty seconds. 


§6. Sytit WIDTH 


According to the above theory the virtual slit has a width s given by equation (6). 
The visibility of the Lloyd mirror fringes from an incoherently lit slit of width 
s has its first minimum when sinw=A/2s (Wolfe and Eisen 1948). Then sub- 
stitution in equation (6) yields 


Sps=Aa/rsinwecosdy, nc ee (13) 


‘This equation was tested by the experimental arrangement shown in figure 3 
with @ reduced to 10cm and the photographic plate replaced by an eyepiece. 


ry (cm) w Sy (10-3 cm) 
Measured from eqn. (13) 
16° 40’ 5) 508) 
0-510 ih =o) 
8° 30 12:3 10:3 
16° 40’ 15°38 14°8 
0-184 ' 
8° 30 30-3 28°6 


The results presented in the table show that the directly measured values of 
So are from 4%, to 45% greater than those derived from fringe visibility thus 
indicating that the reflected light was more coherent than expected. As the 
errors involved in the determination of the quantities in equation (13) are negligible, 
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the most probable explanation of these discrepancies is that, as the 1 mm wide 
source was placed 20 cm behind the source slit, the latter was more coherently 
lit than is assumed in the theory. As expected, this discrepancy is less for the 
smaller cylinder and does not exceed 6%. Hence equation (6) is sufficiently 
accurate for most applications. 


$7. MANUFACTURE OF CYLINDERS OF SMALL Rapius 


Experience gained in this investigation suggests that aluminized cylinders 
of glass or quartz drawn out from rod may provide a simple solution to this 
problem, as they should prove satisfactory with respect to smoothness and 
perfection of figure at the smaller diameters demanded by equation (4). The 
satisfactory performance of steel sewing needles shows that they form an alternative 
source of supply when r>0-01 cm, i.e. Q<22°, provided they can be held 
sufficiently straight. 

Fine wires under tension may be useful when {2 approaches 60°, i.e. y approaches 
10A, although microscopic examination of a few samples suggests that it may be 
difficult to find wire with a sufficiently smooth surface. A slight tapering merely 
results in a proportionate tapering of the virtual slit. 

It should be possible to keep the cylinder sufficiently straight to make the 
resultant curvature of the spectral lines negligible. Bowing is more serious in 
the Lloyd mirror experiment where it reduces the fringe visibility and height. 
It is revealed by fringe movement parallel to the mirror when the source slit is 
rotated. 


§ 8. CONCLUSION 


These theoretical and experimental investigations show that this virtual slit 
offers a possible alternative to the conventional methods of manufacturing fine 
entrance slits for spectroscopy. Its properties are summarized as follows : 

(i) It acts as a sharply bounded, incoherently lit, rectangular slit. It is bilateral 
if the source slit is bilateral. (ii) It can be employed in systems using angular 
apertures up to 60°. (iii) It has, apart from losses on reflection, the maximum 
possible brightness. (iv) The width of the virtual slit can be made less than 
that of the source slit by a factor of a thousand or more. It is often possible to 
make the intensity of the final spectral image almost the theoretical maximum 
when the source is so narrow that it would normally require a condenser lens. 
This applies also to sources extended in depth as in Raman spectroscopy. 
(v) Reflecting cylinders appear to have particular application in the manufacture 
of curved bilateral entrance slits as it should be a simple matter to bend them to 
the required curvature. 

It is of particular interest to compare the performance of this type of slit with 
that of a conventional slit when the slit width is of the order of one wavelength. 

The ‘transmission’ and polarizing properties of the virtual slit are nearly 
independent of r and s forr >10A ands >A. Its transmitted wave front is asym- 
metrical in intensity, the relative value of the latter varying from 1:25 at 6=30° 
to 1:00 at 6=45° and to 0-72 at 6=60°. With an aluminium surface the state of 
polarization changes from 1:5% at 6=30° to.7% at 6=60", the ‘transmission ’ 
being greater for light polarized parallel to the slit (Schulz 1954, Schulz and 
Tangherlini 1954). 
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Jones and Richards (1954) have shown that the transmission, polarizing and 
diffracting properties of a typical spectroscopic slit depend markedly on its depth 
and electrical conductivity as well as on its width. With a depth of 35, the 
transmission is almost zero at a width of one wavelength while the transmitted 
light is strongly polarized, the component polarized parallel to the slit 
predominating. Finally, as the diffraction pattern departs from that due to 
a slit of zero depth when the slit width falls below 100 wavelengths, it is possible 
that the transmitted wave front suffers from appreciable aberration. 
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Abstract. A formula is derived permitting the calculation of the yield of 
secondary electrons from the yield of photoelectrons. 


$1. INTRODUCTION AND DISCUSSION 


HE emission of secondary electrons from solids is a very involved process, 

largely in view of internal scattering of these electrons before their emission. 

In the present paper it is intended to derive a correlation between photo- 
electric and secondary emission which in favourable circumstances does not 
require knowledge of internal scattering. For this purpose the primary particle 
will be replaced by its equivalent radiation field (Fermi 1924, Weizsicker 1935, 
Williams 1935) whose yield of photoelectrons can be obtained from photoelectric 
measurements. This method has its limitations. It would not work for 
completely free (non-interacting) electrons which would not show any photo- 
electric emission. However, although for certain purposes electrons in metals 
behave like free ones with a certain effective mass, the actual electronic wave 
functions of the Bloch type 


w=exp(tkry(r) naa (ded) 


differ by the periodic function (lattice period) u(r) from free electron wave 
functions and in general u,(r) cannot be approximated by a constant. This 
holds for both metals and insulators. It is strange, therefore, to notice that 
recent papers on this subject (for a summary see the report by Hachenberger 
and Brauer (1954)) make just this assumption thus completely disregarding the 
knowledge of wave functions in solids accumulated during the last two decades. 
In fact the arguments on which these papers are based are equivalent to assuming 
that the oscillator strengths for all optical transitions are negligibly small (they 
vanish for free electrons) which is wrong for nearly all solids. 

The method proposed here is analogous to the method of calculating the energy 
loss of a fast particle in a solid in terms of its (frequency dependent) dielectric 
constant (cf. Frohlich and Platzman 1953). ‘There, the primary particle is 
replaced by a moving point charge and its energy loss and scattering are neglected 
to the first order. The electric displacement of the moving point charge is 
developed in a Fourier series with respect to time and the energy transfer to the 
solid due to each frequency can then be expressed in terms of a complex dielectric 

+ Another serious mistake occurring in some of these papers is to assume that the 


screening radius of the primary electron in a metal is a constant independent of its velocity; 
this is quite wrong in the range mainly of interest between say 50 ev and several thousand ey. 
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constant <(w). For each frequency w the field also depends on the distance 
from the point charge. ‘The corresponding spatial Fourier development would 
permit a dependence of the dielectric constant on wavelength A as well as on 
frequency (c(w,A)). Usually this is replaced by a step function, e(w, A) =e(w) 
if AA, and €(w,A)=1 if A<Ay. The cut-off Ay has to be determined from 
independent arguments; the total energy loss, however, depends only logarith- 
mically on A, so that the resulting energy loss does not sensitively depend on Ao. 
The value of e(w) may be taken either from experiment or from theory. 

In the present paper it is proposed to neglect again energy loss and scattering 
of the primary particle to the first order, and to develop its electric displacement 
in a Fourier series in time. To each frequency can then be coordinated a photo- 
yield, either empirically or theoretically. In the former case internal scattering 
of the secondary electrons is automatically taken into account. Again a spatial 
cut-off will have to be introduced as in the calculation of energy loss. ‘The 
method applies in the first place when the following two conditions are fulfilled: 
(i) most secondary electrons come from a layer of thickness / within which the 
primary particle has not appreciably changed its velocity; (ii) the penetration 
depth of light of the most important frequencies in the equivalent radiation field 
is larger than /. These conditions can always be fulfilled if the experiment on 
secondary electron emission is carried out on sufficiently thin layers. In 
favourable circumstances they may also hold for bulk materials. If this is not 
the case then the emission from bulk materials may in principle be obtained by 
adding the contributions of individual] layers of thickness /; the absorption of 
both primaries and secondaries in these layers must then be known, however. 
This case will not be treated here. 

Clearly the most favourable conditions occur in solids with very thin but 
highly photosensitive surface layers. For then, if the equivalent radiation field 
has an appreciable intensity in the frequency region which is highly photosensitive, 
emission from lower layers can be neglected so that both the above conditions are 
fulfilled. From the above arguments it should be expected then that such layers 
also show a high secondary electron yield as has actually been observed (cf. 
Bruining 1954). ‘The following formulae will give the possibility of a quantitative 
check. 

Subject to the validity of the method in general the following developments 
hold for both metals and insulators. Since wave functions for individual electrons 
are qualitatively the same in both cases, the only appreciable difference is in the 
screening of the primaries. In the present treatment this is automatically taken 
into account by expressing the equivalent radiation field in terms of the electric 
displacement. ‘Thus if the photo-yield is known in terms of the intensity of the 
incoming light it must first be expressed in terms of the magnitude of the electric 
displacement. ‘This requires introduction of the dielectric constant ¢(w) which 
is a measure for the screening of a charge. 

Thus for a detailed experimental check of the theory both photoelectric and 
secondary electron yield should be measured on the same sample (a thin layer 
ora solid with a photosensitive surface layer). Furthermore the optical constants 
in the photosensitive frequency region must be determined so as to evaluate the 
electric displacement from the light intensity, and hence the functions /i(v, «) 
according to (2.11). Use of equations (2.12) or (2.13) then leads to the yield 
of secondary electrons in terms of the photo-yield. 
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§ 2. CALCULATIONS 


Let d(p,t) be the electric displacement due to a moving point charge e 
(velocity vy) at time ¢ at a point P whose shortest distance (collision parameter) 
from the path vy is p. Then its components perpendicular and parallel to v, 
respectively are 


] = ep 2 CVot 
; LP, ) [p* 45 Uo (t - to)? ‘4 Ail, ‘ [p° a p(t = ty)? 7?" re ey) 


where fy is the time at which the point charge has the distance p from P. Let then 


d(p,t)= | du(p)exp{—to(t—t)} deo, | 
oe 7 es Ce) 
d.(p)= a | _ d(p, t) exp {it — t)} dt, | 


where reality requires that 
vt GE el) er er (23) 


The components of d.,(p) corresponding to d,(p,t) and d,(p, t) will be denoted 
by d,.,(p) and dj,,(p) respectively. Then if primary particles with velocity v, 
cross the surface at a rate m per second and per unit surface, an average electric 
displacement D is established which can be decomposed into its Fourier com- 
ponents. Clearly 


Die=n|  diy| — 2npdpay?(p, 1) 
=n| diy} — 2mpdp| do) — ducdy.(P) dup) exp { —i(w + p)(~t9)} 
=n(2z)2| do | — padp dy dy_4=2n(2n)? | : do| — pdp|duof? 


vice ~ Pmin 

(2.4) 
and similarly for D,?. Thus if Dj,,? dw denotes the square of the electric 
displacement parallel to the direction of vy in a frequency range dw near w, then 


from (2.4) using (2.1) and (2.2), 


Dy,2dv=8n'ndo | 7K %(wp|vo)p dp 
~ Pmin” °O 
e re 
=8 nda S {KXe)+KX@)h ae (2.5) 
0 
where ea HR NOI Mla Ab hres (2.6) 


K, and K, are the modified Bessel functions of second kind, order 0 and 1 
respectively. Similarly one finds for the electric displacement perpendicular to vy 


= 2,2 
D2 dw =87'n dw | = K,?(wp/v) p ap 
Pmin ” “0 
8e? x , ia } Ae 
= Sn dor {aK a) Ks) — 5 (Ko) + KA) p= veo 0.7) 
CO 


It should be noted that D,,2dw, and not D,,”, has the dimension of the square of 
an electric displacement. The smallest value that p can take is denoted by 
Pmin. Fortunately the above expressions (2.5) and (2.7) are not very sensitive 


to the exact value of pmin provided « is sufficiently smaller than unity. In our 
22 
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case Pmin should be chosen of the order of magnitude of interatomic distance. 
The principal frequencies w required below have an order of magnitude such 
that iw ~10ev. If then v, is equal to the velocity of an electron with an energy 
of several hundred ev (or more), «<1 is fulfilled. Then since 


Ko()zlog (2/yx), wK a)el, y= 178 i 2 ie (2.8) 
approximately, 
z J 
D, ~>dw=— n dw (log -1), if <LOeen ater (2.9) 
and 
1 Se? 
Dea dw= 3 ame nN dw, if SORE Lye ‘Lk heereres (2:10) 
0 


Define now a quantity Pi(v,w), i= | or ||, such that Pi(v, w) dv,,dv, dv, is 
the rate of emission of photoelectrons with velocity v in a range du, dv, dv, if the 
square of the electric displacement in the solid (due to light) is Dj,,?dw in a 
range dw near w. It should be noted that knowledge of the optical constants 
is required to obtain this quantity from the intensity of the incoming light. ‘Then 
two empirical functions fi(v,«), i= | or ||, can be found such that 


as w) = favs w)D;3;,,", 1= IL @e ||. sialeleuere (2 1 1) 


Hence if O(v) dv, du, dv, is the rate of emission of secondary electrons of velocity v 
in a range dv, dv, dv, due to primaries of velocity vy crossing the surface at a rate 
per second per unit surface then with (2.5) and (2.7) 


Q(v)= it (¥,0)Dy.2do+ | fulvso)Dy.2d 


= Sn | KK (Vf (¥y 0) + 5 (Ko) + KAYA 2) = o))} des 


If in particular x<1 which should always hold for sufficiently large velocity v, 
of the primaries, use of formulae (2.8)— ‘s 10) gives 


oe san | Aly w)log a flv, oe) Ay, o))} de, if poPmin <1. 
ova ese) 


It should be remembered that | and || refer to the direction of the incoming beam, 
not to the surface. It will be noticed that the expressions simplify if f, =f). 

Clearly, (2.13) in the range in which it holds, is not very sensitive to the 
exact value of Pmin. However in the region in which Q(v) has its maximum as a 
function of v, equation (2.12) must be used, and the value of zw, at which the 
maximum occurs may be fairly sensitive to the exact value of Pmin- It might 
then be preferable to determine pmin from the position of the maximum. 


Gia 
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Abstract. In calculations of certain types of noise in semiconductors it is required 
to know the fluctuation in the number of mobile charge carriers (electrons and 
holes). ‘These fluctuations are calculated for a non-degenerate semiconductor in 
thermal equilibrium by two different methods: the first in terms of the electronic 
free energy of the system whose minimal properties are used to determine the 
equilibrium distribution and fluctuations of electrons between the conduction 
and valence bands and the impurity levels. ‘The second approach is purely 
statistical and is based on the probabilities of the elementary processes of electron 
transitions between energy levels. The results of the two methods are identical 
but the thermodynamical method yields the solutions for complex cases which are 
not readily dealt with by the statistical method. Both intrinsic and extrinsic 
semiconductors are discussed, as well as the important practical case of a nearly 
intrinsic semiconductor. 


§ 1. INTRODUCTION 


N considering the fluctuations of current in a semiconductor to which a steady 

field is applied it is required to know the extent of the fluctuations in the 

numbers of mobile charge carriers (i.e. electrons in the conduction band and 
holes in the valence band) due to the randomness in the process of generation and 
recombination. 

If the semiconductor is intrinsic, i.e. electrons can only arise from the atoms of 
the semiconductor in a perfect lattice (so that there are no impurity or defect 
levels), then the numbers of electrons and holes must be equal at any given moment. 
If the semiconductor is strongly extrinsic and is say n-type due to a relatively large 
density of donor impurity atoms, most of the electrons in the conduction band 
will have been excited from the donor atoms and a negligible number from the 
semiconductor atoms: electrostatic interaction between the ions and the carriers 
ensures (by virtue of Poisson’s equation) that neutrality very closely represents 
the conditions obtaining in any region of the semiconductor of linear dimensions 
greater than about 10-4 cm except in transition regions, near electrodes or at the 
surface. 

In the present paper the following problem wili be discussed: the deter- 
mination of the mean and mean square value of the number of electrons m in the 
conduction band of a volume V of homogeneous non-degenerate semiconductor 
in thermodynamical equilibrium at absolute temperature 7. 

Two types of treatment are adopted. The first is thermodynamical and based 
on the free energy of the electrons in the conduction and valence bands and of those 
bound on the impurity levels; the condition of minimum free energy gives the 


+ Now at the Physics Department, University of British Columbia, Vancouver. 
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equilibrium condition while the departure of the free energy from this minimum 
value in terms of the fluctuations in the distribution of electrons over the energy 
levels enables these fluctuations to be determined. The second approach is purely 
statistical and from the probabilities of the elementary processes of transitions 
of an electron from one level to another, the distribution function of the number of 
electrons in the conduction band is calculated. From this function the mean and 
the mean square values are formed and the resulting fluctuations are shown to be 
consistent with those calculated thermodynamically. 

The link between the two methods is the law of mass action applied to the 
‘reactions’ corresponding to the thermal creation of an electron and a positive ion 
ora hole, balanced by their reversible recombination to form a neutral atom. The 
equilibrium constant for such reactions can be expressed either in terms of the 
thermodynamical parameters of the reaction or in terms of the ratio of the pro- 
babilities of generation and recombination of an electron (or hole). 

In some of the literature on semiconductor noise (e.g. van der Ziel 1953 a, b) 
erroneous expressions are used for the fluctuations in the number of electrons and 
holes and these appear to be based on a faulty application of probability analysis. 
It is therefore instructive to derive the fluctuations by two independent methods 
having differing fields of generality. "The thermodynamical treatment applies to 
those cases in which therma! equilibrium is established while the statistical 
approach is capable of application to systems in which equilibrium does not exist, 
assuming that the transition probabilities for electrons in these systems can be 
evaluated. 


$2. 'THERMODYNAMICAL ‘TREATMENT 


2.1. The Electronic Free Energy and its Derivatives 


The minimum work AW which must be done on a system to take it from its 
equilibrium state to some other state is equal to the change AF of the Helmholtz 
free energy F between the two states. In equilibrium at constant volume and 
temperature the free energy isaminimum. In general the free energy is defined as 
F=U—TS where U is the internal energy of the system, 7 is the absolute tempera- 
ture and S'is the entropy and it will always be of the form nf (n/V’, T) where n is the 
number of particlesinthe system. If we wish to evaluate the fluctuating quantities 
x, then we write 6 =0 for small changes in x,: 


OF 
3 ax, NM =(). 


A second order effect due to quadratic terms is related to the fluctuations 
which we wish to calculate since 


ae 
(AW)p, y=AF=4> > — Ax, Ax, 


will have a distribution function of the form exp(—AF/RT) in classical statistics 
where k is Boltzmann’s constant and thus the various Aw, have a joint multivariate 
gaussian distribution. 

If now the variables w, are identified with the number of electrons 1, occupying 
the various levels, the condition for equilibrium becomes dif, An, =O where 
u,=0F/0n,. For this relation to hold identically, all the w, must be equal since we 
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7a NM = 7 Q exre 7 = 
have YAn,=0 in a system where the total number of electrons is conserved. If 
there are a, levels of energy «, the number of ways of arranging p, electrons among 
them is 
| 
* a, ! r 

= 

(a,—2,)!n,! 
where 2” represents the number of possible arrangements arising from spin. 

Using Stirling’s approximation for the factorials in W, we find 

F= > [n,<,—RT{v,In2+4,Ina,—n,Inn,— (a,—n,)|ln(a,—n,)}] 


and hence 


W 


aF av, 
= 5 =e,— SRT In2+kT In — 


; a,—N, 


On 
This quantity is the electronic electrochemical potential associated with the rth 
level and in equilibrium all the x, must be equal (toy, say). Thus the equilibrium 
distribution of 7, is 

= a, — 

aCe ST CEI Vem l a. 
where «,=2~/enrand f, is the fractional occupancy of the rth level by electrons. 
The second partial derivatives of F with respect to, are 


2K 2. 
: SpakTIn2+RT| = 4 : | 


on, on,” a,—N, 


r 


11 


where the first term usually vanishes since pv, is normally a linear function of 7,. 


2.2. Application to Semiconductors 


In a volume V of n-type semiconductor in thermal equilibrium at absolute 
temperature J there will exist a distribution of electrons between the valence band, 
the conduction band and the bound levels lying between them. ‘This distribution 
and the fluctuations in it are readily calculated in terms of the electronic free energy 
F of the system which may be regarded as the sum of the three components 
associated with the valence and conduction bands and the donor levels: 


P24 Baers soneal(ly 


For simplicity a non-degenerate semiconductor will be considered. Now the 
free energy associated with the conduction band containing n electrons obeying 
classical statistics is (see, for example, Mott and Gurney 1948) 


a 
f= —nkT| 5 eae ras =| 


D a eeeere (2) 
where m, is the effective mass of an electron in the conduction band. This 
expression is based on the assumption that the density of energy levels in the 
conduction band is proportional to e!? where ¢ is the energy of the level and that the 
probability of occupancy of the levels is determined by a Boltzmann distribution 
of the form exp(—e R7). In the present discussion, the zero of energy is taken as 
the bottom of the conduction band; the bound levels associated with the donors 
will be assumed at — £), and the top of the valence band at — Fg is the forbidden 
bandwidth (figure 1). 

Let there be N donor impurity atoms in the volume V of semiconductor and 
let i of these be occupied by electrons, i.e. neutral, the remaining N —7 being 
positiveions. ‘The energy associated with the electrons is —7E’p while the entropy 
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Sis determined from the number of possible arrangements of the z electrons among 
the N levels taking into account the spin. ‘Thus 
N! 
F,=—ki ln iT(N=)! —kToln2—-tEp  — eee (3) 
where o is the spin term of the entropy and is equal to z for unpaired levels and to 
N —i for paired levels. Using Stirling’s approximation this becomes 


~ ; oln 2 | Bie gee (4) 


== 7 \lin 


; Sate 
Fy= -kT| N Lies a 
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Figure 1. Schematic system of energy levels. 


The free energy associated with the p missing electrons or holes in the valence 
band is derived in similar manner and is given by 


eye ~pkT | 5 as 2 ee 


where m, 1s the effective mass of a hole in the valence band. 
The constraint existing between the quantities , 72 and p is 


Mei=paNe | ee | eee (6) 
and thus if fluctuations An in n and Ap in p occur there must simultaneously be a 
fluctuation Az = Ap— An in 1. 


Now the free energy may be expanded in terms of the first and second partial 
derivatives : 


+1+lIn n= | asttinn’ (5) 


F=F, +|[ 5, an ee 


1 aK... » @F 
we 5| oar <5 (An)?+ °  (Ap)*+ 5g (ADP 2 SS An dp 
a°F 
+25 — ay An Ape 2 apes a 8 | sisi (7) 


where Fy is the value of the free energy when n, p and z have their most probable 
values. In thermal equilibrium the first order departure of F from F, must 
vanish whatever An, Ap and Az whence from equations (6) and (7) 
OF G OFy OFp 
on Opi; Gecoosil 
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which is the condition that the electronic electrochemical potentials 4 must be the 
same for all three sets of levels. This leads to the equilibrium conditions: 


3, 2nm,kT 2V 3. 2nm,kT 2V 
=-kP | 5In SH +n |= e+e] 5 In ~ +In = | 
5 2 Re Mp ¢ 2 he Po 


oe ly some —— 6 
= —Ep+kTIn N-i, kT Ti Itz, a SAseares (9) 


where suffix (0 denotes the equilibrium value or mean value. 
Adopting the customary notation: 


No =2(20m,kT/h?)2 and Ny=2(20m,kT/h?)3?  ...... (10) 
we have for the equilibrium conditions 
ltt) = BV Neexp( - a) pee (11) 
Poto , Ea- Ep 12 
ee B V Ny exp ( kT ) smaace f ) 
and MPyp=VINGNyexp(—Eg/RT)=n2= =a aeees (ley) 


where §=2 for paired electrons in the donor levels and $ for unpaired electrons. 
These equations are readily recognized as the mass action equations for the three 
types of transition: 
conduction electron+ positive donor ion <-> neutral donor atom+ Ep 

hole + neutral donor atom <-> positive donor ion+ELg—F) 
conduction electron + hole <> Eg. 
The corresponding equations for the equilibrium numbers of electrons, holes and 
occupied (neutral) donor atoms are obtained directly from (9): 


Ny = V Nc exp (ph /RT) 
Po=V Ny exp[—(Egt+p)/RT] 
y= N[1+Bexp{—(Ep+p)/RT}P°. 
To evaluate the fluctuations we require the second derivatives of the free energy in 
the equilibrium condition which are given by 
Coleg Rie Oly hd OL, 1 1 
No, NSF. 


T| =—+ 
19 


an® 1? Op? py? OF 
whence the increase of F above F, due to fluctuations An and Ap is given by 


F-Fy_ (An)? (Ap? (Ap—AntT1 1 fe 
—- ~ - + (15) 


ee INE 


kT 2N9 Zp 2 
Now An and Ap are fluctuating variables with zero mean and have a bivariate 
normal distribution of the form exp(F,—/)/RT so that the above expression 
must be identified with 
1 (An)? (Ap)? rAndp 
ata t Za? ~ aa 


where oa, and o, are the r.m.s. fluctuations in n and p, and r is the correlation 
coefficient between An and Ap defined by 


r= AnAp/o,°,. 
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Thus the variances and covariances of An and Ap are given by 


1 1 1 1 ae 
2=gG2 = ee Ms rc 16 
(An)!= oy {| =o ee Ls = x= ly, 
a= 1 1 1 1 —1 
2-=~g2 = ee ee eer 7) 
(Apy'= 2p lie 5 i 19 a | ( ) 
r 1 1 —1 18 
AnAp=10,0)= 73 : + =i she dt coe oe (18) 
where 
1 1 27° 1 ] 1 i? | 1 1 1 ie 
2] _ 4 ——- {a = S324 47 == Pred Cli) 
| E N =i E ty) N-t Po % N-% oS 
and 
(AG )Rae (Ap == An) =o te oa = 2700p: syeue elie (20) 


These equations completely specify the fluctuations in the number of electrons 
in the conduction band, and in the number of holes in the valence band and also 
the correlation between these fluctuations. The mean deviation of the free 


energy above its minimum value is given by F—F,)=RT which is the value 
appropriate to a system whose state is determined by two variables, 1.e. any two 
of n, p and z. 

Some inferences will now be drawn from these general relations : 

(1) In zntrinsic material we are only concerned with An and Ap whose 
correlation coefficient is unity since An=Ap at all times. Furthermore 


An=(Ap) = ata © 2 eee ae 21 
(An)?=(Ap)?= | - 
mm Po 


so that the mean square fluctuation in m and p is equal to half their equilibrium 
value. 

(11) In strongly extrinsic n-type material the number of holes py will be very 
much smaller than the number of electrons m) and we have three cases : 

(2) Low ionization of donor atoms, py<N—ig=M)—pp=M% <% Whence 
TD Dts 


(AiP=AnP= in PIRUM (22) 
OApyr=p ee eee (23) 


Thus the mean square fluctuation in the number of conduction electrons is 


approximately one half the mean number. 
(5) High ionization of donor atoms: py<iy<N—ip=m)—Pp. Then 


Tepe Us <K 1 
(AiPe(AnPaieN—n, ienes 
US ee te (25) 


Thus the mean square fluctuations in the number of electrons in the conduction 
band is approximately equal to the number of un-ionized donor atoms. 
(c) In the case of partial ionization of the donor atoms which lies inter- 
mediately between and includes the two limiting cases (a) and (4) we have 


Gnp=| - - n=) seca) 


0 


so long as py is negligible. Figure 2 shows (An)?/m) as a function of No/N. 
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(ii) The case of the nearly intrinsic semiconductor is of considerable practical 
interest because much of the experimental work on fluctuation noise in germanium 
filaments has been done on single-crystal material of high purity. However it 
is also the case in which it is most difficult to approximate to the exact equations 


‘an)*/ns 
An= n-Ho 
mt = NUMBER OF CONDUCTION ELECTRONS 
n= EQUILIBRIUM VALUE OF i 
N =NUMBER OF DONOR ATOMS 


o-S 


0.4 


o 0-2 O46 o6 os { 
No/N 


Figure 2. Mean square fluctuation in the number of conduction electrons in an n-type 
extrinsic semiconductor with a negligible number of holes. 


(16) to (20), without loss of accuracy since 1), py and N—i, are all comparable 
in magnitude. If it be assumed that nearly all the donors are ionized, which is 
quite reasonable for pure germanium at room temperature, we can regard 7) as 
small compared with N, m) and p, and furthermore nj)—py)=N. With this 
assumption we find that 


(An)? =(Ap)?=noPol(tot+ Po) see (27) 
and (MySite (28) 


The fluctuation in has the expected behaviour for perfectly intrinsic material, 


giving (An)? =n, (compare equation (21)) and for appreciably extrinsic material 


giving (An)?=n, or py whichever is the smaller. ‘Thus so long as the impurity 
atoms are nearly completely ionized so that the number of neutral atoms is small 
compared with the number of minority carriers, the mean square fluctuation of n 
and p simply tends to the number of minority carriers. 


§ 3. STATISTICAL ‘TREATMENT 


To consider a statistical model which can be applied to the thermal ionization 
of extrinsic n-type semiconductors, let N be the number of donor atoms in a 
volume V and let at any given moment 7 be the number of electrons raised from 
the donor atoms to the conduction band; then m will also be the number of 
positive donor ions and i= .V—n the number of neutral donor atoms since it is 
now assumed that the number of holes is negligible. ‘The probability that one 
of the neutral atoms will be ionized in a time interval df is 


go(n)dt=y(N—n)dt ee 29) 


while the probability that one of the m conduction electrons will recombine with 
one of the z positive ions during the same interval dt is 


r(n) dt = pn? dt Rages ( SU) 
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where y and p are constants independent of ». In thermal equilibrium the 
processes of ionization and recombination must balance statistically : 


dn Seg Ta 
dt =f —t=Y(N —n)— pn? =0. 


The ratio y/p is the equilibrium constant for the reaction: electron + positive 
ion <--> neutral atom, regarded from the viewpoint of the law of mass action and 
we accordingly write 


Wee 2 ae (31) 


N-n o 


where K is the equilibrium constant for electron transition between donor atoms 
and the conduction band. 

By comparison with equation (11) with N—z,=mn (since the holes are 
considered negligible in the present discussion), it is seen that K can be identified 
with BV N.exp(—Ep/RT). The proportionality to V arises from the recombina- 
tion parameter p which is of the form vS/V where v is the thermal velocity of a 
conduction electron, and S is its cross section for capture by a positive ion, the 
mean being taken over all values of v. 

From the dependence of g and 7 on x the equilibrium probability distribution 
function P(m) can be determined from the requirement that it shall be statistically 


stationary. Since n?= K(N— n) it is evident that the following inequalities hold: 
(n2)U2> {(LK2 4+ KN)I2—LK} >a. 
Now it follows from the difference equation 
g(n—1)P(n— 1) +7(n+ 1)P(n4+ 1) =[g(2) +7(n)] P(x) 


that in the steady state 


n—1 
IT g(v) ‘ 
3 INK 
P(n)= P(0) =" — = ~—_—_.,, P(0). 
orn (N=ayta BO) 
y=] 
N ee 1 2 NIK 
F PaNen Sa ves era 
rom Oa, (n) it is seen that PO) Ps, (N—n)!nl?— M 


whence 
1 INN ke 
OST aye ee ane 


where M denotes the confluent hypergeometric function, P(N; 1; — 4K). 
Thus 
seat yr! K dM 
1 (eS nP == SS (wR eT are) ase 19 ae 3 
2,0) Te aR - 


_ N 1 d2@M dM 
es 2 cea ae 2 aes 
n ae P(n) i(k TK? +K oR). 
Combining these two latter equations with (31) is consistent with the second 
order differential equation for M, the prime denoting differentiation with respect 
to K: 
KM" +(K+1)M'—-NM=0. 
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From equations (33) and (34) we have quite generally for the mean square 
fluctuation : 


aie = ee mad 
ne — (n= Kk? dK® (In M)+K ak (In M). icielishers (35) 
(1) Now for NK we have 


r at 1 a I 
M=,F,\(-N;1; Sai | 


(47)12(NK)!4 
whence 
NI I) cree (36) 
n—(n®~}(NKY2-41K (37) 


which is always somewhat less than 3m, the value it tends to as N/K tends to 
infinity. Comparison with the thermodynamical equation (26) for the fluctuation 
shows agreement, when 7 from equation (36) is substituted for 7): 


2 1 = K\ il 
pat eae ee wl 71/2 eae (Meee 


Although these results for weak ionization in an extrinsic semiconductor have 
been derived for the case of a negligible number of holes it is readily seen that 
the argument may be applied to an intrinsic semiconductor, if N is identified with 
the number of semiconductor atoms which will greatly exceed the number of 
conduction electrons m which will in this case be equal to the number of holes, 
p. This similarity arises because the fundamental generation and recombination 
equations (29) and (30) are applicable, with the generation rate g effectively con- 
stant since N/m would usually be at least 10%. 

(ii) When the degree of donor ionization in an extrinsic semiconductor is 
large (K > NN), the mean number of conduction electrons approaches that of the 
donor atoms and the appropriate asymptotic development of M is that using the 
final terms in the series development 


: Ke N? NN—-1)? N*N—1)N—2)? 
ET as ee 9 ae an ree Ke + 6K3 +... 
whence 
_ .  N2 NX2N—-1) N%™5N2—6N +2) 
n= N— eo re + re Steere rere ste (38) 
= N22N—1) N*(5N?—6N +2) 
2 AJ2 = 
ey RK == Ka 5 ime Loar (39) 
and thus 
= 2 IN? 2(2N — 1) 
: =e 2 a i SS en ae BASS or We Peers sie lelte 
n? —(n) K E ee | (40) 
Hence as K/N tends to infinity 
N—-n->N2/K and n?—(n)?->N?/K 
which implies that 
2—(i)2=(N—n—(N—nyY>N—n=i aes (41) 


and the number of un-ionized donor atoms N —n =7 has the attribute of a Poisson 
distribution with a mean value N2/K, since its variance is equal to its mean value. 
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Again we may compare the result obtained statistically (equation (40)) with 
that derived thermodynamically (equation (26)): 


2 Ate N24 ase ae | N? | 
= oe ~ N= ~ —} 1- — 
E us eal rs 2 ‘s 2 Z tk K* K A 


which agrees with (40) to the first order correction term in N/K. 

It is seen that the merit of the thermodynamical approach is that the general 
case may be treated of an extrinsic semiconductor in which N/K is neither very 
small nor very large compared with unity yielding the comprehensive formula (26). 
Furthermore the presence of a significant number of holes in the valence band 
can also be readily yielded in the thermodynamical approach as was shown in 
equations (16)-(20), and both the variances and covariances of the numbers of 
electrons in the various bands may be derived. 

(iii) Lastly we consider the semiconductor in which all the N donor atoms are 
ionized so that the numbers of conduction electrons and holes in the valence 
band are related by 


nape. |S ee eee (42) 
The rate of hole—-electron pair generation will be assumed to be independent 


Ob 7: 
g=constant. ieee (43) 


while the recombination coefficient will be assumed proportional to the product 
of p and n: 


r=ppn=pplN =p) te eee (44) 
In thermodynamical equilibrium we see that g and p must be related by 
= =pi=n? shih» (45) 


where n, is the r.m.s. number of electrons (or holes) which would exist in the 
semiconductor (of volume lV’) if it were intrinsic (cf. equation (13)). 
The probability distribution function for the number of holes is found from 


N !(e/p) 
(/ = / 
whence 
i Pia ies 
PO) STNG) ee) (46) 
where I, is the modified Bessel function. Thus 
- I wa,(2n;) 
p =; “Ty(2m) ierohetene (47) 
and 
p= nil +o(2n;) + nil y ,4(2n;) (48) 


Ty(2n). edie’ b) elias Asean 


are found from P(p). It is readily shown that the equilibrium relation »,;2 = Np + p2 
from equations (43), (44) and (45) agrees with the recurrence formulae for Bessel 
functions. 

In general the mean square fluctuation in the number of holes or electrons is 


ni — (i)? =p (p=? — Np — (p)? =n — No, 2 — ng EE 
N N 
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In order to approximate satisfactorily to this expression it is relevant to know 
the relative magnitude of N and 2n,; that is to say whether the semiconductor is 
very nearly intrinsic (27, > N) or largely extrinsic (2n,<N) since these conditions 
influence the choice of asymptotic expansion used for the Bessel function. 

If the material is nearly intrinsic we find that the mean values are given by 
n—N=p=n,—4N—4+4+(4N?-1)/32n ss... (49) 
whence 


O(a es (Pe ste WI oy) Se sc att (50) 
in accordance with earlier results (equation (21)) for a perfectly intrinsic semi- 
conductor. ‘The slow dependence of the fluctuation on the presence of a small 
number of donor atoms arises from the fact that the fluctuation has its maximum 
in the intrinsic condition (cf. equation (27)). 

In a paper published elsewhere (Burgess 1954) an asymptotic method of 
applying the statistical approach is developed which leads to very simple general 
formulae for the variance of the number of electrons and for the relaxation time of 
a system when slightly perturbed from equilibrium. 
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Abstract. A theory of non-instantaneous action-at-a-distance and physical 
relativity is used to develop a force-formula for particles in relative motion. 
The velocity terms are derived from the forces between electrical circuits, and 
the acceleration terms from experiments with oscillators. The formula so 
obtained, when corrected for ‘ retardation’ accounts for electromagnetic induction. 

On the hypothesis that the variation of force with motion is the same for 
gravitational forces, an explanation of inertia is given in terms of the total amount 
of matter in the universe and its distribution, in quantitative agreement with 
present estimates of the mean density. A ‘red-shift’ near large bodies and a 
perihelion motion of the planets also follows. ‘This unified theory of gravitational 
and electrical force appears capable of giving a physical explanation of the 
macroscopic phenomena of physics. 


$1. INTRODUCTION 


T is well known that the idea of action-at-a-distance has usually met with 
repugnance, and that Newton rejected it. Physicists have preferred emission 
theories or medium theories, it being generally assumed that ‘ contact’ forces 

do not require further elucidation. It was never clear, however, that contact 
was not action-at-a-distance with the distance very small. 

An examination of the application of the hypothesis of action-at-a-distance 

to macroscopic physics is the object of the present paper; it is defined as follows: 


Action-at-a-distance. 


The forces exerted between particles of matter act at a distance, i.e. without 
the necessity for any intervening matter. 
To this is added 


Non-insiantaneous action. 


All particles in the universe are continually interacting, but a particle at time ¢ 
can only affect another particle with respect to which it is in motion at a distance r, 
at a time (¢+7/c) later (where c—=3 x 10" cm sec~!), 

Newton, following Galileo, treated forces as acting independently, so that 
the force between two particles depended only on the particles themselves and 
their relative distance apart, and this principle of independence -and relativity 
is extended to include motion as follows: 


The principle of physical relativity. 

Every particle acts on every other particle with a force which depends only 
on the particles themselves, their relative separation and motion, and the constant 
of interaction c.f 

tT So called to distinguish it from the principle of relativity which is concerned with the 


relations between moving observers’ measurements. 


} For the advantages of referring to c as the constant of interaction rather than as the 
velocity of anything, see Brown (1941). 
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These, together with the principle of superposition, are the postulates of this 
theory of non-instantaneous action-at-a-distance and physical relativity. We 
now attempt to determine, from information derived from experiment and 
observation, the extra terms required to extend the macroscopic force-formula 
to include the effects produced by relative motion, just as Newton, in finding the 
first term, used the results of Kepler and Tycho Brahe. 


§ 2. VeLocity TERMS 


We start with the fact that when two particles are at rest relatively to 
one another, the macroscopic interactions, gravitational and electrical, are repre- 
sented by similar force-formulae viz. mm’/r? and qq'/r? where m, m’ are the masses 
in dynamical units, g, g’ are the charges in e.s.u., and 7 is the distance between 
them. ‘This similarity suggests the hypothesis that the variation of force with 
motion is also similar in the two cases. 

Proceeding, then, on this hypothesis, we further assume, with Ampére, 
that all magnetic effects are the result of the motion of charges, and that in neutral 
conductors carrying steady currents, we have charged particles moving with an 
effective resultant ‘drift’ velocity v, and in oscillators we have charges moving 
with acceleration f as well. 

Commencing with the wv terms, we take “‘the most general form of Ampére’s 
law consistent with the experimental facts”? (Maxwell 1904). For steady, 
uniform currents when one, at least, of the circuits is closed, we have for the force 
in the x direction between two elements ds, ds’ carrying currents z and 7’, distant 
r apart: 


F.,= —1'dsds'[R cos (rx) + S cos (xds) + S’ cos (xds’)] 


where 


1 for or o2r iO) 6) eee) 
R=5( - ) +e = Gs » Os * 


Os Os’ dsds 

The added QO terms give zero when integrated round a complete circuit, 

and are therefore compatible with Ampéere’s results. ‘Taking Q=K/r where 
K is some constant, we can show that 

it'dsds’ 


aa 2 
ry 


{((K +2) cos (dsds’) — 3(K + 1) cos (rds) cos (rds’)] cos (rx) 
+ K cos (rds’) cos (xds) + K cos (rds) cos (xds’)}. 


To convert this expression for F’, into one involving charges q, q’ and velocities 
v and wv’, we make use of the experimentally determined relation gu/c=ids 
(Rowland and Hutchinson 1889). ‘Thus for the force we write 


E,= ais {[(K + 2)vv' cos (dsds’) — 3(K + 1)v,v,'] cos (rx) + Kv,'v, + Kv,v, } 


r2c2 : 


since v is along ds and v’ along ds’. . 

With physical relativity, only the relative velocity affects the force, and So, 
noting that dimensionally the terms are [velocity”], we shall have terms in v?, 
v2, and v,v,. To find the coefficients of these terms we must calculate the 
resultant force of one neutral element of current on another neutral element. 
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§ 3. FORCE BETWEEN LINEAR CIRCUITS AT REST 
We now have to consider the neutral current elements zds and 7‘ds’, as consisting 
of positive charges +g, +g’ at rest, and negative charges —q, —q' in motion 
: : ; 
(see figure). Let the velocity of the negative charge in ds be —w and in ds’, —@’, 


Taking axes in the conductor element ds, the force of the element ds’ on ds will 
be the resultant of four forces: the forces on +g and —g (velocity —w) at ds, 
due to +q’ (velocity zero) and —q’ (velocity —w’) at ds’. 

‘The terms in v? are 


D970 = = 99 (He P~ 90 (Oa)? +9 (Oe Oa P+ oe He 
= —2qq' Dw, ,' = —2cit'dsds' cos (dsds’). 
Similarly 
> 9q'0,2 = —2cit'dsds’ cos (rds) cos (rds) 
> 99/0 :@, = — Cit’ dsds' [cos (xds) cos (rds’) + cos (rds) cos (xds’)]. 


Comparing these terms with the most general expression of Ampére’s formula 
(1), we see that if we multiply the v? terms by —(K+2)/2c?, the v,? terms by 
—3(K+1)/2c?, and the v,v, terms by — K/c?, we shall obtain agreement. Thus 
we have for the velocity terms: 


qq {[[ (K+2)e?  3(K +1) o2 Kv > 
Bam BY SS ~ OS Joos my + =e. Bree, (2) 


§ 4. ACCELERATION TERMS 


In order, next, to derive the acceleration terms, the dipole oscillator suggests 
itself as perhaps the simplest case to take; and if we consider the interaction 
effects produced at distances large compared with the amplitude of the vibration 
of the current, then using polars, we can treat r and @ as the same for all parts of the 
oscillator, and the only effect of ‘retardation’ (i.e. the finite interaction constant c) 
will be in the phase. 

We shall assume that experiment shows (Hertz 1900, Ratcliffe 1931-2, 
McPetrie, Perry and Ford 1945) that a dipole oscillator, at large distances, only 
produces electric force at right angles to the radius vector r in a plane containing 
rand the direction of oscillation, of amount E = (gap? sin 0/rc?) cos p(t — r/c) where 
a is the amplitude of the oscillation of a charge g, p is the pulsatance, and 6 the 
angle between r and the direction of oscillation. Neglecting the phase retardation, 
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and remembering that f (the acceleration) is —ap®cospt, we find that 
E.,=(qq'/rc*)[f,.cos (rx) —f,,] satisfies the conditions. 

An oscillating dipole is not, of course, a neutral conductor: there are free 
fluctuating charges at its ends, but the force due to these decreases as 1/73 and so 
rapidly becomes negligible compared with 1/r. The velocity terms compared 
with the acceleration terms are of the order v?/rf or a2p?/ap’r = a/r and are therefore 
negligible. 

Having obtained the acceleration terms from experiments in which r and 
cos(rx) are sensibly the same for all parts of the circuit, so that retardation 
effects due to changes in them are not appreciable, we must now consider the case 
in which this is not so, e.g. ordinary induction with linear circuits in the 
laboratory. 

Now retardation makes the effect at time ¢ of a particle P on a particle Q 
(with respect to which it is moving), depend on the position and motion of P at 
a time (f— Rc) where R was the distance separating P and Q at that time. We 
can use Taylor’s theorem in the form 


x (:- *) = x(t) (A) Oe Sie 


c Cc 


. (:- *) a) *F.(0) | 


to express the ‘retarded’ function cos(Rx)/R in terms of the instantaneous 
values cos(rx)/r, provided the expansions are rapidly convergent. Assuming 
that this condition is satisfied in practice, we can show that for circuits in which 
r and cos (rx) vary, and therefore cause varying retardation, the acceleration terms 
are 


oie! ||. ee (3) 


2rc? 


§ 5. ELECTROMAGNETIC INDUCTION 


When we consider the inductive effect in an element of a circuit due to another 
element, in the same or another circuit, we have to find the force tending to 
separate the positive and negative charges in the element in the direction of the 
inducing element, and sum this up for the whole circuit. From this force, 
when it refers to unit charge, can be found the induced electromotive force. 

It is not difficult to show that the velocity terms and the acceleration terms 
derived above, both, independently, yield e.m.f.=—dN/dt for the induced 
electromotive force. 


§ 6. THE Law oF GRAVITATION AND THE MOTION OF MERCURY 


We have now obtained from electrodynamic experiments the extra terms 
involving the velocity (equation (2)) and the acceleration (equation (3)) which 
have to be added to the electrostatic force-formula in order to account for the 
facts of electromagnetism. If we proceed by making the hypothesis, already 
mentioned, that gravitational force varies in the same way, we can obtain the 
gravitational force between two masses m and m’ (dynamical units) by merely 
substituting m and m’ for e and e’, and changing the sign, and we then have 


/ a a + 2 ME 
Wm yg BEDE MED I gnye ROE 


aay eee i. ais hee ee re oye 


Die Co 2 c XE 


676 G. Burniston Brown 


Now, if a case were known where there was a discrepancy between the 
Newtonian formula and observation, and this discrepancy could be measured 
with a fair degree of accuracy, we might be able to determine the value of the 
constant K. The movement of the perihelion of Mercury provides such an 
instance. In this planetary case the acceleration is negligible except along the 
radius vector, and this is given very closely by —GM/r* where /=mass of the 
Sun in grammes. If this value is substituted in the acceleration terms, the force- 
formula leads to a rotation of the perihelion per revolution of 


(3—K)xGM 


c?a(1—e?) 


where e is the eccentricity and a is the semi-major axis of the orbit. If we take 
K = —3 we get the formula first obtained by Gerber in 1898, and by Einstein in 
1916. Ritz obtained a similar formula in 1908 but neglected the acceleration 
terms. We are not, of course, compelled to choose K a whole number, but the 
value —3 gives agreement with experiment within the limits of accuracy : 


Observed value for Mercury 42”:56+0-94 per century (Clemence 1947) 


Calculated (K = — 3) 43”-03 + 0-03 
Thus the force-formulae become 
qq hon 30 - 30s Os rie 
E,= “2 {1 gi ta sages cos (7x) — Sy) eh eee (4) 
mm live 30 A ore 30 ;eei ne TI 9 
pa [SE Beate a -#h. steenonees (5) 


§ 7. ORIGIN OF INERTIAL FORCES 


Having obtained a formula for the interaction of uncharged particles of 
matter which takes account of relative velocity and acceleration, we can inquire 
into the problem of imertia. If this is not due to movement with respect to 
‘absolute space’, it ought to be due to surrounding matter, as suggested by 
Bishop Berkeley when criticizing Newton, and later by Mach. Now the evidence 
of astronomical observation at the present time is that the matter of the universe is 
distributed more or less uniformly, and to about the same distance in all directions. 
We must therefore consider the force on a moving body at the centre of a spherical 
distribution of matter of uniform density » (dynamical units) and radius R. 
Using the postulate of physical relativity, we can take our particle of mass m to be 
at the centre of coordinates, and the universe moving in the opposite direction. 
On calculating the force by equation (5) we find that for a steady velocity the 
force of the universe on m is zero, but for an acceleration f there is an opposing 


force equal to —(4/3)(~mpR?/c?) x f. If we take this to be the force of inertia 
and write m, for the inertial mass, we shall have 


eee ae OS ise 


hus the ratio of the attractive mass to = inertial mass of a body which we know 
to be +/G snould be given by 3c?/4zpR?2 or 

2 We 

= 16k’ Sap ee aie (6) 
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Taking G=6-7 x 10-8 and R=2 x 1027 cm we can calculate the meau density 
of matter in the universe from equation (6) which yields 10°?’ g cm, a result 
which agrees with present estimates (Zwicky 1952). 


§ 8. Mass anp Rapius oF A SPHERICAL UNIVERSE AND RED-SHIFT 


With p in usual units, equation (6) becomes GM/c? = R, where M=mass of 
the universe. For the ‘Einstein universe’ GM/c?=1-57R, (Eddington 1949) 
and Whitrow (1950), as a result of a “‘ concise argument partly based on Newtonian 
mechanics” gets GM/c?=1-67R. 

Equation (6) also allows the increased inertial effect near a spherical body of 
mass m, to be calculated, and the effect of this on the frequency of a rotating or 
oscillating particle can be shown to be a ‘red-shift’ by a factor 1—1p72/pR? 
where p, and 7, are the density and radius of the body. In the case of the Sun 
this is of the order of one part in a million. As is known, a shift of this order is 
present on the Sun’s limb. 


§ 9. THE FoRCE ON A MovING ELECTRON 


The velocity terms in the force-formula have been derived from experiments 
on the force between current circuits, where the velocities of the moving charges 
concerned are, as far as we know, small compared with c. It is interesting to see 
how far the formula holds for moving free electrons. If we take, first, the case 
where the electron moves with velocity v at right angles to an electric field, as 
it does in experiments of the Bucherer type, we can show that the force on it is 
no longer 47ce (where the symbols have the usual meanings) but 47ce(1 + $v?/c?). 

Dividing by m,, the acceleration could be written (if v?/c? is small) 

47ce 
m1 — v?/c?)12 

so that if the variation of electric force with velocity is treated as a change in mj, 
this would agree with m=m)(1—v?/c?)-1?. Unfortunately the accuracy of this 
type of experiment is not sufficient (cf. Zahn and Spees 1938) to decide whether 
the force-formula is correct, or whether it requires the addition of higher powers 
of v?/c?. The case where the electron moves in the direction of the field, as in 
accelerators, is difficult to deal with, owing to lack of information on the rapidly 
varying non-uniform fields employed, but the formula indicates a limiting velocity. 
The force of a neutral current (or magnet) on a moving charged particle is correctly 
given by the formula. 


§ 10. OptTicaL EFFECTS PRODUCED BY MOTION 


Action-at-a-distance avoids the need for an ether, and therefore for ‘ waves’. 
Particles interact directly with one another, but the presence of other particles in 
the neighbourhood may, by superposition, cause a change of phase, which we 
are accustomed to look upon as a ‘change in the velocity of light’ (cf. Jenkins 
and White 1951) although, in all interaction, there is no change in the constant c. 
Bearing this in mind it is not difficult to show that the Doppler effect, aberration, 
and phenomena in moving bodies, can be adequately explained-in terms of 
action-at-a-distance. ; 

The Michelson—Morley and Kennedy—Thorndike experiments yield results 
which would be expected, since without an ether, movement is only with respect 
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to the celestial bodies, and uniform motion with respect to these produces, as 
we have seen, no forces, and consequently no changes. ‘The experiments of 
Ives and Stilwell, Michelson and Gale, Sagnac, and Dufour and Prunier, require 
a more detailed criticism which it is hoped to publish at a later date, when it 
will be shown that they do not invalidate the present theory. 


§ 11. CONCLUSION 


Experiment shows that electrical oscillations produce a very small force in 
a radial direction (Cullen 1952) (radiation pressure) so that the force-formula 
requires a small extra term, and phenomena occurring when vc may also 
need extra terms. When more accurate experimental results become available 
it will be possible to decide what these terms should be. The theory of 
non-instantaneous action-at-a-distance and physical relativity seems capable of 
giving a causal explanation of the phenomena of macroscopic physics in terms of 
matter, force and motion; and (with the above reservations) the formula found 
gives quantitative agreement with experiment. 
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RESEARCH NOTES 


The Field Distribution in Asymmetrical Magnetic Electron Lenses 


By G. LIEBMANN 


Research Laboratory, Associated Electrical Industries Limited, Aldermaston, 
Berks. 


MS. received 1st March 1955 


YMMETRICAL magnetic electron lenses, in which both pole pieces have 
the same bore diameter, have been extensively studied, and their properties 
are now well known. In practice, it is often necessary to deviate con- 

siderably from the symmetrical lens design; for instance, an asymmetrical form 
of lens, as shown in figure 1, is often used for electron microscope objective lenses 
where the enlarged half of the lens accommodates the specimen holder. 


R, 
Ry | 
ries Se aa stae aigs iz 
Figure 1. 


The only information published on the field distribution in asymmetrical 
magnetic lenses seems to be the measurement taken by Dosse (1941) ona particular 
magnetic lens, and the calculation by Lenz (1950) for a very similar one. 

To obtain a firm basis for the further extension of our knowledge of magnetic 
electron lenses, a systematic investigation was made of the field distribution in 
asymmetrical electron lenses and particularly of its dependence on the degree of 
asymmetry. The method used was the resistance-network analogue method 
(Liebmann 1950), which had been employed previously to study the field distri- 
bution of symmetrical magnetic lenses (Liebmann and Grad 1951). 

Typical results are given in figures 2-5. ‘The radius of the larger of the 
two lens bores (figure 1) was taken as unit of measurement of length. In figure 2, 
the axial field strength H,, expressed as a fraction of the field strength H,, in the 
parallel part of the pole piece gap, at great distance from the axis, is plotted for 
a series of lenses of equal gap width S=R, but varying radius R, of the smaller 
lens bore. The relative position of the pole faces remained constant during 
this series. It is seen that 2m, the position of the maximum Hy of the H, curve, 
moves towards the pole face with the smaller bore as the bore radius R, is decreased 
to coincide with the left pole face for R,~0; a graph of —2m/R, asa function of 
the bore ratio R,/R, is given in figure 4. Of greater importance for the imaging 
properties of the lens is the fact that for decreasing value of R, the maximum value 
Hm increases, leading to a greater refracting power of the asymmetrical lens. 
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It is noteworthy that the value of Hm for all curves in figure 2 agrees very closely 
(to better than 1°%) with the value of Hm as a function of S/D (see Liebmann and 
Grad 1951, fig. 7) if S/D is replaced by S/(R, + R2) in this earlier graph. 


Relative Position 
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2/Rz 
Figure 2. 


The relative ‘half-width’ values a,/R, and a,/R, for the field distributions 
to the left and to the right of the field strength maxima Hy in figure 2, i.e. the 
distances from the maximum at which the field strength has fallen to }Hyp, are 
plotted in figure 3 as functions of the ratio R,/R, for this series of lenses. The 
ratio @,/a, of the two half-widths may be considered as a useful measure of the 
electrical asymmetry, hence of the electron-optical asymmetry, of the lens whose 
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Figure 4. 


mechanical, or design, asymmetry is characterized by the bore ratio R,/R. 
Figure 4, in which a,/a, is plotted as a function of the ratio R,/R., shows that the 
deviation of the electrical asymmetry from the mechanical asymmetry is not very 
pronounced, the electrical asymmetry being always smaller than the mechanical 
asymmetry. ‘The a,/a, data of Dosse’s and Lenz’s work, mentioned before, 
come to lie exactly on the a,/a, curve of figure 4, near its top end. 
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Further measurements have shown that the electrical asymmetry parameter 
a,/4, is a function of the bore ratio R/,Ry only and does not depend on the relative 
pole piece separation S/R,. This is illustrated by the graphs of figure 5, which 
show the field distributions in three lenses of different gap widths S/R,, from 
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0-5 to 2-0, the mechanical asymmetry being constant at R,/R,=0-3. <A ratio 
G,/a,=0-42 + 0-01 is found for all three lenses of figure 5. The data of this figure 
also confirm once more that the value of Hm/H, agrees with the value of Ay/H, 
as function of S/D as given by Liebmann and Grad, if S/D is replaced by 
S/(R, + R,). 
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The Magnetic Pinhole Electron Lens 


By G. LIEBMANN 


Research Laboratory, Associated Electrical Industries Limited, Aldermaston, 
Berks. 
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§ 1. INTRODUCTION 


ONSIDER the asymmetrical magnetic electron lens of gap width S and 
CC bore radii R, and R,, shown in figure 1. If the bore radius R, becomes 
very small in relation to the radius Ry and the gap length S, the lens of 
figure 1 can be thought of as consisting of two lenses, a main lens which corresponds 


Figure 1. 


to one half of a symmetrical lens of bore radius Ry and gap length 2S, and a 
‘pinhole’ lens located in the plane of the pole face with the small bore, of radius 
R,. ‘The use of such a lens as an electron microscope objective was discussed by 
the author in a previous paper (Liebmann 1951), as it has the advantage of 
combining low spherical aberration with the requirement for a relatively small 
number only of ampere turns, provided the pinhole lens is located on the incident 
side of the electron beam. If, however, the pinhole lens is located at the emergent 
side, it may contribute substantially to the spherical aberration of the combined 
system. Such a situation is met for example, when one wishes to design a 
‘strong’ iens whilst keeping the focus F (see figure 1) outside the magnetic field 
of the lens. It is therefore of some interest to have some quantitative information 
on the properties of the magnetic pinhole lens. 


$2. THE FocaL LENGTH OF THE PINHOLE LENS 


Owing to the short distance 2) within the pinhole lens over which the magnetic 
field falls to a very small value, it is permissible to apply the ‘weak’ lens formulae 
to it. Also, the axial field distribution within the pinhole can be described, 
according to Gray (1939) and Lenz (1950) with good approximation by the formula 

A(C)=$H(i—tanh 60). 9) =) nee (1) 
In equation (1) Hy is the value of the axial field strength which would exist in the 
‘main’ lens near the pole face containing the pinhole if the pinhole were absent 
(/7, is equal to the maximum field strength along the axis of the symmetrical lens 


of radius Ry and gap length 2S), = 2/R, the relative distance from the pole face 
containing the pinhole, and 4 a constant. According to Gray (1939) 61-32, 
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whereas according to Lenz (1950) 61-20. Comparison with field measurements 
onasymmetrical lenses, as described in a preceding note(Liebmann 1955 a), showed 
that if S is of the same order of magnitude as R, the value of 5 given by Lenz 
gives a close match, whereas for small relative values of S the value of b given by 
Gray appears more favourable. In the subsequent discussion Lenz’s value will 
be used, but the results would be very little changed if Gray’s value were 
substituted. Using the axial field distribution (1) in the weak lens formula for 


R, LF, 


Rif = a is HO at 
= 22H " _(1=tanh b¢)* dé, 
one finds 
R, f=0-022H,2R2V,[f, — (tanh bf,)/2], 
since 


he a —tanhdl)*df= — ;| 280- 2 In cosh b¢ — tanh ral 
ta 


=4£, —2(tanh bL,)/b. 


This is the refraction due to the part of the magnetic field to the right of the 
point €= —¢,. The refraction of the field to the right of the point —Z, in the 
absence of the pinhole would be R,/f, =0-022H,?R,2V,-1C, if the relative pinhole 
radius R,/R,) were assumed so seem that at the point —¢,= —2,/R, (where 
tanh bl,—1, i.e. ()=2, say) the field H(—¢,)~H,. The presence of the pinhole 
lens would therefore lead to a loss of refraction 


A(R, /f) = —0-022H,?R,?V-1 (tanh 5¢,)/20. 
Writing k? = 0-022H,?R,?V,1, and tanh b¢,~1, this can be put in the simple form 
ARell \a— U4 ke Ral hy) 408) ls | aaasen (2) 


This can be further simplified for lenses of the type considered in which 
S<2R,, and for weak and moderately strong excitation, as in this case 
0-4k?=(Ro/fo)Ro/(S + Ro) (see Liebmann and Grad 1951, fig. 15), fo being the focal 
length of the ‘main’ lens (remembering that this is one half of a symmetrical 
lens). Hence, the relative increase in focal length due to the presence of the 
pinhole is approximately 


MOR MSR Fo” | Nee (3) 


The effect of relatively greater values S/R,, or of strong lens excitation, 
would be to introduce a multiplying factor slightly greater than unity on the 
right-hand side of equation (3). This equation shows that the influence of the 
pinhole on the focal length is relatively small. 


§ 3. SPHERICAL ABERRATION OF THE PINHOLE LENS 


The spherical aberration constant C,, of the ‘main’ lens was determined from. 
the data on which were based earlier results published on symmetrical lenses 
(Liebmann and Grad 1951), by following the electron trajectories, computed 
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for the earlier work just mentioned, up to the plane of symmetry of the symmetrical 
lens, and extrapolating the trajectory linearly fromthere. ‘The spherical aberration 
constant Cy can be represented in the same manner as in a recent paper on 
a ‘unified’ representation (Liebmann 1955 b), Cy/(S+R) +R) being plotted 
as a function of V,/(n/)?. The resulting curve (figure 2) has the same character 
as the corresponding curve given in the earlier paper, but the C.) values for the 
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‘main’ lens terminated by the pinhole lens are consistently lower, by a factor of 
about 0-75. ‘The reason for this is that, unlike f,, the constants C, and C,) are 
not in first approximation linear functions of V,/(nJ)?._ This favourable lower 
value of C.y is, however, often vitiated by the influence of the spherical aberration 
of the pinhole lens, which must be added to C,) to obtain the spherical aberration 
of the complete lens system, as shown in figure 1. 

The spherical aberration of the main lens is expressed most conveniently as 
the aberration angle da, 

Os = Cush os | ae) wile, Bw. Bee ee (4) 

The spherical aberration of the pinhole lens is then similarly described by the 
aberration angle 6x, =6r,//, where Sr, is the radius of the disc of confusion in the 
gaussian image plane due to the aberration in the pinhole lens and / is the distance 
from the pinhole lens to the focus F (see figure 1), the lens aperture in the plane 
of the pinhole lens being 7,,;=a/=7,ol/fo. The aberration angle $a, can be 


obtained with sufficiently good approximation, for R,<R,, from Scherzer’s 
‘thin lens’ formula 


$0, = 0-0117,.87-2 | Sa ee (5) 
Using the field distribution given by equation (1), the integral in equation (5) 


becomes: 


| H(2)de=(bH2/4R,) | ~ sech4 (bd) dé 
= (bH,2/4 | 3 tanh (b0)(2 + sech? (60) | ~0-4H,2/Ry. 
Hence 8x, =0-044H,2-V R, 1323, _ 
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The relative contribution of the pinhole lens to the spherical aberration of the 
whole system can be conveniently expressed as the ratio 5x,/Sxy 


804/30) =0-044H,22f5/(ViCyR1)- nw eee (6) 


This can be rewritten as 


eal 2 L\8 fo Ro Ro 
5a, =0-2k, (x) Gaal =a) tee = OO Fire: (7) 
Whilst the factor y in (7) is a function of k,2, one knows that y>0 when /+0, 
and that y=constant if the main lens is very weak, as then J/R,ocky ? and 
To) Ca K&ko*. ‘This constant value of y for the weak lens condition is y0°5. 
The constant y as a function of V’,/(nJ)? is shown in figure 2, together with 
Co/(S+Ro+Ry), fo/(S+Ro+R,) and 1/(S+R,+R,). In this representation, 
only minor deviations occur from these curves for lenses where S/R,<1, or 
S/R)> 1, as in the case of the ‘unified’ focal length curves (Liebmann 1955 b). 
Relation (7), in connection with figure 2, shows that mostly the pinhole lens 
makes a considerable contribution to the total spherical aberration, as Ry/R,>1; 
for relatively weak lenses, the pinhole increases the spherical aberration by a large 
factor. 
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Radio-Carbon Content and Delayed Boiling of Liquids 
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§ 1. INTRODUCTION 


LIQUID subjected to an external pressure equal to or less than the saturation 
vapour pressure of the liquid at that temperature boils, but the boiling 
may be immediate or delayed. For boiling to begin, conditions must 

be such that a bubble of microscopic size formed within the liquid can increase 
in size continuously. Its internal pressure must therefore exceed the sum of the 
hydrostatic pressure and the pressure due to liquid surface tension both of which 
tend to collapse the bubble. Such bubbles are being continually formed in the 
liquid by random molecular movement but they are usually so small that the 
pressure due to surface tension, which is inversely proportional to the radius of 
the bubble, is sufficient to cause their immediate collapse. Boiling is of course 
immediate should there be present solid nuclei upon which bubbles of finite 
size can form, but in the case of a clean liquid contained in a smooth vessel the 
boiling will be delayed. In the absence of any electric charge on the bubble, 
boiling will then not occur until thermal fluctuations produce an internal pressure 
in the minute bubble great enough to enable it to grow to visible size. At fairly 
low degrees of superheating the probability of this occurring is so low that an 
appreciable delay occurs before the liquid begins to boil. 

Should however the bubble acquire an electric charge on its formation, an 
extra pressure tending to promote growth of the bubble exists and this pressure 
increases inversely as the fourth power of the radius of the bubble. A bubble 
of small size which would otherwise be collapsed by the surface tension effect 
may thus be able to grow because of the charge it carries. There are two possible 
ways in which a bubble can acquire such a charge. The obvious way is by 
ionization through an external agent such as a cosmic ray or a radioactive source. 
The other way is by ionization occurring internally in the liquid. Such ionization 
would be expected in all liquids containing radio-carbon atoms since “C disin- 
tegrates with a half-life of about 5000 years giving a B-particle of energy 155 kv. 
The object of these experiments is to investigate the effect of these ionizing 
sources on the time delay occurring before a superheated liquid boils. 


§ 2. APPARATUS 


The liquid under test is contained in a thick-walled glass bulb of volume 
about 3 cm? and is immersed in a bath of glycerine whose temperature could 
be maintained at any value up to 150°C (figure 1). Pressures up to 35 atmospheres 
are applied to the working liquid by connecting the exit tube of the pressure 
chamber to a cylinder of compressed air, the pressure being transmitted to the 
liquid via a rubber diaphragm faced with a thin sheet of P.T.F.E. to avoid 
contamination of the liquid. Leakage of liquid past the sides of the capillary 


Research Notes 687 


is prevented by O rings compressed by brass washers. The experiment consisted 
of maintaining the temperature of the liquid at a constant value well above the 
normal boiling point and applying sufficient pressure to prevent the liquid from 
boiling. By opening a valve this pressure could be rapidly reduced to atmospheric, 
In general the liquid then remained undisturbed for some time before violent 
boiling occurred and this delay time was measured by a stopwatch. The bulb is 
refilled ready for the next expansion by application of pressure to the diaphragm, 
this resetting taking only a few seconds. 


e 


Figure 1. 


Since at any temperature the delay time before the onset of boiling is very 
variable, it was necessary to find the mean value of the delay time for 50 expansions 
at each temperature. 


§ 3. PENTANE 


Pentane is derived from petroleum sources of so great an age that no radio- 
carbon remains. ‘The variation of delay time with temperature is shown by the 
full curve in figure 2. Although the normal boiling point is 36°c, even at 120°c 
an average delay time of over half a minute elapses before the onset of boiling 
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since the only ionizing agents are cosmic rays and the probability of these producing 
a large charge on a bubble is small. At higher temperatures the surface tension 
is reduced and not only is the probability of thermal fluctuations producing a 
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bubble large enough to grow increased, but also a much smaller ionization charge 
is required for bubble growth. Both effects give rise to a big decrease in delay 
time until at 145°c boiling always occurs almost immediately. 

On placing a 100 microcurie ®Co source near to the liquid chamber, the 
delay time follows the course shown by the broken curve in figure 2. In the 
region of 120°c there is a finite probability of a bubble acquiring a sufficiently 
large charge by ionization to enable it to grow, so the average delay time is much 
less with the source present, and at all temperatures above 125°c this probability 
is so great that boiling always occurs immediately. Glaser (1953) has used this 
effect in his bubble chamber to obtain bubble tracks of ionizing particles. 


$4. DigeTHYL ETHER 


In this country ether is produced from alcohol obtained by fermentation 
and thus would be expected to contain radio-carbon since the half-life is some 
5000 years. In order to check whether the presence of “C atoms affects the 
delay time for boiling, a supply of ether free from such radioactive atoms was 
required. A supply of ethyl alcohol derived from petroleum, and thus free from 
radio-carbon, was obtained and a sample of diethyl ether prepared from it. The 
same test bulb was filled first with ordinary ether and then with the specially 
prepared ether and the delay times for boiling obtained for a series of temperatures. 
The curves are quite different, the delays for ordinary ether being always much 
less than for the special ether free from radio-carbon, and conform closely to 
the delays obtained using special ether in the presence of the ®°Co source (figure 3). 
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These results agree with predictions based on the fact that in a volume of 
3 cm? of ordinary ether there are about 20 “C decays per minute so that at suffi- 
ciently high degrees of superheat an average delay time of about 3 seconds should 
occur due to this cause alone. In a larger volume the delay time would be 
proportionately less and for the large volume bubble chambers proposed by 
Glaser and Rahm (1955), several decays can be expected in the few milliseconds 
during which such chambers remain sensitive. For this reason it is desirable 
to avoid the use of working liquids containing “C if large bubble chambers are 
to be operated successfully and with low background. 
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LETTERS TO THE EDITOR 
Distribution Function of Semiconductor Noise 


It is commonly assumed that the gaussian distribution of instantaneous 
values which applies to ‘ white noise’ will also apply to current noise in 
semiconductors, and recent theoretical investigations by Burgess (1954) and 
by the writer (1954) have shown that the recombination conditions which are 
likely to apply in a semiconductor lead to a very nearly gaussian distribution 
for the instantaneous numbers of conduction electrons (or holes) provided the 
numbers are large. But in view of the difficulty of explaining the inverse- 
frequency power spectrum in terms of the usual models of the conduction 
mechanism, it seemed worth while to confirm experimentally that there was 
no substantial departure from gaussian distribution of noise voltage in a typical 
specimen which showed the inverse-frequency spectrum of current noise. 

The sample examined was a carbon film of surface 1-9 cm long, 1:5 cm wide 
and having a resistance of 16 000 ohms, which had been prepared for the writer 
by the Welwyn Electrical Laboratories Ltd. Its power spectrum in the range 
covered by the experimental equipment, namely 40 to 6000 c/s,;+ has been 
examined by Mr. R. J. K. Ford and found to follow the law f'” where 
n—1+0-02. The amplitude distribution was explored by displaying the 
noise voltage on a cathode-ray tube with a time base of arbitrary speed and 


Frequency of Occurrence ——> 


1 
Deflection ———> 


measuring the mean intensity at various amplitude levels by means of a slit 
and photomultiplier. ‘he time base was used (rather than allow the signal 
to appear as a single vertical line of varying intensity) to reduce the risk of 
saturation of the fluorescent screen; and the satisfactory operation of the 
complete equipment was verified by comparing measured and_ theoretical 
distributions with the input first consisting of a sine wave and then consisting 
of shot noise from a temperature-limited diode. ‘The results for the carbon 
film are shown in the figure, where the experimental points are indicated by 


sd Betts bandwidth is many times that of the indicating device, so that requirements 
of the type discussed by Arthur (1952) are satisfied. 
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circles and the line shows a gaussian curve fitted to these points. There is no 
departure from the gaussian distribution which is significant within the accuracy 
of this simple method of measurement, which does not, however, justify the 
precise significance tests proposed by Siegert (1952). 

The writer wishes to record his thanks to Mr. R. J. K. Ford, who built 
the equipment for generating and amplifying the current noise, and to 
Professor A. Tustin who provided facilities for this work in the Electrical 
Engineering Department. 


Electrical Engineering Department, DPD, Ay BELL. 
University of Birmingham. 
27th May 1955. 


ArTHuR, G. R., 1952, 7. Appl. Phys., 23, 1143. 
BELL, D. A., 1954, Proc. Phys. Soc. B, 67, 227. 
Burcess, R. E., 1954, Physica, 20, 1007. 
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REVIEWS OF BOOKS 


The Properties of Glass, by G. W. Morry. 2nd Edn. Pp. 591. (New York : 
Reinhold Publishing Corporation, 1954). 


When the first edition of Morey’s well-known treatise appeared in 1938, 
this reviewer felt that it must stand for all time as a model for authors wishing 
to combine a maximum of empirical information with a minimum of critical 
comment and discussion. In the face of some recent competition a second 
edition now appears which combines a still greater quantity of empirical 
information with almost the same amount of—and almost the same-—comment. 
The appeal is still to the glass technologist who has to get on with the job, 
and the discussion of principles is cursory and faint-hearted, with liberal use 
of quotation marks to indicate that views expressed are not necessarily those 
of the author. In spite of claims made in the preface, recent work on 
fundamental properties of glass has been mainly ignored except for the 
insertion of additional references in footnotes. ‘This book of nearly 600 pages 
on the properties of glass does not answer the first questions which would be 
asked by an intelligent physicist newly introduced to the field. An unintelligent 
physicist would not guess from reading this book that there were any questions 
to be asked. 

Gory 


Physicochemical Calculations, by E. A. GuGcGENHEIM and J. E. PRuE. 
Pp. xii+ 492. (Amsterdam: North Holland Publishing Company, 1955.) 


SSG. 


This masterly collection of 171 worked problems based on published 
experimental data will be a boon to teachers and students of physical chemistry. 
The principle of the book is that textbooks are not enough, understanding only 
comes by applying, or, as here, studying the application of textbook knowledge 
to individual problems. A wide range of subjects in chemical physics and 
physical chemistry is covered with characteristic precision and clarity. Many 
of the problems are of direct interest to physicists; those on more specifically 
chemical subjects—chemical kinetics and thermodynamics, electrolyte solutions, 
surface chemistry, etc.—will be useful to physicists who require more than a text- 
book acquaintance with these subjects. The choice necessarily reflects the 
interests of the authors. A noteworthy omission is that despite the excellent 
and full collection illustrating the thermodynamic uses of reversible electrodes, 
none are included on electrode kinetics to provoke the student to consider how 
reversible potentials are established. 

The discussion sections are illuminating but occasionally Olympian in 
shortness. Some might have been expanded into the blank spaces at the end of 
the problems (each problem starts elegantly—and very rightly—on a new page) 
with advantage to many readers and without loss of edge. For example, in 
problem 83 most readers would have welcomed a discussion of the advantages 
and snares of estimating the error in the slope of lines by numerical methods 
instead of by the method used here, judgment by eye. In problem 122 the 
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impression will be left on the guileless that in estimating dy/dx (= constant) 
given y for three equally spaced values of x the middle value contributes nothing 
(it gives, of course, a rough measure of error). In problem 14 the effect on the 
estimate of Avogadro’s number of taking the modern value of the disintegration 
rate of radium instead of Rutherford and Geiger’s value should have been 
mentioned. 


L. YOUNG. 


The Illumination and Polarisation of the Sunlit Sky on Rayleigh Scattering, by 
S. CHANDRASEKHAR and Donna D. Expert. Pp. 86. (Philadelphia : 
Transactions of the American Philosophical Society, Vol. 44, Pt. 6, 643, 
1954.) $2.00. 


The problem of the reflection and transmission of a parallel beam of light 
in a given state of polarization by a thick layer of atmosphere showing Rayleigh 
scattering has been solved by the senior author (Radiative Transfer, S. Chand- 
rasekhar, Oxford: University Press, 1950). The present memoir gives an 
outline of the solution together with tables of the basic functions involved. 
The introduction also contains sets of curves showing the distribution of 
polarization for various cases. H. H. HOPKINS. 


Rethenentwicklungen in der mathematischen Physik, by J. LeNsE. Pp. 216. 
(Berlin: de Gruyter, 1953.) DM. 26. 


The use of expansions in terms of orthogonal functions is now such a 
commonplace in mathematical physics that an account of both these and related 
expansions and functions cannot fail to be of interest to a large number of 
physicists. Professor Lense’s book, the first edition of which appeared more 
than twenty years ago, deals with the properties of Fourier series, and the 
polynomials associated with the names of Bernoulli, Laguerre, Hermite and 
Tschebyschef, together with extensive accounts of Bessel functions, spherical 
harmonics and Lamé functions. Complex theory is only used in connection 
with Bessel functions; for the rest a real variable is assumed. In addition to 
the treatment of specific functions, a number of techniques is also described, 
including, for example, the method of steepest descent and a discussion of 
‘completeness’ as applied to orthogonal functions. Considered as a general 
view of this branch of mathematics, it is not easy to imagine more material 
being described so well in so short a space. H. H. HOPKINS. 


On the Origin of the Solar System, by H. Arvin. Pp. 194. (Oxford: 
University Press, 1954.) 30s. 


In this volume the hypothesis that electromagnetic forces constitute one of 
the key processes in the formation of the solar system is investigated. ‘The 
behaviour of an ionized mixture of gases under the combined influence of a 
magnetic field and the gravitation of the sun is first discussed. The differences 
of ionization potential of the constituents afford some scope for the separation 
out of different elements at different distances from the sun to give regions of 
differing compositions. So long as the full implications of the assumed magnetic 
fields are not gone into too deeply the process holds out the possibility of the 
gases being stopped in their infall at certain distances. Angular momentum can 
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then possibly be transferred to the material from the assumed rapidly rotating 
sun by further electromagnetic action, and the rings of gas so arrested and 
accelerated into orbital motion then condense into droplets, which go on to 
grow into planets in the general manner recently advocated by a number of 
writers on this problem. 

The author regards it as an advantage that no unusual or rare event has to be 
postulated but only the interaction of the sun with interstellar material already 
known to exist, but such philosophical discussion as is embarked upon in the 
earlier pages savours too much of the nonsense that so many astronomers are, 
alas, imbued with and regard as incontrovertible commonsense to be worth 
inclusion in the volume or contradiction here. ‘The main misgiving that this 
reviewer felt throughout the main body of the book was whether in fact any 
form of magnetic field that could reasonably be postulated for the sun (a dipole 
strength 10° times the present value being regarded as allowable) would operate 
in the way implied. There must always be questions in the background of 
how the lines of magnetic force are originated, and although one is here consider- 
ing them in (effectively) empty space they must have their roots or origin 
somewhere, so that it is important to be sure that any postulated field is not 
implying huge blocks of immovable permanent magnets approaching galactic 
dimensions in size tacitly hidden away, or comparable current systems, for 
instance. It therefore came as a surprise to find explicit reference to this kind 
of difficulty only in the closing pages of the book (p. 180) where it is suddenly 
remarked that the lines of force must not go directly from the cloud to the central 
body, whereas throughout most of the preceding 179 pages the reader has been 
allowed to think that the sun’s dipole field, which has this inconvenient property, 
is suitable (at however enhanced a strength). Full attention to the difficulty 
might of course have involved a complete reconsideration of all that had gone 
before, and it is a moral problem for an author making such a discovery late in a 
piece of work to decide what he shall do about it. 

There is little doubt that whatever processes in astrophysics turn out to be 
principally electromagnetic, Professor Alfvén will have been among the first to 
have suggested them, but this reviewer is doubtful of the extent to which the 
present volume provides convincing evidence that they include the formation 
of the solar system, at any rate by the mechanism considered. Professor Alfvén 
is always interesting and stimulating, and the student of magneto-hydrodynamics 
can learn much from his works, so that the value of his book is perhaps to be 
measured more from this point of view than in terms of any definite finished 
achievement in the field of cosmogony. Professor Alfvén is a pioneer in a 
realm that abounds with problems of satanic difficulty with which someone 
has got to be prepared to make a start, and we must all congratulate him on his 
courageous explorations. R. A. LYTTLETON. 


Elektronische Halbleiter: eine Einfiihrung in die Physik der Gleichrichter und 
Transistoren, by E. SpENKE. Pp. xx+379. (Berlin, Gottengen, Heidel- 
berg: Springer, 1955.) Price DM. 34.50. 


This book is a welcome addition to the still rather limited number of general 
texts on the fundamentals of solid state physics. While primarily intended for 
those concerned with crystal rectifiers and transistors, it seeks to provide the 


reader with a background of knowledge which he can apply to any type of solid 
state problem. 
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The first five chapters give a survey of the main phenomena and basic 
concepts, leading to a discussion of the various types of rectifier and transistor. 
The treatment here of band structure, electrons and holes and effective mass 
will provide an excellent introduction for those new to the subject. The 
sections on contacts and on the devices themselves are clear and thorough also. 
Ionic crystals are included in these chapters, and the section on defects, factors 
affecting their concentration, and the application of the laws of mass action is 
particularly welcome. ‘These matters are rather inadequately treated in most 
texts available so far in English. . 

The final five chapters, comprising more than half the book, deal with the 
foundations of semiconductor physics. There is first a formal treatment of the 
band theory, comparing the Bloch and Brillouin approximations, and giving 
physical interpretations. This leads to detailed discussions of the motion of 
the electron in an applied field, the effective mass, the Zener effect, scattering 
processes, and so to the theory of conductivity. This is perhaps the most 
important part of the book and will repay careful study by students of the solid 
state at all levels. 

The Fermi statistics are then discussed. ‘This is a less thorough treatment, 
and in particular there is no mention of the effects arising in the statistics when 
the spin of the electron trapped at donor levels is considered. This omission is 
disappointing, especially since the matter is referred to in Shockley’s book only 
in the problems at the ends of chapters 10 and 16, and there is evidence that 
there is some lack of general understanding. 

The next section deals with the equilibrium conditions in an impurity 
semiconductor, the application of the law of mass action, and the lifetimes 
of the neutral and ionized donors. The final chapter discusses surface phenomena, 
including those at the contact between a metal and a semiconductor. ‘This 
chapter gives a thorough treatment of the basic features, and will be valuable 
since these are still commonly misunderstood, not only by beginners. 

The scope of such a volume as this has of course to be limited; the author 
lists in his introduction numerous subjects he has not been able to include; 
no doubt others will occur to readers. ‘The present writer would have been 
pleased to see a fuller discussion of the Hall and related effects, and a 
development of the section on surfaces to include inversion layers, surface 
conductivity, surface recombination, and some account of the effects of 
adsorbed layers. ‘These features, however, would considerably enlarge a book 
already generous in subject matter. 

The production is good, there are very few minor errors, the references are 
adequate, and in all respects the book can be thoroughly recommended. 

D. A. WRIGHT. 
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Figure 1. X-ray diffraction patterns of samples having different structures. 
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A. Load 2 g, x 667 B. Load 20 g, « 133 


C. Load 200 g, «67 


D. Load 2000 g, x 27 


Figure 5. Stages in the breakdown of an anodized lay 
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Measurements on p-n Junctions in Lead Sulphide 


By TT. S/ MOSS 


Radio Department, Royal Aircraft Establishment, Farnborough, Hants. 


MS. received +th March 1955 and in final form 21st April 1955 


Abstract. From measurements of the characteristics of several natural p—n 
junctions the intrinsic resistivity of lead sulphide is calculated to be 3-1Q cm. 
Hence at room temperature the intrinsic carrier concentration is 2:7 x 10! electrons 
or holes per cm? and the width of the forbidden zone 0-40 ev. 


$1. INTRODUCTION 


o far it has not been possible to obtain single crystals of PbS which are 
sufficiently pure to be in the range of intrinsic conductivity at room tempera- 
ture, so that a direct measurement of the intrinsic resistivity is not yet 

possible. For this reason indirect measurements of this parameter are of interest. 
Also such widely varied values of the thermal activation energy have been deduced 
from Hall effect measurements that an independent method of obtaining the gap 
width is important. As natural p—n junctions have now been detected in PbSe 
by Goldberg and Mitchell (1954), the method here described may also be applic- 
able to this material. 


§ 2. EXPERIMENTAL 


Several p—n junctions were located in crystals of Joplin galena, and potentio- 
metric measurements made of their characteristics. Small samples were used in 
order to increase the likelihood of uniformity of the junction, the cross-sectional 
areas ranging from 10°? to 10-?cm?. As the junctions were never simple planes 
perpendicular to the length of the specimens it was necessary to trace the contour 
of the junction roughly on all four faces of the specimen in order to estimate the 
actual junctionarea. ‘The estimation of this area is probably the greatest source of 
error in the measurements. Figure 1 shows the rectification ratio of one of the 
best junctions (junction b of the table). It will be observed that the plot is 
linear up to about 30 mv, the slope of the straight line drawn being e/RT, 1.e. the 
junction is theoretically perfect for low applied fields, and gives the correct value 
for the electron charge, unlike point contact rectifiers. 

It was not possible to plot the potential distribution over the sharper junctions, 
but for a rather diffuse one which gave a rectification ratio of 1-75: 1 at eV=kT, 
the plot of figure 2 was obtained. It will be seen that 60% of the potential change 
occurs in a distance of 100 pz, and 85° in 200 p. 


§ 3. THEORY 


According to Shockley (1950) the current density through a perfect p-n 
junction (i.e. one in which the transition region is so narrow that negligible 
recombination takes place therein) is 

bo? RT 1 1 ) 
[= —— > kT—1)( —- + — 
i= are (OP VT D(a + 
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where 6=p,//4, = mobility ratio, o; = intrinsic conductivity, o,, o)=conductivity 
of the n and p regions respectively, L, = diffusion length of the electrons in the 
p-region, L, = diffusion length of the holes in the n-region. 

Hence the rectification ratio for a voltage +V across the junction is 
i;/i,=expeV/RT where i and i, are the currents in the forward and reverse 
directions respectively. A perfect junction will thus give a rectification ratio 
of e:1 for an applied voltage of RT/e, ie. 25 mv at 293°K. The observed rectifi- 
cation ratio at this voltage for an actual junction can be taken as a measure of 
the degree of perfection of the junction. 


Rectification Ratio (back resistance/forward resistance) 


Applied Voltage (mv) 


Figure 1. Rectification characteristic of PbS p—n junction. 
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Figure 2. Potential distribution across diffuse p-n junction in PbS 


The most difficult factors to evaluate in the equations are normally the Lo 
terms. However it has been shown (Moss 1953) that for different specimens 
of PbS the carrier lifetime 7 is proportional to the square of the specimen resis- 
tivity. Hence o,7,1*— oan." —constant: 

From the measurements quoted the average value of o27 was found to be 
Dreher? sec Q-? cm, there being no significant difference between p- and n- 
type specimens. Hence for the n-region o,L,D, 1 = (o71?), =(2 x 10-5)12, and for 
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the p-region o,L,D,~1? = (or), =(2 x 10-5)12, Rewriting in terms of the 
combined mobility , +4,=(e/RT)(1+6)D, we obtain 


eaeG |) aaa (6 +51) 1 
1=G; (=) (expel RT THO (Gu, baa) x10-R 


The current density in the forward direction at eV/RT=1 is given by 
6207 6461? 
(ip +p)! 2 (1 = b)8 2 

The mobility ratio is not well known for PbS. The ratios of actual mobilities 
measured on different p and n type samples give )~1, although it is known from 
the sign of the Hall effect in the intrinsic range that 4, >“. However the required 
function of 6 is not critical, varying only from 0-70 to 0-65 for b=1 to b=2, so 
that the function may be taken as 0-68 with little possible error. 

From Hall effect data which are available for natural crystals it appears that the 
best average value of yu, +, 1s 800cm?v-tsec"! (see Moss 1953, Scanlon and 
Preprice 1954)" Hence = 150, or pr 1-5/7. 

Thus from measurements of the current density in the easy flow direction at 
an applied voltage of RT/e (25 my at 293°k) the intrinsic resistivity of the specimen 
can be determined. 

The table summarizes the data obtained for the seven best junctions (i.e. those 
with highest rectification ratios). 


amp cm at 293°K. 


Junction a b c d e f g 
Rectiicationvatre)— ee) 2-9 ee 20/5 hle 25 ys le 2 One Ocoee ee lee Sem 
Calculated p; (Q cm) oof 3-4 23 2-4 He. 3:0 4-4 


The average resistivity is thus pj=3-1 Q cm. 


The main sources of error in the estimation of 7 (as a function of o) and 
in the junction area. As p,0c7!? the uncertainty in p,; due to inaccuracy in 7 is 
probably of the order of + 20%. ‘The dependence on junction area Is p; oc(area)"” 
so that the uncertainty due to this factor is also of the order of + 20%. 

Allowing for these errors we would expect a scatter of results between 2-2 and 
4-4 QO cm, which is very nearly the range of values quoted in the table. 

From the above value of p; we can calculate the intrinsic carrier concentration 
n, from the relation 1/p,=”, e(44) +4), which gives n,=2-7 x 10!cm™%. We can 
also deduce that the intrinsic lifetime 7,~180 sec, or perhapstwice this depending 
on the precise recombination mechanism. 

In terms of the activation energy £, the intrinsic carrier concentration at room 
temperature is given by 


m= 2-4 x Agus mettn) a exp(—£E/2kT), 


where m, and m, are the effective masses of electrons and holes respectively. It 

has been shown theoretically by Bell et al. (1953) that m,~3m. With m min = pn? 
we obtain E=0-40 ev.f 

§ 4. CONCLUSIONS 

It is concluded that for natural galena crystals the intrinsic resistivity at room 

temperature lies between 2:2 and 44cm, the most probable value being 

p; = 3-1 Q cm, which is very near to the figure obtained by extrapolating the data of 

+ It should be noted that this is the room temperature value of the gap width, not the 


value at absolute zero. 
3 B-2 
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Scanlon and Brebrick (1954) to room temperature. From this latter value the 
forbidden gap width is calculated to be 0-40 ev, in close agreement with the now 
well established value of optical activation energy (see Moss 1953). 
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Fluorescence Excitation Spectra and Quantum Efficiencies 
of Organic Crystals 


By Ge, LeWRIGH TY 


Physics Department, Rhodes University, Grahamstown, South Africa 
MS. received 13th April 1955 and in final form 11th May 1955 


Abstract. Fluorescence excitation spectra are measured for some organic 
crystals using excitation wavelengths down to 2200 A. The fluorescence quantum 
efficiency of crystalline p-terphenyl is found to be constant with wavelength of 
exciting radiation but apparent variation’s are found for trans-stilbene and particu- 
larly for anthracene crystals. These variations are due to surface escape of 
fluorescence the extent of which is sensitive to the depth of penetration of the 
exciting light in crystals which re-absorb their molecular fluorescence. The 
fluorescence excitation spectrum thus provides information about the absorption 
spectrum of the crystal. For excitation of the 001 crystal face of anthracene 
absorption maxima are found at 3960 A, 3740 A, 3540 A, 3370 A, 32204; these 
wavelengths are rather longer than hitherto reported. The first fluorescence 
maximum lies at 3980 A hence the 0-0 absorption and fluorescence transitions 
effectively coincide. 

Measurements made with an anthracene crystal having a very thin surface 
quenching layer of low fluorescence efficiency show that migration of electronic 
excitation energy through the crystal lattice occurs initially by a short range and 
non-radiative process. Possible transfer mechanisms are discussed and it is 
concluded that the most probable process is a quantum-mechanical resonance 
exchange between adjacent molecules resulting in a random diffusion of the 
excitation energy through the lattice. This is followed by the secondary and 
trivial process of fluorescence emission and re-absorption. 

The absolute photofluorescence quantum efficiencies of p-terphenyl and 
trans-stilbene crystals are measured by comparison with anthracene for which the 
quantum efficiency is 0-80+0-05. At a temperature of 290°K the efficiencies of 
p-terphenyl and trans-stilbene crystals are respectively 0-52 and 0-65. 


§ 1. INTRODUCTION 


ANY fluorescent organic crystals are opaque to part of their own 
fluorescence emission. Asa consequence the fluorescence of the crystal 
often differs considerably from that of the molecule. ‘The most obvious 

modification of the molecular fluorescence is suppression of a part since only those 
wavelengths to which the crystal is transparent are observed. ‘This has been 
studied quantitatively for some crystals by Wright (1954 a) and Birks and Wright 
(1954) and the existence of considerable overlap of absorption and fluorescence 
spectra verified in certain cases. In addition to this change of the spectrum the 
decay time of the fluorescence from the crystal is increased (Birks and Little 1953) 
and its quantum efficiency is reduced (Wright 1955 a) by the cascade process of 
re-absorption and re-emission of photons in the region of spectral overlap. 
+ Now at Mullard Research Laboratories, Salfords, Redhill, Surrey. 
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A further result of self-absorption is the enhancement of surface escape of 
fluorescence (Wright 1955 a). Because of the high extinction coefficients of the 
crystals the exciting light is rapidly absorbed to form a surface layer of excited 
molecules. During the initial emission from this layer a certain proportion of 
fluorescence, determined by the optical constants of the crystal, will escape 
immediately through the surface. The remainder travels into the crystal, a 
proportion finding it transparent and escaping, the rest being re-absorbed to 
produce excited molecules lying rather deeper within the crystal than the initial 
excited layer. This cascade process of re-absorption, re-emission and surface 
escape continues until no more excited molecules remain in the crystal. Evidently 
the total proportion of fluorescence which escapes through the crystal surface is 
influenced by the extent of self-absorption of fluorescence in the crystal. It is 
also influenced by the depth of penetration of the exciting light. When the 
initially excited molecules are produced deep within the crystal a considerable part 
of the fluorescence which would normally escape through the surface is absorbed 
before it reaches the surface. Consequently the fluorescence intensity escaping 
through the crystal surface is less than for wavelengths for which the extinction 
coefficient is high and which are absorbed in the surface layers of the crystal. 
Experiments have been made to verify this for crystals of p-terphenyl, trans-stilbene 
and anthracene and are reported in this paper; preliminary measurements for 
anthracene have previously been reported (Wright 1955b). In addition to these 
measurements the relative quantum efficiencies of these crystals are estimated and 
converted into absolute efhciencies by comparison with the recently determined 
figure for anthracene (Wright 1955 a). 


§ 2, EXPERIMENTAL METHOD 


The experimental method consisted of illuminating the top surface of the 
crystal with monochromatic exciting light and measuring the intensity of 
fluorescence transmitted through the base of the crystal. This observation was 
repeated for exciting wavelengths throughout the whole absorption region of the 
crystal above 2200 A, the fluorescence intensity at each exciting wavelength being 
normalized to the same quantum flux of incident light. In this way the fluores- 
cence excitation spectrum of each crystal was measured. 

The crystals used for these measurements were | cm cubes as supplied by the 
Larco Nuclear Instrument Company for scintillation counting. The crystal 
under investigation was placed on a thin Perspex disc the underside of which was 
shaped to fit the cathode of an R.C.A. type 5819 photomultiplier tube mounted 
vertically as illustrated in figure 1. Optical contact between surfaces was improved 
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Figure 1. Arrangement of crystal mounting. M, exit beam from Beckman monochro- 
mator; ‘Tl’, thermopile or quartz photocell; S, screen; C, crystal; P, photomultiplier 
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by the introduction of thin films of glycerine (refractive index = 1477 )s.Grystal 
faces were polished gently on soft tissue paper before mounting. ‘The crystal 
surface exposed to the exciting light was limited to a circular area 2 mm in diameter 
with a black paper screen ; a second screen with a 1 cm square aperture covered the 
Perspex disc to ensure that the photomultiplier received only fluorescence trans- 
mitted through the base of the crystal. Fluorescence was excited by illuminating 
the top surface of the crystal with monochromatic light from a Beckman Model 
D.U. spectrophotometer. For fluorescence measurements the horizontal exit 
beam of this instrument was deflected vertically downwards with a quartz prism. 


Measured with 
e@ Thermopile 
© p-terphenyl crystal 


Relative Quantum Sensitivity 
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Figure 2. Spectral sensitivity curves. A: R.C.A. type 5819 photomultiplier; 
B: Beckman quartz photocell. 


In order to normalize the observed fluorescence intensities to the same 
quantum flux of exciting light it was necessary to measure the relative quantum 
intensity of the monochromator exit beam. ‘This was measured with the quartz 
photocell of the Beckman instrument which had been previously calibrated for this 
purpose. ‘To make this calibration the hydrogen lamp of the spectrophotometer 
had been replaced with a 200-watt mercury arc lamp and the relative sensitivity of 
the photocell measured with a Hilger type F.'T.16 linear vacuum thermopile for 
eleven strong lines in the wavelength region 5780 A to 25374. ‘The spectral 
sensitivity curve obtained is shown in figure 2; the extension down to a wavelength 
of 2200 A was made using a p-terphenyl crystal as described later. ‘The spectral 
sensitivity curve of the 5819 photomultiplier was measured at the same time and is 
also shown in this diagram. 


§ 3. RESULTS AND DISCUSSION 


The description and discussion of the experimental results may be conveniently 
divided into two sections dealing respectively with measurement of the fluores- 
cence excitation spectra and measurement of the quantum efficiencies of 
fluorescence. 

3.1. Fluorescence Excitation Spectra 
p-terphenyl. 

Spectral measurements which have been made for this crystal show that self- 
absorption is negligible. Consequently the excitation spectrum will measure the 
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relative quantum efficiency of the molecular fluorescence when excited with differ- 
ent wavelengths. Many measurements of this kind have been made for organic 
molecules in solution and have invariably shown the quantum efficiency to be 
constant, but measurements for crystals are scarce. An exception is sodium 
salicylate which has been investigated by several experimenters (e.g. Watanabe 
and Inn 1953) and shown to have a constant quantum efficiency for excitation 
wavelengths down to 850 A. It is of interest that there appear to be no significant 
changes in quantum efficiency for excitation with wavelengths in the 
neighbourhood of the molecular ionization potential. 

The present measurements for p-terphenyl show that this molecule too has 
effectively a constant quantum efficiency of fluorescence over the measured wave- 
length range from 3500 A to 2537 A. The excitation spectrum was measured for 
each of three adjacent mutually perpendicular faces on two crystals; the two 
crystals gave similar results. Small variations (~5%) were observed and were 
due to variations in reflection coefficient through the absorption band of the crystal 
and to experimental variations. Although these measurements could not be 
extended below 2537 A it is justifiable to consider that this uniform response 
extends to much shorter wavelengths as in the case of sodium salicylate. ‘This is of 
considerable practical importance since p-terphenyl is available as large crystals of 
high quality and is therefore suitable for use as a detector of constant quantum 
efficiency for heterochromatic spectroscopy of the short-wave ultra-violet. . In the 
present instance a uniform response down to 2200 A was assumed and the crystals 
used to extend the calibration of the Beckman photocell down to this wavelength. 


trans-stilbene. 

Fluorescence excitation spectra for this material were measured for a smooth 
freshly cleaved 001 crystal face and for three adjacent mutually perpendicular 
faces on a 1 cm scintillation crystal. 

For the freshly cleaved face intensity variations of about 10°/, were observed. 
Since spectral measurements which have been made for this crystal show that it 
absorbs approximately half of the molecular fluorescence, these variations were 
interpreted as being due to the different penetration depths of the exciting light at 
different wavelengths affecting the proportion of fluorescence escaping through the 
surface. ‘This interpretation indicated that, for the crystal as for the solution, there 
is little vibrational structure in the absorption band. For the polished surfaces of 
the scintillation crystal intensity variations of about 30°, were observed. These 
surfaces, however, were not freshly cleaved and it is possible that some chemical 
deterioration had occurred. In addition, these surfaces were less smooth than the 
cleaved surface, consequently surface escape effects were enhanced. 


Anthracene. 

Crystals of anthracene re-absorb at least three-quarters of the molecular 
fluorescence. ‘They are, therefore, very suitable for investigating the influence of 
self-absorption upon surface escape of fluorescence. Some excitation spectra 
measured for crystalline anthracene are shown in figure 3. These all correspond 
to excitation of the 001 crystal face. Ordinate scales are adjusted so that the curves 
coincide for the longest excitation wavelengths used. Curve A was given by a 
freshly cleaved glass smooth surface ; curve B was given by a freshly cleaved surface 
after gentle scraping with a clean blade to produce a translucent surface. 'These 
two curves illustrate very well the enhancement of surface escape of fluorescence 
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with an irregular surface. Curve C was given by the smooth surface of a 1cm 
cube scintillation crystal and is discussed in detail later. 


Normalized Intensity of Transmitted Fluorescence 


2000 2500 3000 3500 4000 
Excitation Wavelength (A) 


Figure 3. Fluorescence excitation spectra of anthracene crystals. All the curves are for 
excitation of the 001 crystalface. A, freshly cleaved glass smooth surface; B, freshly 
cleaved irregular surface; C, polished surface aged for several months; the ordinate 
scale for this curve has been increased threefold. 


The similarity of curve B to the inverted absorption spectrum of anthracene is 
evident and is to be expected since the intensity variations are due to the variations 
in the extinction coefficient of the crystal. Since the minima of the excitation 
spectrum correspond to absorption maxima this curve provides much useful 
information about the absorption spectrum of the crystal. This is extremely 
difficult to measure directly because of the high extinction coefficients involved. 
Previous measurements have been made by Seshan (1936) who gives the positions 
of the absorption maxima and Kortum and Finckh (1942) who measure actual 
extinction coefficients. 

For the first absorption region the absorption maxima correspond to the 
electronic transitions 0’-0”; 0’-1"; 0’-2”; 0’-3”, and 0’-4”. Using the fluores- 
cence excitation spectrum these occur at wave numbers v=25200; 26700; 
28200; 29700, and 31000cm™!. ‘The mean wave number spacing of the 
vibrational levels is Av = 1430 cm~! which is the accepted value. 

These measurements show that the absorption maxima of the crystal lie at 
rather longer wavelengths than those reported by Seshan (1936) and Kortum and 
Finckh (1942). This is possibly because these authors were necessarily obliged to 
use very thin crystalline films for direct transmission measurements whereas the 
present measurements were made on large single crystals and are therefore more 
indicative of the true absorption spectrum of the crystal. These differences may 
be illustrated with reference to the first absorption maximum. For solution in 
dioxane this lies at a wavelength 3770 A; for the crystal Kortum and Finckh 
report a wavelength 3910 A; the present measurements give a wavelength 3960 A. 
According to the measurements of Kortum and Finckh the mean wave number 
difference between the absorption spectrum for solution in dioxane and for the 
crystal is Av =900 cm!; the present measurements give Av=1200cm™. 
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An interesting result of these measurements is that the 0’—-0” absorption tran- 
sition coincides with the 0’—0’ fluorescence transition. The molecular fluorescence 
spectrum of crystalline anthracene has been reported previously and an analysis of 
this spectrum into its component peaks shows that the fluorescence transitions 
0”-0': 0’-1’: 0’-2' and 0”-3’ occur at wave numbers 25 100; 23900; 22600 and 
21400cm-!. Thus within experimental error, for the crystal as for the vapour, 
the 0-0 absorption and fluorescence transitions coincide. ‘This observation 
reduces the discrepancy previously thought to exist between the positions of these 
transitions, 

A further point of interest is that the mean wave number spacing of the 
vibrational levels in the fluorescence spectrum is Av=1230cm-'. This is less 
than the spacing Av=1430cm™ found in the absorption spectrum. ‘This 
difference is explicable if we consider that, because of the electronically compressed 
state of the excited molecule, the vibrational frequencies and hence the spacing of 
the levels are increased. 

In addition to providing the positions of the absorption maxima the fluorescence 
excitation spectrum permits an estimate of the absorption strength. Such 
estimates must be made with care, however. This is illustrated by the minima 
at about 2500 A in curve B which, although corresponding to a much stronger 
absorption peak, lie little lower than that at 3960 4. ‘The reason is that at each 
of these wavelengths the initial excited molecules are produced in a surface layer 
of negligible thickness compared with the mean path lengths for re-absorption of 
fluorescence. Under these circumstances variations in the thickness of the initial 
excited layer do not appreciably affect the intensity of the transmitted fluorescence. 

The fluorescence excitation spectrum illustrated by curve C of figure 3 is of 
interest in that it was given by the smooth 001 face of a 1cm cube scintillation 
crystal which had been kept mostly in the dark, but exposed to the atmosphere, 
for several months. It had not previously been used. Although illustrated for 
only one surface this spectrum is characteristic of the other surfaces of the crystal 
and of other crystals. "The very low efficiency of this fluorescence, which for some 
wavelengths is less than a tenth of that from a freshly cleaved surface, can only be 
attributed to chemical deterioration (probably oxidation resulting in the formation 
of the photo-oxide and anthraquinone) producing in the surface molecular layers 
impurity molecules capable of quenching the anthracene fluorescence. The 
thickness of the quenching layer can be estimated as less than 10-4cm since for an 
excitation wavelength of 2850 A, which has a mean penetration depth of this order, 
the fluorescence efficiency has risen appreciably showing that this wavelength 
penetrates well past the quenching layer. 

If the impurity inolecules were present in sufficient concentration to absorb 
the major part of the exciting light and account for the low fluorescence efficiency 
in this way the fluorescence excitation spectrum would correspond to the absorption 
spectrum of the impurity molecule. The maxima and minima of this occur in 
exactly the same positions as for pure anthracene, however. This strongly 
suggests that the exciting light is still absorbed by anthracene molecules but that 
the fluorescence of these is quenched by a relatively small concentration of impurity 
molecules. On this explanation one would expect the additional quenching pro- 
cess to produce a major decrease in the decay time of the fluorescence. Such a 
decrease would be masked to a large extent by the cascade process of re-absorption 
and re-emission of photons in the crystal but one would still expect the observed 
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decay time to be appreciably less than for excitation of a fresh surface. This was 
found experimentally. The decay time of the fluorescence was measured 
(assuming an exponential decay) to be 12 msec; the damaged surface layer was 
then cleaved off and the decay time of the fluorescence from the fresh surface 
measured to be 22 musec. 

From these measurements we conclude that the incident light is absorbed 
mainly by anthracene molecules and that the fluorescence of these is quenched by a 
small concentration of impurity molecules which are present in a surface layer 
appreciably less than 10™*cm thick. These observations may be explained in 
terms of migration of electronic excitation energy through the crystal lattice to the 
quenching molecule, a process which has been studied using dilute solutions of 
fluorescent molecules. Bowen ef al. (1949) consider that in solid crystalline solu- 
tions the excitation energy is transferred to the foreign molecule by a resonance 
exchange process of the type responsible for sensitized fluorescence in gases, a 
mechanism favoured by Franck and Livingston (1949). The author (1953 a) has 
previously shown that such a process taking place between adjacent molecules can 
quantitatively explain the fluorescence characteristics of mixed organic crystals. 
This mechanism is also used by Kallmann and Furst (1950) to explain energy 
transfer in liquid solutions. An alternative process is favoured by Birks (1953) 
who considers that for both solid and liquid systems the excitation energy is trans- 
ferred solely by fluorescence emission and re-absorption. In most cases both of 
these proposed mechanisms lead to similar experimental features of fluorescence 
and it is difficult to decide which, if either, is responsible. The present measure- 
ments, however, differentiate between these mechanisms. 

Unless quenching of most of the initially excited molecules takes place before 
these can emit fluorescence at least a quarter will emit fluorescence photons to 
which the crystal is transparent and which will therefore escape from the crystal. 
Even if all the re-absorbed photons were captured by impurity molecules and 
quenched, which is by no means likely, this would still result in the fluorescence 
intensity being several times greater than that observed. Since, then, quenching 
occurs before the molecules emit, it must be a non-radiative process. The thick- 
ness of the quenching layers is less than 10~*cm and hence the operative process 
must be a short range mechanism. ‘This is the case for the resonance interaction 
process mentioned above which can occur only over molecular distances. For the 
radiative process mean path lengths for re-absorption of the greater part of the 
fluorescence are ten to a thousand times greater than this. We conclude then that 
the present measurements provide direct evidence for a non-radiative short-range 
mechanism for transfer of the electronic excitation energy. be 

There appear to be three possible types of process which satisfy these conditions. 
They are electron migration, exciton migration or a quantum-mechanical exchange 
process between molecules; conditions in the organic crystal lattice exclude the 
first two of these but are very suitable for the occurrence of the third. Except in 
insulating crystals possessing a conductivity band, electron migration is only 
possible if ionization occurs; this will take place during the scintillation process 
but is clearly excluded for photofluorescence. . Exciton migration is a process, 
possible in certain types of insulating crystals, in which an electron in the filled 
band, acquiring insufficient energy to raise it into the conduction band, beco mes 
trapped in the field of its own positive | hole. The combination may move 
through the crystal lattice transporting excitation energy but not charge. Again 
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this process is excluded in organic crystals. The term exciton transfer has also 
been used (Frenkel 1931) to describe an extremely rapid movement of excitation 
energy through the component parts of a strongly coupled system. For the 
crystals under discussion there are no indications in the absorption spectrum that 
this necessary strong coupling between molecules exists and we may therefore 
discard this mechanism. For the remaining transfer mechanism there are two 
possibilities. The first of these was suggested by Forster (1948) who shows that 
coupling between molecules due to dipole-dipole interaction can result in transfer 
of electronic excitation energy. However the types of molecules under consider- 
ation have such very weak dipole strengths that this process is effective only over 
very short distances. These distances are so short that appreciable transfer by 
this process in these crystals may be ruled out. |The other possibility has been 
mentioned previously and involves a quantum-mechanical resonance exchange 
between the electron orbitals of the excited molecule and an unexcited molecule 
resulting in transference of the excitation energy. ‘This process is discussed by 
Massey and Burhop (1952). Clearly this process is quite possible in organic 
crystals since the molecules retain their individuality in the crystal lattice yet are 
sufficiently near for direct interaction to occur between the expanded electron 
orbital of the excited molecule and those of adjacent molecules. 

Accepting this latter transfer mechanism the excitation energy migrates in a 
random fashion through the crystal lattice by repeated transfer between adjacent 
molecules until it is eventually emitted as fluorescence or dissipated non-radiatively 
by a molecule of the host lattice or is captured by a foreign molecule. If the non- 
radiative transition probability of the foreign molecule is high the excitation energy 
will be dissipated before it is transferred again or if the electron levels of this 
molecule are below those of the host molecules the excitation energy will remain 
with the foreign molecule until dissipated radiatively or non-radiatively. It has 
been shown previously (Wright 1952, 1953a) that this mechanism of energy 
transfer can quantitatively explain the fluorescence characteristics of mixed 
organic crystals if the mean transfer frequency of the excitation energy is similar 
to the thermal vibration frequency of the lattice. In the pure crystal lattice this 
random diffusion of the excitation energy will be a fundamental part of the photo- 
fluorescence and scintillation processes. ‘The excitation energy will be transferred 
over considerable distances and fluorescence emission will, in general, occur at 
some distance from the point of absorption. (An approximate calculation 
indicates that mean distances of transfer in typical fluorescent crystals range from 
10-100 molecular diameters.) Energy migration is of particular importance in the 
scintillation process since it will result in a rapid expansion of the primary excitation 
column formed along the track of the absorbed particle. This will influence the 
nature of the quenching mechanisms operating in the scintillation column (Birks 
1953, Black 1953, Wright 1953 b, 1954 b) and also the rate of emission of fluores- 
cence during the scintillation. 


3.2. Absolute Quantum Efficiencies of Fluorescence 


‘These measurements were made using wavelengths just within the transmission 
edge of the crystal. ‘These penetrate deeply into the crystal and surface effects, 
as described in the previous section, are thereby eliminated. 

When the incident light is absorbed in the crystal it is converted into fluores- 

ence with a quantum efficiency less than unity. The fluorescence of the crystal 


Excitation Spectra and Efficiencies of Organic Crystals 709 


is emitted in all directions and only a part of this is received by the photocathode. 
Consequently the multiplier output current, when corrected for the different 
spectral sensitivity of the photocathode to the fluorescence light and the exciting 
light, is less than when the exciting light is received directly by the photocathode. 
The ratio of the corrected multiplier currents gives the product of the quantum 
efficiency g and the efficiency of collection of fluorescence f, 

Using the same experimental procedure as described previously this ratio 
was measured for a range of wavelengths in the neighbourhood of the transmission 
edge for a number of crystals. A typical set of uncorrected measurements for 
p-terphenyl, trans-stilbene and anthracene are illustrated in figure 4. For each 
crystal measurements were made for excitation of each of three adjacent mutually 
perpendicular faces. These curves are all very similar and may be discussed with 
particular reference to those for anthracene. 
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Figure 4. Illustrating the dependence of the product of fluorescence collection efficiency 
and quantum efficiency upon the exciting wavelength. A, p-terphenyl; B, trans- 
stilbene; C, anthracene. 


The transmission edge of this crystal is at 4270A and at wavelengths 
immediately below this the crystal fluoresces with constant quantum efficiency. 
At slightly shorter wavelengths the intensity of the transmitted fluorescence 
decreases slightly because of a gradual decrease in the collection efficiency of 
fluorescence as the penetration depth of the exciting light decreases. For exciting 
wavelengths shorter than about 4000 A the penetration depth is small, photo- 
fluorescence is essentially a surface phenomenon and the fluorescence intensity 
becomes very small due to surface quenching of fluorescence as described 
in the previous section. 

Since the observed fluorescence intensity varies only slightly for different 
crystal orientations the mean value of fq for all three curves may be taken. 
For p-terphenyl, trans-stilbene and anthracene we find fg=0-24, 0-39, 0-38 at 
excitation wavelengths 3460 A, 3650A and 42704 respectively. ‘These wave- 
lengths are the respective transmission limits of the 1 cm thick crystal. Assuming 
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isotropic optical properties and assuming total internal reflection for angles of 
incidence greater than the critical angle we may calculate the collection efficiency 
for these three crystals to be 0-37, 0-47 and 0-37 respectively. For the particular 
case of anthracene the quantum efficiency has been measured to be 0-80 + 0-05 
hence we may measure the collection efficiency for this crystal to be 0-47. ‘That 
this is different from the calculated value is to be expected since the crystals are 
by no means optically isotropic nor are their surfaces optically smooth. However, 
since each of these hydrocarbons crystallizes in the monoclinic system their 
optical properties are similar; it is therefore justifiable to consider that for each 
of these crystals, since the collection geometry is the same in each case, there will 
be the same relative difference between the calculated and the actual collection 
efficiency. Thus, normalizing to a value of 0-47 for anthracene we find collection 
efficiencies of 0:47 and 0-59 for p-terphenyl and trans-stilbene respectively. 
Using these figures for f the absolute quantum efficiencies of fluorescence are 
found to be 0:52, 0-65 and 0-80 for p-terphenyl, trans-stilbene and anthracene 
crystals, respectively. Cerrecting for re-absorption of fluorescence in the crystal 
as described previously (Wright 1955 a) the quantum efficiencies of the molecular 
fluorescence are found to be 0:52, 0-77 and 0-94. For p-terphenyl and trans- 
stilbene it is difficult to estimate the accuracy of these results but the error is 
probably no more than in the initial measurement for anthracene. 

Used together with decay time measurements these results enable the radiative 
and non-radiative transition probabilities of the molecule to be separately obtained. 
For anthracene the decay time of the molecular fluorescence is 6-4 msec which 
gives a radiative transition rate of 1-43 x 108sec!. ‘This figure may be compared 
with that derived from the absorption intensity. Bowen (1954), who uses an 
expression derived by Forster, finds this to be 0-74 x 108 which is within a factor 
of two of the experimental value. 

A further point of interest concerns the scintillation efficiencies of these 
crystals. Compared with anthracene, p-terphenyl and trans-stilbene have 
relative efficiencies of 0-6 and 0-65. ‘This is rather similar to their relative 
fluorescence efficiencies and suggests that the primary scintillation processes for 
these crystals are similar and that the differences observed in scintillation 
efficiencies are due mainly to differences in photofluorescence characteristics. 
This is also suggested by the work of Black (1953) who shows that the relative 
responses of these crystals to electrons and alpha particles are similar. 


§ 4. CONCLUSIONS 


The experimental observations reported show that for crystals which strongly 
re-absorb their own fluorescence there is an apparent variation of quantum 
efficiency with exciting wavelength. For p-terphenyl which shows negligible 
self-absorption this effect is absent. Consequently this crystal is very suitable 
as a detector of constant quantum efficiency for heterochromatic spectroscopy 
in the short-wave ultra-violet. For trans-stilbene and particularly for anthracene, 
however, appreciable variations occur in the intensity of the transmitted 
fluorescence especially if the surface is not smooth. These variations provide much 
useful information about the absorption structure of the crystal. Such measure- 
ments may be extended into the vacuum ultra-violet and soft x-ray regions of the 
spectrum and may provide valuable information about higher electronic excited 
states and ionization potentials of the molecule in the crystalline state. 
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Surface escape of fluorescence increases as the depth of penetration of the 
excitant decreases. This produces an apparent decrease in the scintillation 
efficiency of the crystal over and above any decrease due to quenching mechanisms 
in the primary excitation column. This will result in a lower scintillation 
response for short-range particles if incident externally compared with the 
response if produced internally. This is found experimentally by Birks and 
Brooks (1954) and Brooks (1955) (although this is disputed by Robinson and 
Jentschke 1954) and has been discussed for anthracene (Wright 1955 c). Such 
effects are particularly appreciable if the surface is not fresh and smooth. For 
p-terphenyl these effects are very small and, notwithstanding its lower efficiency, 
this material would appear more suitable for use in scintillation counters. 

The very low fluorescence efficiency shown for surface excitation of an 
anthracene crystal with a very thin surface quenching layer shows that energy 
migration through the crystal lattice occurs initially by a non-radiative and 
short-range mechanism. It is considered that this mechanism is a quantum- 
mechanical resonance exchange process such as is responsible for sensitized 
fluorescence in gases. ‘This is followed by the secondary and trivial radiative 
process of photon emission and re-absorption which evidently must occur to 
some extent whenever absorption and fluorescence spectra overlap. 

For materials which are available in suitable crystalline form it is possible to 
measure the relative quantum efficiencies of fluorescence; by comparison with 
the known value for anthracene the absolute quantum efficiencies may be obtained. 
For p-terphenyl, trans-stilbene and anthracene crystals the molecular efficiencies 
are 0-52, 0-77 and 0-94 respectively. In each case this is considerably higher 
than in any other physical state and indicates that the molecule is least perturbed 
by its environment when in the crystal lattice. The similarity between the 
relative quantum efficiencies and the relative scintillation efficiencies, together 
with the observation of Black that the relative scintillation response to electrons 
and alpha particles is similar for all three crystals, suggests that the primary 
mechanisms of the scintillation process are similar for all organic crystals and that 
the differences observed in scintillation efficiencies are due mainly to differences 
in photofluorescence characteristics. 
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Abstract. From microwave resonance measurements, g values and line widths 
for nickel and for Ni-Cu, Ni-Al, Ni-Sb and Ni-Mn alloys with high nickel 
content have been determined. Measurements were made at a wavelength of 
1-22 cm and usually in the temperature range 20-200°c. 

A constant temperature independent g value of 2:19 + 0-02 was found for all 
specimens except the Ni-Mn alloys; for these a decrease in g value with increase 
in manganese content occurred, reaching 2-11 for the 13-5 atomic per cent Mn 
alloy. An explanation of this behaviour is given. 

Absolute absorption measurements were made and the line widths are 
expressed in terms of the damping constant 1/7, introduced by Bloembergen 
(1950). Fora given alloy the shape of the curve of 1/7, against reduced tempera- 
ture is similar to that found by Bloembergen for nickel but varies from alloy to 
alloy. A single curve of exponential form is found to represent the results when 
1 T, is plotted against saturation intensity of magnetization MV, an increase in 
1,7, accompanying a decrease in VM. A possible explanation is qualitatively 
presented. 


§ 1. INTRODUCTION 


ICROWAVE resonance absorption has been studied in nickel and in 

alloys of this metal with copper, aluminium, antimony and manganese. 

The object of the investigation was to examine the variation of the 
spectroscopic splitting factor g and the damping constant 1/7, of the ferromagnetic 
nickel in various degrees of dilution with non-ferromagnetic metals. The 
measurements were carried out on polycrystalline specimens at a wavelength of 
1:22 cm and in the temperature range from 20°c to 200°c or to the Curie point, 
whichever was the lower. 

The high-frequency power loss in the material at constant frequency v was 
measured as a function of a steady magnetic field H, which was applied perpendi- 
cular to the high-frequency field H,. Under these conditions the loss rises to 
a maximum at a field H,'"**, and Kittel (1948) and others have shown that the 
resonance condition for polycrystalline material is 


y= 2 ((H™*+(N,—N,)M\H>*+(N,—N,)M)PR oo... (1) 


Annic 

Here M is the intensity of magnetization in the material, assumed to be saturated 
in the field H,""*; N,, N,, and N, are the demagnetization factors of the specimen 
in the three coordinate directions, and the other symbols have their usual meanings. 

The relaxation processes occurring in ferromagnetic resonance are not 
clearly understood, and the shape and width of the resonance curves have not yet 
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received satisfactory theoretical explanation. Several empirical damping terms 
in the classical equations of motion have been suggested (Kittel 1947, 1948, 
Bloembergen 1950, Yager et al. 1950); by suitable choice of the damping constant 
in such terms, a reasonable agreement between theoretical and experimental 
curves may be obtained. ‘The present investigation was concerned mainly with 
a comparison of the damping constants of materials under similar experimental 
conditions, and it was found convenient to use the equations given by Bloembergen 
(1950) and based upon Bloch’s nuclear resonance equations. 
The relevant equations, referred to unit volume of the material, are 


dM, ,|dt=y[MxH],,,—-M,,y/T» 


x,y! 


dM,/dt = y[M x rt 7s, (M, 7 M)/ Ty 


where H is the effective field within the specimen. Provided that the damping 
constant 1/7,<v, the resonance equation (1) is unaltered at the low microwave 
powers employed, and 
T= 27 Ya NS NM vie ee eee (2) 

In this equation, y=ge/2mc and, writing the complex permeability in the form 
[= py — Bla, Pp = (oy? + fe”)Y? + po; fR™** is the value of wp found in the field 
H. ees 

Thus the determination of values of g and 1/7, necessitates the measurement 
of H,™* and pp™**; in addition, a knowledge of the frequency, intensity of 
magnetization and demagnetization factors is required. 

The method and results are given in detail in §$§ 2 and 3 respectively, and are 
discussed in $4 of this paper. 


§ 2. EXPERIMENTAL APPARATUS AND PROCEDURE 


2.1. General Arrangement of the Apparatus 


The general form of the apparatus (figure 1) has already been described 
(Adam and Standley 1953). The cavity was tuned by a micrometer driven 
non-contact plunger, and the specimen formed the bottom wall of the cavity, 
which resonated in an H,,, mode, heat insulation being provided by water jackets 
surrounding the input and output waveguides and the micrometer block. 


Figure 1. Block diagram of the apparatus. 
O, klystron, oscillator; M, matching unit; W, wavemeter; F, directive feed; P, power 
monitor; A, attenuator; S, standing wave detector; D, detector; R, cavity resonator; 
EM, electromagnet. 


2.2, Experimental Method 


It was shown previously (Adam and Standley 1953) that Q,, the unloaded O 
of the cavity, may be written in the form Z 


iQj=2+ nip) ee (3) 
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where a and 0 are constants for the cavity at a given temperature and p is the 
electrical resistivity of the specimen. In this investigation absolute values of juz 
were required so that a determination of a and b was necessary. 

The loaded Q of the cavity, O;, was determined at constant frequency by 
measuring the detuning of the cavity required to reduce the power transmitted 
to a matched load to half its maximum value. For the transmission type cavity 
used, 1/0; =(1+8,+,)/Qy) where 8, and f, are the coupling parameters of the 
input and output guides. The diameters of the circular irises coupling the 
cavity to the input and output waveguides were adjusted until the measured values 
of 6, and f, were identical, and thus 1/Q,=(1+28)/Q,. The parameter 8 
was found from the standing wave ratio 7 set up in the input waveguide, and in 
the present case of an undercoupled cavity was equal to 1/r. The measured 
standing wave ratio 7’ was corrected for the finite detector probe impedance, 
for the power loss in the guide walls between the probe and the iris, and for the 
loading of the cavity by the output guide. Measurements of QO; and 8 thus 
enabled Q, to be found. ‘The theory underlying these measurements and details 
of the various corrections may be found, for example, in Montgomery (1947). 

The constants a and b of the cavity were found from values of Q, determined 
when the ferromagnetic specimen was replaced by highly polished, strain free 
non-ferromagnetic materials whose resistivities were known at the temperatures 
used. In general, silver and an alloy similar to manganin were used, but other 
metals provided additional checks of the calibration. 

The required data for the ferromagnetic specimens could have been obtained 
from measurements of QO; and f in a series of applied fields H,. A shorter and 
more convenient procedure, however, was that outlined below. 

O,, was first determined in the remanent field of the electromagnet. With 
the cavity tuned to resonance, a measure of the transmitted power P, proportional 
to O,?, was given by the rectified output current of a silicon tungsten crystal 
detector (D,, figure 1). This current was measured by the deflection 4) of a 
sensitive low resistance galvanometer. [The magnetic field was then increased 
and the deflection @ recorded for a series of known fields up to 13850 oersteds. 
Since the crystal was found experimentally to be working as a square law detector 


OP Pod. 


To obtain values of Q, at each field strength without measuring r’ use was 


made of the equation 
1/Qo 7 1/Q,, ar 2/Qn dca 2h ¢ae (4) 


where Q, is the external or radiation Q of the cavity. It is defined as Q)/f and 
was determined from initial measurements with non-ferromagnetic specimens. 
On the assumption that the resonance absorption in the ferromagnetic material 
affects only the effective resistance of the cavity and does not alter appreciably 
the effective reactance, QO, is a constant independent of the applied field H,; 
this was checked experimentally. 

The use of equations (4) and (3) thus gave values of (uyp)'”. Calculation 
of jzz could be effected either by assuming the d.c. resistivity of the material to 
be unaltered at microwave frequencies (Benson 1953) or by extrapolating the 
((np)'?, H,) curve to very high field strengths where pp=1. An additional 
check arose from the fact that in the lowest fields pz was very close to, but slightly 
less than, unity. 
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While the saturation intensities of magnetization of most of the alloys at 
room temperature were obtained from the literature (e.g. Hoselitz 1952), check 
measurements were made on most specimens using an oscillation magnetometer 
of the type described by Griffiths and MacDonald (1951). | The ‘ anti-resonance’ 
in the (cp, H,) curve also enabled M to be found at temperatures well removed 
from the Curie point (Bloembergen 1950). The demagnetization factors were 
calculated from published tables and equations (Osborne 1945). Thus, all 
required parameters in equations (1) and (2) were obtained and values of g and 
1/7, could be calculated. 


2.3. Preparation of the Specimens 


Four of the nickel copper alloys were kindly supplied by the Mond Nickel Co. 
The remaining alloys were prepared by melting together 7m vacuo the requisite 
amounts of spectroscopically standardized materials, using a high-frequency 
furnace. ‘The resulting alloy was heated in argon to about 1000°c for 12 hours 
and slowly cooled to room temperature. After rolling to a sheet about 0-5 mm 
thick, discs of the required diameter were punched out, polished on fine emery, 
annealed zm vacuo and then electrolytically polished. ‘This was usually followed 
by a final anneal in vacuo. Experience showed that this final anneal was often 
important, removing any small residual surface strains left after polishing; 
an increase in the maximum power absorption of 5°% in some cases was recorded, 
with a corresponding decrease in line width. Chemical analysis of most of the 
alloys was carried out using standard volumetric procedures. 


2.4. Experimental Errors 


The main uncertainties in the measured g values arise from the determination 
of H,“*“and M._ ‘The calibration and setting of the magnetic field and the location 
of the resonance peak are thought to introduce a possible 1}°% error in H,™*, 
while M is uncertain to 2%. ‘These, with the smaller errors in the other quantities 
involved, yield a maximum error of about 25°% ing. Certainly it would be unwise 
to attach much importance to differences in g less than 0-04. 

The probable error in 1/7, is more difficult to estimate with certainty. 
Equation (2) shows the parameters involved in its determination and the several 
necessary measurements have been discussed above. From a consideration of 
the uncertainties in these measurements it is thought that absolute values of 1/7, 
may be in error by as much as 25%. However, relative values will be more 
reliable and changes in 1/7, of more than 12-15%, should be significant. 
Certainly, individual measurements over a period of nearly two years have been 
reproducible within this limit. 


§ 3. EXPERIMENTAL RESULTS 


Some of the experimental data are given in tables 1 and 2. In general observa- 
tions were made at several temperatures but in table 1 are recorded only those 
data taken at the extreme temperatures and at those intermediate temperatures 
where significant changes in 1/7, were found. Some comments on individual 
alloys are given below. 
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Table 1 

(1) (2) (3) (4) (5) (6) (7) (8) 
Cu 08 347 20 7-9 6050-3755 4:5 2-18 
200. 16-0 5025. 27-2 4:8 2-18 

Cu 46 308 20 126 5500 27-8 5:3 2-18 
200-225 4260180 6-0 2:21 

CH GIFS 256) 9 20. 19-8 | 4700) 20:0 6-1 2-19 
150, 28 . 3700) 13:7 6:6 2:21 

200 7 325) 3100, 10-2 7-5 2:22 

Cul48 203 20 260 3900 14-4 6-7 2-19 
100 32-4 3250-105 7-4 219 

io Fees Sl 2700 5-0 9-4 2:22 

Cu 24:7 £05 7) 20" "9 38°25, 2750 5-4 9-8 2:20 
85 441-1200 2-2 11-5 2:20 

Cu 26-4 89 20 39-8 1830 3-8 10-6 2-18 
75 44-7 1020 1-7 12-4 2:22 

Cu 28:5 69 20 415 1400 2-6 115 2-19 
Al 5-1 220 «220 2 =.20-9 = 4400S: 183 6-4 2-20 
200-263. 3150108 6-9 2:20 

Al 63 190 20 25:0 3750 14-0 6:5 219 
100 27-7, — 3.250 0-9 74 2-19 

175. 29-9 2350 6:5 8-1 2-19 

Al 955 70, 20357 2180 6-0 7-8 217 
Sb 3-1 250) | 20 25 19:5). 4950. — 465 6-4 217 
150 31-3. 3100 :10-0 7:2 2-18 

200 3552400 63 8-4 2:18 

Sb 4:2 190 20 25:0 3600 11:3 7-6 217 
150 37-0 ~—-2000 5-2 8-8 2-18 

175 41-0 = 1350 3-2 9-8 217 

Pure nickel 358 20 68 6100 36-1 4-6 2-17 
200 16-0 5150-293 4:6 2-18 


(1) Alloy (atomic °%); (2) Curie temperature (°c); (3) temperature of measurement (°c); 
(4) resistivity (uQ_cm); (5) 47M (e.m.u. cem-*); (6) wp™*; (7) 10°/T, (sec-*); (8) g. 


(a) Copper—nickel alloys. 

Seven alloys containing from 0-8 to 28-5 atomic per cent Cu were examined, 
and the measured g values ranged from 2:17 to 2:22; 24 different measurements 
were made on this alloy series and each was usually repeated on three different 
samples. A typical curve of apparent permeability jp is given in figure 2. 


(6) Aluminium-nickel alloys. 

The alloys used contained 5-1, 6:3 and 9-5 atomic per cent Al. The last 
alloy is almost at the limit of solubility of aluminium in nickel (Bozorth 1951). 
Some difficulty was experienced in producing a smooth highly polished surface 
with these alloys, due possibly to the ready formation of an oxide layer. ‘The 
nine measured g values fell in the range 2-17 to 2:21. 


(c) Antimony-nickel alloys. 


Alloys containing 3-1 and 4:2 atomic ‘per cent Sb were prepared. ‘They 
were hard and brittle, and good electropolishing was found to be very difficult. 
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Since it is known that the maximum absorption is very dependent upon the surface 
condition of the specimen, the recorded values of 1/7, are less reliable than those 
for the preceding alloys. Slight surface imperfections have little effect upon 
the resonance field, however, and eight different measurements yielded g values 


in the range 2°17 to 2-19. 


(d) Pure nickel. 
Observations made on several different specimens yielded g values in the range 


2-17 to 2-18 at temperatures in the range 20-200°c and the results agree, within 
experimental error, with those of Bloembergen (1950). 
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Figure 2. Absorption curves for the Figure 3. Absorption curves for the 
alloy containing 9-75 atomic °%, alloy containing 10-1 atomic °%% 
copper. manganese. 


For nickel and the three foregoing alloys, a constant temperature-independent 
g value was found. The mean value of the 49 different measurements was 
2:19 with a mean square deviation of less than 0-003, and all but three of the results 
were in the range 2:19 + 0-02. 
(e) Manganese-nickel alloys. 

The addition of a small amount of manganese to nickel increases the saturation 
intensity of magnetization /V above that of pure nickel and lowers the Curie point. 
At about 6 atomic per cent Mn, the increase in M amounts to nearly 10%, there- 
after M falls with the addition of further manganese. 

Four alloys were prepared containing 1-2, 5-1, 10-1 and 13-5 atomic per cent 
Mn. The first three alloys lie in the range where the material is generally con- 
sidered to be disordered (Bozorth 1951), while the last falls close to the border 
between disordered and ordered states. Observed data are given in table 2 
and marked differences from the preceding results are seen. For each of the four 
alloys, the g value was constant with change in temperature but there is clearly 
a trend to lower g values with increasing manganese content in the alloy. Certainly 
the mean value of 2:11 for the 13-5 atomic per cent Mn specimens differs from 
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the value for pure nickel by more than the experimental error. Only in the last 
two alloys was there a significant change in 1/7’, in the temperature range studied. 
A typical curve of iz against H, for this alloy series is shown in figure 3 and it is 
seen that the curve shape is essentially the same as for the copper-nickel alloys. 


Table Z 
(1) (2) (3) (+) (5) (6) (7) (8) 
ls, 340 20 8:8 6250 38-7 4:5 BOA 
200 (ligove 5000 30°5 4:3 2:19 
Syl 305 20 15-2 6800 4255 455 2-14 
200 25-9 5200 29:7 455 DENS, 
10-1 235 20 26-4 6600 53-6 35) 2:14 
200 35-4 3650 14-0 5-9 PANS 
(S305) 190 20 36-0 ° 5800 46-9 SE3 2-12 
150 41-6 3600 Nes: 6:2 Doi 
175) 43-8 2200 4-5 10-4 Hos 
(1) Atomic "4 Mn; (2) Curie temperature (°c); (3) temperature of measurement (°c); 


(4) resistivity (4Q cm); (5) 47M (e.m.u. cm-*); (6) wp™®*; (7) 10°/T, (sec); (8) g. 


$4. Discussion OF RESULTS 
4.1. g values 

An examination of tables 1 and 2 reveals two facts: (1) for pure nickel and 
for the alloys examined, the g value for a given material remains constant with 
change of temperature, and (11) the g values for Ni-Cu, Ni—-Al, Ni-Sb alloys are 
independent of composition and equal to the value for pure nickel (2:19). This 
is not true for the Ni-Mn alloys where the g value decreases with increase in man- 
‘ganese content, reaching a value of 2-11 for the 13-5 atomic per cent Mn alloy. 

Bloembergen (1950) and Bagguley and Harrick (1954) have already reported 
that the measured g value for nickel isindependent of temperature. Theapplication 
of a simple band model to Ni-Cu alloys does not appear readily to predict a 
constant g value, but from an atomic standpoint, the observed results follow, 
in a general way, from the observation that in the first three types of alloy, the 
alloying material is diamagnetic and may be considered to have the effect of 
diluting the nickel in the lattice without appreciably altering its magnetic 
properties. But manganese is paramagnetic, and the observed g value for a 
Ni—Mn alloy may be considered as a mean of the individual g values for manganese 
and for nickel. 

Consideration of a simple model demonstrates these effects in a semi- 
quantitative manner. Suppose 1 cm?’ of nickel possesses angular momentum 
Jy, and magnetic moment My,, while.J, and M, are the corresponding quantities 
for the alloying material. ‘The undamped equation of motion is d.J*/dt=M* x H 
where.J* and M* are average values for the alloy. ‘lhe actual averaging processes 
are probably not the same for /* and M*, but to show the nature of the effect it 
suffices to average directly and write 

IX =(1—x)J nq ody, 
and M* =(1—x)My,+*M,, 
where x is the fraction of alloying material A in the lattice. Since M=gJB, 
where f is the Bohr magneton, we find 
Rae (1—wx)gniJ nit 1a a 
Ph (La a)d yi tod 
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Clearly, if J, =0, as is the case if A is copper, aluminium or antimony, £o¢=2yi 
as has been found experimentally. 

For Heusler alloy the measured g value is 2:01 (Yager and Merritt 1949) 
and the magnetic moment is close to 48 per Mn atom (Bozorth 1951). Although 
in that alloy the manganese is in a body centred lattice we may suppose that in the 
face centred Ni-Mn alloys g, and J, differ from gy, and Jy, and for small 
concentrations x of manganese we find, approximately, 


yi — Sor = (Sui —Sa)*I aI i 

Neither the experimental accuracy nor the range of x permits the quantitative 
examination of this relationship, but the trend of the experimental results is, 
clearly, similar. The averaging processes postulated are almost certainly 
inadequate but suffice to demonstrate the expected behaviour of the g values. 

The mean value of 2:19+0-02 for nickel and certain of its alloys compares 
favourably with previous results (see, for example, the values obtained by 
Meyer (1952) for Cu—Ni alloys at a wavelength of 3cm). The value of 2:22 + 0-02 
recently reported by Bagguley and Harrick (1954) is clearly in agreement, within 
experimental error. In their experimental arrangement the specimens were 
very small spheres which were thus uniformly magnetized, while in the present 
experiments with plane specimens the finite skin depth caused a non-uniform 
magnetization. Kittel and Herring (1950) considered the effect of non-uniform 
magnetization on the position of the resonance line and predicted a shift of only 
a few oersteds. ‘Their predictions have been criticized by Rado and Weertman 


(1954), but shifts of 50 oersteds could barely be detected with certainty with the 
present experimental accuracy. 


4.2. Line Widths 

The values of 1/7, recorded in tables 1 and 2 refer to polycrystalline materials 
and therefore include the artificial broadening of the line known as ‘anisotropy’ 
broadening. With a single crystal, the resonance field H,"** is dependent upon 
the angle between the steady field and the crystal axes. Thus, ina polycrystalline 
specimen with a random orientation of these axes relative to H,, a range of 
resonance fields will occur and produce an apparent increase in line width. 
Preliminary measurements on a single crystal of nickel indicate that this factor 
increases 1/7, by about 25%, at room temperature, while at 200°c an increase 
cannot be detected with certainty. The anisotropy broadening is proportional! 
to K,/M where K, is the first order anisotropy constant, and from the data available 
(Bozorth 1951) it appears that the relative increase in 1/7, in the Ni-Cu alloys 
should be similar to that in pure nickel. At the higher temperatures the 
broadening is expected to be small. Anisotropy constants for the other alloys 
studied are not known, but they are unlikely to differ drastically from those found 
in the Ni-Cu alloys. 

For a given alloy, the shape of the curve of 1/7, against temperature is similar 
to that found by Bloembergen (1950) for nickel, when comparison is made over 
a corresponding range of reduced temperature. The curve of 1/7, against 
reduced temperature is not unique and varies from alloy to alloy. 

It appears however that a single curve represents the results when UL as 
plotted against saturation intensity of magnetization, 1/7, increasing as the 
intensity falls. Such a curve is shown in figure 4 in which the results for nickel, 
Ni-Cu, Ni-Al and Ni-Sb alloys are plotted. In the interest of clarity a few 
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points have been omitted; these fall within the limits given by existing points. 
The mean line which has been drawn obeys an exponential law quite closely. 
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Figure +. The variation of 1/T, with saturation induction (47M,). 


The results for the Ni-Mn alloys also fall reasonably close to the curve of 
figure 4, usually, in fact, within the limits of experimental error. Such data 
have been omitted from the figure, however, because Ni—Mn alloys, with two 
dissimilar magnetic carriers, differ from the other alloys studied. ‘This is clearly 
demonstrated by the g values, and an examination of tables 1 and 2 suggests the 
the same might be true of the values of 1/7). 

Both experimental error and anisotropy broadening introduce some uncertainty, 
but the trend of the results is clear. Within experimental error it may be said 
that, in the present experiments, the line width specified by the damping constant 
1/7, is determined by the magnetization M and is independent of the constitution 
and temperature of the material. 

It will be seen from the figure that 1/7, changes only slowly with magnetization 
in the region of 477=6000 e.m.u. cm-°. The value of 47M for nickel at 0°K 
is only 6400 e.m.u. cm~*, and one is thus tempted to deduce that the line width 
in nickel at this temperature should not differ markedly from that found at room 
temperature. No measurements of 1/7, for metallic single crystals at low 
temperatures appear to have been reported. Yager (quoted by Kittel and 
Abrahams 1953) found that the line width in supermalloy was roughly constant 
between room and liquid air temperatures, while an almost constant line width 
in nickel between room and liquid hydrogen temperatures is believed to be con- 
sistent with the measurements of Bagguley and Harrick (1954). 

A satisfactory theoretical explanation of these results cannot yet be given. 
Various mechanisms have been suggested and discussed (without reaching any 
agreed conclusion) by, for example, Bloembergen (1950), Van Vleck (1951), 
Kittel and Abrahams (1953) and Bloembergen and Wang (1953, 1954). The 
suggested mechanisms include spin-spin and spin-lattice relaxation, eddy current 
damping, and interaction with conduction electrons. In their discussions these 
authors have mainly considered the temperature dependence of the resulting line 
width; the present investigation indicates that in this case at least a dependence 
on magnetization should be sought and not primarily a dependence on temperature. 

Stevens (unpublished) has suggested a possible mechanism which has the 
merit that the required dependence on magnetization could follow qualitatively 
fairly naturally. In nickel the observed magnetic moment might be considered to 
indicate the relative numbers of atoms with nine and ten electrons in the 3d shell. 
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Consider a linear chain of such atoms. A particular atom with magnetic moment 
one Bohr magneton will experience no resultant field if both of its neighbours 
are in the state 3d": if both are in the 3d9 state, exchange narrowing should take 
effect. However, when its neighbours are one in each of these states, a field due 
to the short range pseudo-dipolar forces (Van Vleck 1950, 1951) will become 
apparent. In bulk material, the states of the nearest neighbours of a given atom 
will fluctuate rapidly and hence the atom will experience a fluctuating magnetic 
field. Although the mean value of this field is zero, its mean square value is 
positive and the Fourier components of this field near to zero frequency will 
contribute to the width of the resonance line (the effect is similar to the motional 
effects on the nuclear resonance lines in liquids (Bloembergen, Purcell and 
Pound 1948)). It is readily seen that replacing some of the nickel atoms by copper 
has the effect of increasing the proportion of atoms in the 3d’ state: this will 
affect the mean square field at the same time as it diminishes the magnetic moment. 
Ina very qualitative manner, one can see that if the alloy contains few atoms in the 
3d® state (low nickel content) the mean square field will be small and the line 
width also. For pure nickel, exchange narrowing should produce a relatively 
narrow line and between these two limits the line width must rise and fall again. 
In the region experimentally investigated (100°,-75%, Ni) an increase in line 
width with decrease in magnetization could be expected. The model is much 
simplified—for example, atoms in the state 3d* have been ignored—and a quanti- 
tative estimate of the line width to be expected may well prove difficult. 
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Abstract. Coal specimens haying weights within the range 10 °-10%g were 
broken in crushing tests. "The crushing loads were found to vary as the half power 
of specimen weight, instead of the two-thirds power predicted by simple dimen- 
sional analysis. A theory is proposed to account for these facts and this theory is 
used to provide an estimate of the rupture energy for one coal (Llandebie). The 
value of energy obtained, 3-0 x 104 erg cm”, seems to indicate that plastic deform- 
ation is occurring in this coal which is normally considered completely elastic. 
The occurrence of plastic flow in very small particles of any coal under similar 
conditions of loading is a logical sequence of the theory. This plastic flow has 
been observed in two of the coals used in this work. 


§ 1. INTRODUCTION 

YT is well known that strengths of materials as measured in various standard 

tests are anomalous, in that the applied load per unit area at failure of geo- 

metrically similar specimens varies with the dimensions instead of remaining 
constant, as predicted by simple dimensional theory. ‘The smaller specimens 
appear relatively stronger. ‘To explain this it is necessary to suppose that the 
material possesses features which do not scale geometrically. Structural weak- 
nesses and flaws of one kind or another have been invoked, and theories based on 
maximum sizes, or on frequency distribution of sizes, of flaws have been advanced. 
Those by Griffith (1924) and Freudenthal (1946) are typical. No theories have 
as yet been generally accepted, nor promise to be generally applicable. Results 
are given in this paper of experiments on the failure under compressive loads of 
coals containing many cracks and planes of weakness. A theory is advanced to 
account for the observed results. 


§ 2, EXPERIMENTAL WORK 


Measurements of crushing load have been made on three coals, of which details 
are givenintable 1. The coals were chosen to cover a wide range of rank in British 
coals ; they were Llandebie and Langwith, which are extremes, and Betteshanger, 


Table 1. Details of Coals Used (percentage composition) 


ere Llandebie Betteshanger Langwith 

SIRE aha Lower Pumpquart H High Main 
Moisture 1-6 0-9 9-2 
Ash 0-8 4°8 4-6 
Volatile mattert 4:5 18-7 39-9 
Carbon matterf 92-6 90°8 sShtlols) 
Hydrogent 2°8 4-6 sje? 


{ Dry ash free. 
+ Now at the Mullard Research Laboratories, Salfords, Redhill, Surrey. 
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which is representative of the intermediate coals of low porosity. All three coals 
provided lumps which were extensively cracked. The lumps of Betteshanger 
and Langwith were of irregular shape. From the fragments of a broken specimen 
it was possible to select a lump large enough to serve as the next specimen. Gener- 
ally, there was only one such lump, the rest of the previous specimen having split 
up into small pieces. ‘The Llandebie was cut into cubes, the preparation of which 
was hampered by the cracked state of the coal. Many of the specimens fell apart 
before completion and had to be discarded. For this coal, specimens of each 
different size were cut from the same parent lump. 

Two sets of equipment were used for the crushing tests, one dealing with 
lumps weighing 10-?-10%g and the other with particles weighing 10-°-10-°g. 
The larger lumps were crushed between the platens of a press ; three different 
systems of loading the cubes were used, one platen being either a plane, cylinder or 
sphere, while the second platen was always a plane. ‘The radii of the cylinder and 
sphere were scaled linearly with the edge of the cube of coal. The smaller 
particles were crushed between glass platens under a microscope, in order to 
facilitate observation of the particles during crushing. ‘The weights of these 
particles were computed from the observed dimensions, by cubing the geometric 
mean of maximum and minimum diameters and assuming a density of 1:3 gcm °. 
Visual observation was essential, as Boddy (1943) has shown that very small 
particles of coal may flow instead of shattering. Some of the smallest particles in 
these experiments did flow, and these results have been omitted from the analysis 
described below, but they are mentioned later. Details of the apparatus for 
crushing the small particles will be published elsewhere. 

The results of these experiments are summarized in figures 1-3, in which 
crushing loads are plotted against specimen weights on logarithmic scales for each 
coal. ‘The number of readings which each point represents is shown on the figures ; 
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Figure 1. Crushing load as a function of specimen weight for Llandebie anthracite. 
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the lines are obtained by regression analysis on the total of results. In the case of 
Llandebie cubes (Burton and Phillips 1952) it is not clear which of the three lines 
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Figure 2. Crushing load as a function of specimen weight for Langwith coal. The number 
of observations at each point is shown. 
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Figure 3. Crushing load as a function of specimen weight for Betteshanger coal. ‘The 
number of observations at each point is shown. 


should be extrapolated to include the results on irregular particles of micron 
sizes. ‘The power laws relating crushing load to weight for each coal are shown in 


table 2. 


Table 2. Power Law relating Crushing Load to Specimen Weight 
Coal Llandebie Betteshanger Langwith 

Power 0-52 0-51 0-49 

Error + 0:02 + 0:05 + 0:04 
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§ 3. PRoposeD THEORY OF APPARENT STRENGTH 


For a homogenous material dimensional analysis requires the power laws 
of the lines in figures 1-3 to be 2/3; in fact they are very closely equal to 1/2. All 
the specimens used in the experiments were extensively cracked before testing. 
It is suggested that, for material in this condition, the anomalous power law can be 
explained by supposing that the largest cracks are commensurate with the particle 
size. It is not necessary to postulate any size distribution of cracks, but only 
that there are sufficient large ones to provide planes of weakness appropriate to 
any stress pattern. 

Griffith (1921, 1924) has shown by energy considerations that a crack spreads 
because of stress magnification at the tip when the unmagnified uniform stress 
exceeds P where 


PaKeir? eq hoe Gi ae (1) 


K is a constant depending on the properties of the material and the stress system, 
and 2c is the length of the crack. It follows directly from this result that, in a 
non-uniformly but increasingly stressed specimen, one of the largest and most 
suitably oriented cracks will be the first to spread. The breaking strength of the 
specimen will then be determined by the size of thiscrack. If, as we have supposed 
the largest cracks are commensurate with the size of specimen, then the applied load 
per unit area for breaking must vary inversely as the square root of linear dimension. 
Thus, the applied load will vary as the square root of specimen weight, which is in 
fact observed. 


§ 4. APPLICATION OF ‘THEORY TO ENERGY OF RUPTURE 


The theory set out above, which is verified by experiment, is based on 
obtaining a balance between strain energy and energy of rupture (Griffith 1921). 
In order to form an estimate of the energy of rupture of the coal used in our 
experiments we use Griffith’s results; first that under conditions of plane tensile 
stress 

K=(QET)a)¥2 
where £ is Young’s modulus and T is the energy of rupture per unit area, and 
second that in compressive tests between plane surfaces the crushing strength 
should be eight times the plane tensile strength. Assuming that 2c, the dimension 


of the largest cracks, is equal to 1/m times the specimen dimension, we obtain 
from relations (1) and (2) 
log W=log 16(nET/mp)?+4logm  — (3) 

where Wis the load at failure and m, p are the mass and density of the specimen. 

The quantities in (3) may all be measured, except m and 7. We have put 
n=1-5 in the calculations below, which implies that the cracks are nearly co- 
extensive with the lump. ‘The justification for this is principally the difficulty, 
which has been outlined above, in obtaining specimens. When attention is 
turned to coals from which it is easy to obtain cubic, or other arbitrarily shaped, 
specimens and which presumably do not contain extensive cracks, then the 
breaking load and specimen weight are no longer connected by a half-power law 
(Walton, private communication). 

Griffith’s theory applies to a crack in an infinite body and its application to a 
crack which is nearly coextensive with the body requires justification. The 
solution for a finite body is not available, but an indication of the error in truncating 
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an infinite solution can be obtained; this may be done by considering what 
proportion of the extra load on the surrounding material, due to the presence of 
the crack, is borne by the material in the immediate vicinity. In the interest of 
mathematical simplicity, and since the estimate is in any case only approximate, 
we take the solution given by Sneddon (1951) for the two-dimensional case. From 
Sneddon’s equations (102) and (104), the stresses at and normal to the plane of the 
crack (v=0) are given by 
C= Po {y/(y?—c?)¥? — 1} y>e. 


Integrating over the plane of the crack, in two stages, 
- © 
| o,,dy 2__ 21/2 
jis a—(a*—c?) 


— 2)12} =f, say. 


~~ c—fa-(a 


ral 


oa, dy 


~¢ 


If the body is truncated at the planes y= +a, the load that is supported by the 
material that is left is increased in the ratio 1 + 8 over its former value (the effect of 
the new boundary condition o,=0 at y= +aisignored). Thus, if a/c=1-5, ie. 
the crack is 2 3 the dimension of the specimen, the load on the uncracked portion is 
increased by only 60°,,, compared with its share of the load in an infinite body. 
This is regarded as a sufficient justification for applying Griffith’s theory to an 
extensively cracked material. 

Using the results from cubes of Llandebie compressed between two planes, and 
a value of E of 8-5 x 10!° dyncm ? obtained from measurements of bulk modulus, 
we obtain an estimate of the rupture energy of 3-0 x 104ergem™*. Griffith (1921) 
considers that the energy of rupture is the surface energy of the material, while 
Orowan (1948-9) and Low (1943) point out, when considering metals, that this 
energy is dominated by the energy of plastic deformation. ‘The value of energy 
which we obtain is very high for a surface energy and seems to indicate that plastic 
deformation occurs around the tips of the cracks at rupture. This is of particular 
interest, since this anthracite is normally considered to be a brittle material; it 
does not, for instance, retain an impression of the diamond in the Vickers micro- 
hardness test (Lilley, private communication). 

It may be seen from equation (3) that the estimated value for T is inversely 
proportional to the assumed value for m. ‘Thus if 7=10, say, a value of rupture 
energy more in line with accepted values for surface energy would be obtained. 
However this raises a serious difficulty apart from ignoring the evidence about the 
size of cracks presented above. We would now be required to postulate cracks, 
for which »~10, which are proportional to lump size in some coals and not in 
others; this seems to us the greater of two evils. 


§ 5. APPLICATIONS OF ‘THEORY TO VERY SMALL SIZES 


The theory proposed above predicts that the apparent crushing strength of 
particles will continue to increase with decreasing particle size, the upper limit 
being set by the tensile strength of the uncracked material. Energy considerations, 
however, suggest that in uncracked material, the shear yield stress will be less 
than the tensile rupture stress and will be reached first as the particle size decreases. 
Thereafter, below a certain particle size, the cracked material will flow instead of 
shattering. This is the phenomenon observed by Boddy (1943), by us in the 
present experiments, and by others (Bangham and Berkowitz 1947). 
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Abstract. Electronic digital computers in Britain and the U.S.A. have been 
used for the tracing of rays at high speeds through optical systems. The larger 
machines have enough auxiliary storage, either magnetic drum or tape, to 
accommodate enormous amounts of information so that it is possible to carry 
out extensive numerical investigations concerning lens systems. 

This paper deals with machine methods of minimizing the calculated 
geometrical aberrations of systems in much the same way as the optical designer 
using conventional desk machines. It will be shown that the main designer’s 
task can be achieved automatically in a remarkably short time. The machine 
referred to is the Manchester Electronic Computer (MADAM), but the remarks 
apply to any high speed machine with a reasonable storage capacity. It is not 
proposed to enter into any of the programming details, these would require a 
separate paper. 


§ 1. INTRODUCTION 


HE general method of design of an optical system usually begins with a 

gaussian investigation which determines from a knowledge of the speed 

required and field sizes a rough arrangement of powers of lenses. A first 
order or Seidel investigation determines convenient shapes and distributions of 
lenses and lens powers, so that the Seidel residuals are reduced to zero or to 
suitably small values. 

For some purposes, where the necessary angular fields and apertures are 
small, this arrangement may be good enough. For more ambitious systems, 
i.e. systems of large aperture or field size, an extensive adjustment of variable 
parameters is required whereby the higher order aberration residuals are balanced 
so that good performance is obtained over the required aperture and field. 
With desk machines this latter process is a matter of experience, although 
recently differential methods of fine correction have reduced the need for 
precise ray tracing somewhat. 

Essentially, the design problem (after gaussian requirements are satisfied) 
is that of the minimization of a series of aberration functions which depend 
on n variables, n being the number of variable constructional parameters. ‘The 
problem is a special one however in that the variable-function system is largely 
ill-conditioned and non-linear. For an average photographic lens system, 
e.g. the ‘ Cooke’ anastigmat or the ‘ Tessar’, it is possible with the aid of 
a fast electronic computer to determine a set of aberration residuals in less 
than 1 minute. Such a set of residuals might consist of some 16 numerical 


+ Extra-mural research carried out at the Computing Machine Laboratory, Manchester 


University. 
PROC. PHYS. SOC. LXVIII, 1O—B 3D 
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values composed as follows: chromatic aberration (3 values), axial spherical 
aberration (3 values), coma, distortion, oblique spherical aberration, and astig- 
matism for (say) two field angles (two sets of 5 values each). 

In the example given later, axial chromatic aberration is defined simply as 
the distance between the intersection points of C and F rays and the optical 
axis. Axial spherical aberration is calculated by tracing finite meridional rays 
parallel to the optical axis at different apertures, and is given as the distance 
between the intersection points of the emergent rays with the optical axis and 
the gaussian focal plane position. The tangential coma is defined as 7Q/7p—1 
where 7p and ng are the respective heights of the emergent principal ray and 
the intersection point of the upper and lower rays measured along the perpen- 
dicular dropped from this point to the optical axis. Distortion, usually measured 
as a principal ray aberration in the gaussian image plane, has been calculated as 
np/tan U,—1 where U,, is the angle between the emergent principal ray and 
the optical axis, the equivalent focal length of the system being 1 inch. ‘The 
sagittal and tangential focal distances given are those between the feet of 
perpendiculars dropped from the respective foci to the optical axis and the 
gaussian focal plane position. Oblique spherical aberration is defined as the 
axially projected distance between the intersection point of the upper and 
lower rays and the tangential focus. 

A set of aberration residuals such as the one described above defines (to 
the optical designer at least) the usefulness of the system for his purpose. The 
problem now is to reduce these residuals employing any variable or combination 
of variables of the system within certain limits. 


§ 2. PERFORMANCE NUMBERS 


On seeing a set of aberration residuals the designer automatically picks out 
the most undesirable, and proceeds to reduce this until some other residual 
assumes importance, at which point the minimization operations are changed 
to deal with the new situation. Using electronic machines it is convenient 
(though not essential) to have a single function ¢ by which the system performance 
is assessed; such a number can be obtained simply by forming a sum of the 
squares of the residuals. Another function can be obtained by finding the 
average modulus of a set of residuals. A function which has been used with 
some success at Manchester is that formed by summing the squares of the 
maximum moduli of given groups of residuals with appropriate scaling or 
weighting factors. 

It is obvious that performance numbers of this sort have no simple optical 
significance, they relate simply to the state of the residuals at a point in the 
minimization process. ‘The precise nature of the function ¢ does of course 
determine the distribution of residuals at the conclusion of any minimization 
process but a vital feature of the function ¢ is that its nature becomes less 
important as the residuals become smaller. Were it possible to reduce ¢ to 
zero, then all the residuals would be zero. It is true that we are concerned 
here with geometrical aberration functions and we ignore the fact that the optical 
performance of a system which has an extremely low value of ¢ may be slightly 
worse in fact than another which has a slightly higher value. Using such a 
function the optical design problem is reduced to an extensive numerical 
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analysis of an n-dimensional surface, a problem which is by no means confined 
to optics. A considerable amount is already known about reducing the 
aberrations of a lens system; for instance the designer knows well how powerful 
is the method of lens bending, and how necessary it is to be able to control 
a particular residual with respect to the other residuals. These operations 
have almost identical parallels in the relaxation technique described in the work 
which follows. 

The method of * steepest descent’ is one which can be applied to the problem 
of reducing a function of » variables, but the author has found that this method 
has limitations when the value of m is large, which is generally the case in optical 
design. It appears that the reward of this method, i.e. the rapidity of reduction 
of the performance number, is not sufficient compared with the machine time 
required for the calculation of the most desirable path: it may well be that 
for a few variables (5 or 6) the method would give useful results. A serious 
disadvantage of this latter method is that the calculation of the most desirable 
path must be done first, before any changes in the system can be made. Using 
15 or 20 variables this time may be half an hour, and if a machine fault occurs 
in this period, most, if not all the work may be lost. In the relaxation technique 
now to be described an improvement in the performance number can occur in 
less than 2 minutes, and once it has been obtained the resulting system can 
usually be extracted from the machine unless the fault is so disastrous as to 
erase the relevant information regarding the improved system from the surface 
of the magnetic drum. 


§ 3. MINIMIZATION PROCESSES 


3.1. Variable by Variable Minimization 


The simplest way of reducing ¢ is to alter each variable of the system in turn, 
recalculating the aberration residuals for each new value of the parameter in 
question. If, say, the surface radii are taken as a block of variables, the machine 
traces a set of rays through the system storing all the inter-surface information 
so that the traces can be ‘ picked up’ at any point within the system. One 
of the surfaces can now be altered (by adding or subtracting a small increment 
to the surface curvature) and the new value of ¢ obtained very rapidly. If this 
value is greater than the original value, the sign of the increment is changed 
and ¢ recalculated. Each time a smaller value of ¢ is obtained the new parameter 
value is retained and control moves on to the next variable in the block. If 
no fall in ¢ is obtained in either case then the function is at, or very near to, 
a minimum for that parameter, so the original value of the parameter is retained 
and control moves on as before. ‘This is the basis of the variable by variable 
process which can be carried out at high speed; the process is extremely valuable 
as far as it goes, and can be regarded as the basic unit operation in automatic 
design. On a seven-surface ‘Tessar’ lens this operation can be carried out 
using each of the curvatures in about 15 minutes. The speed of reduction of 
depends on the initial distribution of the residuals, and on the magnitude of 
the increments, but it is a simple matter for the machine to find a suitable 
increment should this be necessary. A simple means of doing this is to count, 
in a particular storage line, the number of times a different constructional 
parameter is retained, i.e. without improvement in the 4 value. When this 

3 D-2 


Hon G. Black 


number exceeds a given proportion of the total number of variable parameters 
(say 60°), the increment value can be automatically halved. The reverse 
process is equally important when the increment is too small. This ‘ step 
length’ or increment variation technique is widely used in automatic numerical 
integration. 

The variable by variable method is iterative, and having run through a set 
of variables once, control can revert to the first variable in the series, the 
refraction conditions on the second run usually being different from those on 
the first run. In some systems a point can be reached where no further reduction 
in ¢ is possible unless the value of the parameter increment is reduced, and in 
any case it will always be necessary to apply other minimization processes to 
ensure that no smaller value of & can be obtained. ‘The variable by variable 
method generally leads to an optical system which has a smaller value of ¢ than 
the original system but with the state of affairs that no improvement can be 
achieved on any single variable. Generally, minimization by this method does 
not alter the equivalent focal length of the system very appreciably; this is 
largely because some accepted parameter changes shorten the focal length while 
others lengthen it. After the variable by variable process has been employed 
using a particular set of variables it is very necessary to step the system up or 
down to the original focal length, and to ensure that the rays, the configuration 
of which determine ¢, are passing through the system in the correct manner. 
This means that the nodal points must be calculated so that the off-axis rays 
are defined in a constant manner. In all the work which follows this precaution 
is taken after every change in the system. 


3.2. Block Operations 


What is required at the close of the variable by variable process is a method 
of altering the refraction conditions associated with each variable while the 
general composition of the system is appreciably unaltered, so that the 
variable by variable method may continue with advantage. Perhaps the most 
popular relaxation device used by the designer is that of ‘lens bending’, the 
purpose of which is that of altering the distribution of aberration residuals 
while the overall focal length and colour corrections remain fixed. Lens bending 
can be likened to a block operation of relaxation, it being affected by adding 
(or subtracting) equal increments to the curvatures of a given lens, the overall 
power remaining constant. In optics however the increment is chosen with 
the particular purpose of improving the overall distribution of residuals. 
Automatic operations of this sort can be carried out on from two to n variables 
with two purposes in mind: (i) to reduce the latest value of ¢ directly, (ii) to 
change the refraction conditions associated with each variable. At the completion 
of one or a series of block operations control can continue with the variable 
by variable method or proceed to another minimization process. A particularly 
useful block operation which has been used with success at Manchester is that 
of adding or subtracting small equal increments to all parameters. he effect 
of this operation varies considerably from system to system, but for photographic 
lenses with the diaphragm position somewhere near the middle of the system, 
changes of this sort result in violent variations in the residuals while the 
equivalent focal length is not greatly affected. Block operations are iterative 
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within themselves, and the machine can be programmed to determine a suitable 
increment or series of increments to suit the variations produced in the 
performance function. 


3.3. Group Operations 

In some cases the variable by variable method followed by the block 
relaxation process leads to a system which has a set of residuals all less than 
those of the original or some intermediate system. It is a simple matter in 
these circumstances to carry out a group operation, which is in effect an 
extrapolation from two systems, to reduce ¢. Group operations can always 
be carried out from two systems to a third system having a smaller value of ¢ 
unless the present best system is at a true topographical minimum. Group 
extrapolations are extremely valuable for the following reason. Since the 
number of variables changed in group operations is considerable and the 
individual increments generally small, the relation between the extent of the 
operation and the change in the residuals is largely linear. This fact allows 
one to ‘ forecast’ a set of residuals without actually calculating them by precise 
ray tracing, provided that all ‘ reference’ systems have constant focal length, 
and an exactly similar ray configuration. It is possible to carry out several 
group operations in two or three seconds with appreciable decreases in ¢ after 
each one. Group changes require that as many system specifications together 
with their calculated residuals be held in the machine as possible. It is often 
the case that some intermediate system which has been discarded because of 
its high d value is eminently suitable for a group operation with the latest, 
much better system. The process is iterative in that increasing values of the 
particular increments may be applied until the value of ¢ begins to increase 
once more. Control can now revert to the block relaxation process or to the 
variable by variable method already described. 


3.4. Random Operations 


Up to now we have discussed only changes in single variables, or all variables, 
or groups of variables, i.e. surface radii, or axial displacements. When ¢ will 
not reduce by any of the foregoing methods it is sometimes possible to obtain 
a further reduction by random selection of variables. ‘lhe Manchester machine 
has a random number generator by which a series of twenty random binary 
digits are produced by a noise generator. ‘There are several instructions named 
‘logical instructions’ which are used in this connection, being instructions 
which have no relation to the interpretation of rows of digits as numbers. 
These instructions can be used to select say the middle five binary digits from 
the row of twenty, enabling one to obtain a series of random numbers from 
zero. to 31, Using this facility it is possible to ‘sprinkle’ the present best 
system (of say 2° variable parameters) with a random selection of increments. 
The randomness can apply not only to the variable parameters but also to the 
size of the increment. If the prescnt best value of ¢ is already low the tendency 
of this random sprinkling process is to increase 4. If however ¢ is reduced 
the new system is accepted and control. continues the random ‘search’ or 
moves to some other minimization process. 
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The main advantage of increasing ¢ by random methods is that systems 
can be evolved for use in the group relaxation process already mentioned; 
successful group operations requiring two systems, one having quite small 
residuals and another (randomly produced in this case) having residuals larger, 
but of the same signs as those of the first system. Random operations can thus 
be used to verify that the present best system is probably the best which can be 
obtained in a particular case. 


§ 4. THe METHOD WITH AN EXAMPLE 


The flow diagram of an automatic design programme which has been used 
successfully at Manchester is shown in figure 1. The arrows show how 
successive iterations can be conducted. Though simple enough in structure, 


Figure 1. Flow diagram of design programme. 0, read in system constants, aperture 
ratio and field sizes; 1, control (the master routine); 2, variable by variable process; 
3, block operations; 4, group operations; 5, random operations; 6, output. 


a programme of this sort is vastly complicated by nece’sary organization within 
the machine. A major part of the programming concerns the locations of 
ray-tracing data, systems, constants and blocks of residuals. ‘The Manchester 
machine has an available magnetic drum storage of some half million binary 
digits; this amount can be regarded as quite adequate to deal with systems as 
complex as those usually met with by the designer. The problem of physical 
limitation is complicated by the fact that one minimization process may make, 
say, an axial separation negative, while the next may make it positive and sensible 
again, the value of ¢ falling throughout these changes. The operator must interfere 
occasionally, although this means only a pause of seconds, while the storage 
line, in which is contained the number of the variable concerned, is altered by 
manual instruction. 

It is proposed now to give a simple example of machine minimization. 
The following first set of residuals are those of a well-known ‘ Tessar’ lens 
which has been in use for many years. The residuals on the left are the original 
values: those on the right arc the residuals of a system calculated after some 
two hours variable by variable minimization followed by four block and four 
group operations, requiring 2} hours in all. The transverse chromatic aberration 
has not been included in the performance function chiefly because no changes 
either in refractive indices or dispersions were contemplated. In general, this 
important aberration should of course be calculated in the usual way and its 
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Focal length 1 in. 


C—F —(0-0002 +0-0003 
Axial spherical aberration —0-00038 +0-0072 
—(-00451 +0-00017 
—()-00486 —():0017 
Coma —()-00571 -+-0-00330 
Distortion +0-001 —0-00059 
20° Oblique spherical aberration +0-0142 —(0-00218 
t focus +0-00046 —(0-00547 
s focus +0-0048 +()-00976 
Coma —(-0200 —Q-00203 
Distortion +0-0045 —(-00091 
30° Oblique spherical aberration +0-0856 +0-01606 
t focus +0:0465 +0-01183 
s focus ; —(0-0184 —()-00924 


S275 42% 
ea ee 


-0:5% +0:5% 


-0:025 


(f) 


Figure 2. Graphs showing improvement in aberration curves. 
Ordinates : (a) aperture, (b)-(f) field angle. . 
Abscissae : (a) longitudinal spherical aberration; (b) percentage tangential coma, 
(c) oblique spherical aberration ; (d) percentage distortion; (e) sagittal 
curvature; (f) tangential curvature. 

In diagrams (a) and (c) a negative sign signifies undercorrection, i.e. the foci concerned 
are short of the reference point or plane. In diagram (d) negative distortion is 
‘barrel’ distortion. In diagram (b) negative coma is ‘inward’ coma. In diagrams 
(e) and (f) a negative sign signifies overcorrection, i.e. the foci concerned are beyond 
the reference plane. 
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value should form part of the performance number. ‘The improvement achieved 
is shown diagrammatically in figure 2; the improved aberration curves are 
shown dotted, those of the original system in full. The values of the aberration 
residuals of the improved system were subsequently confirmed by ray tracing 
using an electrical desk machine. It is of interest to note that even this confirma- 
tory computation requires more than 15 hours’ work, as against the 2) hours 
total time taken by the electronic machine to produce, as well as to confirm the 
improvement in performance. 


§ 5. CONCLUSIONS 


Automatic computing machinery which removes the great labour of ray 
tracing completely can be used to explore the possibility of improving existing 
lens types. The method described appears adequate for this purpose. It is 
clear that the final system produced by this technique depends to a certain 
extent on the distribution of residuals in the initial system. In other words 
the area of the ¢ surface covered by the methods described is by no means 
infinite, and it will in general be necessary to start with something like a first- 
order solution. 

It may well be that a greater area can be surveyed using the random relaxation 
technique at stages much earlier in the minimization process. ‘This would 
amount to using random ‘ search’ trials to find other lower areas, rather than 
to confirm the low position of the final system, the difference being in the size 
and extent of the random variations. Random methods will almost certainly 
be very useful in any first order design programme due to the necessity in this 
case for the examination of very large areas of a first order ¢ surface. 

It will be observed that much of the success of the method described is due 
to a very large machine storage capacity, and to a very rapid calculation speed. 
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Abstract. It is shown that the focal lengths of all known iron shrouded magnetic 
electron lenses lie between two fairly close ‘limit-curves’, if f is measured in the 
unit S+D for symmetrical or S+R,+R, for asymmetrical lenses of bore radii 
R, and R, and gap length S, f being plotted as function of (N/)?/V,.. The lenses 
of the more usual S/D ratios (0-5 <.S/D <2) lie very close to the lower ‘limit- 
curve’, i.e. all these lenses can be represented by a single focal length curve. A 
similar representation can be given for the other lens constants. 


§$ 1. INTRODUCTION 


M es electron lenses are widely used in such diverse apparatus as 


$-ray spectrometers, electron microscopes and cathode-ray tubes. They 

have been studied experimentally and theoretically for many years, and 
their focusing properties and aberrations have been discussed in numerous 
publications. It will be shown in this paper that most magnetic electron lenses 
which have been described in the literature can be represented by a single focusing 
curve. ‘The main types of magnetic lenses to which this discussion will apply and 
their principal uses are listed in figure 1. The single focusing curve to be 
described embraces not only symmetrical magnetic electron lenses, but also 
lenses of asymmetrical pole piece design. Indeed, its origin was the desire to 
represent the properties of asymmetrical lenses in a rational manner. 


§ 2. Two LIMITING CASES 


The focal properties of symmetrical electron lenses, of lens bore diameter 
D=2R and pole gap length S have been evaluated as functions of the geometrical 
factor S/D, and of the lens excitation parameter k? =0-022H,?R?/V,, or alterna- 
tively (N/)?/V,, where H, is the maximum magnetic field strength along the lens 
axis, NJ the number of ampere turns exciting the lens, and V,= V(1+ 10-®V) the 
relativistically corrected accelerating voltage (van Ments and Le Poole 1947, 
Lenz 1950, Liebmann and Grad 1951). 

The focal length f of a weak lens is given by the well known formula 


As La 


In the extreme case S/D> 1, the graphical representation of H(z) as a function of = 
is a nearly rectangular curve, of mean width S, and nearly uniform height 
H(z)=H, =47 NI/10S. 

Hence in this extreme case the weak lens formula gives {28-8 V,.S/(.NJ)?. 


+ The results of this paper have been presented in part at the Physical Society Sympo sium 
on Electron Optics, in London in May 1953 and at the German Electron Microscopy 


Conference in Innsbruck in September 1953. 


Hz) de. 
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In the other extreme case, S/D <1, H(z) can be approximated by Ramberg’s 
(1942) expression H(z)=H) sech?(2:632/D). Integrating, 
Hz) dee20-507 Hy2D. 


J 900 


MAGNETIC ELECTRON LENSES 
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Figure 1. Magnetic electron lenses. 


The value of H,/H, becomes a linear function of S/D for small values of S/D 
(Liebmann and Grad 1951, fig. 7), i.e. Hj=(4/3)H,(S/D) =(167/30)NI/D. Hence 
in the second extreme case the weak lens formula leads to f31-9V,.D/(NI)?. 


§ 3. THE UNIFIED FocaL LENGTH CURVE 


‘The consideration of the two extreme cases S/D>1 and S/D<1 under ‘ weak 
lens’ conditions showed that f is proportional to the lens diameter D in the one 
case and to the pole piece gap S in the other case. This suggests that f may be 
proportional to a linear combination of the two geometrical lens parameters D and 
S, and as the two numerical factors evaluated for the approximate formulae 
differ only by a small amount, this linear combination may be of the simple form 
S+D. ‘The results of van Mentsand Le Poole (1947), Lenz (1950), and Liebmann 
and Grad (1951), as well as additional unpublished data by the last-named authors, 
were therefore tested as to whether they could be expressed by a formula 


f\(S+D)=aV,|(NIYP eee Aza 


where « is a constant. 
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It was found that such a relation is indeed approximately satisfied, although the 
factor « is not a true constant. The range of values which the factor « can take is 
illustrated by figure 2, in which « is plotted as function of S/D for the two values 
(NI)?/V.=10 and (N/J)?/V,.=100; the smaller value of (NI)?/V, corresponds to 
the weak lens condition considered earlier, whereas the larger one represents a 
fairly strong lens. ‘The factor « increases as the lens excitation is increased, at 
first slowly, then more rapidly. It is also seen from figure 2 that the constant « 
is always smaller for lenses of more usual relative dimensions than for the two 
previously considered extreme cases, the minimum value, at S/D—~1, being 
approximately 75°, of the limiting value. 


x Lenz 
eo Liebmann and Grad S/D + 00 


(W1)* 
V, 


2) 


ne 


( 


Figure 2. 


It is therefore possible to enclose the data for all iron-shrouded magnetic elec- 
tron lenses between two ‘limit-curves’ if f/(S+D) is plotted as function of 
(NVI)? V., as shown in figure 3. The full line curve corresponds to the smallest 
value of x, for each value of (N/)?/V,, whereas the broken curve represents the 
‘extreme’ cases S/D>1 and S/D<1. The important fact is that the focal 
properties of the more usual electron lenses, for which 0:5 < S/D <2, lie very close 
to the lower ‘limit-curve’, within about 2°%% to 3°%. Ifa fairly accurate estimate 
of the focal length is desired for lenses which do not conform to this more common 
range of S/D values, the dependence of « on S/D shown in figure 2 can be used to 
correct the value of f taken from the lower ‘limit-curve’ in figure 3. 

The lower ‘limit-curve’ in figure 3 splits at (V/)?/V,<2110 into two branches. 
‘The lower branch represents the ‘objective lens’ condition (see Liebmann and 
Grad, fig. 11), in which the object being imaged by the lens is allowed to lie within 
the lens field (often met in electron microscope objectives). Along this branch, 
f/(S+D) falls monotonically to a limiting value of //(S+D)=0-088 for 
(NI)?/V,>c. The upper branch, shown by a broken line in figure 3, represents 
the ‘ projector lens’ condition, which applies if the whole lens field is used in the 
image formation. Inthe latter case the lens reaches a minimum focal length, which 
is obtained at (N/J)?/V,—180. 

Figure 3 allows a further extension. It is known that the focal length of a 
magnetic lens consisting of a single circular wire loop of radius R is, under weak 
lens conditions, f298V,R/I?. It is also known (Lyle 1902) that the axial magnetic 
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field of an ironless coil of inner radius R, and outer radius R, and square cross 
section of the winding of N turns can be represented by the magnetic fieid of a 
single circular wire loop of radius R= 4(R, + Re) carrying the current NI. Hence 
for such a coil {98 V.R/(NJ)2. The relative axial field distribution of the open 
coil of square or nearly square cross section can be fairly well matched, at least over 
the more important part of the field where its strength is relatively high, by that of 
an iron-shrouded coil of ratio S/D0-5. The focal length of the square-section 
open coil can therefore be expressed by the relation (1), where the factor « has 
under weak lens conditions the value 32:7, which is quite close to the value for the 
extreme case S/D—-0 of the iron-clad lens. For higher lens currents, where the 
weak lens condition is no longer satisfied, a numerical computation of the focal 
length by electron trajectory tracing showed that the resulting //(.S + D) curve for 
the open coil is practically indistinguishable from the upper ‘limit-curve’ in 
figure 3. 


Open coil or iron-clad coil of extreme geometry 
(S/D<<1 or S/D >>1) 


Iron-clad coil 
of “Standard” 
geometry (05=5/D=2) 


lo 5 2:0: S 2:0 0-908 


0 40 80 120 160 200 240 (WI)/T, 


Figure 3. Unified focal length curves of magnetic electron lenses. 


The following comparison with measured data shows how close the agreement 
with the curves of figure 3 can be. Becker and Wallraff (1938) investigated an 
ironless coil of inner diameter 9-0. cm, outer diameter 15-1 cm and length 5-4cm 
with 2750turns. At an accelerating voltage of V=104 volts and a coil cue 
of 0-220a, a focal length of 16-0 cm was measured. The value taken from figure 3 
for (NI)?/V,=36°5 is f/(S+D)=0-90, hence fi9.=16-3em. For a coil current 
of 0:325a and an accelerating voltage of 15 kv, i.e. (NJ)?2/V,=53-3, the measured 
f value is 12:5 cm and the calculated value 12:3 cm. 

Similarly good agreement with figure 3 is shown by the data given by Siegbahn 
(1944) for his B-ray spectrograph lens, which is partly shrouded. From Siebahn’s 
figure 1 one finds S~32cm and D=30cm, and working back to the (NJ)2/V 
value used from his data, (NJ)?/V,~140. This gives a paraxial focal length 
(from the ‘unified focal length curve’) of 17-9cm. ‘Taking into consideration 
the separation of principal planes 2(f—z,)=9-6cm, and the correction for 
spherical aberration (C,~16-7 cm) of —1-8em, both according to figure 5 of this 
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paper, a calculated distance between f-ray source and counter slit of 60:2.cm is 
obtained. Siegbahn’s experimental value is 60-0.cm. 


§ 4. A PracTicaL FocaL LENGTH CHART 


From a practical point of view, it is more convenient to put the data of the lower 
“limit-curve’ of figure 3, which are representative of the more usual relative lens 
dimensions, into the form of charts from which the focal length can be directly read 
off for the various operating conditions. One such chart is shown in figure 4. 
The straight lines through the origin represent f for the constant value of NJ given 
by the scale on the top and right edges of the chart. ‘The chart has been drawn 
for V=V )=50kv (V,)=53 kv); its data can be used for other values of V if the 
NI scale is multiplied by the factor (V,,/V,))"?.__ Also shown in figure 4 are curves 
giving the field strength in kilooersted (broken lines), for the values of NJ used 
in the chart, as function of the gap width Sp in cm (otherwise f and S + D may be 
measured in any convenient unit of length), to allow the user of the chart a ready 
estimate of the field strength which will occur in the lens under the operating 
conditions considered. Obviously, if NJ is scaled in the ratio (V,/V,))"?, the 
values of H,, written on the broken curves have to be scaled by the same factor. 
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Figure 4. Focal length curves for magnetic lenses of ‘ standard’ geometry. V=50 kv, 
Virgo kv. 


§ 5. ASYMMETRICAL LENSES 


In a preceding note (Liebmann 1955) on the axial field distribution in 
asymmetrical magnetic electron lenses, the two pole-piece bores having the 
radii R, and R,, it was shown that the field distribution in an asymmetrical lens 
in the neighbourhood of its maximum is almost identical with that of a symmetrical 
lens of the same gap width S and a bore diameter D=R,+ Ry. As the refracting 
power of a magnetic lens is mainly determined by the field near its maximum, 
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it follows that the formula (1) can be applied to asymmetrical lenses if D is replaced 
by R,+ Rg, 1.€. 

fiCS+ Ry + Ry) =e( ND eee (2) 
where « has the same value as before. Again, one would expect that lenses in 
which 0-5 < S/(R,+R,) <2 lie close to the lower ‘limit-curve’ of figure 3, and 
that the chart, figure 4, can be directly applied if the abscissa S+ D is replaced 
by S+R,+ Ro. 

To confirm this, the focal lengths of two asymmetrical lenses, with R,/R, = 1-67 
and R,/R.=2:5, were computed directly for several values of (NJ)?/V, by tracing 
electron trajectories through the lens fields, which had been measured by the 
resistance-network analogue method (Liebmann 1955); the electron trajectories 
were calculated by the recurrence formulae given by Liebmann (1949). These 
values of f are indicated by crosses in figure 5, which shows also some of the 
values computed by Liebmann and Grad (1951) for symmetrical lenses of various 
S/D ratios. It is seen that the asymmetrical lenses fit in very well with the other 
types. Similarly, a point evaluated for the ‘pinhole’ lens, R,—0, would fall 
exactly on the f curve of figure 5. 
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The focal length f, of an asymmetrical lens, and its other lens constants, are 
independent of whichever side is object or image space for lens excitations 
V,/(NI)? 50-009. For higher excitations, V,/(NI)? <0-009, where the object 
comes to lie within the lens field, one finds that f, and f; are given by the curves 
shown if the object space is on the side of the larger lens bore. If the object space 


is on the side of the smaller lens bore, the focal length fp is slightly greater than 
is shown by the curve. 
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$6. IMAGE PosITION, CHROMATIC ABERRATION AND SPHERICAL ABERRATION 


Apart from the focal length /, the most important optical data required in 
using an electron lens are the object and image positions x, and 3, the chromatic 
aberration constant C,, and the spherical aberration constant C, (for a definition 
of C, and C,, see Liebmann and Grad 1951). 

For a weak lens, the principal planes coincide with the centre plane, and 
there is no need to consider the image and object positions separately from the 
focal length. As the lens is made stronger, the principal planes, which are crossed 
over, move away from the centre planes, and in strong lenses it may be necessary 
to take account of this fact. As was the case for the focal length f, it is possible 
to represent the object position z,, for 2;= 0, by a single curve for lenses 
0-5 <S D<2 and approximately for lenses of smaller or larger S/D ratio. This 
“unified =, curve’ is shown by the broken line in figure 5. The distance between 
the f curves and the z, curve gives the distance of the principal plane from the 
centre of the lens (see Liebmann and Grad 1951, fig. 11). Until the object 
or image has moved into the lens field, i.e. for V,/(NJ)? >0-009, image and 
object positions can be evaluated for any pair of conjugates from f and f—z, 
as given in figure 5, whereas for V,/(NJ)?<0-009 this is only correct for 2;>2,, 
and if the lens is used as an objective lens. (The branch of the z, curve, corre- 
sponding to the projector lens operation is not shown in figure 5. It would 
separate from the z, curve given at V,/(NJ)?~0-009 and gradually curve down 
more strongly to cut the abscissa at V,/(VJ)?—~0-004.) 

For asymmetric lenses and V,/(NJ)? >0-009, the s, curve (taken together 
with the f/f) curve) can be used to determine the positions of the principal planes 
(with reference to the position of the ‘electrical centre’ of the lens, as given 
By the 2 Curve, Liebmann 1955, fis. 4). For V,/(N1)?=0-009;), smalt 
systematic deviations from the 29 curve of figure 5 appear in asymmetric lenses, 
depending on the value of V,/(V/)? and the degree of asymmetry of the lens. 

The chromatic aberration constant C., can also be represented by one single 
curve if C./(S+R,+R,) is plotted, but it deviates so little from the f curve in 
figure 5, that it does not seem worth while to represent it separately. It will 
suffice to state that C.c0-9f where //(S+R,+R,)=1, C,c0-8f where 
f/(S+R,+ R,)=0-4 and C,=0-7f where f/(S+R, + R,)=0-19, with a limiting 
value of C,0-63f. 

The spherical aberration constant C, is a very important lens parameter, as 
spherical aberration sets a limit not only to the resolution in electron microscopes, 
but also to the resolution, or conversely the line intensity, in 6-ray spectrometers, 
and to the smallness (or conversely the brightness) of the focused spot in a 
cathode-ray tube. Like the other lens constants, C, can be represented in the 
form C,/(S+R,+R,), but not as a single curve embracing the values for almost 
the whole range of lens geometries used in practice. Nevertheless, it is found 
that over the range of lens geometries represented by the single f curve, 
C,/(S+R,+R,) lies in a band (shown cross-hatched in figure 5) of such small 
width that the best and worst values of C, are within + 10% of the average value. 
The lowest values of C,/(S +R, +R.) are found for Rx > R,—S/2 (i.e. symmetrical 
lenses with S/D=1). 

For V,/(NJ)? > 0-009, the spherical aberration is then given by bn = MC, 
where M is the magnification and 6 the aperture angle in object space independent 


744 G. Liebmann 


of the actual positions of object and image planes. For stronger lens excitations, 
where the object lies within the lens field, this relation, and the value of C, given 
in figure 5, apply only for M>1, the lens being assumed to be an objective. 
In this region the C, values become more dependent on the geometry (i.e. the 
S/D ratio, or the degree of asymmetry), and the data of the C, ‘band’ are here 
only approximate. For V,/(NJ)?>0 and R,y=R,=S/2, a limiting value 
C,/(S + R, + R,)=0-025 is attained. 
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APPENDIX 


THE BEST LENS PROPORTIONS FOR HIGHEST RESOLVING POWER IN 
ELECTRON MICROSCOPY 


The resolving power of the electron microscope as determined by the two 
unavoidable limits of diffraction and of spherical aberration, in the absence of 
chromatic errors and (axial) astigmatism, is given by the expression 6 = BA?4C 1/4 
where X is the electron wavelength and B a constant for which various values 
have been suggested in the literature, depending to some extent on the definition 
of resolving power adopted, e.g. Glaser has given two alternative values B=0-56 
(1943) and B=0-78 (1949) whereas Haine (1954) has pointed out that B may be 
as small as 0-43. ‘Phe question of the optimum lens dimensions for highest 
resolving power has been discussed before (Liebmann 1951). It is intended 
here to give a brief representation of the lens data which allows an easier appraisal 
of the optimum design conditions. 

The ‘resolution parameter’ A3/4C.14, which is independent of the value of the 
constant B, is plotted in figure 6 for several values of H,, in the pole piece gap 
(H,,=47NI/10S) and an accelerating voltage of 50 kv as a function of gap 
length S in cm. It is seen from the computed points for the three values of 
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S/D=0-6, 1 and 2 given for the curve H,,=6 kilooersteds but omitted for the 
other curves, that A®4C,1/4 is essentially a function of the gap length S, but is 
over a certain range of S little dependent on the ratio S/D within the S/D range 
considered (for S/D ratios outside this range, and asymmetrical lenses C, was 
seen in §6 to be slightly greater, hence such lens geometries are not optimal 
for highest resolution). ‘The curves in figure 6 show rather flat optima, indicating 
that the best theoretical resolving power is not critically dependent on the lens 
dimensions. For example, while the optimum value of S at 50 kv for H, = 24 kOe, 
the highest practicable value, would be S=0-36 cm requiring 6700 ampere turns 
and giving a resolution parameter of \34C/4=5-0 A, very little resolving power 
is lost if S is decreased to 0-20 cm or increased to 0-60 cm. Similarly, at the 
optimum value S=0-36 cm, the lens bore D could be changed from D=0-20 cm 
to D=0-60 cm without effect on the resolving power, allowing a range of focal 
lengths from 0-19 cm to 0-44cm. A still greater latitude in ‘nearly optimum’ 
electron lens design would result if a small reduction in the best possible resolving 
power were permitted. The curves of figure 6 can be scaled to serve for other 
values of V’, if the values of S (and consequently of N/) are multiplied by 
(V,/V,)'2 and the values of the resolution parameter A3/#C,"* by (V,/Vi)) "4, 
where V’,,=53 kv is the value of V,, used in figure 6. 
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Abstract. The field emission current from a simple semiconductor has been 
evaluated in a manner similar to that employed by Fowler and Nordheim for 
a metal. It is shown that special effects will be associated with the state of the 
semiconductor surface. ‘The presence of an appreciable number of surface 
states should give very low currents until fields high enough to break down the 
internal barrier are applied. When this occurs, or if there are no surface states 
at all, the field will penetrate into the semiconductor and lead to a lowering of the 
conduction band edge. ‘This causes degeneracy in the electron distribution 
near the surface region and a greatly enhanced emission not unlike that of a metal. 

It is pointed out that the current-field emission characteristic dominated by 
surface states should be strongly temperature dependent while that dominated by 
field penetration 1s not. 

The limits of applicability for the various results are indicated. 


$1. INTRODUCTION 


LTHOUGH a great deal of attention has been paid to the theory of the field 
emission from a metal no detailed analysis has been given for similar 
effects in semiconductors. ‘To a large extent the theory for the two cases 

can be given a parallel development since firstly, the transmission coefficients for 
the surface barriers are similar and, secondly, the statistics for the current carriers 
in the semiconductor (Maxwell) are a limiting case of those of the metal 
(Fermi—Dirac). The theory below extends the original Fowler-Nordheim 
theory to include semiconductors. It will however be seen that special effects 
are associated with semiconductors due to the state of their surface and the fact 
that an external field applied to a dielectric has an appreciable penetration into 
the interior. 

Figure 1 is a potential energy diagram for the electrons in an n-type semi- 
conductor. ‘I'he Fermi level F is below the bottom of the conduction band C, 
the Fermi energy ¢ being negative and usually less than 1 ev. The work function, 
denoted by x, is the energy required to remove an electron from the Fermi level 


and place it just outside the metal. If ¢ is the potential energy of electrons in the 
conduction band 


wave.  « « ie Oe eee (1) 
It is supposed that the forbidden gap width #, is much larger than | ¢ | so that no 
minority carriers (holes in the full band) need be considered. Finally we consider 
an electric force F perpendicular to the surface of the semiconductor but neglect 
any image force or penetration effects. These will be taken into account later on. 
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Take the x axis perpendicular to the surface and consider the electrons moving 
towards the surface. Let 


Ea p ore rit, OTe eS enue (2) 
where p,, is the momentum of an electron in the x direction and m is its effective 
mass. ‘The electron will have a probability D(£,,) of tunnelling through the 
barrier which is a function of E,, F and the constants of the solid. (‘The 


—o 


Potential Energy 


Figure 1. Semiconductor. 


components p,, and p, are conserved and do not effect D(E,).) If we putz,(E,)dE, 
equal to the total number of electrons striking unit area of the surface in unit 
time and having £, values in the range F,,, E,,+dE,, then the emitted current 
will be “0 
Sane | (ED Gg ake ache (3) 
~ 0 
(e is the positive electronic charge). 


§ 2. TRANSMISSION COEFFICIENTS 


Fowler and Nordheim (1928) considered the barrier shown in figure 2 in 
their calculation for the field emission from a metal; i.e. if V is the electronic 


Figure 2. Surface barrier. 


potential energy and F is the applied field measured in ev cm"! (gradient of the 
potential energy) then 


V=0, #20; Ve xx ceh «lee mae. (4) 
Their calculations show that when 
2k 
moe Ton 3/2 De) a6 16) 0 
Tp Bs) ol (5) 
where on i 
k= ( =e ) ~5-16x10-"(evy2cem2 is. (6) 
then 
4E 1/2, —E, 1/2 S 4 iE 
DE) ~ EA exp| - spe By |. ah (7) 
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Condition (5) is necessary because Bessel functions have been replaced by 
their asymptotic expressions in equation (7). 
Nordheim (1928) also considered the effect of the image force on the electron 
outside the metal, when its potential energy becomes (broken line in figure 2) 
VSO tex, V =the e7/4450 2o2k a eee ee (8) 


x) being given by 


= tet tag, | a eee (9) 
He found 
( = 4re er/F \ | 
PN = (i 2h eee 10 
DE,)= exp} — Fab B,P6 (FF ) | (10) 


and computed the function ¢ for a few values of the argument. 

For the case of a dielectric the image force correction is to be multiplied 
by (e—1)/(e+1) and consequently the argument of ¢ is to be multiplied by 
[(e —1)/(e + 1)]!” where « is the dielectric constant. A semiconductor would be 
expected to behave asa dielectric if the dielectric relaxation time €/47a is sufficiently 
large. (Here o is the conductivity near the surface where charges are displaced.) 
This case will be assumed in the rest of the paper since in any case the factor is 
not very different from unity for the « values of typical semiconductors. 

Equation (10) is based on the general result (see Mott and Sneddon 1948) 
that the transmission coefhcient for a ‘smooth’ barrier such as is shown in 
figure 3 is 


D(E,,) =exp | =) i «[V (x) — E,}!2 ax | ; cami (11) 


This result is only valid when the barrier is ‘smooth’ enough to fulfil the 
conditions stated in the Appendix which, as there shown, may be reduced to the 
condition that the integral in the exponent of equation (11) is large compared 
with unity. ‘This incidentally is similar to condition (5). 


x, x" XL" Xz 


Figure 3.‘ Smooth’ barrier (cf. Appendix). 


Numerical calculation shows that the image force barrier obeys the required 
conditions for reasonable values of F, E., and yp. 

Exactly the same formulae (11) may be applied in the case where there is an 
additional internal barrier as in figure 5, as long as the same conditions are still 
obeyed. Only the shape of the peak of the barrier is important. 

It is however incorrect to apply equation (11) to a barrier with discontinuities 
at the peak as in figure 1, or to the simple barrier between two metals in contact, 
as has sometimes been done in the literature. 

Finally we may remark that the implied upper limits on F do not restrict the 
applicability of the results since the currents obtained for the high fields, which 
would occur if F exceeded these limits, would disrupt the material. 
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§ 3. FIELD PENETRATION 

When a field is applied to the surface of a metal or a dielectric it induces a 
surface charge which may be calculated by ordinary electrostatic theory. Fan 
(1942) has examined the distribution of this surface charge for the case of a metal. 
It is found that the lower edge of the conduction band C dips down as the surface 
is approached from the interior, i.e. there is a decrease in potential energy. Since 
the Fermi level is constant this implies an increase in the (positive) Fermi energy 
near the surface which is of course required to accommodate the additional 
electronic charge induced. ‘Thé maximum change AR in the Fermi energy, 
calculated by equating the field on the two sides of the barrier, turns out to be 


Pepi 9 ooo Coates. (12) 


where / is the ‘depth of penetration’ of the surface charge (exponential decay). 
Theory indicates that in a metal / is of the order 3 x 10-® cm so that even for the 
highest fields 
Ree ee aie ie ote (13) 

and may be neglected. 

In the case of semiconductors the position is different due to the relatively 
low density of carriers. This has been pointed out by Margulis (1947) who 
derived the potential drop when the field is so low that the carriers in the barrier 


Fermi Level 


eS | 
©0°°O0 6 S+AR 
° 


Figure 4. Field penetration into a semiconductor (degenerate case). 


are always non-degenerate. We will however be primarily interested in the 
case of stronger fields which cause the carriers to become degenerate. Let 
U(ev) be the decrease in potential energy of any point a distance x from the surface, 
then (cf. figure 4) 


UO)/=ARS U(x)+0 as x>0 
and | 
dU PF dU fotteees (14) 
= = 6 =— =) ae westlh | 
bag ae ax J 
In general Poisson’s equation for the potential distribution may now be written 
as 
ia Gi 4nne* ( U 4 No U+ =) 15 
Fight thee | exp sr) Sear F jo RP} lc (15) 
Waa Ne Cnmei hye eee LE, (16) 
and ‘ 
ze eat 
Fy) = | sere mere (17) 


l+exp(x—y)- 
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The first term in equation (15) is due to the positive ionic charges while the 
latter is due to the electronic charges. 
Integrating once, using the boundary conditions ~ gives 


ck] 2 (6+ MR)/RT 
= ae op 
matt) otvae( 88) «(QE ae] 


Tifa (18) 
where 
Ni= (RT| Bune) =X 62 Not) ee eee (19) 
Now when classical statistics hold right up to the surface, 1.e. when 
“(ARAB SRE ee Oe (20) 
equation (18) reduces to 
sinhAR/ZRT = hxg/ Zeki 7 0 1h ieee (21) 


this being the case treated by Margulis in considering thermionic emission. 
Substituting from equation (21) it can be shown that condition (20) is equivalent 
to 
Peel Xo ce) ee (22) 
1.e€, at room temperature 


r<ee21-5 x 10° ey ent 4 2 eee ee (22a) 


If however the bottom of the conduction band dips well below the Fermi 
level near the surface, i.e. when 


CEARSRT| eee (23) 


the electron gas near the surface is degenerate and F.(y) is very small except for 
values near the upper limit when F\)(y)~2U%?/3. Hence the integral is 


approximately 
“(C+ARRT 2 C+R 
Ie Beh eke ner RI 
and (neglecting the small terms due to the ionic aes 
C+AR=vF her (24) 
where 
’ 154/m\215 Ky \4 
v= (=37) RT =) i ee bench oie c (25) 
The constant v is actually independent of T (X, 7-1) and is equal to 
Pe 225 hae e : 
v= 5 | =H a eve "83-5685 107 ev cine eee (25a) 
Condition (23) is essentially (cf. equation (24)) 
16 \l2ekT ckT 
Fs hale) =U) = 
>( igs ) “ ees x, CYC CIEE = Sere (26) 


i.e. the converse of condition (22), and at room temperature it reduces to 


F>Se1?1-2 x 106 ev cem-1. (26a) 


ere eee 


When this condition on F applies the Fermi energy near the surface is positive 
and greater than k7. 
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$4. EMISSION FROM SEMICONDUCTOR WITHOUT SURFACE BARRIER 


If Maxwellian statistics can be applied right up to the surface of the semi- 
conductor 


WS Baty (OU Fy 
n(E,)=en (smn) exp ( oe 


and this can be substituted in equation (3). Ignoring field penetration for the 
moment we can also substitute equation (7) for D(E,) if image forces are not 
considered, or equation (10) if they are. 

In either case the exponential can be simplified if 


POP SRT °° SP Pe). (27) 


which implies that D(E,,) increases less rapidly with Z, than n,(E,,) decreases. 

This is simply the condition that emission by tunnelling is much more 
important than thermionic emission; if the condition were reversed (smaller F 
or larger 7) thermionic emission would become important and the integrand 
would diverge. Condition (27) and condition (5) together limit F to the finite 
range 2nys'"*RT<« F< 2«y3/3 which expressed numerically for room temperature 
means 2:6 x 10®pl#< F< 3-4 x 10749? (4 in ev, F in evcm}. The degree of 
inequality implied by (27) need not be large, since the quantities occur as 
exponents.) 

Ignoring the image force, i.e. using equation (7), the result? becomes 


2kT aa ae 
Teena epra XP | — 35% \. oe (28) 


Including the image force on the other hand, 1.e. using equation (10), leads to 


the result 
kT \12 4k «—1\12e\/F 
= en 3/2 
l=ne (sn ) exp | ape 6(S i) 7 \] Aree (29) 


At room temperature this is numerically 


[= 4-25 x 10-9 n exp [— 6-86 x 10%824(u)/F] seas. (29a) 


with 
1152 x 4 ( ) 1 2b 


7 being in amp cm’, # inevand Finevcm'!. This result as it stands may not 
be applied to real semiconductors because of the effect of field penetration 
discussed in the previous section. 

If the lowering of the conduction band is not great enough to invalidate 
Maxwellian statistics near the surface, the value of m requires correction by a 
factor exp(AR/RT) where AR is given by equation (21). 

If on the contrary the effect of the external field is to produce a region near the 
surface where degeneracy prevails (as seems likely from inequality (26a)) n,(E) 
will have a value appropriate to a metal. The calculation for the field emission 
current is parallel to that for a metal (Fowler and Nordheim 1928) where the 
work function is —(AR+¢)=%—vF** and the Fermi energy is AR+C=vF*?. 
However now the Fermi energy may be less than the work function by an order 


+ The result [=en(kT/27m)!” exp (—4«7)*/3F) which is sometimes quoted in the 
literature is based on the assumption that one can use expression (11) for D(E,,) when the 
barrier has a sharp peak. We have already discussed why this is inconsistent. 
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of magnitude so that some of the approximations cannot be made. Substituting 
into equation (3) and following Fowler and Nordheim 


eda eo Al [ _ 4xQp— = blu) 


~ 8th p—vk 5) F 
 F415(4), — 1 F°4l5\ U2 rep F4l(b — vp F45)v2 
<[ 1-4" ad Lik Joo ee we. (30) 
F F 
where 
—1\¥2 e,/F 5)\3/ 
on (: =i) Gaopa and Fe f(y —v IMO... (31) 
for the case where image forces are included. If 
ARC =o? a ee (32) 
these formulae reduce to 
e fF? 4 1cp?'*h(u) Qe vopl? 2nvypl? ' 
ha exp(- 7 | exp ‘oo Fie \- 1+ ae OO (30a) 
where 
= 1/2 ‘ 
ue (=) = i tard ah oc ee (312) 


These formulae (302) and (31a) would have been obtained if we had expanded 
D(E,) about the bottom of the conduction band rather than the Fermi level as 
is done by Fowler and Nordheim. In fact, condition (32) is really assumed when 
we use the expanded form of D(E,,) for the whole range of electron energies. 

Numerically the results become 


2 
f=1-55:< 10,4 ae exp [ — 6:86 x 107 y3.4(u)/ F] 


ip 
1/2 1/ 
«| exp4 36. 8 sip} — (1 + 36:8 —_ arms) | amp Cue SMa greene (306) 
where : 17we Fue 
u= 362108" Ee =] aptly ew he (31) 


and 1-2 x 10%l?#< F< 3-4 x 1073? d(u). 


4.1. Constancy of the Fermi Level near the Surface 


In the previous section we have assumed that the Fermi level is constant 
throughout the semiconductor. This implies thermal equilibrium, i.e. no 
resultant current flows in the semiconductor. ‘Thus in the surface region the 
diffusion current due to non-uniform carrier density is balanced by the conduction 
current. If the diffusion current and the conduction current are only slightly 
different, i.e. if the current J drawn out is much smaller than either, we can still 
neglect the very small change of Fermi level. 

If C(x) is the Fermi energy measured from the bottom of the conduction band, 
we may write the current in the semiconductor as 


Lad oU 4 2a) ; 
[= z(- ene aE | eevee (33) 


and since 0U/dx will be of the order of 10° ev cm~ the resistive voltage gradient 


I/o within the semiconductor would have to be improbably large to affect the 
Fermi level. 
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§ 5. EMISSION FROM SEMICONDUCTOR WITH SURFACE BARRIER DUE TO SURFACE 
STATES 


Many of the contact phenomena of semiconductors can be explained by 
assuming that states having energies within the forbidden band exist on the surface. 
These states give rise to an internal potential barrier (e.g. Schottky exhaustion 
layer) at the free surface of a semiconductor which, if the density of the states 
is high enough, may be almost unaffected by putting the surface in contact with 
ametal. We consider then the model of figure 5 where D represents donor-type 


Figure 5. Internal barrier due to surface states. 


states (energy E, below the conduction band) and A acceptor states (energy E, 
below the conduction band). Thus the D states are neutral when occupied 
by electrons and the A states when occupied by holes (of electrons). This model 


with 
E, i _ iE. E 
exp ( gm) exp( RT ) <exp( <8) saunter (34) 


(£,=gap width) has been used by Brattain and Bardeen (1953) to describe the 
surface properties of Ge. For simplicity it will be assumed that the surface states 
are sufficiently numerous to provide all the charge induced by the external field 
i.e. that field penetration does not occur. 

We now introduce the following symbols: ¢,(ev) = height of internal barrier 
when F=0; (¢)—V)(ev)=height of internal barrier when F~0; Ny, Na= 
number of donor (acceptor) surface states per cm?; 749, Pap = number of electrons 
on donor surface states, holes on acceptor surface states when F=0; 1, 
P~, = number of electrons on donor surface states, holes on acceptor surface states 
when F40; £,/e (ev cm +) = field at the top of the barrier inside the semiconductor 
when F=0; E/e (ev cm) = field at the top of the barrier inside the semiconductor 
when FO. 

The charge on the surface states is determined by 


ei 


47 e2 oa (Na om Na) oF Ch, a, Siope0 6 (35) 
which reduces to 
i rie 
fa > ole (Na ay Nao) ar (Ni — Pao) qoaped (36) 


when F=0. 
It should be observed that this assumes a high density of surface states. Thus 
from equation (35) N,>(E+ F)/47e2= 1018 cm? when (E+ F)=2 x 10° ev cm 
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and further (36) can only be satisfied if NV, and N, are of equal orders of magnitude 
since E, is far smaller than F. For smaller surface densities there may be a 
potential drop inside the semiconductor as in § 3 due to the inability of the surface 
states to balance the applied field /. 

It is easily shown (and is almost obvious from examination of figure 5) that if 

exp(E,/2RT) >exp{(¢)9—Q/RT} — ...- (37) 
then the acceptor states will all carry electrons i.€. Pay =~, =9, thus 
P+ E ahs Na aE Na = Na z na|Na = B 
Ey yy Nag + Ns . Na a B 
where « =m,/N,4 and B=(N,—Na)/Na- 

The value of m, can be found by considering the dynamic equilibrium of the 
donor traps D. (It is effectively assumed that the acceptor traps are always 
full.) If we only consider the exchange of electrons with the conduction bandf, 
then 


en(RT/27m)'? exp (—¢)/RT) exp(V/RT)p(Na—ma)=CMa/T == wane (39) 
where p is the average trapping cross section of the D states and 7 is the lifetime 
of electrons in them. When F=(0 


en(RT/27m)'? exp (— ¢o9/RT)p( Na — tao) = CMao/T ss eo (40) 
Thus dividing (39) by (40) 


ae na Na-—n n l-« 
exp ( } Eeebia: d GN) eG 


kT Nao Na —Nea Nao 1- 7Ng/ Nag 
tq 1— a V oi 
whence Ny E 1 ee? ie sr) | Moe (41) 
Finally eliminating the ratio z4/ Nq from (38) and (41) we find 
a+p 1-« yee 
E, (F+B)=| 14 exp (~g7) | +aBooi | Pages (42) 


There is also a relation between E and V which depends on the model used 
forthe barrier. The (algebraically) simplest case is that of a ‘ Mott’ barrier where 
the field is uniform across most of the barrier (impurity free layer) and charges 
enter a small region. Physically a ‘Schottky’ space charge barrier is more 
plausible but the effect of ionic charge density on AR is negligible. 

The emitted current will be given by equation (3) with 


kT \2 V—¢ V 
n(E,)=ne (x) exp ( a) = 1) exp pr 


\ 


(where J, is appropriately defined) and with D(E,,) given by equation (10) which 
allows for the image force. As in deriving equation (29) we reach the result 


) V sae e—1\)\l2e\/F 
i=7, xP REO? | — spre (S) “=|. eiotereiele (43) 


(For numerical values see equation (29a).) 


“ Neglecting the exchange of electrons on the D states with the valence band, i.e. hole 
emission and capture, can easily be justified by methods analogous to those used by 
Shockley and Read (1952) provided that the capture cross sections for holes and electrons 
are comparable and conditions (34) and (37) hold. 
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$6. RESULTS AND DrIscussrIoNns 


The variation of the emission current as a function of the applied field is 
plotted in figure 6 for the various cases dealt with.t The graphs continue as 
approximately straight lines beyond the right-hand edge of the figure. Typical 
values of the constants have been assumed and are as follows: 


P=293"K He 44 10° eviem= 
b=4ev oa aN AU 

e=7 , b=02 

¢=0-5ev A= 10cm 


The values are likely to be appropriate in the case of SiC and lead to 
vg E210 cin: 


} 


Log, / (amp cm 
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| 
i} 
i 
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Figure 6. Field emission currents from a semiconductor plotted as functions of 1/F. 
I, no image force (equation (28)); II, image force (equation (29)); III, image force 
and field penetration (equation (30a)); IV, image force and surface states (equation 


(43)). 


Curves for cases I and II of figure 6 are very similar to those for a metal, the 
factor /? in front of the exponential in the metal case being relatively unimportant. 
The semiconductor currents are however strongly temperature dependent due 
to the factor z. It has already been pointed out that neither curve I nor even 
curve II can apply to a real semiconductor since variations in the lower edge of the 
conduction band near the surface must be considered. If there is a sufficiently 
high density of surface states, the internal barrier produced will cause a drop in 

+ The values of the Fowler—Nordheim function @ have been taken from a recently 
published table by Burgess et a/. (1953). 
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current with respect to II for low fields (cf. curve IV). However as the field 
increases the barrier is lowered and the current begins to increase much more 
rapidly until curve IV intersects curve II at X which corresponds to the complete 
breakdown of the barrier (V=¢), when Fy=2°5 x 10% ev cm‘*). 

For fields higher than this critical value (say F) field penetration will occur 
and the emitted current is governed by an equation of type (30) (case III), except 
that the field used to determine AR is the applied field F reduced by that due 
to the now almost completely filled surface states, i.e. Fy. When F— F, is sufh- 
ciently small (<1-5 x 108 ev cm~}), AR is given by equation (21), while the current 
is derived from equation (29) where n is increased by the factor exp (AR/RT). 
This corresponds to portion XY of curve IV. If however, F — Fy is sufficiently 
large (>3-2 x 108 ev cm~!), equation (30) must be used with F replaced by 
F— F, in the last factor only. (The other factors correspond to the penetration 
coefficient.) ‘This corresponds to the portion UZ of curve IV. Finally, a broken 
line has been drawn to suggest the connection between the two regions of 
approximation. ‘The line indicates a slight lowering of the current below the 
value calculated from IV in the range V-d,. This is because the electron 
density in the barrier which is now appreciable has been neglected in deriving 
the relationship between V and F (equation (43)). 

As has already been stated, the high value of the critical field Fy is in turn 
due to the high value of the surface states density. Lower values of the surface 
states density would shift the point X down curve II while the portion of the curve 
corresponding to UZ would approach curve III more and more closely. 

Curve III corresponds to the case of pure field penetration when no surface 
states exist and all fields will cause the level of the conduction band near the surface 
to drop below its level in the interior. This leads to much greater field emission 
than that obtained from case II. 

A further point to notice is that equation (30) does not involve the temperature 
except in the limits for F. This appears to lead to an inconsistency at very low 
temperatures when there are practically no electrons in the conduction band. 
It should, however, be observed that it has been tacitly assumed that the resistance 
to current flow of the bulk material can be neglected. This will not be true 
when the temperature is very low due to the high bulk resistance of the semi- 
conductor, especially as is practically the case, when emission occurs from 
a small area. In the extreme case of very low temperature field emission may be 
accompanied by internal breakdown. It is the temperature dependence which 


appears to be the most important criterion for determining the nature of the 
semiconductor surface. 
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APPENDIX 


THE RANGE OF VALIDITY OF EQuaTION (11) 


It can be shown (Jeffreys 1942) that the derivation of equation (11) for D(E,,) 
implies that points x,* and x,* Bo He 3) exist inside the peak such that 


Ce tH ‘ 
Pe)| 7 “)>|a er I (x,*) |< |f(%1*) pee 
an 
£2) Palade eae 
f' (%2)| >[x,—x_*] > F@)\° es) [Fe ) [Pe eet (Al) 


where f(x) =«?[E,,—V(x)] and x,*—x,* >0. Then 
|" (— fda is [—f'(x,)(x —x,)]}!2 dx 


ye Fe [f’(%2)(x2— x) P!2dx + iF pra 3 = 
SFY rane JC vy) }#!2(x,* — x9)22] 


“ ay* ; SF 
>§{1 +1] +1og] 7S) | ek (A2) 
where f'(z)=0. Thus at least 


Pee hitde S43 no) =|) 0 ccc (A3) 
and 
D=exp j cue [— FP ae | <7%, 
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The Absorption Spectrum of Excited Crystals of Cadmium Sulphide 
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Abstract. Crystals of cadmium sulphide show new absorption bands when 
excited by visible light (0-546). The bands extend from the excitation region 
out to 1-4 with a maximum intensity at 0-78. The bands are stable in the 
dark at low temperatures but are thermally bleached on warming. ‘They are 
also bleached by radiation of their own wavelength. Correlation is found 
between thermal bleaching characteristics and_ electrical conductivity 
characteristics. A model is proposed in which thermal bleaching and electrical 
conduction on warming result from the escape of trapped electrons while optical 
bleaching frees positive holes which migrate to traps and recombine with trapped 
electrons. 


§ 1. INTRODUCTION 
Or absorption studies of colour centres in the alkali halides have 


led to relatively precise information on the properties of trapped electrons 
and positive holes in these crystals (Seitz 1954). However, for zinc and 
cadmium sulphides and other luminescent solids, data on trapped carriers are 
usually obtained from phosphorescence and thermoluminescence experiments 
(Garlick 1949). More recently studies have been made on single crystal specimens 
of zinc and cadmium sulphides of the changes in electrical conductivity during 
phosphorescence and thermoluminescence (Broser and Broser-Warminsky 1955). 
These provide an alternative means of investigating the trapping processes. 
Changes in absorption spectra of phosphors on excitation offer further means of 
obtaining information on energy storage in phosphors. Lenard (1928) found 
such absorption in the 0:43 to 0-56 region for ZnS—Cu phosphors. Hoch 
(1940) extended measurements to 1, finding in ZnS—Cu and unactivated ZnS 
a broad absorption band over the whole range. For ZnS—Ag_ phosphors 
excitation gave absorption bands with several maxima. Unfortunately no 
absolute values of absorption are given in his paper. Urbach et al. (1946) found 
that during excitation of the infra-red stimulable phosphor SrS—Eu-Sm new 
absorption bands appeared. The peaks at 0-6 and 1-0 are characteristic of the 
Samarium impurity. It seems probable that the absorption is associated with 
trapped electrons though, as discussed below, the optical transitions involved do 
not necessarily occur in the trapping states. 
This paper reports measurements on absorption bands produced in a single 
crystal of CdS by excitation. 


t On study leave from the Hebrew University, Jerusalem. 
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§ 2, EXPERIMENTAL APPARATUS AND ‘TECHNIQUE 
2.1. The Monochromator System 


Monochromatic light from a small Hilger constant deviation quartz prism 
monochromator (figure 1) was split into two convergent beams by a lens and 
mirror system. One beam (to be referred to hereafter as the measuring beam) 
came to a focus at the phosphor crystal and the other at an aperture of similar 
size to that of the crystal. The emergent divergent beams from crystal and 
aperture were converged by separate lenses on to the same area of a suitable 
radiation detector passing through a chopper disc just in front of the detector. 
The incident beams were chopped so that their resultant modulation (800 c/s) 
differed in phase from each other by 180°. By means of an attenuator sector in 
the beam splitter the relative intensities of the beams could be altered. When 


Figure 1. Apparatus for measurement of optical absorption in CdS crystals. S, exit slit 
of monochromator; A, beam attenuator; H, mercury arc light source; F,, filter 
giving 5461 A radiation; C, CdS crystal; F, filter removing 5461 A radiation from 
measuring beam; Ch, chopper disc; D, radiation detector. 


the beams were of equal intensity no signal was recorded. ‘The chopper disc 
also provided a reference signal 90° out of phase with that of either beam. After 
amplification of the detector signal by an 800 c/s tuned amplifier it was compared 
with this reference signal in a phase sensitive rectifier network and the final 
output to a galvanometer or to the Y plates of a cathode-ray tube then gave the 
difference in intensity of the two light beams. ‘The detector could be one of three 
devices: a photomultiplier with antimony-—caesium surface for the visible, 
a caesium surfaced photocell for the long wavelength visible and near infra-red 
regions and a lead sulphide photoconductive cell for the infra-red region up to 3 ju. 
The monochromator slit width was about 0-015, at 0-5 and 0-05, at 1-04 
wavelength. 


2.2. The Crystal Cryostat 


The crystal was mounted in a metal Dewar system with heating coil and 
thermocouple and with optical access to both sides of the crystal for the measuring 
beam and also for the exciting radiation. Suitable filters were provided to 
prevent the latter from passing into the detector system with the measuring 
beam. Small temperature differences occurred across the crystal during warming 
experiments but these were not serious enough to upset experiments. ‘They were 
minimized by filling the cryostat with dry air after evacuation to remove unwanted 


vapours. 
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2.3. Light Sources 


The light source for the monochromator was a 50-watt tungsten filament 
lamp with variable intensity control. For excitation of the phosphor crystal 
a 125-watt compact source, mercury-in-quartz lamp was used with filters to 
select the 5461 A line of mercury since this gives the optimum increase in absorption, 
An auxiliary tungsten lamp with Wratten No. 87 filter was used to provide intense 
heterogeneous infra-red irradiation and consequent ‘bleaching’ of the excited 
absorption bands of the crystals before experiments. 


2.4. Crystal Specimens 

Cadmium sulphide crystals made from precipitated sulphide by heating in 
sealed evacuated silica tubes at 1050°c were used. No impurity activators were 
added but traces of chlorine were present. The crystals were rather redder in 
colour than those of near stoichiometric constitution. Specimens of size 
4mm x3mmx 1mm were cleaved from these crystals and their main surfaces 
optically polished. ‘The specimens were non-luminescent. ‘Their cleavage 
properties and optical transparency suggest that they were of near single crystal 
character. 


2.5. Procedure for Absorption Measurements 


The unexcited crystal was thoroughly ‘bleached’ by heterogeneous infra-red 
radiation and the intensity of the measuring beam passing through it was deter- 
mined with the other beam cut off. Then using both beams these were adjusted 
to be of equal intensity. The crystal was then excited with 54614 radiation. 
The resulting absorption decreases the intensity of the measuring beam at the 
detector, the resulting signal output giving the difference in intensity of the two 
beams. Comparison with the original intensity of the measuring beam gives the 
percentage change in crystal transmission and hence the absorption at the selected 
wavelength of the measuring beam. 


§ 3. EXPERIMENTAL RESULTS 
3.1. The Absorption Spectra due to Excitation 


The absorption spectra during continuous excitation of a CdS crystal at 
90°K and 290°k are shown in curves aand 6 of figure 2, The maximum absorption 
is seen to be about 10% at 90°K and is stable when excitation is removed and if the 
measuring beam is cut off. The latter ‘bleaches’ the absorption band and so, 
except in deliberate bleaching experiments, is kept at as low an intensity as 
possible while an absorption measurement is being made. The curves aandb are 
for a crystal which has been carefully annealed after preparation. If, however, 
the specimen is reheated to 600°K and quickly cooled the absorption spectrum 
due to excitation is enhanced and occurs right up to the absorption edge of the 
specimens as shown in curve c of figure 2._ The spread of experimental points near 
the absorption edge is more than that due to experimental error and suggests a fine 
structure. ‘T’he latter is analogous to that found in the ‘edge’ emission spectrum 
of luminescence which lies in this region (Klick 1953, Kroger 1955). Further 
studies of the effect of heat treatment on the absorption are in progress. 


3.2. Bleaching Effects of the Measuring Beam 


Since the measuring beam removes the absorption due to excitation, experi- 
ments were made to determine the decrease in absorption with time and with 
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Figure 2. Absorption bands in a CdS crystal due to excitation by 5461 A radiation. 
a, at 290°K; 6, at 90°K; c, absorption due to excitation of crystal cooled quickly 
from 600°K to 90°K. 


intensity of the measuring beam, the latter being of 0:78 wavelength, 
corresponding to the maximum absorption region of figure 2. Figure 3 gives the 
variation of absorption with steady excitation for three different intensities of 
the measuring beam in the ratio1l:0-5:0-13. As plotted the results show that there 
is a linear relation between the inverse of absorption 1/A and the inverse of the 
excitation intensity 1// of the form 


ACG I ee a, WA otee (1) 


where C is approximately proportional to the intensity of the measuring beam. 

With excitation removed the absorption decays at a rate determined by the 
measuring beam intensity. Figure 4 gives the decay curve for different values 
of this intensity. The curves can be analysed into components of constant 
slope. The initial slope is proportional to the measuring beam intensity but 
later components appear to be approximately independent of the latter. 
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Figure 3. Variation of absorption A of CdS at 
0-78 » and 90°K with excitation intensity F 
showing inverse relation for three different 
intensities J of measuring beam. 


Figure 4. Optical bleaching decay curves for 
absorption of CdS at 0-78 and 90°K for 
different intensities of measuring beam 
‘I, A=0-78); Ao is absorption at t=0, 
A, that at time t. 
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3.3. Thermal Bleaching of Absorption 


In the dark at 90°k the absorption due to the previous excitation is stable. 
On warming the crystal at a uniform rate (0-6 deg sec") a temperature is reached 
at which the absorption decreases and eventually disappears. Curve a of figure 5 
shows the change of absorption at 0-78 with temperature using a very weak 
measuring beam while curve 6 shows a similar curve for warming with excitation 
left on throughout. The following experimental difficulties are found. Peaks 
appear in the absorption curves at 130°K and 200°K. ‘These can be traced to the 
optical effects of condensed vapour films on the crystal faces which lag behind 
the rest of the system in temperature during warming (Halperin and Garlick 1954). 
The effects can be minimized by using a low rate of heating and by filling the 
cryostat with dry air so that thermal conduction to the crystal is improved and 
so that the mean free paths of vapour molecules from other parts of the system 
are made very small. A striking feature of curve a is that the absorption rises 
abruptly when excitation is cut off at 90°K before warming. This effect is a real 
increase in absorption and is not due to removal of exciting radiation which might 
be leaking on to the detector through the optical filter which cuts such radiation, 
However, no adequate explanation of the effect has yet been obtained. 
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Figure 5. Thermal bleaching of absorption in CdS (measured at A=0-78). a, absorption 
with excitation on throughout warming; b, absorption with excitation cut off before 
warming ; c, dark current with excitation cut off before warming; d, photocurrent 
with excitation on throughout warming; e, semiconduction current. 


In addition to the observations on the variation of excited absorption with 
temperature the crystal was examined for photoconductivity and ‘glow’ con- 
ductivity during the warming process. A d.c. field of 5000 v em was applied 
and conductivity measured by a recording galvanometer system. Curve c of 
figure 5 gives the variation of photoconduction current with temperature during 
warming and curve d the current measured when the crystal was warmed in the 
dark as for curve @. The curves were not dependent on electric field direction. 
It is clear that the fall in absorption with temperature is closely associated with the 
release of stored charge carriers. Following the peak due to release of carriers 
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a further rise in temperature produces the normal semiconduction current which 
rises rapidly with temperature as shown. 


§ 4. DiscussION OF RESULTS 


From the above results we conclude that the exciting radiation giving optimum 
absorption effects (5400A; v=2-3 ev) raises electrons from specific centres 
in the crystal lattice into conduction levels since maximum conductivity is also 
observed for this excitation. ‘The electrons are subsequently captured in trapping 
states. Absorption then observed for the 0-6-1:4 region with a peak at 0-78 
can be due to one of two processes: (i) the raising of trapped electrons into the 
conduction band or (ii) the raising of electrons from the filled band of the lattice 
into empty centres. For reasons given below process (ii) is considered more 
probable. A tentative energy scheme for the crystal is shown in figure 6. The 
absorption peak at 0-78 gives a transition energy of 1-6 ev. Since in the thermal 
bleaching of absorption shown in figure 5 there is an accompanying dark current 
it is possible from the exponential rise with temperature of the initial portion of the 
current curve c of figure 5 to obtain the activation energy which is about 0-18 ev. 
Unless a very large Franck—Condon shift is allowed, which is unlikely (Mott and 
Gurney 1940), the 1-6 ev transition would not appear to be the same as that 
involved in thermal activation. The following processes are therefore suggested : 


eet 2:45 ev 
| 


Figure 6. Energy level scheme for CdS crystal. B, conduction band; F, filled band; 
C, normally occupied centre; C*, empty centre; 'T, trapping state; H, positive 
hole. 


(i) Optical bleaching of absorption. 

Excitation removes electrons from centres and fills the trapping states. 
Irradiation at 0-78 raises electrons from the filled band to the empty states in 
the centres, the positive holes created in the filled band migrating to trapping 
states. There they are captured in the coulomb fields of trapped electrons and 
combine with the electrons thus returning the crystal to its unexcited state. 


(ii) Thermal bleaching of absorption. 
Excitation empties centres and fills traps. Thermal activation of the trapped 
electrons into the conduction band results in their recombination with centres thus 
3 F-2 
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returning the crystal to its unexcited state. In transition through the conduction 
band the thermally activated electrons will give rise to the current observed during 
thermal bleaching. The same trapping states will also affect the photoconduc- 
tivity of the specimen. The latter will be small at temperatures below those for 
thermal! bleaching and will increase rapidly as the temperature is raised to values 
above those for bleaching. It is of interest to note that experimentally the 
photocurrent rises exponentially with temperature and gives an activation energy 
of about 0-12 ev. The normal semiconduction of the unexcited crystal shown 
in curve c at temperatures above 300°K gives a single activation energy of 0-22 ey. 

Assuming the above hypothesis it is possible to explain the relations between 
intensities of absorption A and of exciting J and bleaching radiation /. If there 
are N centres of which 7 are excited then there are 2 trapped electrons (neglecting 
conduction electrons in transit). Centres are emptied at a rate «J(N—n) by 
exciting radiation and replenished with electrons from the filled band excited 
by bleaching radiation at a rate BJn, where « and Bare constants. In equilibrium 


ad(N nya bine ie) ee (2) 


Since the observed absorption is proportional to 7 then by substitution in equation 


(2) and rearrangement 
RA=(RILD 1 « seem ares (3) 


which agrees with equation (1) obtained from experiment. 

The decay of absorption with time shown in the curves of figure 4 has an 
initial component with a rate of decay proportional to the intensity of the bleaching 
radiation. ‘This corresponds to the rate of production of positive holes in the 
filledband. Each of these reaches a trapped electron at a rate which 1s independent 
of the bleaching light intensity but depends on the availablity of trapped electrons. 
At later stages of the decay this will be the rate determining process as shown in 
experiment. It will predominate at shorter decay times as the intensity of 
bleaching radiation is increased. ‘This is indicated in the curves of figure 4. 

With respect to the specific nature of the centres responsible for the observed 
absorption, some recent work of Kroger (1955) and Kroger, Vink and van den 
Boomgaard (1954) is of interest. ‘They suggest that chlorine inclusion provides 
shallow electron trapping states and also promotes the generation of cation 
vacancies, which with a single positive charge function as centres with ground 
states 1-5 ev below the conduction band (thermal activation energy). In our 
results the excitation characteristics give this state at 0-2—0-3 ev above the filled 
band. When it has lost an electron by excitation the cation vacancy level will 
move to a lower energy value but to explain the above results it should move 
to higher energies. ‘This would occur if the centres were monovalent cadmium 
ions compensated by the chlorine present. However, more precise evidence is 
required to distinguish the type of centre involved. 

The effect observed at the absorption edge in crystals rapidly cooled after 
heating to a temperature of 600°k must be associated with lattice strains. It is 
significant that the so-called ‘edge emission ’ of the crystal occurs in this region 
(Kroger 1939). Further experiments are indicated to determine possible relations 
between the edge emission efficiency and the thermal treatment of the crystals 
and also between the latter and the absorption produced in this region by excitation 
of such crystals. 
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Abstract. 'Vhe relation between the isothermal and steady-state current-voltage 
characteristics of a device in which the current depends on both the voltage and 
the temperature is deduced quite generally without assuming electrical linearity 
or Newtonian cooling. ‘The phenomena of voltage turnover in a device with 
a positive temperature coefficient of d.c. conductance, and of current turnover 
in a device with a negative coefficient are deduced. 

The a.c. admittance for a small a.c. voltage superimposed on the d.c. voltage 
determining the operating point is derived in terms of the thermal admittance 
of the device, i.e. the complex ratio of the alternating components of power and 
temperature. For the special case in which the thermal admittance consists 
of a shunt combination of a fixed thermal capacity and thermal conductance the 
electrical admittance has been evaluated in detail. ‘Three-element equivalent 
circuits (of two resistors and a capacitor or inductor) can represent the electrical 
admittance of such a device and its locus is semicircular; the reactive element 
represents the effect of thermal inertia and its nature is determined by the sign of 
the temperature coefficient of d.c. conductance. 

Where heat loss from the device is by a path which is not ‘thermally short’ 
at the frequency under consideration the thermal admittance no longer has a 
simple form but has to be determined from the diffusion equation. This is 
done for the case of one-dimensional heat conduction (e.g. along the supporting 
wires of a thermistor or a lamp) or for radial heat flow (e.g. from the contact in 
a point-contact rectifier). ‘The general condition for the admittance locus still 
to be circular, but with the centre not on the conductance axis, is formulated. 


$1. FORMULATION OF THE PROBLEM 


OST solid-state circuit elements have a d.c. resistance which is a function 

of the ambient temperature ; examples of these are barretters, bolometers, 

filament lamps, thermistors, varistors, surge protectors, crystal rectifiers 
and mixers. he first implication of this temperature dependence is that there 
are two distinct d.c. current-voltage characteristics—the isothermal and the 
steady state. The isothermal characteristic relates the current and voltage in 
conditions in which the electrical power dissipated in the device is prevented 
from producing any rise of temperature above the ambient temperature; this 
might be achieved for instance by the use of a pulsed voltage or by a sufficient 
increase of the cooling arrangements. For the steady-state characteristic the 
current is determined when it has reached its final equilibrium value after the 
application of voltage, and correspondingly the temperature rise produced by the 
electric power has attained its steady value. ; 


t+ Now at Department of Physics, University of British Columbia, Vancouver. 
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At this stage it is necessary to distinguish between linear and non-linear 
devices; these terms will be applied to the isothermal characteristic so that if a 
device is non-linear when its temperature is held constant, the non-linearity is 
not due to heating effects but to other phenomena such as field effects or barrier 
layers. ‘Thus the thermistor is a linear device in the present sense since although 
the steady-state characteristic is non-linear it nevertheless obeys Ohm’s law in 
the isothermal condition and a well-defined resistance can be assigned at each 
temperature. 

The present analysis is concerned with the apparent a.c. impedance of a 
temperature-dependent circuit element (linear or non-linear) when a small 
a.c. voltage is applied in addition to the d.c. bias which determines the operating 
point. As expected, the presence of thermal inertia i.e. the lag of temperature 
rise behind the variation of applied power will give rise to reactive impedances 
which may be capacitive or inductive. Furthermore the a.c. resistance will in 
general be different from the isothermal or the steady state differential resistance. 
In some circumstances the a.c. resistance can become zero or negative and the 
phenomenon may occur of a plateau in the characteristic or of ‘turnover’ and, 
in the right conditions of the external circuit, of oscillations. Some earlier work 
on linear systems only has been carried out by Smith (1950) and Stuckes (1953). 


§2. GENERAL EQUATIONS 


Let V and J be the instantaneous voltage and current applied to the element 
whose instantaneous temperature is 7. An essential feature of the present 
analysis is that the (current, voltage) relation is determined by a single temperature 
T and does not depend on temperature gradients or on the existence of diverse 
temperatures in different regions of the device. This assumption is readily 
justified when the temperature of the essential current-carrying regions are 
substantially uniform as in a lamp ora thermistor but it will require closer examina- 
tion when very localized heating occurs as for instance in the point-contact 
rectifier. In this latter case the characteristic temperature which defines the 
electric properties of the device would be taken as that at the contact or that of 
the region in the bulk which is the source of minority carriers. 

If the rate of loss of heat is determined only by the instantaneous excess 
temperature of the element, the relation for balance of power is 


40 Se ee (1) 
C= +f(@)=P=IV 


where 0= T—T, is the excess of the temperature 7 of the element above the 


ambient temperature 7. f(@) is the rate at which heat is lost by conduction, 
convection or radiation. C is the heat capacity of the device at 7 and will be 
assumed constant. Only if Newton’s law of cooling is valid would f(@) be 


proportional to 0. . 
The current, voltage and excess temperature will all be assumed to have 


steady components with relatively small superimposed a.c. components: 
I=1,+1,expjot 
VeVi i POR DIOL wl 5-0 Ts hk, Uw le eee (2) 
T— T,=0=0) +0, expjuwt 


Clearly J, and V, must define a point on the steady-state characteristic for ambient 
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temperature 7, and must also be on the isothermal for temperature 7, + 4). 
In general 7,V, and 6, are complex quantities. "The power P is then 


P=P, + P,expjwt=IV =1[)V + (1pVi.+ LV) expjot .....- (3) 
to the present degree of approximation. Substitution in equation (1) gives 
F(9) = 10M 
6,y=0,[joC+f'(O))=Pi=LpVitLVo. == ravens (4) 


Here f’()) is the thermal conductance of the cooling mechanism, and P,/@, is the 
total thermal admittance y. 

Finally the alternating component of current is determined by both V, 
and 6, through the isothermal a.c. conductance g and the current temperature 


coefficient h: 
ol : ol a: 
L= (7), Vit (=), 0 = OV pt HO, joe al eee (5) 


In general g and fare functions of temperature. For a linear device, however, 
g is independent of voltage and thus g=/,/V, for this case. The parameter h 
distinguishes by its sign the two essential types (figure 1) of steady-state 
characteristics: (i) that which has everywhere a slope greater than the isothermal 
at the same point (if +0) or (ii) that which everywhere has a slope less than the 
isothermal (h <0). 


I 
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Vv ° v 
Figure 1. Isothermal and steady-state current-voltage characteristics of temperature- 
dependent circuit elements. In lineal devices the isothermals are straight lines. 


The quantity T=C/f'(8) 
is the effective thermal time constant of the device which in general will be a 
function of the excess temperature @, unless Newton’s law of cooling is valid. 
The complex ratio of the alternating components of temperature and voltage is 


A, — Ih +gVo 
a ene 7 
Vi Rl 7) 
and the a.c. admittance is given by 
lL, gy+hl 
Yo)=>= a: swURTs elaeee 
= 7-e (8) 


At zero frequency the admittance is a pure conductance and the steady-state 
characteristic is described by the equation 
Las, ae Ae ee 9 
¥(0) = G0) = a6, 0) 
where the thermal admittance y, at zero frequency is a real quantity. It may 
readily be seen that G, is simply the slope of the steady-state current-voltage 
characteristic as is to be expected physically, forif AJ, AV and A@ are corresponding 
(infinitely slow) increments along the steady-state characteristic 


yAG=1,AV+V,AT and AI=gAV +hAé 
leading to the value of Gj=A//AV given in the preceding equations, 
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At infinite frequency the admittance becomes 
VCO) Glhay=e ea ee (10) 
which is the isothermal conductance, appropriate here since the temperature of 
the device cannot follow the infinitely rapid variation of electrical power. 


In the case where the thermal admittance y has the form y=jwC+C/7 the 
conductance and susceptance at angular frequency w are: 


eee gw?C? + (gC/7 +hl,)(C/7—hV,) 
-w®C? 4 (C/r-AV,)? ri 
euelone Va Cae he): es veliallani oo: ay 
° wl? +(C/r—hV,)? 
Y 7 
Bese wCh(gV +15) (12) 


CCRT FU! Te eb | 
The corresponding formulae for the resistive and reactive components of the 
impedance are: 

_ gw?Cl? + (Cir -hV \(gC/7 + hy) 13 
g°w®C? + (gC/7r +hl,)? ty anew ee 
wCh(gVo +1) 
Sarl (ei Eh, 

The time variation of the current and voltage due to the (relatively small) 
a.c. voltage superimposed on the d.c. bias is illustrated in figure 2 for the case 


R(w) 


X(w)= 
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Figure 2. (a) Current—voltage locus for small a.c. voltage superimposed on d.c. bias 
(illustrated for case h>0). The isothermal characteristic is for the temperature 
T, of the device so that it passes through the operating point (Jy, V9). 
(6) Locus of admittance for the case h>0. 


of h>0. At very low frequency (< 1/7) the temperature is able to attain its steady 
value at each instant in accordance with the applied power JV and accordingly 
the locus is a small arc (essentially a straight line in the above analysis) of the 
steady-state characteristic so giving a pure conductance of Gy. Ata very high 
frequency (> 1/7) however, the power is varying so rapidly that the temperature 
remains constant at the value determined by the average applied power; in this 
case the locus is an arc of the isothermal characteristic and corresponds to a pure 
conductance equaltog. Atan intermediate frequency the temperature somewhat 
sluggishly follows the applied power variation but does so with a lag corresponding 
to the phase angle of the thermal admittance y(=P,/0,). The locus is therefore 
an ellipse and simple considerations readily show that it is traced out in an 
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anti-clockwise sense. The case of h<0 is similar except that Gy<g and the 
ellipse is traced out in a clockwise sense. 

The phenomenon of ‘turnover’ in the steady-state characteristic is seen 
to correspond as follows: if h>0, yp =/V, (max) at the turnover voltage V7 (max), 
as in a thermistor; if h<0, gvp= —/Jp (max) at the turnover current J, (max), 
as in a barretter. 


$3. PROPERTIES OF THE ADMITTANCE AND IMPEDANCE FUNCTIONS 
3.1. General 


It is immediately seen from the form of the general admittance equation (8) 
that if g, c, h and 7 can be regarded as independent of frequency the admittance 
and impedance have a semicircular locus in the complex plane with the zero- 
and infinite-frequency values (both real) at the ends of the diameter. 
Correspondingly this suggests a number of three-element equivalent circuits 
containing two resistors and one reactor, all elements being independent of 
frequency. The nature of the reactance and resistance is determined by the 
following simple rules given in the table. 


Character of the A.C. Admittance 


Limits of / Reactive Character Resistive Character 
h>C/7rV5 Inductive Negative at low frequencies 
DCA inductive Zero steady-state resistance 
C/7tV 5 >>h>0 Inductive Positive at all frequencies 
p=U Non-reactive Constant resistance 
0>h>—gC/TI Capacitive Positive at all frequencies 
h=—gC/rI, Capacitive Zero steady-state conductance 
—gC/tl)>h Capacitive Negative at low frequencies 


‘These two basic cases of h>0 and h<0 are illustrated in figure 3 with two 
forms of equivalent circuit for each case. 

It is seen that if / lies outside the limits + C/7V,) and —gC/7I, the device will 
display negative resistance up to a critical frequency given by 


ey eee ree 
Oia cS _ oa ae ee Roo Ae (15) 


At this frequency the resistance and conductance are zero and the admittance is 
a pure susceptance given by 


Vico) =) Bla) 1(saGoS)a5 6) wa iia wee ade (16) 
as may be readily seen from the geometry of the admittance locus. 

In these conditions Gj is negative; for h>0 the negative root must be taken 
and if h<0, the positive root. 

A device displaying negative resistance in the steady state characteristic may 
be classified as either current-controlled or voltage-controlled (figure 4) and 
these correspond to h>C/7V) or h<—gC/rl, respectively. The types of 
resonant circuit with which they must be used to provide oscillation are respectively 
series and parallel. However it must be remembered that the thermal inertia of 
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Figure 3. Equivalent circuits for temperature-dependent circuit elements. Steady-state 
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Figure 4. Negative resistance regions of the characteristics of sufficiently 
temperature-dependent circuit elements. 


the device endows it with reactance so in principle it may only be necessary to 
connect in circuit a reactance of the opposite sign and of suitable magnitude to 
give oscillation. This is a valuable practical feature in the case of the inductive 
class of negative resistance since it is then only necessary to add capacitance to 
permit continuous oscillation over the frequency range for which R(w) <0, 
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An example of this case is the thermistor or the germanium rectifier when suitably 
biased to a current greater than the turnover value. Since semiconductors 
generally have a greater temperature coefficient of conductivity than metals it is 
easier to achieve negative resistance with them. 


§ 4. EXTENSION TO THE Case oF Heat Loss By DIFFUSION 


The basic relation on which the preceding analysis depends is (1). ‘This 
plausible and seemingly fairly general formulation of the balance of power 
contains limitations which may not be immediately apparent. It asserts that 
the rate of loss of heat f(@) can be specified entirely in terms of the excess temperature 
@ and does not depend on the derivatives 06/0t, 0?0/0t?,.... Correspondingly 
when the equivalent circuits of figure 3 and the admitance locus of figure 2 (4) 
were formulated the thermal conductance f’(#)) for the alternating component of 
temperature was assumed to be independent of frequency. 


4.1. Diffusion in One Dimension 


It is therefore relevant to examine diffusion in one dimension with x=0O at 
the device, and x=/ at the ambient temperature 7,, that is, contact with the 
surroundings. ‘The flow of heat is governed by the differential equation 


0°08 

Ox? ~08 
where the thermal diffusivity D= K/ps in which K is the thermal conductivity of 
the conducting medium providing the cooling path, p is its density and s its 
specific heat. It is seen that the excess temperature (x) at x will be of the form 


A(x) = Ao(x) + O,(x) exp jwt = 0,(1— x)/1+ [A exp ax + B exp (—ax)] exp (jut) 
where a=(jw/ DD) (1-7 )(@/2D) AS 9 eee (17) 
This case is applicable to heat conduction along a wire (or wires) for example 
from a thermistor bead. 


From the boundary conditions at x=0 and at x=/ it follows that the instan- 
taneous power at x=0, that is at the device, is given by 


KS6 
P= P,+ P, expjwt = a + 6,[joC + aK coth al] exp (jwt) 


where S is the cross-sectional area of the conduction path. 

_ It is seen, by comparison with equation (4), that aKS coth al has replaced 
J'(@) in the expression for the thermal admittance P,/#,. Only if |a/| is small 
compared with unity is this term independent of frequency and in this case 


I(w/D)¥? <1, aKS cothal= KS/l= Py/6, 
which is simply the d.c. thermal conductance of the cooling path. If on the other 
hand / or w are sufficiently large 
I(w/DP?>1, aK coth al=(1+j)(w/2D)? KS 


which is complex and increases as w'/?, "This means that the thermal time constant 
7 of equation (6) can no longer be regarded as a real constant in equations (11)--(14) 
although the general equations (7)-(10) are still valid. 


Admittance of Temperature-Dependent Circuit Elements TES 


If we now take as thermal admittance y the value (jwC+aKScothal), the 
electrical admittance of a device with one-dimensional diffusional cooling is 
then found from equation (8) to be 

: o(jwC+aKS cothal)+hl 
} — se z 0 
lS GaGs zRSeuha) iva ae Kee) 
The steady-state conductance is 


G=V(0)= 


gKS/l+hl, 
gKS/l—-hV, 

At this point some quite general remarks about the nature of the admittance 
locus in the complex plane may be made. It follows from equation (8) that 
whatever the nature of the thermal admittance y: 

Go— Y(w) rece) Gent) 

R= ey OD eee 
where yp is the thermal conductance at zero frequency. Hence so long as y— vy 
is a quantity of constant phase angle ¢ at all frequencies the locus of Y(w) will be 
circular. Furthermore the chord gy, G will subtend an angle of 2¢ at the centre 
of the circle. ‘This follows from the geometry of the angles subtended by the 
chord of a circle at the circumference and at the centre. 

In the case of one-dimensional diffusion where 


y—Vp=jwC+aKS{[coth al—1/al] 


we clearly do not have a quantity with constant phase angle and the locus of Y 
will not be circular. 

In the simpler case considered in the earlier section where Y was jwC + f’(8) 
and f’(§)) was regarded as a real constant then y—yy was a quantity of phase 
angle 7/2 at all frequencies showing that the locus 1s a circle with go, G as the ends 
of a diameter. 


4.2. Diffusion in a Hemispherical System 


A case of heat loss by conduction which is of practical importance in the reverse 
biased point-contact rectifier is the radial flow from the barrier layer region 
through the semiconductor. Here the heat is generated in a very small 
hemispherical shell where it is assumed all the power is dissipated. The radius 
of the shell is ry and heat is presumed to flow out to r= oo where the excess 
temperature is zero. If D is the thermal diffusivity of the semiconductor, the 
excess temperature @ at any radius 7 is determined from DV?6=06/dt whose 
solution for the present case is 

OG) =o ot 61 BP 1-4 —79) et] een (20) 
where 4, is the steady component of (7) and 6, exp jwt is the alternating com- 
ponent just as in the preceding analysis; ais still(jw/D)'*. ‘The system is shown 
in figure 5 (a). 

The balance of power equation is 

ald 


P=P,+P, expjwi— —2a7r7k (5) = 277) K[O) + 0,(1 + aro) exp jut]. 


At low frequencies such that | a7) | <1 the a.c: thermal admittance is real and equal 
to the d.c. thermal conductance 27r,K. At high frequencies it becomes complex 
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Figure 5. (a) Model for hemispherical diffusion of heat at a semiconductor contact. 
(b) Locus of admittance in the Y-plane for the system considered in figure 5 (a). 


and eventually varies as w"?. In general the thermal admittance is 


y= P,/0y= 2a, K| las arg| TGV ol bole ee ae ee (21) 
The electrical admittance is given by 
aie deletes le See 
De LIE IN, tee, (eee es ee (22) 
where M=h6,/Vo, N=A6,/I, and B=r(@/2D)"?. | 


The steady state conductance is Y(0) = Gy =(g+ M)/(1—N) and it is therefore 
found that [Gy— Y()]/[Y¥(w) —g] =[(1 +) 6]/[1 — N] which shows that the locus 
of Y in the admittance plane is the arc of a circle, meeting the conductance axis 
at g and G, and subtending a right angle at the centre. ‘This is to be expected 
from the general considerations of the preceding section since y — jy) has a constant 
phase angle of z/4 in the present case (figure 5 (b)). © 


ACKNOWLEDGMENTS 


The work described above was carried out as part of the programme of the 
Radio Research Board. ‘This paper is published by permission of the Director 
of Radio Research of the Department of Scientific and Industrial Research. 


REFERENCES 


SmiTH, O. J. M. 1950, Rev. Sci. Instrum., 21, 351. 
STucKss, A. D:,°1953, Proc. Phys. Soc. B, 66,570, 


Tihs 


Electroluminescence in Single Crystals of Zinc Sulphide 
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Electron Physics Department, University of Birmingham 
Communicated by F. Sayers; MS. received 4th April 1955 


Abstract. An apparatus for the measurement of electroluminesence in single 
crystals of zinc sulphide under a range of conditions is described. The results 
of the measurements are compared with existing theories, which are shown to 
be unsatisfactory. Modified forms of these theories are developed which are 
in much better agreement with experiment. 


§ 1. INTRODUCTION 


INCE the discovery of electroluminescence by Destriau (1947) several 
further studies of this phenomenon have been reported and certain 
applications developed, in particular the so called ‘electroluminescent 

lamp’, made by dispersing a powdered phosphor in a transparent dielectric 
between parallel electrodes. Several investigations of the properties of these 
lamps have been made and in some cases certain conclusions drawn regarding 
the physical processes involved (Burns 1953). 

However, this type of investigation is not the best starting point in the study of 
electroluminescence, because the dispersal of the phosphor in a dielectric adds 
greatly to the difficulties of interpretation. Attempts to solve this problem have 
been made by Roberts (1952), who estimated the field in the individual phosphor 
grains, and by Zalm, Diemer and Klasens (1954), who used a single layer of 
powder grains 7m vacuo. More satisfactory is the approach of Waymouth and 
Bitter (1954) who studied single grains of phosphor, but this method is limited in 
its scope by the very small size of the grains. 

Probably the most satisfactory form of the phosphor for study is a single 
crystal, as used by Piper and Williams (1952), who obtained crystals about 5 mm 
long and 3 mm? in cross section. Unfortunately, single crystals are difficult to 
grow and the amount and nature of the activators cannot be controlled, so that 
crystals grown by different experimenters will differ in constitution. ‘The 
results which follow refer to crystals of ZnS grown by the Frierichs method. 
Although these were all from the same batch, there was nevertheless a considerable 
deviation between the results on different crystals and between different contacts 
on the same crystal. We have therefore confined our attention to a discussion 
of those features which were present in all cases. 

With electroluminescent lamps of the type described earlier the luminescence 
is continuous only if alternating fields are used, a static field producing only a 
transient burst of light when the field is switched on or off. With single crystals 
a continuous emission is also possible with static fields. ‘The measurements 
described here were made with sinusoidal fields, a procedure which has the 
advantage of rendering the effect of the electrodes and the type of contact relatively 


unimportant. 
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§ 2. APPARATUS 


The apparatus enabled measurements to be made over a wide temperature 
range. A factor in its design is the need for electrical insulation, since discharge 
between the electrodes would be a source of ultra-violet radiation, which in turn 
would produce spurious luminescence. An insulating liquid could be used 
but no single liquid is satisfactory over a sufficient range of temperature. Instead 
a high vacuum is used. 

Figure 1 shows the apparatus. ‘The vacuum enclosure is a cylindrical box 
with a window in one flat face through which the luminescence is observed. 


i 


r\e 


VL 


iS 


Figure 1. The apparatus. 


The crystal, in its holder, is on the opposite face. So that its temperature may 
be varied, the holder is carried on the inner of a pair of concentric german silver 
cylinders, whose low thermal conductivity insulates the holder from the rest 
of the apparatus. ‘The crystal holder, which is of copper, forms a radiation shield 
and in addition to carrying a thermocouple also serves as one electrode. ‘The 
crystal is pressed against the holder by a crimped tungsten wire which is well 
insulated and forms the high voltage lead. 

‘The temperature of the crystal is controlled by a copper rod which protrudes 
from the back of the holder. ‘This rod carries a heating coil wound on it near the 
crystal holder, and its free end can be immersed in liquid air. By this means a 
temperature range of 180° to —160°c can be covered. 

The voltage used is variable up to 1000 volts peak to peak and from 25 c/s to 
Ze KGS: 

Various types of electrode were used. In the simplest, the tungsten wire 
formed a point contact; in another, metal electrodes were evaporated on to the 
crystal, and in the third case the electrodes did not make contact with the crystal 
but formed a small parallel plate condenser in which the crystal was anonerae) 

The electroluminescence was detected with an E.M.I. type 6260 photo- 
multiplier, using a galvanometer to measure the photocurrent and an oscilloscope 
to examine the wave form. 

§ 3. RESULTS 

As has already been stated, the use of alternating fields reduces the dependence 
of the results on the nature of the electrodes; in fact results of substantially the 
same form were obtained with all types of electrode described above. Hence 
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the electroluminescence may be considered to arise from a process taking place 
within the crystal and not dependent on electrons entering from the electrodes. 

It has been reported that the electroluminescence of some phosphors shows 
a change in wavelength as the frequency is changed (Waymouth 1953). T’o look 
for a similar effect in the present experiments, observations were made through 
suitable filters, which isolated the blue and green emission bands to be expected 
in zinc sulphide. ‘These measurements revealed no essential difference between 
the results taken through the two filters and it may be concluded that there was 
no appreciable change in spectral character during the present experiments. 
In fact, these wavelength changes probably occur only in complex phosphors 
containing several activators. 

The remaining observations can be grouped under three headings. 
(1) The dependence of electroluminescence ‘on field strength at fixed temperature and 

frequency. 

It is found that the photomultiplier output B corresponding to an applied 

voltage V can be represented by an expression of the form 
Beaexrp(= ot) ee (1) 

where a and bare constants. A graph of log B against V1? is linear over a 103: 1 
range of light intensity (figure 2). The gradient varies slightly with temperature 


10000 


100 


Figure 2. Variation of electroluminescence with applied voltage. 


and frequency. Diemer and Zalm (private communication) obtain a similar 
result for a specimen of ZnS in powder form over a range Ores Destriau 
(1947) and Piper and Williams (1954) present their data differently, but if their 
points are replotted on the above basis they are also found to satisfy a relation of 
the form (1). 

In some cases the results were more accurately represented by the sum of 
two expressions of the form (1); this indicates that appreciable emission 1s 
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occurring at both electrodes and that owing to their asymmetry the two electrodes 
have different values for the constants a and 6. More usually the asymmetry 
is so marked that the emission from one electrode is negligible. This view 1s 
supported by observations of the light emitted in alternate half-cycles, as indicated 
on the oscilloscope. 


(ii) The effect of temperature on electroluminescence. 


Considerable insight into the mechanism of electroluminescence can be 
gained from studies of the temperature variation. The general form of this is 
shown in figure 3, and by far the most striking feature is a large and sudden rise 
in the light output in the neighbourhood of 0°c. Below and above this region 
the variation with temperature is relatively slow. 
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Figure 3. Effect of temperature on electroluminescence 


An increase in voltage merely increases the light output at all temperatures 
leaving the shape of the curve unchanged. 

Repetition of these experiments at different frequencies produces a character- 
istic effect, an increase in frequency displacing the position of the ‘step’ in light 
output towards higher temperatures, to an extent roughly proportional to the 
ratio of the new frequency to the old. ‘This effect has been observed over a range 
from 25 c/s to 2 ke/s as indicated in figure 3. 

Published information on the variation of electroluminescence with 
temperature is mainly restricted to powdered phosphors. Some results do not 
agree with our findings (Gobrecht, Hahn and Gumlich 1954), but results similar 
to ours were reported by Waymouth, Jerome and Gungle (1952), and Halstead 
and Koller (1954), the latter for an evaporated layer of ZnS. 


(ii) Variation of electroluminescence with frequency (at constant temperature). 


Figure 3 indicates that a change in frequency could produce a variety of 
effects according to the temperature at which observations are made. This is 
confirmed by direct measurements and in general the results are of a very complex 
and irregular form. However at high temperatures the variation of electro- 
luminescence with frequency is much simpler; at sufficiently high voltages the 
light output is proportional to the frequency, but as the voltage is reduced the 
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effect of frequency becomes less marked until at the lowest voltages the light 
produced is practically independent of the frequency. 

Various authors have claimed that the output of electroluminescent lamps is 
proportional to the frequency of the exciting voltage under all conditions, but 
these results are probably due to the change with frequency of the impedance of 
the matrix in which the powder is suspended and are not characteristic of the 
phosphor itself. 


§ 4. THE MECHANISM OF ELECTROLUMINESCENCE 


Piper and Williams (1954) have considered three possible mechanisms for 
electroluminescence and conclude that the only acceptable one is the impact 
excitation of luminescent centres by electrons accelerated in the field. 

To account for the appearance of electroluminescence at the low average 
fields at which it sometimes occurs, it must be assumed that a high local field 
exists in a barrier at the surface of the crystal (the alternative hypothesis of a long 
mean free path has been disproved by the work of Ince (1954)). The presence 
of such a barrier also accounts for the localization of the luminescence near the 
electrodes. Barriers of this type are well known in rectifier theory; so far as is 
known at present the barrier in zinc sulphide may be of either the ‘ physical’ 
or the ‘chemical’ type. 

If the impact excitation mechanism is accepted it remains to decide the origin 
of the electrons which are accelerated by the field. As direct excitation of electrons 
from the filled band to the conduction band is impossible at reasonable fields, 
we must assume that the electrons originate from localized levels in the forbidden 
band. ‘There are two ways in which electrons might be released from these 
traps: by field emission or by thermal excitation. ‘The implications of these 
alternative mechanisms in the theory of electroluminescence are discussed in 
detail below. 

4.1. Held Emission 


A theory of electroluminescence based on field emission from donor levels 
(traps) has been developed by Piper and Williams (1954), who deduced an 
expression for the dependence of light output on applied voltage. ‘This theory 
is in reasonable agreement with experiment if a suitable trap distribution 1s 
chosen. The agreement may be improved by making modifications suggested 
by Taylor (1954) which lead to the expression B=aV" exp(—6bV 1”), indistin- 
guishable from that found empirically in the present experiments and no longer 
critically dependent on the donor distribution. 

However, the theory in this form makes no predictions regarding the variation 
with temperature, and suggests that the light output should be proportional to 
the frequency of the exciting voltage which, as we have seen, is the exception 
rather than the rule. Failure of this theory to account for the temperature 
effects suggests that thermal emission might be more important than field emission. 


4.2. Thermal Emission 


The probability of ejection of an electron froma trap of depth £ at a temperature 
of T°K is usually assumed to be y=sexp(—E/RT). If this process is the source 


of electrons producing electroluminescence it will clearly be most effective when 
3 G-2 
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the traps are emptied in a time comparable with a half-cycle of the applied voltage, 
ee wm nsexp(2 BRT). ai (2) 


Thus the number of electrons released, and hence the electroluminescence, will 
increase rapidly with rising temperature, until the above condition is satisfied 
and ail the traps are effective. ‘This accounts qualitatively for the ‘step’ in the 
observed temperature curve. ‘The shift of the curve towards higher temperatures 
when the frequency is increased is also explained. Clearly if w is increased 
then condition (2) will only be satisfied at a higher temperature. Hence this 
hypothesis accounts qualitatively for the main features of the observed tem- 
perature dependence. A detailed analysis (Taylor 1954) puts this agreement 
on a quantitative basis and leads to the approximate result 


B=» exp (—yr/2w)exp(— BY 7") = eee (3) 


(which result is valid provided yV/Bw <1). 

It will be noticed that this theory predicts a variation of electroluminescence 
with voltage which agrees with that found experimentally. However, like the 
field emission theory, it fails to account for the observed dependence of electro- 
luminescence on frequency. 

The result (3) contains implicitly two parameters s and F and these can be 
chosen to give agreement with the results at any one frequency, but it has not 
been possible to obtain agreement with the results at all frequencies with a single 
pair of values for sand E. Compromise values do not give good agreement with 
experiment (figure 4). The theory predicts a rapid fall in electroluminescence 
at high temperatures which is not observed, indeed sometimes the light output 
remains practically constant in this region. 


+ Experimental point 
— — Single trap depth 
—— Distribution of trap depths 
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Temperature (°K) 
Figure 4. Comparison of thermal emission theory with experiment. 


The low temperature behaviour of electroluminescence is also unexplained, 
for according to the theory the electroluminescence should fall to zero at very low 
temperatures; in fact this does sometimes occur but more usually the output 
becomes constant or may even increase again. However since the low tem- 
perature output is so small compared with the high temperature value this 
difficulty does not seem too serious in the present state of knowledge. 

Agreement with experiment at high temperatures can be improved by 
replacing the single trap depth E by a distribution of levels. ' 
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4.3. Thermal Emission Theory with Distribution of Trap Depths 
If, for example, we assume that there is a continuous distribution of levels 


below Eo, then modifying result (3), the temperature variation of electro- 
luminescence is given by 


2w 2w 

where yy=sexp(—E, RT). (The integration in equation (4) can be extended 
to infinity without introducing error since for large E the integrand is negligible.) 
This formula, which again contains two parameters s and £), accounts for the 
observed shape of the electroluminescence-temperature curve and for the shift 
of this curve with frequency. It still predicts that at high temperatures the light 
output should be proportional to frequency and, as we have seen, this simple 
proportionality between electroluminescence and frequency at high temperatures 
is only observed if the voltage is large enough. 

The introduction of a distribution of trap depths merely forces agreement 
with experiment and is unjustified unless other evidence for it can be obtained. 
No such evidence has been found, for although thermoluminescence data show 
the presence of a trap distribution of some sort, there is no way of obtaining the 
form of the distribution from this, or of proving that the traps so found are those 
involved in electroluminescence. 

Thus in spite of the initial success of the thermal emission theory it leads to 
an unsatisfactory situation, and we will therefore re-examine the field emission 
hypothesis. 


ee D, 
Boc| yesp—dh= — RT 1 expel ce ok (4) 
/ Ey TT 


§ 5. ALTERNATIVE THEORY BASED ON FIELD EMISSION 


The original field emission theory considered in § 4 accounted for the depen- 
dence of electroluminescence on voltage in a reasonably satisfactory manner, 
but was unable to account for the temperature and frequency effects. A closer 
consideration of the formation of the barrier region, however, makes it possible 
to develop a theory free from the above limitations. 

The alternating voltage applied across the crystal will in turn deplete and 
replenish the electron donors in the barrier region near each electrode. After 
a few cycles a steady state is attained in which as many elecirons are withdrawn 
from the barrier during one half-cycle as are returned to it during the next. 
Removal of electrons from the barrier is the process on which attention has 
hitherto been concentrated, and if electroluminescence is an electron-impact 
phenomenon taking place in the barrier at the cathode, then the removal of 
electrons from this region must take place in the quarter-cycle when the cathode 
voltage increases from zero to its maximum. ‘The flow can take place in this short 
time in spite of the high dark resistance of zinc sulphide because the electrons 
leaving the barrier have an energy much greater than the thermal energy of 
electrons in the conduction band, so that the idea of normal electrical resistance 
is irrelevant in describing their behaviour. During the remaining part of the 
voltage cycle electrons return to the barrier region from the bulk of the crystal, 
but under conditions which are controlled by the normal electrical resistance 
of the crystal. This return process which has previously been ignored will now 
be considered in detail. 

If a voltage V, sin w¢ is applied across a‘crystal there will be a potential drop 
V,, across the barrier at the cathode. The voltage across the barrier at any time 
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is connected with the total charge g in the barrier region by some relationship 
of the form V, = V,(). 
Also if V. is the potential drop across the bulk of the crystal 


where G is a geometrical factor and o is the conductivity. Then the return of 
charge to the barrier is governed by an equation of the form 


V(q)+ e a =Vjsivate! @F 2a meer (6) 

If this equation could be integrated we should know the total charge returning 
to the barrier.. In the steady state it is only this charge which is available to 
produce electroluminescence, and the steady light output is governed by it. 
Unfortunately the integration is impossible owing to the complicated form of 
V’,(q) but several conclusions can be drawn without the necessity for an explicit 
solution. Thus the form of the curve of electroluminescence against temperature 
can be deduced directly from equation (6). At high temperatures the conduc- 
tivity will be large since zinc sulphide behaves somewhat as a semiconductor 
in this region, consequently the second term in the equation is negligible and 
V(q)=V,sinwt, so that when Vy sinw¢ returns to the value zero, al/ the donors 
have been refilled, and the electroluminescence will then have a maximum value, 
controlled only by the applied voltage. However, at low temperatures o is small 
so the return of charge to the barrier will be seriously impeded. In fact the total 
charge which returns to the barrier in each cycle under these conditions cannot 
exceed 


roa “2% E : 
G | f (Vi,(¢) — Vo sin wt) dt 


which is in turn less than 270 V, = q* (say) since V;,(q)+ Vo. Hence at these low 
temperatures the charge returned to the barrier region in each cycle is very small, 
and when a steady state has been attained the light output is correspondingly 
low, much less than the high temperature value. Since o varies rapidly with 
temperature, the increase of electroluminescence towards its high temperature 
value is correspondingly rapid. In this way the general features of the variation 
of electroluminescence with temperature can be explained. The shift in the 
curves of electroluminescence against temperature brought about by a change in 
frequency can also be accounted for in terms of this theory. For this purpose 
the equation is rewritten in terms of x=wt as 


w\ da 
G (2) 7 = V,(q)— V,sinx 
the integral of which from x=7/2 to x=27 determines the charge which returns 
to the barrier. It is clear that this quantity will be of the form g=49(x, w/c) in 
which the effect of temperature will appear only through the ratio w/o. 

The fact that q, and therefore B, depends on temperature only through the 
ratio w/o is exactly the condition required to give a shift in the electroluminescence— 
temperature curve when the frequency is changed. Following an increase in w, 
B can be restored to its former value by an increase in o which is brought about by 
a rise 1n temperature. 
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5.1. Variation of Electroluminescence with Frequency 

The variation of electroluminescence with frequency only takes a simple 
form at high temperatures, when the electroluminescence is no longer controlled 
by the return of electrons to the barrier region. 

In the earlier forms of the field emission theories it is assumed that all donors 
of depth less than some critical value /, are ionized and that those deeper than E£, 
are unaffected, where FE, is determined by the maximum field. In this case the 
theory leads inevitably to electroluminescence proportional to frequency (Piper 
and Williams 1954). More detailed examination of the process of field ionization 
shows that there is a small probability of ionizing donors which lie below E,. 
As this probability is small only a fraction of these deeper donors are ionized 
during one cycle. ‘he light output at any instant due to these donors therefore 
depends only on the voltage Vy sinw¢ at that time, i.e. B(t)=B(V,sinwt), and 
then the average light output is given by 

2a 


Fy = ~ | B(V,sin wt) dt= 4 | B(V, sin x) dx 
477 JQ YO 


and this contribution to the electroluminescence is therefore independent of 
frequency. 

The total light output can thus be divided into two parts, the first due to 
donors of depth less than EF, and proportional to frequency, and the second due to 
donors of greater depth and independent of frequency. ‘The critical energy E, 
clearly increases with voltage, so that at high voltages the first component will 
predominate and the electroluminescence will be proportional to frequency. 
At low voltages, on the other hand, the second component will be the more 
important and the light output will be almost independent of frequency. This 
is in agreement with the experimental results reported in § 3. 


5.2. The Correlation of Electroluminescence and Conductivity 

According to the theory of this section, electroluminescence depends on 
temperature only through the ratio w/o and this is very important, for it establishes 
a relationship between electroluminescence and conductivity. The latter is 
given by o=o,exp(—E£/RT) and if at frequencies w, and w, corresponding 
points of the electroluminescence-temperature curve occur at 7° and T,° 
respectively, then w,/o(7,)=w,/o(7T) which enables E to be found. ‘The value 
of E thus derived from the electroluminescence data has been found to agree 
closely with that obtained by direct measurements of the conductivity. ‘This 
agreement gives strong support to the theory outlined above. 


§ 6. CONCLUSIONS 


Experiments on the electroluminescence of single crystals of ZnS have been 
discussed, and their bearing on possible mechanisms considered. It has been 
shown that the theories previously proposed (Piper and Williams 1954, ‘Taylor 
1954) cannot satisfactorily explain the effect of changes of temperature and 
frequency on electroluminescence, which are revealed by these experiments. 
Modifications have been proposed which increase the extent of agreement between 
theory and experiment. 

A theory based on thermal emission of‘electrons from traps agrees with the 
data on the variation of electroluminescence with temperature only if it is assumed 
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that there is a distribution of trap depths. This cannot be considered a satis- 
factory solution as the agreement is sensitive to the form of distribution assumed. 
Measurement of other properties of ZnS might establish the existence of such 
a trap distribution, but it would still be necessary to show that the traps so found 
were those effective in electroluminescence. 

The theory presented in §5 is more successful and accounts in a satisfactory 
manner for all the main effects observed in the experimental investigations. 
In particular it accounts for the temperature variation and many of the complicated 
frequency effects; it also predicts a relationship between electroluminescence 
and conductivity which has been verified by experiment. The support which 
this gives to the theory would be further strengthened if measurements of 
conductivity and electroluminescence were made simultaneously for the same 
crystal and contacts. An apparatus which will enable this to be done is being 
constructed. 

To establish a fully satisfactory theory it would be necessary to carry out 
measurements on crystals containing controlled amounts of activators and 
impurities. It is difficult to grow crystals to meet this requirement, but the results 
already obtained suggest that measurements of the temperature variation of 
electroluminescence made on the phosphor in powder form would be valuable 
provided they are carried out in the absence of the usual dielectric binding 
material. 
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hemispherical cavities indicated that the liner progressively turns ‘inside 

out’ during collapse and squirts out a jet along the axis. Kolsky (1949) 
also studied the deformation of a hemispherical liner by interposing a water layer 
between the explosive and the metal, and suggested that a rather different 
mechanism is operative here as compared with a conical liner. The present paper 
is an attempt to explain these observations by extending the conventional hydro- 
dynamic theory of jet formation by lined conical cavities (Birkhoff et al. 1948, 
Pugh et cl. 1952). 

Let us consider a hemispherical liner divided into small elements, each 
element subtending an angle «t+ with the axis of propagation of detonation. The 
angle varies from 90° to 0° as a plane detonation wave sweeps from apex to base. 
As the pressures of detonation are very high compared with strength of metals, 
each element can be treated as a perfect fluid. The individual zonal elements 
are considered independent of one another and all the relations needed are 
obtained by applying the laws of conservation of mass, momentum and energy 
and Bernoulli's theorem to individual zonal elements. 

Shrefller and Deal (1953) have shown that the velocity of a metal plate of 
thickness 0-06 in. to 0-1 in. driven by high explosives is approximately one half 
of the velocity of detonation. ‘The usual thickness of liners met in shaped charges 
of 2 in. to 3 in. calibre are about 0-06 in. to 0-1 in. and it may be assumed that the 
collapse velocity of an element of liner, when « = 90°, is about one half the detona- 
tion velocity. ‘The experiments on ‘inverted’ 80° conical liners (Singh 1955) 
indicate that the element near the apex of the liner collapses with a velocity of 
3100 msec}. Eichelberger and Pugh (1952) find in the case of a 44° steel conical 
liner a velocity of 2850 msec!. Walsh, Shrefller and Willig (1953), in their 
wedge-shaped collision experiments, showed that the plate (mild steel) velocity 
at 30° collision is 2520 m sec!. The above experiments lead us to assume an 
approximate expression connecting velocity of collapse V, and « as follows : 


V=4U,(1+sina) weet) 


[ne X-ray flash photography (Evans 1950) of explosives with lined 


where U, is the velocity of detonation of the explosive. U4, is constant as the 
detonation wave travels from the apex of the liner to the thin belt of explosive 
around the base. V, decreases continuously from apex to base, but each V4 is 
assumed to be independent of the velocities of the neighbouring elements. ‘The 
masses of the ring-shaped elements of the hemispherical liner increase from apex 
to base and near the base the belt of explosive surrounding the liner is much 


+ The angle between the detonation wave front and normal to the small element is also a. 
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thinner; this results in further decrease of collapse velocitiest from apex to base 
but, as a first approximation, this is neglected in the present paper. 

Consider a system of coordinates moving with constant velocity U4 sec « 
(a small element is considered where « is constant): in this system the detonation 
wave is stationary but the given zonal element would enter the detonation wave 
front with a velocity Uy seca. Since the pressures arising from the detonation 
wave are everywhere perpendicular to the motion of the element, there results 
only a change in direction, and not in magnitude, of the element velocity. The 
arguments given by Pugh et al. (1952) are then valid and it can be shown that 


Vn= 2a seCosin.o. ae | 0 ee eee (2) 


where 6 is the angle between the direction of Vy and the perpendicular to the 
original liner element. V4 remains constant until the axis is reached. Combining 
equations (1) and (2), we have 
o=sin *(fcosa+ + sin2a). 1) ee) Meee (3) 
The position of P in the parent liner (figure 1) is fixed by a length WV measured 
from the apex along the axis to the plane of the zonal element P. After collapsing, 


 —_§$_—__$§_—_—_—_———— Nn ———_ 


Figure 1. APB is the upper half and AQ the axis of the original hemispherical liner. 
When a detonation wave sweeps from apex to base along the liner, the elements 
P and P’ move towards the axis with velocities V,) and V,’ and reach the axis at 
Q and Q’ respectively. 


the element P reaches the axis at Q and the position of Q is fixed by a length N 
measured from the apex along the axis. Let T(=M/U,) represent the time 
the detonation wave takes in travelling from the apex to the liner element Pe 
and t—T the time element P takes to travel to Q. The distance travelled by -E 

t This is analogous to the collapse velocity gradient in the case of conical liner 


(Eichelberger and Pugh 1952), where the collapse velocities for an element near the apex and 
an element near the base of a conical liner are 2850 m sec~! and 1500 m sec-! respectively. 
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in the direction PQ at any timezis(t—7T)Vy. ‘The distances travelled by different 
elements of the liner can be calculated at any time ¢ and the shape of liner can be 
graphically traced. 

Figure 2 shows the stages of hemispherical liner collapse (taking 
U,=7510 m sec?) at different intervals of time. The shape E shows that the 


Detonation wave at OM sec 


Ud 
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Figure 2. Stages of hemispherical liner collapse at different intervals of time. The liner 
is divided into 18 equal segments, the position of each element is calculated at 
different intervals of time and the shapes of the liner are graphically traced. ‘The 
shapes C, D, E, F and G are at 0 psec, 0-5D psec, 1°0D psec, 1°5D psec and 2:0D psec 
respectively. 


top (apex) of the hemisphere is forced forwards until in F the liner is turned 
completely ‘inside out’ into the form of a cone with a rounded apex. In shape 
G, the liner can be seen to have folded up and the jet has started travelling to the 
right. The apex of the liner forms the head of jet, while the sides fold back and 
follow behind. The predicted shapes} shown in figure 2 conform very closely to 
those observed by Kolsky and with x-ray flash photography. 

When an element of mass dm reaches the axis, it splits up into two parts, 
one part of mass dm, going into the jet and the other part of mass dm, into the slug ; 

+ This progressive turning ‘inside out ’ of the: liner becomes more pronounced if the 


decrease in collapse velocities from apex to base of the liner, due to increasing masses of the 
ring-shaped elements and decreasing thickness of the explosive, is taken into consideration. 
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these proceed along the axis at the constant velocities V; and V, respectively. 
The expressions for V; and dm, can be derived by arguments given by Pugh et al. 


(1952) and are as follows: 
V;=V,cosec$p cos(a 0 35)) 7 eee (4) 
dm,=dmcos*s—..- = 46 aan ee ee eee (5) 
where B is the angle which the collapsing liner makes with the axis. ‘The angle 
8 depends upon the shape of the collapsing liner in the immediate neighbourhood 
where it cuts the axis of the liner. In figure 1, at the instant t, P reaches the axis 
at Q, and P’ travelling in the direction P’Q’ reaches the position R. Let the 
cylindrical coordinates of R be (7, z) and the coordinates of the original position 
of P(4Dcosa,M). Then 
r=itDcosa—V,(t—T)cosA  ~ —— aiavcien (6) 
z=4D(1-sine)+V,j(t-T)sind = — ..eee. (7) 


where d=¢+56. ‘The slope of the contour of the collapsing element of the liner 
at any given time ¢ can be obtained by differentiating r with respect to 2 
(dr/dz =(0r/0x)(Gx/0z)) while ¢ is kept constant, and (d7/dz),.»=tanf. The 
time when a given element reaches the axis can be obtained by substituting 
r=( in equation (6), which gives 
; Dcecos« 
t—T= 2V,cos A Se”: GHGS OS 


6 is given by the expression 


ocosd | Vy ind VotanA_ ,,] 
tan B=| tan a+ OFS 4 Vo A'tan A |f| 1-2 — om x 


Ua Ve - Ug Vi 
me 
where 
7 0Ve OL ~ Dicosa , 0A 06 V, cosa—V,sina 
Ves Bada eg ee eae os ee 


To obtain the value of 8 for any element of the liner, the values of «, A, Vy, and 
U, are substituted in equation (9). The value of 8 decreases continuously from 
apex to base of the liner; it is 170° for an element at the apex of the linerand 
120° for an element at the base. It was simpler, however, to substitute values of 
a, A, Vy and t— T into the parametric equations (6) and (7) from which equation (9) 
was derived and to plot the resulting values of z and r for various instants of time. 
By drawing separate curves through the points determined for each instant of 
time, a series of contours of the collapsing liner were obtained. The angle 
between a contour and the axis at the point of intersection was the value of f for 
that particular element. 

The distribution of mass dm into dm, and dm, is determined by B only. The 
major part of the metal of the element goes into the jet and so the whole jet would 
appear to be wider compared with the fine (narrower) jet from a conical liner. 
Obviously, the physical properties of metal control the characteristics of jets 
from hemispherical liners to a greater extent than those from conical liners. 
The whole hemispherical liner is progressively used up in the formation of jet 


and there is no massive slug. The absence of massive slug was confirmed by us 
by firing the liners in a tank of water. 
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In the notation of figure 1, N’<N and the slug-element S from element P 
is ahead of the jet-element Jp. from element P’. Thus since the slug from any 
element is ahead of the jet from a subsequent element it gains extra momentum 
at the expense of jet due to this subsequent element. The whole jet, which travels 
axially, resembles a long, thin, probably discontinuous tube and the formation of 
the jet and slug is a continuous process. 

Walsh, Shreffler and Willig (1953) have shown that when the angle between 
a wedge is below a certain critical angle, the formation of jet does not take place. 
The 25° iron collision and 30° iron collision were found to be jetless and jet- 
forming respectively. This indicates that elements very near the base of a 
hemispherical liner (where « is less than 14°) do not contribute to jet formation. 

The calculated velocities of the head and tail of the jet are of the order of 
4x 10% msec"? and 2x 10% msec respectively. This gradient in velocity 
causes it to lengthen as it travels. 

There are five variables Vy, 6, V;, dm,/dm and 8. ‘The absence of slug rules 
out experimental determination of 6. At the time of writing, only V, can be 
determined accurately, and as such it is not possible to advance experimental 
evidence + to check the theory. 

Thus the successive stages of collapse of hemispherical liners observed by 
Kolsky and by x-ray flash photography, and the absence of massive slug are 
explained by a simple extension of the hydrodynamic theory of jet formation by 
conical liners. 
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Isothermal Pressure Dependence of the Dielectric Properties 
of Eugenol, Glycerol and Water; 
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of high hydrostatic pressure on the dielectric properties of eugenol, glycerol 
and water. 

The design of the high pressure apparatus used in these experiments follows 
that of Bridgman (1949). ‘The maximum pressure obtainable was 12 000 kg cm”. 
The high pressure cylinder was pre-stressed by an autofrettage technique due 
to Manning (1945, 1950). Wave rings also due to Manning (Newitt 1940), were 
used to seal the high pressure joints of the apparatus. Bridgman’s (1949) method 
for taking an insulated lead into the high pressure cylinder for electrical measure- 
ments was adopted. In this case the insulant used was sapphire in place of mica. 
The pressure in the high-pressure cylinder was inferred from a knowledge of 
the pressure in the low-pressure cylinder. It was possible to estimate the pressure 
in the high-pressure cylinder, after allowance had been made for friction of the 
piston packings, to within +5%, 

A radio-frequency bridge was employed for the electrical measurements. 
The particular bridge used was developed by Mayo, Maurice and Minns (Kirke 
1945). With this bridge measurements of the dielectric constant and dielectric 
loss could be made in the frequency range 104-5 x 10®%c/s. The accuracies 
within which it was possible to make capacitance and resistance measurements 
were + 2% and +5% respectively. The accuracies of the derived results for «’ 
and ¢” (real and imaginary parts of the complex permittivity) were within + 4% 
and + 10% for substances with small values of «’ (e’<10). As e’ increased, so 
the accuracy of the value derived from experimental data increased. 

In the figure e” for eugenol is plotted as a function of pressure for several 
frequencies. It will be seen that the frequency at which maximum absorption 
occurs decreases with increasing pressure. 'T'able 1 contains the values of In + 


r | ‘HIS note gives a brief account of some experimental work on the effect 


Table 1 
Pressure (kg cm~?) 4350 4700 5350 5550 5900 6500 
aes —17:24 —15-97 —15°:35 —14-94 —14-25 — 13-34 


for various pressures measured at a temperature of 20°c; 7 is defined by the 
relation 7 1=27 x frequency at which e€”max occurs. The results for eugenol are 
not of sufhicient accuracy to permit a detailed analysis of (e’, pressure) curves 
but it will be seen from table 1 that In 7 is approximately a linear function 
pressure. 


} The work described here forms part of a thesis approved by the University of London 
for the Ph.D. degree. 


{ Now at School of Theoretical Physics, Dublin Institute for Advanced Studies. 
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The values of ¢’ and e” at various pressures, for glycerol, are given in table 2. 
Measurements were made at two frequencies. The temperature was 5°c in both 
cases. 


Pressure 3 
(kg cm?) + 


4700 
5350 
5550 
5900 
6500 


0 1000 2000 3000 4000 5000 6000 7000 
Pressure (kg cm) 


Isothermal pressure dependence of e” for eugenol at 20°c. 
Curves: 1, 5-0 Mc/s; 2, 1-4 Mc/s; 3, 750ke/s; 4, 500kc/s; 5, 250 kc/s; 6, 100 ke/s. 


Table 2. Dependence of «’ and e” on Hydrostatic Pressure for Glycerol at 5°c 


Frequency 5 Mc/s Frequency 1 Mc/s 
Pressure pat G Pressure ea en 
(kg cm ~?) (kg cm~*) 

1 48-6 TS! 1 49-3 1:59 

344 48-8 7:86 700 50-2 2°80 
1030 48-7 9-1 1430 Ilo) 2°80 
1350 48-1 10°5 2100 51:9 3°34 
1700 47-7 11-9 2720 52°8 4-96 
2050 46°8 isa 3420 52-9 07/i| 
2400 45-8 1526 4070 Sie TSS 
2720 44-6 18-1 4730 52°6 9-75 
3030 43-2 19-2 5040 523 io) 
3330 41-7 22-1 6070 50-6 14-2 
3440 40-0 22°8 6700 47-8 Weil 
4000 37:8 23-4 7300 45°8 18-4 
4340 35-4 24-7 7850 41-3 iisje7) 
4700 SoEZ 255 8500 39-6 20-4 
5000 30-9 26:3 8990 36°8 20:8 
5300 28°8 26:3 9170 B5-9 20:4 
5470 26°8 26:3 9500 33-6 19-9 
6050 25-0 25-4 €’ max=20°8 at 8800 kg cm~ at 1 Mc/s 
6980 18-8 Dey (from graph) 
7700 le 20:3 
8000 14-7 19=2 Cpe Oe chi SHV) eon? aie 3 Miles 
8500 14:1 18:1 (from graph) 


The dielectric constant «’ of water was measured as a function of pressure 
at a frequency of 1 Mc/s and at a temperature of 20°c. 

The results for eugenol and glycerol confirm and extend the earlier important 
work of Danforth (1931). He found that eugenol, glycerol and iso-butyl alcohol 
exhibited the phenomenon of anomalous dispersion at high pressure. Danforth 
confined himself to measurements of e’ only. 
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The pressure dependence of <’ for water is indicated in table 3. ‘The values 
of ¢’ for pressures below 3000 kg cm? are in good agreement with those of 
Kyropoulos (1926) who had made similar measurements up to a pressure of 
3000 kg cm. 


‘Table 3. Dependence of «’ on Hydrostatic Pressure for Water at 20°C, 
measured at a frequency of 1 Mc/s 


Pressure (kg cm~?) 1 670 1340 2010 2680 3660 4330 5000 5670 6000 
| 81:0 83:4 85:5 88:7 90-4 93:4 95:4 97:0 99:0 100-0 
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LE PPERS* O° THE BDITOR 


Carrier Concentration Disturbances in Semiconductors 


In a recent paper, Low (1955) discussed the disturbance of carrier distri- 
bution in a semiconductor filament during the passage of current. Some features 
of the discussion are however incomplete or erroneous as will now be pointed out. 

In solutions of equation (5) having the form of equation (6) A must be taken 
as a constant, i.e. independent of x, y and s. ‘Thus the value of A given by 
equation (11) can only imply that 6 and c vanish and this would correspond to 
zero surface recombination. This undesirable feature may be avoided in a 
number of ways, for instance by retaining equation (6) but permitting p, to vary 
over the plane x=0 which can be taken at a small distance (compared with 1/a) 
from the actual metallic electrode. 

It was stated at the outset that the filament was assumed long and this was 
the reason for taking only the positive root in equation (8). In this case the term 
in exp (—aL) in equations (13), (16) and (17) must be dropped for consistency. 
This may be seen when the exact analysis is carried out for a filament of arbitrary 
length which requires retention of both roots in the solution. It is then found 
that the total increment in the number of holes in the filament is simply given by 


ya yg Vel Ce tere (1) 
where y, and y, are the hole injection and extraction ratios at the positive and 
negative electrodes respectively. 

In Low’s equation (16) it may be noted that the denominator is simply e/7- 
without approximation. ‘Thus the provisos following equation (17) and the 
requirement of negligible diffusion mentioned in §4 are unnecessary restrictions. 

In experimental work on filaments with only two electrodes (e.g. Many 1954) 
it is sometimes overlooked that the perturbations of carrier distribution and of 
conductance depend on the effects at both electrodes since (y, — yz) 1s involved. 
This effect is particularly important when weakly injecting or extracting contacts 

‘are being studied. The dependence of the change of conductance on current 
is seldom linear since (y,—y,) is itself usually a function of current ; however 
accurate bridge measurements, say to | part in 10* or better, will reveal the close- 
ness with which non-ohmic contacts have been achieved when these are required 
in studies of current noise and photoconductivity. 


Department of Physics, | 
University of British Columbia, R. E. Burcess. 
Vancouver 8, 
Canada. 
18th July 1955. 
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REVIEWS OF BOOKS 


Les Fonctions de Bessel (2nd Edn), by G. Gouper. Pp. 90. (Paris: Masson 
et Cie 1954.) " OU07T- 

This is an introductory text, which is addressed particularly to physicists. 
The first three chapters are devoted to the introduction of Bessel functions 
as solutions of Bessel’s equation together with most of the better known 
recurrence formulae, integrals and expansions. ‘The final chapter gives an 
account of some physical applications of the foregoing. These cover the 
oscillations of a cylindrical cavity, the skin effect, conduction of heat by a 
cylinder, and finally a group of problems in diffraction. The treatment is 
simple and a model of clarity. The inclusion of examples, however, would 
have been an advantage for the student. H. H. HOPKINS. 


Laplace Transforms for Electrical Engineers, by B. J. SrarKey. Pp. 279. 
(London, litte) 1954,): 30s: 

‘This book is intended as an introduction to its subject for electrical engineers 
whose mathematical knowledge is limited to “the differential and integral 
calculus, and the principles of the theory of complex numbers and of vector 
analysis”. ‘Ihe subject is amply covered, with many well-chosen illustrative 
examples, up to the use of the Inversion ‘Theorem for single-valued transforms. 
The topics discussed include the use of partial fractions for inversion, stability 
criteria, pulses and step-functions, the Product and Duhamel Theorems, and the 
transforms of current and voltage in a general transmission line. ‘There are two 
very useful tables of transforms, with nearly 200 entries, and an interesting 
24-page collection of formulae and references to tables of various ‘ higher ’ 
functions : gamma, Bessel, etc. 

What distinguishes this book from others on the same subject is its novel 
treatment of analytic functions and contour integration. Differentiation and the 
Cauchy—Riemann equations appear only in an Appendix, for, says the author 
(p. 101) “ the role played by differentiation ” (of analytic functions, in physical 
and engineering problems) “ is quite insignificant ”’, (!), ‘‘ whereas integration is 
of paramount importance”. An outline of the route followed may therefore be 
of interest. 

Briefly, the function p", for various n, is integrated along (a) arcs of circles 
around the origin, (6) segments of rays issuing from the origin, and hence round 
any contour by polygonization into elements of types (a) and (b). The different 
types of functions and singularities illustrated by p” for different m are discussed 
and classified according to the values of integrals on closed contours including or 
excluding the origin. Functions behaving similarly under integration are 
described as analytic, and arc stated (naturally without proof) to be always 
expressible as combinations of powers (p— a)", with variousaandn. Maclaurin’s 
and Laurent’s series, and eventually the Residue Theorem, are thus obtained. 

‘There is of course no attempt at rigour here, nor is this necessary for the pur- 
pose of the book. I fear, however, that the student will find in the form of 
presentation of the above and subsequent theory (as distinct from the illustrative 
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practical examples) anything but the compensating simplicity claimed by the 
author in his Introduction. An orthodox treatment, with fewer improved 
statements, could have been given in fewer pages and, moreover, would have 
led on naturally to more advanced texts—which is hardly the case with this book. 
For example, instead of a simple explanation of how the Bromwich contour 
(i.e. line from c—jco to c+jo0) can be closed, for the purpose of applying 
the Residue Theorem, by addition of an infinite semicircle to the right 
or left, there is a somewhat mystical and unconvincing appeal (p. 146) to 
a global model of the complex plane, in which one pole represents the origin 
and the other the point at infinity. ‘This leads to the remarkable statement that 
“the result of integrating a meromorphic function along a closed contour 
extending to infinity, which can be represented as a line extending to infinity in 
both directions and dividing the complex plane into two infinite parts, is the same 
for both parts of the plane apart from sign’. This is followed up in a similarly 
mystical way (pp. 150, 151) in proving the Inversion Theorem. 

Again, on p. 213, in discussing the integral of p” for non-integral m on a 
Bromwich contour (ACB), the spherical model leads, mysteriously, to an added 
contour on either side of the cut negative real axis (and, incidentally, running 
through the origin instead of around it!). Thereupon the original contour is 
discarded since “ the integral along ACB is zero ’’—which of course is nonsense. 
The author’s whole object, throughout, seems to be to avoid discussing the 
behaviour of functions at infinity. Indeed, at the only place where he ever 
mentions such behaviour (p. 143), he states, quite wrongly, that an integral on a 
large semicircle tends to zero if the integrand does so. 

Some further errors must be briefly mentioned. ‘The factor z or 27 1s omitted 
in a dozen of the formulae (pp. 22-27) on Fourier series and integrals. Eqn. (1.40) 
implies that e%"=0 for t=oo. A totally wrong factorization, as if for a 
polynomial, of 1+e~%” is given (unnecessarily) on p. 193. The transform 
of t” (p. 159) only exists if n> —1, but this is nowhere pointed out. ‘The author 
does not realize (pp. 146, 188) that the conventional (and mis-named) ‘ residue at 
infinity’ is not necessarily associated with a pole at infinity. (Thus, the 
function 1/p has ‘ residue ’—1 at infinity, but no pole there; p has ‘ residue’ 0, 
yet has a pole.) The principal value of the integral of p”, <0, on a contour 
through the origin is stated (p. 116) to be «; in fact it is 0 if m is odd 4-1, 
or if —1<n<0. A very strange discussion (pp. 29, 30, 144) leads to the result 
that the real integral i cos. 


2, * 


has the value jz ! 

The book contains some good and useful sections, and it might have been 
well worthy of recommendation, if only the author had been able to distinguish 
between lack of rigour and sheer inaccuracy, and had not, in places, used meta- 
physics as a substitute for mathematics. DS BATALBOT. 


Introduction to Mathematical Statistics, by P. G. Hort. Pp. xi+331. (2nd 
Edition.) (New York: John Wiley; London: Chapman and Hall, 
1954.) . 40s. 


The satisfaction with which the first edition was received has encouraged 
Dr, Hoel to extend the contents of his book. The result is, for the student with 
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an appreciation of lucid and moderated mathematics in a context of common- 
sense discussion and illustration, one of the best introductions to statistics now 
available. 

The chapter on probability (which is now included!) provides the very 
necessary foundation for the whole subject and manages to be both compact 
and clear. It is immediately followed by a discussion of the main principles 
involved in the testing of hypotheses and the estimation of parameters, bringing 
the reader to the heart of the subject, so that he knows his purpose before studying 
the means of achieving it. 

The computation of descriptive measures for empirical distributions of one 
variable leads into an analysis of the properties of the common model distributions 
by immediate use of the moment generating function, rounded off by illustrations 
of the application of the mathematical models to simple practical problems with 
ample warning that only rarely will the skeleton model appear as a perfect represen- 
tation of reality. 

After a concise explanation of the basis of sampling theory for one variable 
(large samples) and a descriptive and theoretical treatment of calculation and 
regression, the application of x? for testing goodness of fit rounds off the first 
half of the book. Dr. Hoel now leads the reader to a more critical examination 
of the principles involved in testing simple and composite hypotheses: the 
Neyman—Pearson lemma of critical regions and the use of the likelihood ratio. 
This is followed by a more sophisticated account of the theory of estimation 
and a discussion of small sample theory to provide the necessary understanding 
of such significance tests as are normally met with in the analysis of experimental 
data. 

It is now taken for granted that any book on statistics should not only stress 
the importance of good quality experimental data but also tell the reader something 
of the art of collecting it. Dr. Hoel sketches very briefly general principles for 
the design of experiments in which components of variation can be separated 
by the method of analysis of variance, stressing the link between a hypothetical 
model and the numerical analysis of the data. He regards industrial sampling 
inspection as essentially a branch of the design of experiments directed to obtaining 
desired quality production at nominal cost with specified risks. 

The final chapter deals with the now very fashionable ‘non-parametric’ 
or ‘distribution-free’ methods, which our American friends more accurately 
and more realistically call ‘quick and dirty’. 

The whole book is attractively done and can be strongly recommended to 
those who are looking for a nice beginning that will carry them a very long way 
in practice. Dr. Hoel leaves no excuse for narrowness: every chapter has a 
list of references. Equally, he leaves no room for complacency: every chapter 
has an extensive set of exercises. But why no answers? 


M. J. MORONEY. 


Introduction to Experimental Physics, by W. B. FRrerrer. Pp. viii+349. 
(London: Blackie and Son Ltd., 1955.) 35s. 


According to the author’s Preface this book has been compiled from notes 
taken at a course of lectures in experimental techniques given for some years to 
graduate students at the University of California. It is therefore not surprising 
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to find that the techniques chosen for description are treated rather sketchily 
and in many cases inadequately from the point of view of the prospective user. 
The detailed instructions with which one had become familiar in books such as 
Strong’s Procedures in Experimental Physics are given considerably less pro- 
minence in the present volume. On the other hand the condensed presentation 
and the shortness of the chapters makes for easy reading. On reaching the end 
of the book the reader may well be left with the feeling that he has accompanied 
Professor Fretter on a tour of the Physical Laboratories of the University of 
California. He will probably retain after a single reading the same sort of 
impressions that might be gathered from such a tour. 

Most of the 32 chapters of the book are devoted to atomic and nuclear 
physics although many of the techniques described are useful in other fields. 
Thus the first chapters deal with selected topics in electrical and magnetic 
measurements, electronics, magnet design and vacuum techniques. The next 
group of chapters gives a condensed account of methods of particle and radiation 
detection. ‘The material presented is ubviously incomplete and is chosen mainly 
to acquaint the reader with the ‘ vocabulary ’ of the subject and to suggest further 
reading. Chapters 16-20 are mainly descriptions of the large accelerating 
machines at Berkeley. Finally there are sections on cosmic-ray techniques, 
mass spectroscopy, f-ray, optical and microwave spectroscopy, molecular beams, 
magnetic resonance, pile techniques, X-ray diffraction and low temperature 
physics (with an average of about 12 pages each). ‘The book concludes with a 
chapter on laboratory hazards (radiation exposure and toxicity of chemicals) 
and an interesting philosophical section on the design of experiments, which 
might well have prefaced the volume. 

Professor Fretter has achieved his object of presenting a wide range of topics 
in readable form. ‘The book is full of interesting pieces of information and is 
likely to remind most readers of some long-forgotten fact or trick as well as to 
suggest some new back-of-the-envelope calculation. ‘Those who are giving or 
planning graduate courses on techniques will find the book useful both for its 
method of presentation and for the adequate but not overwhelming biblio- 
graphies at the end of each chapter. Altogether the author may be congratulated 
on having produced a volume which will both help and stimulate those who 


profess some interest in the arts of atomic and nuclear science. 
W. E. BURCHAM. 


The Students’ Physics, Vol. I—Light, by R. W. Ditcupurn. Pp. 680. (London 
and Glasgow : Blackie, 1952.) 45s. 


This new volume of a well-known series is already, in a short time, an 
established part of the honours physics literature. Prior to the appearance of 
Professor Ditchburn’s admirable book there was an acute difficulty in recom- 
mending to students a reference work of the required standard. The shelves of 
bookshops abounded with books suitable for a first-year introductory course, 
but none of sufficient scope, modernity, and standard to satisfy the needs of a full 
honours course. In consequence teachers of optics were at a disadvantage. 
This difficulty has now been removed by the publication of an adult account of 
optics suitable for honours students, and thé subject has been put in its proper 


setting as a progenitor of present-day wave physics, 
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Professor Ditchburn’s book is presented in nineteen chapters, having in most 
cases a set of examples, references and appendices dealing with more advanced 
topics. ‘The first three chapters comprise a historical introduction, and a full 
introduction to the theory and properties of waves. Of real importance to the 
student is the discussion and analysis of wave trains, which, together with a 
digest of the necessary parts of the Fourier analysis, makes up chapter IV. ‘ihe 
treatment of group velocity could be recommended not only to students, but to 
many teachers, judging by the number of books that calculate the velocity of a 
‘beat’ envelope without relating it to the velocity of a more complex group. 

Chapters V and VI deal with the principles of interference and diffraction 
and with the theory of a number of experimental devices, the uses of interfero- 
meters being reserved for chapter IX. The derivation of Kirchhoff’s integral is 
given in an appendix. Further discussion of Huygens’ principle and Fresnel 
diffraction phenomena is given in chapter VII, together with the connections 
between ray and wave optics. ‘The following two chapters take up the question 
of resolution in optical instruments, and chromatic resolving power of spectro- 
scopic devices, and the applications of interferometers. ‘There follow chapters 
on the velocity of light, relativity and polarized light. 

It is Professor Ditchburn’s avowed aim to treat the ‘ different’ theories of 
light as aspects of what he regards as ‘‘ a single theory of light, a logical whole ”’. 
As part of this plan the electromagnetic theory of light is treated in some detail, 
including the theory of reflection, dispersion, absorption and scattering, together 
with relevant experiments. ‘This is further developed in chapter XVI, dealing 
with anisotropic media. 

In the last three chapters the more modern theories are treated. ‘The first of 
these includes accounts of the photoelectric effect, the Rutherford—Bohr atom, 
and spectra, and the production of spectra. It is followed by an excellent intro- 
duction to wave mechanics and the theory of radiation. The final chapter out- 
lines the quantum theory of the processes of emission and aborption. 

‘There are a few mis-statements in the text, as is almost inevitable in a work of 
this extent. As an example, on page 170 it is stated that there is no simple 
relation between the illuminations or amplitudes at points of non-zero amplitude 
produced by complimentary diffraction screens, whereas a very simple rule does 
exist (Sommerfeld, Optik, p. 208). In certain places the mathematical presenta- 
tion might be improved in minor ways, particularly in the important chapter on 
wave trains and Fourier analysis. 

These slight criticisms, cannot, however, detract from the impressive 
achievement it has been Professor Ditchburn’s good fortune to attain. Both the 
content and presentation leave, in general, nothing to be desired : the wealth of 
information and detail contained in the book is truly remarkable. ‘The high 
standard of production of the book is uniform with that of the other volume of 
the series, and is well illustrated with diagrams and plates. One need not wish 
a book of this kind success—it will gain it, and in so doing will offer the possibility 
of a notable advance in the teaching of optics in honours physics courses. 

Hy HSHOPRKINS: 


Recent Advances in Optics, by E. H. Linroor. Pp. x +286. (Oxford : 
Clarendon Press, 1955.) 50s. 


This book contains descriptions of recent work, some unpublished, on 
several aspects of instrumental optics. ‘The first section is on aberration 
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balancing in optical systems, using a ray-theoretic treatment; the criterion 
chosen is that the effective image patch radius for a given object point shall be 
a minimum, this radius being defined as the radius of gyration of the density 
of spots in the spot diagram about the centroid. A complete balancing system 
for primary and secondary monochromatic aberration coefficients and gaussian 
and primary chromatic coefficients is given. The second section deals with 
diffraction effects in point images; a compact exposition is given of recent work 
by Niboer and others on images formed in the presence of aberrations and with 
partially obscured pupils. The third section deals with imagery of extended 
objects; the effect of the degree of coherence of the illumination on the images 
of periodic structures is discussed and applications are given to the theory of 
the microscope. 

The next section of the book is a re-presentation with extensions of the 
author’s elegant and detailed analysis by diffraction theory of the Foucault 
knife-edge test. Detailed descriptions of the appearances to be expected with 
a variety of errors are given; these results should be of great value to the 
experimental optician. 

The next section is a study of the Schmidt camera. The basic theory is 
given and then, taking account of second and fourth power terms in the corrector 
plate, the residual aberrations (extra-axial and chromatic) are calculated and 
displayed as spot diagrams. Next, higher order aberrations are introduced 
and the problem of aberration balancing by fourth power figuring on the concave 
mirror is discussed. Finally, a field flattening lens is introduced and _ the 
problem re-worked. 

The last section of the book deals with plate-diagram analysis, which is a 
semi-graphical representation of the usual Seidel formulae for the effects of 
stop-shifts and aspheric figurings. It is used in this book to investigate the 
possibilities of two-mirror systems with corrector plates as astronomical tele- 
scopes; several systems of the Schmidt—Cassegrain type are discussed in detail. 

The author is very careful throughout to indicate the orders of magnitude 
of error terms in aberration expressions, a precaution which is often neglected 
by applied opticians; in this respect the book is a joy to read. ‘There are some 
instances where one could wish for a statement about physical approximations; 
for example scalar diffraction theory is used throughout with the usual restriction 
to small angular apertures, but it is applied without warning to the theory of 
microscope images in partially coherent light where cones with semi-angles up 
to 65 or 70 degrees can occur. Again it should be pointed out that the radius 
of gyration of the image patch as used in the first section, a concept which seems 
to be due to C. F. Gauss, has limited physical meaning since the radius of 
gyration of the Airy disc is infinite, and so a fortior7 is that of an aberrated point 
image. Bibliographies are given at the end of each section; they are obviously 
not intended to be exhaustive, but it seems a pity that the work of Berek in 
1926 on partial coherence was not mentioned since it anticipates a number of 
the ideas of van Cittert and later workers. More uniformity in notation would 
be desirable throughout the book, particularly in the coordinates used in 
diffraction theory, where the usual dimensionless diffraction coordinates are 
given different symbols and defined in terms of different symbols in different 
sections. 

These minor criticisms apart, the book can be recommended as an excellent 
review of recent work in these fields, W. WEINSTEIN. 
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The Superconducting Bolometer as a Detector of Thermal Radiation 
from Low-Temperature Sources 


By J. A. HULBERT anp G. O. JONES 


Department of Physics, Queen Mary College (University of London), London E.1 


MS. received 17th November 1954 and in revised form 22nd Fune 1955 


Abstract. A superconducting bolometer has been developed as a detector of 
the thermal radiation from low-temperature sources. With an area of 1 cm?, it 
has a sensitivity of about 3 x 10~ watt absorbed for a time-constant of 20 seconds. 
It has been used in preliminary observations of the optical properties of a graphite- 
coated surface at about 4°K, using radiation emitted from a source at a 
temperature between 9° and 17°K and assumed to lie mainly between 0-2 and 
0-4mm in wavelength. 


HE superconducting bolometer (Goetz 1939, Andrews 1947, Fuson 1948, 

1949) depends for its action on the high temperature coefficient of resistance, 

in the region of its transition temperature, of the superconducting metal 
which forms the receiving element. This instrument has high temperature 
sensitivity and the inherent advantage that noise arising from thermal fluctuations 
is limited because the receiver is at a low temperature. 

As a preliminary to studies at wavelengths between the normal infra-red and 
microwave regions, we have developed a superconducting bolometer suitable 
as a detector of the thermal radiation emitted by an approximately ‘ black’ body 
in the neighbourhood of 10°K. At this temperature the maximum emission of 
energy per unit frequency range (as given by Wien’s displacement law) occurs 
at a wavelength of about 0-5mm. However, as implied in Stefan’s law, the 
available flux of energy from such a source is very small, and the receiver must be 
developed to its maximum possible sensitivity. 

As in the earliest superconducting bolometers (Andrews et al. 1941, 1942), 
the method of continuous irradiation has been employed. This allows direct 
indication of the output of the bolometer by a sensitive galvanometer without 
amplification. In order to avoid stray radiation both the receiver and the source 
of radiation have to be contained in an evacuated enclosure maintained at about 
4°x. ‘The temperature of the source can be adjusted independently as required. 

Figure 1 shows the experimental assembly. The bolometer element A, 
consisting of a fine tin wire glued in a zig-zag pattern to the back of a 1 cm square 
of thin aluminium foil, is mounted ona frame B of nylon thread and fine constantan 
wire. The only other attachments to the receiving element are extended electrical 
leads C, cut from tinned lead foil. At the working temperature these are fully 
in the superconducting state so that no Joule heat is dissipated in them by the 
current through the bolometer element. They also provide a higher thermal 
resistance between the receiving element and the base D of its mount than they 


would in the normal state. 
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The ambient temperature of the bolometer, in the region of the transition 
temperature of tin (about 3-7°k), is controlled, first, by regulation of the pressure 
above liquid helium in the vessel E. A fine control of temperature to better than 
10-4 deg is provided by the use of a carbon thermometer F, linked through a 
photoelectric amplifier to a thyratron circuit operating a heater G. 
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Figure 1. The superconducting bolometer and source of radiation. 


The source of radiation consists of a series of Mendenhall wedges H. A thin 
window of Formvyar I protects the receiving element from spurious effects due to 
residual gas, and a shutter J, which may be operated from outside the apparatus, 
is provided between radiator and detector. ‘The whole assembly is fitted in the 
working space of the evacuated casing of a miniature helium liquefier (Chester 
and Jones 1953). 

Changes in the potential difference across the receiving element, which carries 
constant current, are indicated by a galvanometer. Since the element is 
constructed to have good thermal equilibrium within itself under all operating 
conditions, its voltage sensitivity to absorbed power may be found by a direct 
calibration in terms of the electrical power derived from Joule heating in the 
absence of incident radiation. This method has the advantages that it does not 
require knowledge of the optical nature of the receiving surface and that non- 
linearity in the instrument may be found directly and corrected. In this way, 
the maximum useful sensitivity to absorbed power has been found to exceed 
1500 uv erg’? sec. With an ordinary sensitive galvanometer it is then possible to 
make measurements of absorbed power accurate to +3 x 10-5 erg sec!. (The 
time constant of the bolometer as at present assembled is 20 seconds.) The 
performance is limited at present by fluctuations in the control of temperature, 
and is clearly capable of further improvement. However, the figures of 
performance just quoted represent advances over the corresponding figures as 
reported by Andrews by factors of about 10 and 30 respectively. The increased 
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sensitivity appears to be due mainly to improved control of temperature and 
to the choice of tin, which has a very low heat capacity per unit volume near 
4°k, instead of tantalum for the material of the receiving element. The other main 
improvement in the design of the present bolometer is that the whole of the super- 
conducting element is affixed to the surface receiving radiation, making possible 
an accurate direct calibration by the method described above. 

Figure 2 shows the results of some observations of the absorptivity of a thin 
layer of graphite deposited (using ‘Aquadag’) on the surface of the receiver, 


Q eng x10 per sec. 
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Figure 2. The power O absorbed by a graphite-coated surface at 4°k plotted against the 
fourth power of the temperature T of the source of radiation. (The values repre- 
sented cover the range 9° to 17°K.) 


using a ‘black’ source of the type described in which the internal surfaces of the 
wedges also had been coated with graphite. ‘The energy Qabsorbed by the receiver 
has been plotted against 7* (where 7 is the temperature of the source) in order 
that changes in the mean absorptivity should appear as departures from linearity. 
Making the working assumption that the absorptivity of a graphite surface is 
independent of temperature between 4° and 17°K and varies only with wavelength 
(and is therefore the same throughout for the receiving surface and for each 
internal surface of the wedges) the results would indicate a change in mean 
absorptivity of the receiver from about 2% to 43% (the values which correspond 
to the slopes of the dotted lines) as the peak in the curve of energy distribution 
moved from about 0-4mm_ wavelength to 0:-2mm. ‘These low values of 
absorptivity imply that the system of Mendenhall wedges (each of 8° angle) used 
as the source of radiation can have been only about 30-60% black; this has been 
allowed for in making the above estimates, but without special consideration of 
the fact that the wavelength of maximum emission is here not much smaller than 
certain dimensions of the wedge system. It is also possible that a variation with 
temperature exists in the absorptivity of graphite, but the present results do not 
permit us to isolate this effect. We do not consider these observations as more 
than preliminary, but they are of interest: as a reminder that low values of 
absorptivity are likely to be encountered in this region of wavelengths, as in the 
3 1-2 
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microwave region. (Although graphite is normally regarded as a good absorber 
in the infra-red, the absorptivity of a graphite-coated surface of the type used 
here was found to be less than }°% at 8mm wavelength and at room temperature. ) 
For this reason we have in this paper everywhere specified sensitivities in terms of 
response to absorbed power rather than to incident power. 
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Some Anomalous Emission Effects in Low Energy Electron Beams 


By WW. W. Hs CLARKE -anp Li; JACOB 


George Holt Physics Laboratory, University of Liverpool 
MS. received 26th January 1955 and in amended form 4th May 1955 


Abstract. Some of the properties of an electron emission system have been 
investigated by means of a special electron gun, for accelerating voltages in the 
range 18-30 volts. The voltage was varied in steps of 1 or 2 volt intervals, and 
it was found that the emission varied in a periodic manner over all regions of the 
cathode—marginal, extra-axial and central; the variations were greatest for the 
central region. Here, the change from ‘normal’ to ‘abnormal’ may occur over 
a one volt energy interval; an energy change of two volts can alter the periodic 
pattern and convert a maximum of emission density into a minimum. Changes 
of temperature of some 30°c also produce profound effects on the form of the 
distributions. 

Anomalies also appear in the total current to the axial system of collectors. 
For example, for every beam energy between 21 and 23-8 volts, there are three 
separate temperatures of the emitter at which ‘threshold’ current begins to flow. 

The pattern of standing waves across the emitter has a wavelength of about 
0-Olmm. This is interpreted as arising from the presence of a saddle-back 
field produced by initial velocity effects together with the space charge of the 
beam. ‘The electrons oscillate in this field. An analogy is afforded by the 
occurrence of oscillations under certain field conditions for the transition region 
between lens and mirror in the case of the symmetrical arrangement of electrodes. 


§ 1. INTRODUCTION 


N some work dealing with the characteristics and focusing of electron beams 
produced by a special type of electron gun in the energy range 20-70 volts, 
the authors (1951) recorded the presence of standing wave patterns in the 

electron distribution from the emitting cathode. This effect appeared to depend 
on the cathode temperature. Both ‘hollow’ and ‘semi-hollow’ beams were 
recorded in the distributions (that is, those in which the axial emission is practically 
zero, and less than that off the axis respectively). The remarkable changes of 
slope in the distribution curves for the 20-30 volt region appeared to be connected 
with changes of state in the cathode emission for particular fields, or with corres- 
ponding changes in charge density in the virtual cathode. 

The formation of the standing wave patterns appeared to depend critically 
on changes in energy over a limited energy range of about ten volts. Outside 
this range, the electron distribution showed that beam formation was ‘normal’, 
and proceeded in a way to be expected from a formal analysis of the electron 
motion in the field, taking space charge into account. 

The purpose of this paper is to present a detailed account of the experimental 
observations, particularly those which give rise to the anomalous distributions 
observed. Great care was taken to work over small energy intervals in the 
critical region and to ensure that the effects were real and readily repeatable. 
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§ 2. APPARATUS AND METHOD OF EXPERIMENT 


The form of the electron gun used in these experiments has already been 
described in an earlier paper (Clarke and Jacob 1953). It is reproduced in 
figure 1 in order the better to follow the subsequent results. It should of course 
be stated that the whole electrode assembly was in a sealed-off tube in which the 
pressure before bringing down the getter and sealing off was about 10°°mm. 
All electrodes were hydrogen furnaced before assembly, and some further high- 
frequency heating was carried out on the accelerating system in the assembied 
unit on the pump. 
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Figure 1. Immersion objective and collector system. 


The dimensions and disposition of the set of concentric collectors at the 
end of the experimental tube which served the purpose of recording the beam 
distributions are also shown. ‘The electrodes A, B, C, D, E, F and the collectors 
were all kept at the same potential (except for certain tests from time to time to 
check for the presence of secondary emission current) corresponding to the 
final energy of the beam; the currents collected by each of these in turn was 
recorded for various values of the modulation ratio « between 1-0 and 6-0; « is 
the ratio of the accelerating potential to the potential of the modulator with 
respect to the cathode. A further set for «=o, that is, for the modulating 
electrode at cathode potential (which produced the largest beam angle) was also 
taken ; both sets of curves can be considered as representative of the measurements. 

When dealing with the effects of temperature on the emitting properties of 
the cathode, it was necessary to obtain reliable estimates of temperature changes 
when small changes were made in the watts input to the emitter. In order to 
obtain this information, a separate electron gun unit containing electrodes A, B, C 
was made up ; the temperature variations were studied using an optical pyrometer 
focused on the central region of the unipotential cathode. With practice, this 
could be read to within 3 to 5 centigrade degrees in 1000 centigrade degrees. 

It is as well to keep in mind the geometry of the gun when following through 
and accounting for the current changes observed, particularly in the marginal 
portions of the beam. The cathode of 1-7mm diameter when operating is 
approximately 0-7 mm from the A electrode which has a 1-5 mm aperture. Under 
these conditions, the electrode would be expected to trim the peripheral region 
of the beam and to receive a diminishing current with reduction in temperature. 
Under space charge limited conditions, the fraction of beam current reaching A 
should remain constant independent of the accelerating voltage. 
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The question of the effects of secondary electrons released from the electrodes 
bombarded by the primary beam is important, since even at the low energies 
used and with previously outgassed metal, the secondary emission coefficient 
6( < 1) may affect the electron distribution in the marginal part of the beam, though 
hardly, if at all, in the core. It is known that 5 varies smoothly with primary 
energy in this experimental range and that the majority of secondary electrons 
leave the surface with an energy of 2-3 volts. This would lead one to expect 
that over a small interval of, say, 10 volts secondary emission effects should, if 
present, produce a smooth variation in the collected current; this is not found 
to be the case. 

It is known that, in order to suppress the secondaries, it is necessary for the 
space potential outside the secondary emitting surface to be at least three volts 
negative with respect to the surface. Sucha lowering of potential occurs naturally 
in the present case, for example from the form of the static field in the aperture 
of the A electrode. Field plot measurements using present potential values 
indicate that owing to the curvature of the equipotentials in this region (concave 
to the cathode) there is a reverse radial field of some 30 vmm_~! which would in 
any case prevent secondaries leaving the A electrode and thus from joining 
the main electron stream. In addition, there is the radial gradient introduced 
by the space charge of the beam itself. Rough calculation shows that for a beam 
current of the order of 500 a the potential at the edge of the beam is reduced by 
about one volt due to the charge in the core; it is unlikely therefore that any 
secondaries reach subsequent electrodes. In the field-free space beyond the 
C electrode, the potential depression produced by the negative charge of the beam 
at these low energies provides the reverse field inhibiting the secondary emission 
process. A rough calculation again shows that for a 50v beam this works out 
at about 10v negative; for the lower energies the reverse inhibiting field would 
be considerably stronger. A check that secondary electrons were absent from the 
core of the beam was furnished by raising and lowering the potentials of the end 
collectors individually, through 5v. ‘This made no change in the current collected 
by each. 


§ 3. EFFECT OF ‘TEMPERATURE: GUN EFFICIENCY 


In our earlier paper (1953) it was experimentally established from examination 
of the beam distributions that under normal emitting temperatures the three- 
halves power law breaks down below a limiting beam energy. ‘This was mani- 
fested by a progressive decrease in axial current until a stage was reached at which 
it vanished; under these conditions the beam became ‘hollow’, that is, the 
current density in the vicinity of the axis became zero, while it remained finite 
elsewhere. This effect must arise from the formation close to the cathode of a 
‘virtual’ cathode; this must have a peculiar potential distribution across it, 
compounded of the static distribution on which is superimposed the variable 
charge density of the beam itself. The potential depression thus formed on the 
axis is exceedingly sensitive to changes in the energy of the beam, and thus to 
changes in charge density along and transverse to the beam. 

For any fixed modulation ratio such changes may also be brought about by 
a variation in cathode temperature, since, with the flat topped cylindrical cathode 
shell used, the emitting area contracts as the temperature is lowered, and differ- 
ential saturation as between different sections of the beam may occur. ‘The 
peripheral regions of the emitter which were previously contributing substantially 
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to the total beam current now become more or less inactive as emitting elements , 
the total current decreases, and, at a sufficiently reduced temperature, saturation 
sets in and the current becomes independent of the beam energy. However, 
space charge forces are still operative and may have a marked effect close to the 
cathode surface where the beam cross section may be greatly dilated. These, and 
the reduced initial velocity effects, are reflected in the beam distributions as 
revealed by the series of collectors. The variation of gun efficiency with beam 
energy for various emitter temperatures is shown in figure 2 fora=4. Reduction 
of temperature delays the onset of current at the lower energies, due presumably 
to the presence of an increased barrier effect in the region of the virtual cathode 
arising from initial thermal velocity variation. This, in turn, requires an increase 
in the external field for its neutralization, and results in a reduced efficiency owing 
to the ‘splaying out’ of the beam; at the higher energies this position is reversed, 
the smaller space charge effects at the lower temperatures yielding smaller 
peripheral currents reaching electrodes A, B, C. 
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Figure 2. Gun efficiency at various emitter temperatures; ~a=4. 


For the purpose of analysing the beam distribution in some detail, it is proposed 
to divide it into three portions: (i) marginal, as revealed by the currents to A, B, 
C electrodes, (11) extra-axial, as affecting currents to D, E, F electrodes, (iii) axial 
or core, as collected by the series of concentric collectors 1, 2, 3, 4, 5. 


§ 4. ‘THE PERIPHERAL DISTRIBUTION 


In the earlier series of experiments recorded in the previous paper (1953) it 
was found that pronounced maxima and minima had developed in the fractional 
currents to the trimming electrodes C and B respectively as the accelerating 
voltage was varied, for particular values of x. In the case of both these electrodes 
this occurred at the lowest voltage (30 v) and indicated a rather unexpected form 
for the marginal distribution in that portion of the beam nearest the emitter. 
This fact led us to make a detailed and accurate exploration of the currents collected 
by these electrodes for lower beam energies at various temperatures. To avoid 
missing signs of incipient maxima and minima, the voltage was increased in some 
cases in steps of | or 2 volts at a time, particularly in the region between 17 and 
30 volts where it was expected the changes would be most marked. The results 
are shown in full in figure 3 (a) for the case of x =4 and in figure 3 (b) foros 
In both instances the percentage of the total cathode current is plotted over a 
temperature variation at the centre of the cathode of about 100°c. 
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Generally, in contrast to the effects at higher energies where the fractional 
currents to B and C tend to show a small gradual and smooth fall with increase in 
energy over the whole energy range (as would be expected if the space charge 
forces were decreasing) we now get definite maxima and minima in the energy 
region between 18 and 30 volts for both the B and C electrodes; this is particularly 
evident for the narrower beam angle, though their presence and position appear 
to depend on the emitting temperature. If we look at the curves for each electrode 
in turn, then, from figure 3(@) for the case of the A electrode, there is a steep 
initial fall; beyond 30 volts the decline is much more gradual, and the rate of 
fall from this point to the limits of energy is approximately constant at all tempera- 
tures. In the interval between 18 and 26 volts at the highest temperature, there 
is a 50%, variation ; this in itself indicates in a clear way the remarkable sensitivity 
of the peripheral distribution to small energy changes in this interval. 
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Figure 3. (a) Percentage of current to A, B, C for ~a=4. (b) Percentage of cathode current 
to electrodes A, B, C for ~=0©o. 


The consistent minimum developed at about 24 volts with the B electrode is 
maintained as the temperature is reduced till, at the lowest value of 778°c, it has 
become very broad indeed. Again, the maximum shown between 25 and 30 
volts for the two highest temperatures, is seen to be on the point of disappearing 
at 794°c; at the lowest temperature of 778°c it has not developed at all. ‘The fact 
that B receives more current at a lower temperature (832°C) above about 27 volts 
is also interesting as indicative of some peculiar emission pattern which 1s greatly 
affected by a combination of field and temperature. 
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The results with the C electrode are perhaps most interesting of all, and bear 
out the complicated reaction of field and charge density. Here, it is possible to 
have large changes of slope in an interval between 18 and 26 volts. Attemperatures 
of 778°c and 794°c, definite maxima have developed; with increase of tempera- 
ture to 870°c these give way to a pronounced minimum, a rather unexpected and 
striking result which definitely excludes an explanation based on the simple 
concept of space charge forces alone. 

The behaviour as illustrated by figure 3 (4), where the initial field conditions 
are very different («= co), conforms to a more orthodox pattern and is not so 
characteristic as the previous results. As before, both maxima and minima are 
found to arise in the same interval of 18—26 volts; these, however, are much 
shallower and are most in evidence at the highest temperatures. It is of some 
interest to note that these occur even for the A electrode; this, in itself, points to 
the existence of non-uniform emitting regions which are again affected by 
temperature and field conditions on the periphery of the cathode emitting area. 


§ 5. THE ExTRA-AxIAL DISTRIBUTION 


The same care and accurate observation of small current differences taken 
for the readings recorded for the peripheral regions was applied to the extra- 
axial region represented by the solid angle subtended at the centre of the cathode 
by the graphite ring electrodes D, E, F separated from each other by approxi- 
mately one centimetre. As before, a series of observations was taken for the 
same beam angles corresponding with «=4, «= 0; the current collected was 
expressed as a percentage of the beam current emerging through the aperture C. 
Figure 4(z) shows the results for the individual collectors for the same range of 
emitter temperature as before; at the lowest temperature it was not possible to 
detect a current for the lowest beam energy of 18 volts and hence, in such cases 
some of the curves start at about 22 volts. In spite of this, there is once more 
unmistakable evidence of the existence of a series of maxima and minima, usually 
in the region between 20 and 30 volts, which is exceedingly sensitive to variations 
in the cathode temperature. For example, when «=4, the current to the D 
electrode for a cathode temperature of 870°c exhibits a maximum at 21 volts; 
reduction of the temperature by some 40°c immediately makes this point a 
minimum, and the original value is not restored (at this temperature) till the 
beam energy is close to 40 volts. 

Another unexpected feature of this set of curves is the development of a 
minimum at about 40 volts which apparently only occurs at temperatures of 
870°c and 794°c and not at the intermediate temperature of 832°c. The excep- 
tionally steep initial rise at the lower temperatures within an interval of 2 volts is 
rather surprising; it serves to emphasize the sensitivity accompanying field 
variations over small intervals at the ‘threshold’. All points tend to come 
together at 60 volts independent of temperature ; this would appear to show that 
a beam of this energy is beginning to behave in normal fashion. 

These general characteristics are also found for electrodes E and F, though 
the former does not show such prominent variations (the absence of readings at 
the lowest beam energies at the lower temperatures might account for this) ; 
the maxima and minima are better developed for the F electrode. For the larger 
beam angle involving greater current densities, figure 4 (b) shows that as compared 
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with the previous set of curves, most of the changes occur within a narrower 
energy interval, 18-25 volts. ‘The same abrupt rise and fall takes place over a 
small energy range, and, judging from the curves for electrodes E and F, the beam 
begins to ‘behave’ in these regions at lower final energies of about 30 volts. 


% to£ 


10 20 30 40 50 60 10 20 30 =40 50 60 0 0 
Beam Energy (volts) Beam Energy (volts) Beam Energy (volts) 
Ka) 
loot a 


Alene 
s 
S 
(ae 
SS 
Poa 


| cca 
Siz 
lof 
eet eae 
20 SE "S20 2530 35 
IS 20 25 30 35 15 20 25 30 35 
Beam Energy (volts) Beam Energy (volts) Beam Energy (volts) 


(b) 
Figure 4. (a) Percentage of beam current to electrodes D, E, F for a=4. (6) Percentage of 
beam current to electrodes D, E, F for ~x=co. 


§ 6. COLLECTOR CURRENT ANOMALIES 


While the interesting variations so far discussed for the extra-axial regions have 
revealed unexpected periodic fluctuations over small energy intervals round critical 
energies of 20 volts, most interest was however centred on the distribution in 
the core of the beam. ‘The system of almost coplanar collecting discs of gradually 
increasing diameter served to resolve this sufficiently closely, to show up fine 
differences in current density along a radius, starting from the axis of the system 
and proceeding outwards towards the periphery of the collectors. It was also 
possible to link up with one or more points of the extra-axial distribution obtained 
for the electrodes D, E, F by projecting their areas on to the plane of the end 
collectors ; this revealed how the form of the current density distribution developed 
at large distances from the axis. 
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Before commenting on these curves in the next section, it is as well to present 
some features of the total current reaching the collectors as a unit, under various 
conditions of energy and temperature, since it exhibits certain anomalies 
which require to be kept in mind when interpreting the distribution curves. 
A ‘characteristic’ current-voltage curve for « =4, at various cathode temperatures 
is shown in figure 5(a). It will be seen, as expected, that an appreciably larger 
field is required to get the initial current into the beam as the temperature is 
reduced. At about 45 volts energy, the total current reaching the collectors 
appears to become almost independent of temperature; at higher energies there 
is a definite increase of current at some of the lower temperatures; this could 
arise from effects connected with space charge and virtual cathode. This 
anomaly is further emphasized by the plot shown in figure 5(b) for «= 0 and 
“=35v, where the sensitivity to temperature changes is quite pronounced. 
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Figure 5 (c). Threshold current to collectors at different temperatures 
for various beam energies, for ~= 00. 


In this case a considerably larger total current reaches the collectors at the lowest 
temperature and a minimum appears to have developed at about 800°c; no 
variation occurs between 830 and 870°c. Coupled with this effect of temperature, 
it was of considerable interest to examine the combined effect of field and 
temperature (particularly in the region of beam energies between 18 and 24 volts, 
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at which marked development of maxima and minima had occurred in the earlier 
curves for the extra-axial distributions) in producing a ‘threshold current’ to 
the collectors. It was hardly possible to predict the variations which actually 
occurred as shown in figure 5(c), for «= 00. ‘The outstanding result of this 
experiment is to indicate that both field and emission density are inter-related 
in a very peculiar way. On the one hand, below 794°c, the ‘threshold’ energy 
requires to be decreased as the emitting temperature is increased; above 794°c, 
the very reverse happens and there are definite minima and maxima of energy 
over an interval of some 30°c. ‘The form of the curve leads to the expectation 
that for every given energy between 21 and 23-8 volts there are three distinct 
and differing temperatures at which threshold current begins to flow to the end 
collecting system. At 24 volts and between about 18 and 21 volts there are two 
such temperatures; at the minimum of 18 volts there 1s one temperature only, 
which fulfils this condition. Why this peculiar behaviour is manifest in this way 
is somewhat obscure at the moment, but it is of importance to record that it does 
take place as observed in these experiments. It must obviously be associated 
with the pattern of standing waves exhibited by the distributions to be discussed 
in the next section. 


§ 7. THE AxIAL DISTRIBUTION 


It is reasonable to assume that the type of cross section revealed by the current 
density distribution to the end collectors is that which 1s actually proceeding from 
the central region of the emitter; that is, the collectors give an enlarged picture of 
a small but definitely localized portion of the cathode. The magnification with 
the present geometry works out roughly at about 100 times; this means that we 
are imaging a central cathode patch of radius about 0:-!mm. In Faraday cage 
studies with immersion objectives of this type, and working with energies of about 
100 volts, it is usual to find the form of the emitted distribution to be symmetrical ; 
also, it generally closely approximates to the gaussian. ‘This occurs at both full 
modulation (neglecting tail effects) and also when the modulator is biased in order 
to restrict the beam angle and consequently the cathode emitting area. Under 
these conditions and with space charge limitation, beam formation proceeds in a 
normal way. ‘The final distribution in the beam is determined by the forms of 
(a) the electrical field, (6) the velocity distribution, (c) the space charge forces. 
It is of course true to say that there will be inherent variations of emission from 
point to point of the emitter (for the same field conditions at each) depending among 
other things on the form and coherence of the oxide coating ; however, exploration 
of this property using an emission microscope shows that, providing the vacuum 
conditions do not deteriorate, and that the cathode is worked below a safe loading, 
these characteristic variations occur over the whole surface and can be repeated 
at will. This indicates that once the surface is brought into a certain condition, 
it should not change appreciably over long periods of time. 

With the very low energy beams with which we are dealing, we should expect 
to find initial velocity effects quite marked. ‘These produce a potential minimum 
close to the cathode surface, and provide a potential barrier of sufficient magnitude 
and depth to restrict the emission over the central area of the cathode in a way 
determined by its form and extent. Rough calculation from the ratio of beam to 
saturation currents shows the potential minimum to be between the limits 
—(0-5 and —0-4 volt for final energies of 20-30 volts respectively ; and, when it is 
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remembered that the most probable emission velocity is about 0-1 volt at the highest 
temperature used, there can be no doubt about the effectiveness of the reflecting 
barrier. A further rough calculation puts the position of this potential minimum 
at about 0-01 mm from the surface, so that this represents an approximate value 
for the limiting range of the electrons emitted from a small area confined mainly 
to the centre of the cathode, since the marginal densities are small. ‘The axial 
distribution curves lend support to these views because they indicate the existence 
of semi-hollow beams, that is, those for which the current density is larger at 
points off the axis than at points on the axis. The form and character of such 
distributions for close differences in energy and temperature are shown in 
figure 6(a) and (6) for «=4 and © respectively. The point of interest in 
figure 6(a) is the appearance of maxima of the current density off the axis for 
energies of 20 and 22 volts. ‘These are maintained forthe 20-volt beams throughout 
the temperature range studied, though the curve for 870°c shows the existence of 
a second maximum further out from the axis. At and above 24 volts energy, the 
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distribution becomes ‘normal’ for the highest temperature; if, however, the 
temperature is reduced from 870°c to 782°c it is possible to produce these semi- 
hollow beams at the higher energies, as shown by the 30-volt curve. 

‘These main conclusions are confirmed in figure 6 (5) where greater current 
densities and lower beam energies were investigated. The interest here lies in 
the demonstration that it is possible to change a maximum of current into a 
minimum, and also introduce a second maximum simply by introducing a 2-volt 
variation in energy at a temperature of 794°c; this appears to occur at a critical 
energy of about 24 volts. Below this value, the 2-volt energy variation does not 
affect the form of the distribution, it merely increases the current density at the 
maximum already formed at lower energies; above this, the periodic character 
of the variation disappears completely and the curve falls away smoothly as for a 
normal distribution. As previously stated, it is possible to reintroduce the 
maximum at the higher energies by a decrease of temperature by some 30°c as 
shown by the curves for 26 volts (and also 30 volts) at the temperature of 762°c; 
here, the maximum is much more marked, but is, however, displaced further 
from the axis. 

If the current density distribution is followed further from the axis by projecting 
the areas of the F, E, D electrodes on to the plane of the collectors, a second 
maximum appears in process of development at the F electrode as shown in 
figure 6 (b)—the points marked F, E, D along the axis are not to scale on this 
curve—for all the lower energies at all temperatures. Inclusion of a number of 
other results not shown in these diagrams leads, for « = oo, to a classification such 
as the following : 
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The general conclusions to be drawn from this analysis are : 

(i) reduction in temperature may result in introducing abnormalities into the 
higher energy distributions; 

(ii) the change from normal to abnormal may occur over a 1-volt energy 
interval; 

(iii) an energy change of 2 volts can alter the periodic pattern and convert a 
minimum into a maximum; 

(iv) two maxima may occur at a critical energy; reduction of temperature 
causes one to disappear; 

(v) where a maximum is recorded for the collectors, a second maximum 
usually appears further out from the axis. 

This periodic variation in emission across the cathode surface can be inter- 
preted as arising from the effect of standing waves set up in the potential well 
immediately in front of the cathode. This is brought about by the effects of 
initial electron velocity as well as the space charge. It results in the conversion 
of the type of field common with immersion objectives; that is, one in which the 
gradient of potential is positive outwards. from the virtual cathode, to one 
characteristic of a saddle-back field in which the gradient is oppositely directed 
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oneach side of the saddle point. The electron oscillations take place at right angles 
to the axis; they react on the emission distribution to produce the irregularities 
recorded by the experiments. This type of behaviour conforms with the obser- 
vations of Klemperer (1947) on the splitting of high energy electron pencils into 
‘elementaries’ giving a standing wave pattern in the space charge near the emitter. 
The presence of a deep potential trough surrounding the saddle point, which must 
occur for the very low energy beams considered in this work, gives a mechanism 
for the production of oscillations in the deep well. A good analogy exists in the 
case of the transition of the symmetrical electron lens to ‘ symmetrical ’ mirror; 
here the change-over is exceedingly sensitive to small variations in potential at 
the saddle point. The electron, in place of passing through the lens field as a 
focused ray, now begins to oscillate at right angles to the axis in the region sur- 
rounding the saddle point. This type of motion may be changed to direct 
reflection (or transmission) by slight alteration of the field conditions. 

As the minimum wavelengths involved are determined by consideration of 
the patterns of minima and maxima and are of the order of 0-01 mm, one would 
expect the potential barrier to be found at approximately this distance from the 
emitter. "This is indeed found to be the case from a rough calculation of its 
position for the equivalent diode. 

The distance between cathode and potential minimum would then be of the 
order of half the wavelength and it is also possible for overtones of the fundamental 
frequency to arise, which if superimposed on the fundamental standing wave 
pattern would make the latter exceedingly sensitive to temperature changes. 
That this mechanism is essentially correct can be seen by considering an alter- 
native explanation based on electron oscillation in an electron plasma cloud in 
front of the cathode. ‘Taking rough values for the emission density as 0:03 acm? 
and a most probable velocity of O-lev the charge density works out at 
about 1:5 x 10°-* coulomb cm~*. ‘This corresponds to an electron density of 
10!° electrons per cm* and a plasma frequency of 9 x 108 c/s having an equivalent 
wavelength of some 30cm. ‘This value is some four orders of magnitude too 
large and a mechanism of this type must be discarded. Further work hence 
remains to be done to get more quantitative results for the form, character and 
detailed effects arising from the saddle-back field. 
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Abstract. It is shown that a suitably arranged group of four electrodes has 
properties which make it a useful integral part of a system for the correction of 
axial chromatic aberration. Its application to the correction system proposed 
by Scherzer, and to a new simplified system having certain advantages over that 
of Scherzer is discussed. Curves are given for the chromatic and focal properties 
of the corrective electrode group, and an example of a corrective system is con- 
sidered numerically. ‘The effect of this system on off-axial chromatic aberration 
is investigated, and the possibility of combining it with a system for spherical 


correction is envisaged. 


$1. INTRODUCTION 


T is well known that non-rotationally symmetric arrays of electrodes have 
properties which may be applied to the correction of certain aberrations of 
electron lenses. ‘Thus, an array of four equal spheres bearing alternate 

equal and opposite charges, distributed at intervals of 90° round the axis of an 
electron beam, with their centres equidistant from the axis and lying in a plane 
perpendicular thereto, may be used to correct first-order astigmatism due to the 
mechanical defects of a preceding electron lens (Rang 1949). Again, several 
groups of eight equal alternately charged spheres, the spheres in each group 
being distributed at intervals of 45° round the axis of the beam with their centres 
equidistant from the axis and lying in a plane perpendicular thereto, may be used 
in conjunction with certain cylindrical lenses to correct third-order spherical 
aberration (Scherzer 1947, Seeliger 1951). In either case, the spheres may be 
replaced by electrodes of other shapes. 

It will be shown in the following that four equal alternately charged spheres 
distributed at intervals of 90° round the axis of the beam, having their centres in 
one plane perpendicular to the axis but wot necessarily being equidistant therefrom, 
possess properties which may be applied to the correction of chromatic aberration. 
Such an array will be called a ‘four-pole group’. In the particular case where 
two opposite spheres recede to infinity and the others remain at equal finite 
distances from the axis, this will become a ‘two-pole group’. s 

The importance of the correction of chromatic aberration lies in the empirical 
fact that it is a major feature in limiting the attainment of high resolution in the 
electron microscope. ‘This has not always been regarded as true. In 1943 
Gabor stated (Gabor 1944) that chromatic and spherical aberrations might even 
be beveficial to the production of good images in transmission microscopy. 
However, this statement was made at a time when electron microscopy was in its 
infancy, and it was not accompanied by any experimental evidence that a 
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particular microscope would be improved when chromatic or spherical aberration 
were deliberately introduced. Indirect evidence 7s now available, for example 
Boersch (1953) found considerable improvement in electron micrographs when 
a velocity filter was employed to remove inelastically scattered electrons. Boersch 
pointed out that, whereas his experiments carried out with gold foil showed 
appreciable improvement, an even greater improvement would be expected with 
biological specimens. Leonhard (1954), who has still more recently made an 
extensive experimental study of electron scattering has found that electron 
diffraction photographs also show greater sharpness and contrast when a filter 
is used. 

Chromatic defects are, however, much more important in the dark field 
microscope (Gabor 1944, 1951), and in the reflection microscope (Kushnir, 
Bibermann and Levkin 1951, Haine and Hirst 1953), in which they are believed 
to be largely responsible for a fall in resolution of an order of magnitude as com- 
pared with transmission microscopy. Reflection microscopy is growing in 
importance, but in order to compare in resolution with transmission microscopy 
it is essential that the reflection microscope should include at least some form of 
chromatic correction. However, it is always possible that future investigators 
may discover circumstances under which a measure of chromatic aberration is, 
as originally suggested by Gabor, desirable in transmission microscopy. In that 
case the correction system about to be described might assume an even greater 
relevance, for its function wouid then be to introduce a controllable measure of 
chromatic aberration into the lens system (by varying the voltages on its electrodes), 
and the optimum measure could then be systematically and quantitatively sought. 

Rather less attention has been given to chromatic correction than to the 
correction of spherical aberration, which, though important, is generally masked 
by chromatic effects. Scherzer (1947) demonstrated mathematically the possi- 
bility of correcting axial chromatic aberration by means of non-rotationally 
symmetric potential distributions set in a region in which the electron beam had 
been rendered deliberately astigmatic, but no attempt seems to have been made to 
suggest a useful practical form for the corrective system proposed. 

It will be shown in the following that a combination of three two-pole groups 
would have nearly the right potential distribution for Scherzer’s system, but 
that a combination of two two-pole groups, though not obeying Scherzer’s 
potential distribution, would have essentially the same corrective effect. It will 
further be shown that the form and means of production of the astigmatic beam 
can be simplified, and that, whereas Scherzer’s original potential distribution 
would not suit the modified beam, the potential distribution of two two-pole 
groups will do so and will lead to the achievement of complete axial chromatic 
correction. Chromatic correction for points not on the axis will not be achieved 
by this system, but it will be shown that, fora restricted field, purely axial correction 
will result in improved imaging. 


§ 2. POTENTIAL DISTRIBUTION OF FOUR-POLE AND Two-PoLe Groups 


Consider the four-pole group of figure 1. The = axis represents the axis of 
the beam. ‘Two spheres of radius p bearing charges +g have their centres on 
the w axis at distance a from the origin. Two spheres of radius p bearing charges 
~q have their centres on the y axis at distance 6 from the origin. It may readily 
be shown that, for values of r much smaller than a, b (as will generally be in 
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question when dealing with electron beams) and for p very much less than a, b the 
potential at a point (7, 0, z) (w=rcos@, y=rsin@) is 

p= 0 —j{0’r? + Dyr? cos 20 + O(74) 
where 

D=O, + 2Mgp[(a? + 27)? (6? +277] (2) 

Dy = $Dgp[a?(a? + 2?)-52 4 bb? 4.27) 52], (3) 
®, is the accelerating voltage, ®, the voltage on the spheres, and dashes indicate 
differentiation with respect to z. This is in conformity with Scherzer’s (1947) 
notation. ‘The proviso that p<a, b is made so that the capacities of the spheres 
may be replaced by their radii, but the relations may be accepted as reasonable 
approximations provided that p/a, p/b>+ }. 

A rotationally symmetric (‘round’) electron lens has a potential distribution 
of form ¢ = ® — }@"r? + O(r*) where © is a function of z only. On the other hand, 
a symmetrical four-pole group (a=4) has 

$= ,r? cos 20, O, = 3O,pa*(a? + 27)-9?. 

Thus the four-pole group in general represents a combination of a round 
lens and a symmetrical four-pole group. The properties of the latter have been 
discussed elsewhere (Archard 1955b). In the ‘weak lens approximation’, 
a symmetrical four-pole group deflects electrons travelling respectively in the 
xz and yz planes equally and oppositely. A round lens, however, deflects both 
kinds of electron equally and (except for an irrelevant case) always in a convergent 
sense. ‘Thus, the general four-pole group may be expected to cause electrons 
in one of the said planes to diverge but electrons in the other plane to converge 
more than the former diverge, so that the mean deflection of the two kinds is 
towards the axis. 

In particular, the potential distribution of a two-pole group will be found by 
putting either a or b equal to © in equations (2) and (3). 


§ 3. Ray PaTHs IN A 'TWo-POLE GROUP 


Scherzer (1947) gave equations for the gaussian ray paths of electrons in a 
field whose potential had the form (1) in which both ® and ®, were arbitrary 
functions of z. ‘The equation for the ray travelling in the xz plane was 

Ox" +40'x' +(40"—@,.)x=0. aeaeee (4) 

If the values of ® and ®, given by (2), (3) with a= « are substituted in (4), 
there results 

[(D; /O,)=2p(b? 427)? |x” + p2(b? + 27) 42x" — p(b? + 27) F?e=0. 2... (5) 

If €=6/(b2 + z?)"?, this becomes 

(d2x/d€é?)(€ — 2v&? — & + 2v€*) + (dx/dé)(2 — 5vf — 3€? + 7v§*) — xv =0 


where v=(p/b)(®,/®,). 

This may be solved in series, and the result, up to the second power of v, is 

x = A[1 + vf{(1 + 22/b?) "2 — 2/b} + v2{4(1 + 22/b?) 14 ... 3} 
+ Bi(z/b) 0+ o7(2/b) |. oo) eee (7) 
To the order v2, this constitutes the exact solution for the ray paths in the xz plane. 
Those in the yz plane will be less material, as will appear. Equation (7) checks 
with the obvious solution x= A + B(z/b) for v=0. 
3 K-2 
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$4. FocaL PROPERTIES OF A TWO-POLE GROUP 


For x to be finite at z= — © (so that the ray approaches the two-pole group 
parallel to the axis) (7) requires that B =2Av so that to order v*: 


x= A[1 + 0f(1 + 22/62)? + 2/b} + v2{R(1 + 22/b2)1 + 11 +.22/B2) 2+ ...}- 207] 


whence 
x’ = Alvf(z/b2)\(1 + 22/b2)-12 + 1/b} + v?{ — (2/b?)(1 + 27/b?)-? — ... }] + O(v*). 
ABA (9) 
As 300, so x» 2Av/b4-O(07);. a) ee eae (10) 


all the 72 terms vanishing. Thus, even-to a second order approximation, the 
change of slope caused by the two-pole group is 
SLADE 
in which 4 is identified with the height of the incident ray. Plainly, v can have 
either sign (following ®,); hence, the two-pole group may either diverge or 
converge rays in the vz plane. Comparison with the properties of the symmetrical 
four-pole group given elsewhere (Archard 1955 b) shows that the two-pole group 
has, for rays in the wz plane, exactly half the deflecting power of the corresponding 
symmetrical four-pole group, in the weak lens approximation. 


§ 5. CHROMATIC PROPERTIES OF THE ‘TWO-POLE GROUP 


Scherzer has shown (1947) that when a ray travelling in the xz plane passes 
through a field characterized by the quantities which have been designated 
®, ®,, there occurs a chromatic image displacement of 

oo Mee 4 POE SOF ex Z 1 
ci yore Fo Por) you | eee (12) 


where M@=magnification, «=angular semi-aperture, «=small perturbation of 
® representing chromatic kinetic energy, x, is a ray starting from a point 2) on 
the axis at slope unity, and 2; represents the image plane. The chromatic proper- 
ties of the two-pole group will be considered on the assumption that it is to follow 
a round lens (e.g. an electron microscope objective lens) so that x, may be regarded 
as entering the region of influence of the two-pole group at height 4 (approximately 
equal to the focal length of the round lens) and zero inclination. 

If the values of ©, ©’, ©, obtained from equations (2) and (3) with a= c be 
inserted in (12) and the integral be evaluated, there results 


aoe MaeA*3 44 D 4 
x= ®, As z+e(2n +3) 


or, in terms of the effective chromatic aberration coefficient C,, 


Ay 
a 
Unlike x’, C, contains an appreciable term in v?, i.e. it departs considerably 
from a linear dependence on v; when positive, it tends to correct (in the xz plane) 
the chromatic aberration of the preceding round lens. 
If now a combination of two two-pole groups be formed (figure 1 (d)), the 
two component groups having the same value of 6 but opposite values of 2, 


Ce {2+v(2+3z)}. 
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say + v*, and if they are not close enough appreciably to modify the properties 
which have been deduced for each separately, the changes of slope produced by 
the respective groups will cancel, but there will be left a combined chromatic 
coefficient 

Cea Lee Os)! Rae Oe | nee (14) 


which is essentially positive and so has the right sense for correction. This is 
in some ways analogous to the optical ‘direct-vision spectroscope’, save that, 
in this case, the two two-pole groups have been combined not to produce dispersion 
but to annul that which already exists. As in the case of optics, the system could 
be made more symmetrical by splitting one of the groups into two, each having 
half the value of v, so forming a combination of three two-pole groups. 


@ i 1y ea (b) 


; ap 
Ds : on 


Figure 1. (a) Four-pole group, (6) combination of two-pole groups. 


A combination of two (or three) two-pole groups of this kind may be used to 
produce chromatic correction (in one plane) together with either convergence or 
divergence, simply by varying the relative values of v(=(p/b)(®s/®,)). By 
itself, however, its value would be limited to such devices as require chromatic 
correction in only one plane. For the complete chromatic correction of a round 
lens, the existence of an astigmatic beam and the insertion of ‘corrective lenses’ 
therein are essential, as has been shown by Scherzer (1947). This will be 
considered in the next section. Meanwhile the approximations which have been 
made will be summarized: (i) higher order geometric and chromatic aberrations 
of the correcting devices have been assumed to be negligible, as they are in 
uncorrected lenses; (ii) relativistic effects have been assumed negligible; (111) it 
has been assumed that v* may be neglected in comparison with wv, and that 
A(1 —2v?) may be replaced by A where this merely signifies the height of entry 
of a ray into a correcting device. 


§ 6. SCHERZER’S SYSTEM FOR CHROMATIC CORRECTION 


In this section, Scherzer’s (1947) requirements for chromatic correction in 
all planes will be reviewed. 
Corresponding to (4), Scherzer showed that rays travelling in the yz plane 


would obey 


Dy” +40'y’ +(40"4+O,y=O aac (15) 
and, corresponding to (12), there would be an image displacement of 
Mine (4 Dene Var 
a eae Sp Se ee Se ay, fe 16 
ce Vy Ox J. ( ® 8 =) v ® 


y, being a ray starting from a point 2, on the axis at slope unity. M’ and 3’ are 
the magnification and image position corresponding to the yz plane. Even when 
distortion is made zero by setting M=M’ and astigmatism is made zero by 
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setting 2;=3;', the right-hand sides of equations ee) and (16) cannot both be 
made to vanish simultaneously if either ®,=0 or x,?=y,” throughout the range 
of integration. Scherzer therefore proposed to deflect the rays x, and y, 
differently on their emergence from the lens under correction (Ly, foe 2 (a)) 


Electron travelling 
in acz plane 


(a) opin Corrbtton. Cylindrical Cylindrical Corrector Cylindrical 
C, re Lens lens Cp Lens 
L, Electron travelling «(0 a) @ hei one 


Electron travelling 
in rz plane 


EN 28 
(b) 4-pole group Double’2- pole group Double 2-pole group 4-pole group 
> D 
A B C 


L Te | Eeetion: travellin ee 
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Figure 2. (a) Scherzer’s proposed system, (5) simplified system, (c) electron’s view in 
various planes of (6). 


by means of a pair of convergent cylindrical (‘slit’) lenses, so as to make them 
cross the axis at different values of z; at the point where each crossed the axis, 
he proposed to insert some form of corrective lens which would introduce a 
corrective chromatic displacement into the other ray, but would leave the directions 
of both raysunchanged. Heshowed that sucha lens could be formed, for example, 
if an electrode system could be constructed having 


O,/0=(O7/20) = (OAD) +) eee (1) 
This would give an exact solution for (4) in the form 
ee aoe e OU iat lfiees be | me dese (18) 


If the sign of ©, in (17) were changed, a similar solution would be provided for (15). 
Thus, in the arrangement of figure 2 (a), x, would emerge from the lens under 
correction at height f (focal length of lens) and slope zero; it would be undeflected 
by the first cylindrical lens, but on entering the first corrective lens C, would 
follow a path 
RES] (OlD Veo) Se ee (19) 


emerging again at height f and zero inclination, having introduced a chromatic 
image displacement, in the corrective sense, of 


Mae ( 1 (®\ x,2 
—— ae a) pth a (20) 


integration being taken over the corrective lens only. 

Meanwhile, y, would have crossed the axis under the influence of the first 
cylindrical lens, been unaffected by C, (in the region of which it is zero or very 
small—this will be checked later, $9) and been made parallel to the axis again 
by the second cylindrical lens. A like system, involving C,, would then give 
a corrective displacement to y,, at the same time reuniting «, with it—the latter 
function being necessary in order to avoid first-order distortion. (The word 


x= 
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‘reuniting’ must be interpreted with caution, as x, travels in the wz plane and 
Yq In the yz plane). The complete system would thus counteract the chromatic 
aberration of the lens under correction (given by (16) with ©, =0 and integration 
extending only over the lens). 

It is now plain that combinations of two-pole groups, such as that discussed in the 
preceding section, could be used to replace C, and Cy, for, although the pair of 
two-pole groups does not obey (17), it can provide the same essential properties, 
that is, chromatic correction in one plane (cf. (20)) without change of inclination 
fet (19)). 


However, a further simplification is envisaged in the following section. 


$7. SIMPLIFIED Ray SEPARATION 


Separation of the x, and y, rays can be achieved without the use of cylindrical 
einzel lenses, in the manner of figure 2(b). The properties of the symmetrical 
four-pole group here used to separate x, and y, have been discussed elsewhere 
(Archard 1954, 1955b). Each symmetrical four-pole group acts as a pair of 
crossed cylindrical lenses, one convergent and the other divergent. The ray 
separation system thus resembles that earlier proposed in connection with the 
correction of spherical aberration (Archard 1955 a). 

One advantage of this modification is that a given x,—y, separation can be 
achieved with a much lower voltage than that required for a cylindrical einzel 
lens (see for example Archard 1955 a,b). Another advantage lies in the fact 
that the ray x, reaches an off-axis distance of 2f at the same time as the ray y, 
reaches the axis, as opposed to a distance of f in the system of Scherzer, thus 
increasing the chromatically corrective effect by a factor of four. (The two 
deflecting symmetrical four-pole groups have equal and opposite values of ®g, 
and so cancel each other’s contributions to the integrals (12) and (16).) 

It is clear in the system depicted, however, that the corrective ‘lenses’ must 
not only insert a chromatic correction, but must cause the electrons to converge 
as well. ‘This could not have been done with Scherzer’s corrective lenses as 
characterized by (17), as these essentially fail to change the slope of the rays. 
It may be shown by a perturbation method, however, that, if a little extra ®, 
is added at the centre of each of Scherzer’s corrective lenses, and a little ®, is 
removed from their flanks, the modified corrective lens will provide convergence 
without losing its chromatically corrective properties. This could be achieved, 
for example, by the use of the three two-pole groups depicted in figure 3 (a), 
for, as is seen from figure 3 (d), their values of ®”/2 and ®, practically coincide 
so that (17) is nearly obeyed (the term in ®’ being small); slight variations in their 
potentials could therefore effect the desired adjustments in the distribution of ®,. 
Nevertheless, this procedure would be unnecessary, as it has already been seen 
that convergence and correction can be achieved simultaneously with a com- 
bination of only two two-pole groups (§ 5). 

With A =2f in (10) and (13) therefore, there result the following expressions 


for the change of slope x,’ and chromatic correction coefficient C, due to a single 
two-pole group: 


y 


Xx 


PS Ea tee | (21) 
7b (eo) 
oe Cay = 8x ae 4(2 ab 37r)v? ab O(v?) St tcvereenc).< (22) 
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these will be used for the numerical calculation of the properties of double two-pole 
groups. 


-06P, Qs -06 Dg 
(ED) 


Figure 3. (a) Triple two-pole group, (b) combined ®,/®, and ®”/2®,. 


§ 8. NUMERICAL RESULTS 

The sand values of a single two-pole group are given by equations (21) and (22). 
‘Two such groups with equal and opposite values of v yield the curves for c and s 
marked A in figure 4. That for s is merely the line s=0, and this would only be 
of value in Scherzer’s unmodified system (figure 2 (a)) which requires no change 
of slope on the part of the corrective group. The remaining curves, B to E, for c 
and s correspond to other relative values of the v’s of the two two-pole groups; 
in these cases, s is always negative (yielding convergence) so the curves apply to 
the modified system of figure 2 (4). 


They Ve Tee seat! 


Figure 4. Chromatic and focal properties of a double two-pole group. 
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The total length of the astigmatic beam, which forms the greater part of the 
length of the correction system, is connected with s by the formula L =8b/s and 
the chromatic correction as before is given by C,=f2c/b. | 

To take a typical case, if f=0-5 cm, b=0-:25 cm, p=0-125 cm, v,= —0-15, 
v,=0-10, the length L will be 10 cm, and the chromatic correction C,= 1-1 cm, 
while ®,,;=0-10, and ®.,= —0-15®,. The spheres of radius 0-125 cm may 
be replaced by laminae 0-5 cm apart (in a direction perpendicular to the beam) 
extending 0-8 cm parallel to the beam (Archard 1955 b). Care must be taken, 
however, in such replacements, to see that there is enough room left to 
accommodate the laminae. If4and both @,’s are halved, the v’s remain the same, 
so that C, and 1/Z are doubled. ZL and C, may be restored to their values by 
lowering the v’s. It is thus advantageous from the point of view of voltages to 
reduce the gap between the corrector electrodes, provided that it is borne in 
mind that tolerances vary as 6* (Archard 1954, 1955 a). The dimensions given 
above correspond to tolerances of the order of 20 to 30 microns. ‘The voltages 
required for the symmetrical four-pole groups used to produce the astigmatic 
beam would be about ®,/20 (Archard 1955 a). 


§ 9. EFFECT OF A CORRECTIVE LENS ON THE ‘ OTHER Ray’ 


The arrangement of the correction systems described above is such that the 
ray not under correction goes through the centre of the corrective lens, and is not 
affected thereby. In practice, however, this ray will not have negligible height 
throughout the region of influence of the corrective lens, and it is possible that 
an undesired aberration may be introduced into it. It is therefore necessary to 
evaluate approximately the aberration caused, for example, to the y, ray by the 
x, corrector. It will be sufficient to consider this for Scherzer’s unperturbed 
corrective lens, as approximated by a combination of three two-pole groups. 


yo 
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Figure 5. Effect of x, corrector on 4, ray. 


If the value of ®, given by (17) be inserted in the ray equation for the yz plane 

(15) instead of in (4) (the equation for the vz plane) as before, it may be shown that 
an unfavourable image displacement arises corresponding to 
297 Av? 
Spee SP AOS wae 
where 4 is the height of the ray at a distance b from the corrective lens in question. 
It is desired that (23) shall not be appreciable in comparison with the v° part of 
the C, given by (13) (for this is the operative part when two two-pole groups are 
put together). This requires that 4/A be very much less than 2 which is certainly 
always the case as may be judged from figure 5 (A/A~y5 to $). ‘Thus, the 
unfavourable C, given to the y, by the x, corrector is negligible compared with 
the favourable C, which will subsequently be imparted by the y, corrector. 


Cae 
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§ 10. Orr-axIAL CHROMATIC CORRECTION 
The image displacements which were given in (12) and (16) related to points 
on the axis of the beam. For extra-axial points, the chromatic conditions are 
more rigorous. According to Scherzer (1947), the image displacement corres- 
ponding to an object point w=), y=0 1s, for a unipotential lens, 
Mxoe ie Ge z) (Gx ex Ne) oe 
VO,),\80% ® 1 
which consists of two parts: one, containing x,?, is the same as the axial aberration, 
and is made zero by the correction system ; the other, containing x,.,, is in general 
not made zero. 
It is convenient to recall the significance of x,. Whereas x, 1s the particular 
solution of the paraxial ray equation with object plane conditions xy) = 0, Xy9' = 1, 
the independent solution «, has x,)=1 but, as yet, has no restriction on its initial 


[xi — Mxy] = 


Aperture 
Plane 


Four-pole Double Double Four-pole 
group 2-pole 2-pole group 
group group 


Figure 6. (a) Relation between x, and x,, (6) action of correction system on x,, x, 


slope. ‘The general ray x may be formed from a linear combination of these two 
particular solutions; thus 


VSO Akt ee | eee (25) 


represents a ray starting from the object point x = x), v=0, with a slope depending 
on the initial slope assigned to x,. If (as is often chosen) x, is made to vanish 
in the aperture plane, then the x of (25) characterizes the ray which will meet the 
aperture plane at the same point as the ray x =«x, which starts from the axial point 
of the axis. It thus characterizes the most widely diverging ray which starts 
from the point x=», y=0, and yet passes through the aperture. Further, in 
the gaussian image plane, which lies at the second zero of x,, the value of x, is M, 
whatever its initial slope may be. A simplified geometrical picture appears in 
figure 6 (a). Here, x, passes cleanly through the lens centre (which is the same 
as saying that it becomes zero in the aperture plane) travelling right to the image 
plane in a straight line. 

In order to simplify the estimation of off-axial chromatic aberration when the 
axial correction conditions have been fulfilled, consider another x, thisrtime 
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passing through the back focus of the lens under correction and hence running 
from the lens to the image plane at height (figure 6 (b)). ‘Then, if this is regarded 
as a separate ray, the correction system will act on it in very nearly the same way 
as on x,, with the scaling factor M/f. ‘This is indicated in figure 6 (6), in which 
x, and x, have been scaled differently because strictly, if «, were to emerge from 
the lens exactly parallel to the axis, 1 would be infinite. 
If now the essentially non-axial part of the chromatic aberration in the 

uncorrected lens were equal to 7//f times the axial part, thus 

3 ay = ees ih MES Drage 

J8Q2\/o"*” Ff J3O? VO 
(integrals taken over the lens under correction), the off-axial aberration would be 
corrected as well as the axial aberration. But this condition clearly does not hold, 
for x, crosses the axis in the neighbourhood of the lens, while x, does not. In 
fact, the off-axial aberration term (left-hand side of (26)) will be over-corrected+ 
by the correction system, so that, in the limit where the over-correction is large 
compared with (26), the following relation will hold (using (24)) 


De poe ae (26) 


residual off-axial aberration Mx, 


original axial aberration ff & 

Suppose it is desired that this should not exceed } (i.e. that there should be 

everywhere at least a ten-fold fall in chromatic aberration). Then this will only 
hold for object points closer to the axis than x), where 


Re alOM, yo tA ae (28) 


Taking the reasonable values « =0-01, f=0-5 cm, M= 20, this yields x)= 2500 A 
which means that the residual chromatic aberration will be less than one-tenth 
of the original axial aberration over a field of } micron, and that it will not become 
as great as the original axial aberration (still considerably less than the original 
off-axial aberration) until the field width reaches 5 microns. 

The estimate so far has been pessimistic, for it has assumed that the over- 
correction of the off-axial aberration term has been 100%, i.e. such as to produce 
an equal and opposite aberration, and also has made use of an x, which remains 
constant, equal to M, throughout the correction system, whereas the actual w, 
(vanishing in the aperture plane) lies between 0 and M. It 1s thus reasonable to 
suggest that the field width given by (28) is too low by a factor of two or three, 
so that in fact the field over which the aberration is less than one tenth of the 
original axial aberration is rather more than 1 micron wide. 


+ The statement that the off-axis aberration component is over-corrected may be 
checked by reference to work of Glaser and Schiske (1954). The ratio of the off-axis 
aberration §/ for a lens with a bell-shaped electrostatic potential distribution to the axial 
aberration $6r is, in their notation, 

Wl ey Beale! 

Sr. da1+(z,/d)? 
where 2 is the z of the object point, d is the parameter of the bell-shaped field. ‘Typical 
values would be d=2)=f so that 8//8r=xo/af compared with the ratio Mxo/af for the 
correction system. This may be seen in a general way from the figure 6 (a), for x, keeps 
in the neighbourhood of unity inside the lens but rises from 1 to M as it passes through the 
correction system to the right of the lens. For other values of 2 and d, the ratio 6//dr 
would alter slightly but, in general, would remain a factor of the order of M below the 
ratio for the correction system. 
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§ 11. CONCLUSIONS 


It has been shown that a suitably arranged group of four electrodes (a com- 
bination of two two-pole groups) is capable of providing axial chromatic correction 
in one plane with or without deflection of the electron beam. ‘This makes it 
available for use either in Scherzer’s chromatic correction system (which requires 
no deflective action of the corrective group), or in a proposed new simplified 
chromatic correction system which has certain advantages over that of Scherzer, 
but which requires deflective as well as corrective action on the part of the pair 
of two-pole groups; it is shown that this requirement can be met, and curves are 
given (figure 4) to relate deflection and correction to the voltages on the electrodes 
of the group. 

In order to correct a lens with chromatic aberration coefficient C,=1 cm, 
the voltages on the corrective groups would have to be of the order of one tenth of 
the accelerating voltage, the electrodes being laminae with opposite edges 0-5 cm 
apart, and extending parallel to the axis for 0-8 cm. The length of the correcting 
system would then be about 10 cm. In order to avoid aberrations (due to con- 
structional inaccuracy) of more than 2 A, the positioning tolerances of the electrodes 
would be about 20 microns. 

Although this system would not correct chromatic aberrations of off-axial 
points, the residual aberration pertaining to these would be less than one tenth of 
the original axial aberration for a field width of rather more than one micron, the 
relationship between field and residual aberration being linear. 
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APPENDIX 


One further point may eventually be of importance. As was noted in the 
Introduction, a great deal of attention has been paid to correction of spherical 
aberration and very little to chromatic correction. Until comparatively recently, 
both tended to be submerged by the more manifest image defect of first-order 
astigmatism. Means of removing the astigmatism have been developed, and it is 
found in practice that, of the errors remaining, spherical aberration is at present 
considerably less important than chromatic aberration. Consequently, the 
systems which have been developed for the correction of spherical aberration 
may not come into useful service until chromatic aberration has been fully 
overcome. It is well, however, to be prepared, and it would be particularly 
useful if spherical aberration could be corrected as well by the addition of some 
simple device to the chromatic correction system outlined above. That this 
could be done is seen on comparison with earlier work (Archard 1955 a), which 
describes a system for the correction of spherical aberration differing from the 
chromatic system above only in the replacement of the modified Scherzer 
correctors (combinations of two two-pole groups) by eight-pole groups. As these 
do not affect the chromatic integrals, and as the chromatic correctors do not 
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adversely affect the spherical aberration integrals (for four-pole groups only 
enter to a secondary extent into spherical correction, which is mainly effected by 
eight-pole groups, as shown in the work quoted), a combined corrective system 
could be formed by simple superposition. 
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The Low Temperature (11°-20°k) Specific Heat of « and 8 Manganese 
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Abstract. ‘The specific heat of « Mn varies from 0-19 joule mole~? deg at 12°K 
to 0:49 joule mole! deg-! at 20°K; the corresponding values for B Mn are 0-62 
joule mole deg-! and 1-18 joule mole! deg". A plot of C,/T against T° for 
x Mn yields a straight line and a y value, the electronic heat coefficient, of 
28 x 10-4 cal mole! deg-? (118 x 10-4 joule mole“! deg). Inthe case of 8 Mna 
similar plot shows a marked curvature below about 15°K and hence does not allow 
of the derivation of a value for y. 


range 14°K to 22°K have been reported by Elson, Grayson-Smith and 

Wilhelm (1940), and Armstrong and Grayson-Smith (1949). Kelley 
(1939) has measured the specific heat of « Mn from 53 to 290°K and Shomate 
(1945) has investigated the specific heats of «Mn and yMn over the same 
temperature range. ‘The interest in low-temperature determinations arises 
from the possibility of separating the electronic and lattice contributions to the 
specific heat. ‘This is given added interest as the experiments so far reported 
give a value between 35 x 10-4 and 44 x 10-4 cal mole“! deg! for the coefficient y 
in the term y7 representing the electronic heat; this value is amongst the highest 
reported for metals. 

For the present investigation spectrographically standardized manganese 
supplied by Johnson Matthey and Co. Ltd., Laboratory No. 4135, was used. 
The material contained traces only of magnesium and calcium. <A specimen was 
heat treated by annealing at 1120°c, measured with a disappearing filament 
pyrometer, for 16 hours in an argon atmosphere followed by rapid water quenching. 
It had been hoped that this procedure would result in y Mn (Potter and Lukens 
1946) but subsequent x-ray examination by the powder method, using 
molybdenum radiation, showed the specimen to be in the £ phase with a lattice 
constant of 6-312 A. ‘This value is to be compared with that of 6-302 A (corrected) 
obtained by Preston (1928). The identification of the phase is quite unam- 
biguous and the difference of lattice spacings may be due in part to the use of 
radiation giving somewhat lower angle reflections. Only one weak foreign line 
was observed on the photograph; this is probably to be attributed to MnO but 
the identification is uncertain. 

The specific heat of this specimen, in the form of small irregular plates, was 
determined over the range 11°K to 20°k by sealing it in a copper calorimeter with 
helium at a pressure of 5cm as an exchange gas. The mass employed was 
approximately 60g. 


{ EASUREMENTS Of the specific heat of manganese over the temperature 
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The results obtained are shown in figure 1 as curve I. It will be seen that the 
agreement of the results obtained on 19th August and 20th August and 
14th September, all on the same specimen without removal from the calorimeter, 
is very satisfactory. This indicates that the rate of transformation from 8 Mn 
to « Mn, the room temperature stable modification, is quite slow at ordinary 
temperatures. 

The same figure shows the mean curve, II, obtained by Armstrong and 
Grayson-Smith (1949). Nothing is stated by these workers regarding the phase 
of the material used and our supposition was that the normal room temperature 
stable form, « Mn, had been employed. ‘To test this supposition our specimen 
of 8 Mn was now heated to 1100°c followed by a slow cooling to room temperature, 
afterwards being held at 600°c for three hours followed by a slow cooling to room 
temperature taking a further four hours. The specific heat was again determined, 
giving the curve III of figure 1. X-ray analysis of this specimen identified it as 
x Mn with a lattice parameter of 8-914A from the higher order reflections in 
agreement with the (corrected) value of 8-912 A obtained by Preston. 


Atomic Heat (Joule mole-' deg-' x10) 
G/T (Joule mole-! deg-2 x10?) 


0 100 200 300 400 
Temperature (°K) HE (GE Hi F3) 

Figure 1. The atomic heats of « and B Figure 2. C,/T against T” for « and B 
manganese; I, 8 Mn; II, mean values manganese. I, 8 Mn ; II, a Mn. 
Armstrong and Grayson—Smith (1949) ; 

IIT, « Mn. 


The large difference between curves I and III made it necessary to confirm 
the effectiveness of the heat treatment and quenching in reproducing the f phase 
as the x-ray work had not then been completed. ‘The specimen was again 
transformed to the 8 form, by a similar treatment to that previously employed, 
and a few check specific heat measurements made. ‘These confirmatory results 
are those for 30th September shown in figure 1. 

As a check on the accuracy of the calorimetry the specific heat of copper was 
determined (20th September) over the same temperature range. ‘The mean 
curve of Kok and Keesom (1936) gives an excellent representation of our results. 
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Discussion of Results 


The position of the curve due to Armstrong and Grayson-Smith relative to 
our two curves suggests that the material used by them might not have been in 
a single phase. It should be remarked that it is not possible to obtain a good 
representation of their results by assuming a mixture of « Mn and 6 Mn and using 
our results for these. This is perhaps not surprising as manganese can exist in 
two further phases, y and 8, beside x and 8. The difference of approximately 2%, 
between the results obtained by Elson e¢ ed. and Armstrong and Grayson-Smith 
may possibly be attributable to a similar cause. 

The results used in plotting curve I, figure 1, are shown plotted as C,/T 
against 72 in curve I, figure 2. The upward movement of the values below about 
15°x indicates that little reliance can be placed on the values of y and @p, the 
Debye temperature, obtained from the linear portion of the curve above this 
temperature. The change of slope may be due to some physical transformation 
occurring in the neighbourhood of 15°K. No such behaviour is seen in the case 
of « Mn as shown by curve II, figure 2. Extrapolation and measurement of the 
slope of this curve yield values for y and 6p) of 28x 10-4 cal mole ' deg ? and 
392° respectively. ‘These are to be compared with a y value between 35 x 10-4 and 
40 x 10-4and a 6), of 365° to 390° suggested by Armstrong and Grayson-Smith. 

The results for « Mn obtained by Shomate show a marked anomaly at 95°K 
which is apparent to lesser degree in Kelley's results. This anomaly is probably 
associated with an antiferromagnetic transition (Shull and Wilkinson 1953) 
and the possibility exists that something similar occurs in 8 Mn but at a lower 
temperature than for « Mn. 
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Abstract. ‘The refractive indices of water vapour, air, oxygen, nitrogen and argon 
have been measured in a cavity resonator at a frequency of 72 kMc/s (corresponding 
toa wavelength of 4:16 mm). By comparing the values obtained at this frequency 
with those previously established at lower microwave frequencies it is found that 
the refractive indices for air, oxygen and Water vapour are modified in much the 
manner to be expected from dipole theory, whereas those for nitrogen and argon 
remain unchanged. 


§ 1. INTRODUCTION 


HE 72kMc's microwave refractometer used for these measurements was 

designed primarily for association with a microwave interferometer 

operating at a wavelength of 4mm. This device is to be used for a new 
determination of the free-space velocity of electromagnetic waves, and to reduce 
wavelength measurements made in air to the vacuum condition an accurate 
refractometer is essential. 

Precise measurements of refractive index with similar equipment but at 
lower microwave frequencies have been made by Essen and Froome (1951) at 
24kMc/s, and by Essen (1953) at 9kMc/s. Measurements of air, oxygen and 
water vapour at 72kMc/s are of value because the refractive indices of these 
gases are expected to change at this high frequency: oxygen has a magnetic 
resonance at 5mm wavelength which leads to a permeability of less than unity 
at A=4mm, thereby causing a drop in refractive index; water vapour, having 
heavy electric dipole resonances in the millimetre region, increases slightly over 
the lower frequency values. Nitrogen and argon have also been measured at 
A\=4mm; as these gases are not expected to have a refractive index which changes 
with frequency they provide a means of confirming the satisfactory operation of 
the equipment. 


§ 2. MeETHOD AND APPARATUS 


The method employed was substantially the same as that for the measurements 
at lower frequencies, the resonant frequency of a cavity resonator being determined 
when evacuated and when filled with the gas under test. ‘The refractive index is 
the ratio of these frequencies. 

The cavity operated in the Hy,, mode, its internal dimensions being: length 
1:497cm, diameter 2:220cm. A tuning plunger (diameter 0-122cm) of non- 
rotating design was again incorporated for the purpose of making small changes 
in resonant frequency. 

The resonator was constructed from inyvar and internally copper-plated. 
As before it was used in a waveguide bridge circuit in order to obtain the maximum 
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possible sensitivity. ‘The coupling hole to the cavity was carefully adjusted 
until it was a nearly perfect ‘match’ to the waveguide feed. In these conditions 
it had a O-factor of about 12000 and with the sensitive detector described below 
a plunger setting on resonance could, with steady conditions, be made with a 
reproducibility to +4 parts in 10*. 

The source of millimetre waves was a 36kMc/s stabilized klystron oscillator 
coupled to a silicon crystal harmonic generator tuned to maximum efficiency 
at72kMc/s. ‘The very low output from this device necessitated a superheterodyne 
detector involving (for local oscillator) a second stabilized 36kMc/s oscillator 
and harmonic generator, giving a 60 Mc/s intermediate frequency when ‘ mixed’ 
with the primary signal. 

Frequency measurements were made at 36kMc/s in much the same manner 
as in the earlier work at 24kMc/s, the principal difference being the addition of a 
600 Mc/s stage to the frequency multiplier. ‘The precision of frequency measure- 
ment was again at least as close as + 1 part in 10°. 


§ 3. RESULTS 


The results, expressed in the form (n—1)10°, where n is refractive index, 
are given in the table together with those previously obtained at 24kMc/s and 
9kMc/s. 

Refractivities of Water Vapour and Dry Gases 
(Dry gases at 0°c, 760 mm Hg, water vapour at 20°c, 10 mm Hg) 


Gas 9 kMc/s 24 kMc/s 72 kMc/s Fay (kKMe/s)t 
Water vapour 60:7 +0-2 007 ary 61-0) 420-2 72-021 86 
Dry air 288:10+ 0-10 288:15+0-10 287:66+0-11 72-008 76 

(CO,-free) 
Oxygen 266-2 0-2 266:4+ 0:2 263-93: 0-2 72-01008 
Nitrogen 294-14+0-1 294:1+0-1 294:05+0-11 72-008 06 
Argon — DT Sa Oe PYTPEY sO 72-009 34 


+ fay =average frequency of measurement for present results. 


In all cases the error limits quoted represent the standard deviation of a 
single observation in statistical combination with estimated systematic errors. 

‘The measurements on water vapour and the dry gases were made in exactly 
the same manner as those already described for the lower microwave frequencies, 
but for two reasons water vapour proved more troublesome than in the earlier 
work. Firstly, the presence of adsorbed molecules altered the electrical conditions 
on the interior surfaces of the cavity, producing a lowering of resonant frequency. 
Secondly, the heat of ‘condensation’ of these molecules caused an abrupt rise in 
temperature of between 0-1 and 0-2°c immediately upon admitting vapour, 
again producing a spurious lowering of resonant frequency. 

A knowledge of the temperature coefficient of frequency of the cavity 1s all 
that is required to eliminate the second of these effects. The first can be elimi- 
nated by recording the resonant frequency as soon as possible after pumping 
out the vapour (i.e. as soon as a hard vacuum is obtained). Then further 
measurements are made at intervals of a few minutes until sufficient data are 
obtained to extrapolate to the instant that pumping started. 

The figure shows two such curves made with the resonant frequency corrected 
to a constant cavity temperature. ‘The dotted portions are the extrapolations. 
Referring to the time axis: the origin represents the start of pumping and it is 
seen that the first vacuum resonant frequency observation cannot be made until 
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about three minutes have elapsed, this being the time required to obtain a good 
vacuum. For curve (a) the cavity was filled with about 12mm Hg water vapour 
and left standing with this present for about 20 minutes before pumping out. 
For curve (5) the initial pressure was about 15 mm Hg which had been maintained 
in the cavity for two hours. There is thus some evidence that the longer the 
cavity is allowed to ‘soak’, the longer the adsorbed molecules take to be released. 
However, this conclusion is by no means established, for very considerable 
variation of curve shape (with apparently identical conditions) was obtained in 
the course of the experiments. On the graphs are shown the values of refractive 
index, corrected to the standard conditions, for the particular experiments 
represented. 


A 


(a) 14 (b) 


. (72-1) 10 = 61-07 (72-1) 10°= 60-98 


nm 


S 
na 


od 
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Resonator Frequency Change from 
Arbitrary Zero (parts in 10°) 


0 5 10 IS 20 
Time from Start of Pumping (min) 


Change of cavity resonant frequency with removal of occluded (or adsorbed) 
water molecules. 


It is interesting to note that failure to correct for either of these disturbing 
effects gave rise to values of n — 1, about 1% higher than the true value. 

For a number of reasons neither of these disturbances was noticed at 9kMc/s 
or 24kMc/s. Firstly, the physical dimensions of these lower frequency cavities 
were much greater than those of the cavity operating at 72kMc/s, so that the 
fractional dimension change produced by adsorbed or occluded molecules would 
have been correspondingly less. Secondly, the greater ratio of thermal capacity 
to cavity surface area would render the heat of ‘condensation’ effect smaller for 
the bigger cavities. Also, the 9kMc/s and 24kMc/s cavities had frequency— 
temperature coefficients of about 1 x 10° deg-1, whereas the 72kMc/s cavity 
had a rather high coefficient, namely 3 x 10-® deg". 

From the foregoing remarks it would appear that considerable care would be 
needed in measurements of water vapour at radio frequencies where the sensitive 
element consists of a condenser of small plate separation. ‘This could afford a 
reason why such determinations generally seem to give higher values than those 
reported herein. 
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Abstract. Detailed examination of the electron energy and density distributio 
in the negative glow region of a low pressure helium discharge has been mad 
with the aid of ascreened probe. ‘This structure eliminates much of the inaccurac 
inherent in the use of simple Langmuir probes. Earlier results by Emeléus 
indicating the existence of three discrete electron groups, have been confirme: 
and extended and a detailed picture obtained of the conditions near the cathod 
dark space edge. Spectrophotometric measurements of the intensities of th 
helium spectral lines confirm the screened probe measurements. 


§$ 1. INTRODUCTION 


HE conditions in the negative glow region of a helium discharge at pressure 
of the order of 1 mm of mercury were investigated by Emeléus and hi 
group some years ago and were the subject of several papers (Emeléus 1927 
Emeléus and Harris 1927, Emeléus and Brown 1929, Emeléus, Brown and Cowai 
1934, Emeléus, Greeves and Montgomery 1937). In their experiments simp] 
Langmuir probes were employed and information was obtained from the resulting, 
semi-logarithmic plots of probe current against voltage about the electron energ 
and density distributions in the glow. They interpreted the results as bein, 
due to the existence of three Maxwellian groups of electrons with widely differin, 
values of electron temperature and density. 

An undesirable feature of the analysis of the results obtained with a Langmui 
probe is that it is necessary to extrapolate the higher energy part of the semi 
logarithmic plot to lower energies in order to separate the true component fron 
the positive ion component. ‘This leads to considerable inaccuracy in th 
detection of the higher energy electron component. In order to obtain mor 
reliable information about the conditions in the negative glow the authors hav 
employed screened probes, basically similar to that developed by Boyd (1950 a 
but differing in constructional details. With this type of probe it is possibl 
to measure the electron, positive ion and secondary emission components of th 
probe current directly. 

As an important means of confirming the validity of the information obtaine: 
from the probe analysis, comparison has been made between spectrophotometri 
measurements of the relative intensities of the helium spectral lines and value 
calculated from the screened probe data. The latter calculations make use o 
excitation probability values of the helium lines as functions of electron energy a 
deduced by Lees (1932). The results are discussed in $3 of this paper. 

A brief account of this work has been given by Pringle and Farvis (1954) 
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§ 2. DESCRIPTION OF THE APPARATUS 


Two discharge tubes, designated A and B, were employed. In both cases 
the electrodes and probes were capable of being moved magnetically, rotational 
movement as well as radial movement of the probes being possible. The 
electrodes in tube A were 2-7cm in diameter and those in tube B are 6-4cm in 
diameter, the maximum electrode spacing in each case being about 18cm. In 
both tubes a Langmuir and a screened probe were mounted diametrically opposite 
each other at the centre of the tube. 

A sketch of the screened probe is given in figure 1. The grid consisted of 
0-0008 in. diameter tungsten wires spaced at 250 per inch and stretched across 
a 0-046 in. diameter hole in a Kovar tube, the tungsten wires being copper brazed 


KOVAR WIRE LEAD 
TO CONNECTION 


SILLIMANITE 
SLEEVING 


GLASS 


Figure 1. Screened probe assembly. 


to the tube. A thin nickel disc behind this acted as a collecting electrode, and in 
the experiments reported below this electrode was maintained at a potential of 
+ 80 volts with respect to the anode of the discharge tube. The leads to the grid 
and the collector consisted of the Kovar tube itself and a fine wire passing up the 
centre of an insulating sleeve. ‘The Langmuir probe was of conventional design 
with the exposed tungsten collecting wire 0-64 cm long and 0-013 cm in diameter. 

The discharge tubes were baked under vacuum to a temperature of 450°C 
before gas filling. Considerable care was taken to achieve a high degree of gas 
purity, and to eliminate the problem of contamination by mercury from the 
calibrating McLeod gauge a diaphragm manometer similar to that described by 
Alpert, Matland and McCoubrey (1951) was incorporated, but with the improved 
method of construction described by Pringle and Kidd (1953). 

A schematic diagram of the circuit used to measure the probe characteristics, 
adaptable to both the Langmuir and Druyvesteyn methods of analysis, is shown 
in figure 2. In the Druyvesteyn method a 1000 c/s a.c. signal derived from a beat 
frequency oscillator was injected between the anode of the discharge tube and the 
grid of the screened probe through a simple changeover switch K and a large 
blocking capacitor C. The total collector current was metered and, by means 
of a balancing circuit, a sensitive galvanometer with a full scale deflection of 
19 cm for 10-7a recorded the increase of current Az on injecting the 1000 c/s 


signal. 
§ 3. EXPERIMENTAL RESULTS 


3.1. Langmuir Analysis of Screened Probe Data 


By plotting the semi-logarithmic curve of electron current against grid voltage 
at varying positions in the negative glow it was found that one could resolve it 
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into three distinct regions which were approximately linear. The fastest or 
primary group was however only detectable with the probe grid facing the 
cathode, indicating the existence of a fast directed stream of electrons coming 
from the cathode. The analysis of Langmuir and Mott-Smith (1924) can be 
applied to the determination of the space potential, temperature and concentration 
of the two slower groups which have a small ratio of drift velocity to random 
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Figure 2. Probe circuit. 


velocity except very near the cathode dark space edge. The analysis is however 
not applicable to the primary group in which the random isotropic component of 
electron velocity is negligible (Heatley 1937). Some remarks will be made later 
concerning the interpretation of the linear semi-logarithmic plot for the fast 
primary electrons. 


3.1.1. Axial Distribution. 

The results presented in this section are for a 6004 discharge in helium 
at a pressure of 0:58mm of mercury, the anode—cathode distance being 6-4cm. 
The negative glow was bluish-white in colour and extended from the cathode dark 
space edge to a region not far from the anode. The cathode dark space was dark 
green in colour, extending over about 13mm and a faint pinkish cathode glow was 
present within 1 mm of the cathode. 

The axial variation in the temperature and concentration of the two slower 
groups with the screened probe facing the cathode is given in figure 3. On 
moving into the negative glow from the edge of the cathode dark space (referred 
to below as C.D.s.) it will be noticed that the temperatures of both the slowest or 
ultimate group and that of the intermediate or secondary group fall sharply. 
‘There appears to be a minimum value of ultimate temperature near the brightest 
part of the glow. ‘The variations of space potential and of secondary emission 
current with axial distance in the glow are reproduced in figure 4. | Near the visual 
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edge the exact height of the maximum in potential is indeterminate owing to the 
small change in curvature of the probe characteristic near space potential in that 
region, where the drift velocity is considerable (Heatley 1937). 
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Figure 3. Variation of temperature and concentration of groups with axial distance 
(grid facing cathode). 


Temperature and concentration variation of the ultimate and secondary 
groups throughout the negative glow with the screened probe grid facing the 
anode are given in figure 5. It will be seen at once that both the ultimate and 
secondary concentrations near the c.p.s. edge are larger than for the case of the 
probe facing the cathode, indicating the presence of a considerable electron drift 
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Figure 4. Variation of space potential and secondary grid emission with axial distance 
(grid facing anode). 

in this region maintained by both the concentration gradient and the electric 
field. There would appear to be some electrons from these two slower groups 
present even on the c.p.s. side of the edge, although there is doubt about the 
validity of the measurements in this region owing to the large field intensities. 

No primary electrons were detectable anywhere in the negative glow with the 
probe facing the anode: the secondary group continued linearly in the semi- 
logarithmic plot down to currents of less than 0-01jA. The directivity of the 
primary group is supported by another observation. ‘This is that the secondary 
emission current from the probe was only about 0-07 a, varying little with axial 
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position, when the probe grid faced the anode, whereas it was much higher if the 
probe faced the cathode, decreasing with penetration into the glow (figure 4). 
The difference in secondary emission must be due to the shielding of the probe 
grid from the fast primary stream in the former case, with consequent reduction 
in positive ion bombardment of the grid. 
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Figure 5. Variation of temperature and concentration of groups with axial distance 
(grid facing anode). 


It must be realized that for retarding potentials greater than about 60 volts 
the secondary emission component is large compared with the primary electron 
component and that consequently there is considerable uncertainty in the shape 
of the characteristic beyond this region. One cannot apply the Langmuir analysis 
to a directed stream of electrons; all one can say with certainty is that there 
is definite evidence for a fast directed electron stream coming from the cathode 
dark space with electron energies near the c.p.s. edge which are appreciabie 
fractions of the total cathode fall of potential. ‘The energy and density of this 
primary beam fall off rapidly on penetrating into the negative glow. 

Brief mention may be made of measurements with the unscreened Langmuir 
probe mounted diametrically opposite the screened probe in the discharge tube. 
These gave similar values of secondary and ultimate group temperatures and 
concentrations away from the c.p.s. edge to those obtained with the screened 
probe. ‘The primary group could not be resolved with any certainty, however, 
even at comparatively low values of retarding potential, indicating the advantages 
of the screened probe structure. It may be noted that, as a test of the disturbance 
of the plasma by the screened probe, the potential of the grid was varied over 
a range from — 100 to +3 volts with respect to the plasma potential and the effect 
on the Langmuir probe current observed, with the Langmuir probe situated 
about two millimetres distant. The maximum change in Langmuir probe 
current noted was not greater than 2°, implying that the screened probe potential 
does not disturb the plasma to any appreciable extent. 
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3.1.2. Radial Distribution. 


In order to obtain a more accurate picture of the radial density and energy 
distribution of the electrons, measurements were made in the larger diameter 
tube B. ‘Typical semi-logarithmic plots of electron current against grid voltage 
in the negative glow are reproduced in figure 6 for a 1ma discharge in helium 
at a pressure of 0-7mm of mercury. The primary electron contribution, while 
detectable, is not shown: it is much less prominent with the lower current 
density and lower cathode fall (450 v). 
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Figure 6. Semi-logarithmic plots for varying radial positions (distances marked are 
measured from centre of tube). 


It is evident at once from inspection of the curves that the secondary group 
temperature remains constant with radial position, while that of the ultimate 
group, after changing little over the first 15mm or so, increases sharply on 
approaching the walls. At the same time an increasing rate of change of space 
potential is apparent on approaching the walls in conjunction with a rapid 
decrease in electron concentration. 

Now on the hypothesis that the rate of creation of new electrons per unit 
volume must equal the rate of diffusion, Schottky (1924) has shown that if the 
ionizing coefficient is assumed to be independent of spatial coordinates, implying 
no radial variation in energy distribution, the solution of the ambipolar diffusion 
equation may be written n,=mnyJ)(2-405r/R) where n, is the electron density at 
radius r and n, is that at the tube axis. ‘Taking my=7 x 10° electrons cm~3 and 
R=3-2cm we obtain the theoretical radial density distribution shown in figure 7 
on this basis and this can be compared with the experimentally determined radial 
density distribution for the ultimate group using screened probe measurements, 
It will be noted that at the radius at which the ultimate group temperature begins 
to increase (about 15mm) the density distribution begins to deviate markedly 
from the theoretical ambipolar diffusion curve. The plasma potential V, at 
radius 7 from the axis can be written as 
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if ambipolar diffusion theory applies. Taking m=7 x 10° electrons cm-°, 
kT =0-27 ev, the mean electron energy out to 15mm radius, and V,= +0-6v 
with respect to anode, values of V,, for varying r have been calculated and are 
given together with experimental values in the lower half of figure 7. Again 
the curves deviate markedly beyond 15 mm radius. 
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Figure 7. Density of ultimate group and plasma potential as function of radius. 
A, theoretical ambipolar diffusion curve ; B, experimental curve. 


We can conclude from these results that the radial variation of electron 
concentration and potential are characteristic of ambipolar diffusion up to about 
half the tube radius from the axis but that beyond this region the increase in 
electron temperature causes considerable deviation. ‘The radial distribution 
for cumulative ionization processes, discussed by Howe (1953), gives a curve not 
very different from the ambipolar diffusion curve. For radii less than half the 
tube radius, however, the ambipolar diffusion distribution gives a better fit with the 
experimental points. 


3.1.3. Variation with Discharge Current and Gas Pressure. 


Measurements of the effect on the electron group temperature and density 
of varying discharge current were made in tube A using helium gas at a pressure 
of 0:50mm of mercury. ‘The distance between the probe, which faced the anode, 
and the c.p.s. edge was maintained at 6-5 mm, the probe penetration being 10 mm. 


(1) (2) (3a) (38) (4a) (4) (5) (6) 
600 1060 3c33 073,82 8:26. ud 0.55 +1:05 0-06 
500 980 3-35 0-304 725 9-40 + 1-09 0-06 
400 685 3°35 °0:267 Oa eb O +1-06 0-05 
300 530 S735 0282 4-87 5:88 = gl 0-04 
200 440 3°35, <07207 37881 Mples 33 a leO7 0-03 


(1) Discharge current (wa); (2) voltage drop; (3) electron temperature (ev) 
(a) secondary, (b) ultimate ; (4) electron concentration (a) secondary ( x 10 cm—*), (b) ultimate 
(10° cm~*); (5) plasma potential (v w.r.t. anode); (6) secondary emission current (A). 
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The table indicates that the secondary group temperature is independent 
of discharge current while that of the ultimate group falls steadily with current. 
There is a rough proportionality between the density of the ultimate group and 
the tube current, as might be expected. 

Emeléus, Greeves and Montgomery (1937) also observed this independence 
of secondary electron temperature on the discharge conditions in helium, although 
they estimated the electron temperature to be of the order of 5ev. They explained 
the constancy of the secondary group temperature in terms of collision theory; 
from this one would expect the mean energy of electrons liberated in ionizing 
collisions with a fast electron beam to be almost independent of incident electron 
energy and to have a value of the correct order. One can identify the secondary 
electron group with these electrons and can thus explain the observed temperature 
constancy. 

A second series of measurements was made with tube B, maintaining a discharge 
current of 2ma and varying the helium gas pressure over a range between 0-17 
and 1-5mm of mercury. A marked dependence of both ultimate temperature 
and concentration on gas pressure was noted, the temperature increasing and the 
concentration decreasing rapidly with decrease of gas pressure. ‘T'o take specific 
values, with the probe 14mm from the c.p.s. edge and the gas pressure 0-83 mm 
of mercury, the ultimate temperature was 0-41 ev and the concentration 6 x 10° 
electrons cm~*, while with 0-17 mm of mercury the temperature was 0-74 ev and 
the concentration 4:3 x 10° electrons cm’. At the lower pressures the semi- 
logarithmic plots exhibited considerable curvature for retarding potentials less 
than about 10 volts, which is believed to be due to the drift velocity of the secondary 
group. ‘The secondary emission current was large at the lower pressures and 
depended markedly on grid orientation, indicating that the fast primary group was 
still present although this was not obvious from the semi-logarithmic plots. It is 
also noteworthy that if the discharge current density was reduced at the lower 
pressures, so that the anode-—cathode potential was nearer the normal cathode fall, 
the semi-logarithmic plot showed distinctly less curvature. 


3.2. Druyvesteyn Analysis of Screened Probe Data 


Instead of assuming a Maxwellian distribution of velocities, as in the Langmuir 
method, it is possible to measure the electron velocity or energy distribution 
directly using a method due to Sloane and Macgregor (1934) which employs the 
general formula of Druyvesteyn (1930) for the velocity distribution. In practical 
units this equation may be written in energy form as 


0-52 10" Gear di dE 


N(£)dE= 7 e 7B 
where N(E)dE represents the number of electrons with energies between F and 
E+dE, A is the probe area in square centimetres and z the probe current in 
amperes. 

In the method due to Sloane and Macgregor a small a.c. signal is injected into 
the probe circuit and the resultant increase in d.c. current Az gives the second 
derivative of current with respect to voltage directly. ‘This method was applied 
to the determination of the electron energy distribution in the negative glow of a 
6004 discharge in tube A with the helium gas pressure 0-50mm of mercury. 
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Results are discussed below for two different amplitudes of a.c. signal, 0-1 and 
0:3 volt, with the frequency 1000c/s. The screened probe grid faced the 
cathode 5mm from the C.D.s. edge. 

The Langmuir analysis gave the space potential as + 0-45 volt with respect to 
the anode and the temperature and concentration of the ultimate group as 0-33 ev 
and 5-7 x 109 electrons cm-? respectively. ‘The space potential is given in the 
Druyvesteyn analysis as the value of retarding voltage at which Az becomes ZELOs 
this is + 0-17 volt for the 0-1v a.c. signal and +0-18 volt for the 0-3 v signal. 

Figure 8 gives the energy distribution for two values of a.c. injection signal 
using the Druyvesteyn analysis. It will be noted that only the ultimate group 
is detectable with this method, the values of Az being too small (<0-001 ja) 
to be detectable at values of electron energy corresponding to the secondary and 
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Figure 8. Druyvesteyn analysis. 
A, theoretical Maxwellian distribution ; B, Druyvesteyn analysis with a.c. input=0-1 v; 
C, Druyvesteyn analysis with a.c. input=0°3 v. 


primary groups. For energies greater than about 0-75 ev the distributions given 
by the two input signals are similar but at lower energies a marked deviation is 
evident. ‘That for the 0-1 volt signal appears to be roughly Maxwellian in form 
with a peak at 0:17ev; on the same graph a theoretical Maxwellian distribution 
is drawn with RT =0-34 ev and m= 1-1 x 10° electrons cm-, the value of density 
given by calculation from the peak level (1-49 x 10°) on the basis of a Maxwellian 
distribution. It would appear that except at energies above lev, where there 
are rather more electrons in the theoretical Maxwellian distribution, the curve 
for the 0-1v signal and the theoretical curve are closely similar. It is also important 
to observe that the Langmuir and Druyvesteyn methods of analysis give very 
nearly the same values of electron temperature, 0-33 ev and 0-34 ev respectively. 
The discrepancy in density is discussed below. 

The distortion introduced by the injection of an a.c. signal whose amplitude 
is appreciable in relation to the total width of the distribution is exemplified 
in the distribution curve based on the 0-3 v injection signal. This indicates 
the importance of keeping the a.c. injection signal small compared with the width 
of the distribution curve and of being able to detect the correspondingly small 
steady current increments. 
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It must be observed that the criterion for the determination of the space 
or plasma potential is quite different in the Druyvesteyn analysis from that in 
the Langmuir analysis, which is that the space potential is given by the intersection 
of the extrapolated saturation region of the semi-logarithmic plot and the extra- 
polated ultimate region. The Druyvesteyn criterion is equivalent to the 
determination of the value of retarding potential at which d?i/dE? changes sign 
and becomes negative. On applying this criterion to the semi-logarithmic 
current-voltage plot it was found that the break-away point is indeed very near 
the +0-17 v space potential level given by the Druyvesteyn analysis. For this 
value of space potential the Langmuir analysis gives an electron density of 2 x 10° 
electrons cm~*, which is at least of the same order of magnitude as that given by 
the Druyvesteyn analysis (1-1 x 10° electrons cm~?). 

We can conclude then that the Druyvesteyn analysis of the ultimate group 
indicates an approximately Maxwellian distribution though showing rather 
fewer high energy electrons. This result is in accordance with earlier observations 
by Emeléus, Greeves and Montgomery (1937). If account is taken of the 
difference in space potential criteria the electron density agrees reasonably well 
with that given by the Langmuir analysis of the semi-logarithmic plot. Only 
the ultimate group is detectable by the Druyvesteyn analysis, the sensitivity 
limitations being inherent in the method. 


3.3. Spectrophotometric Measurements 


Detailed examination of the spectral lines in the cathode dark space—negative 
glow region of a helium discharge in tube A (0:-58mm Hg, 600A) was made 
with a Hilger Littrow Spectrometer Type E492, and the line intensities were 
measured with the aid of a microphotometer. ‘The discharge tube was mounted 
so that the spectrometer slit was situated symmetrically with respect to the tube 
axis. A series of exposures, each of duration 30 minutes, was taken on the 
same photographic plate at various positions along the tube axis in the cathode 
dark space and negative glow. Some thirteen prominent Hel lines were registered 
while no Hell lines or impurity lines were detectable. ‘The line intensities rise 
to a maximum a few millimetres into the glow. 

Now important confirmation of the validity of the screened probe measure- 
ments would be obtained if there were agreement between the values of line 
intensity as a function of axial position in the discharge obtained by spectro- 
photometric measurement and those obtained from the screened probe results in 
conjunction with the excitation probability data for helium (see, for example, 
Lees 1932). The probe results give the variation of the number and energy of 
the electrons with axial position in the glow, the discharge conditions being 
identical to those employed in the spectrophotometric measurements. ‘T’hus, 
we can find for each line the product of the atomic cross section for electrons 
of a given energy times the number of electrons of that energy, as a function of 
electron energy in each group. By measuring the areas under the curves and 
adding contributions for each group we can obtain functions at each point in the 
discharge which should be proportional to the total intensity of emission of 
particular lines. Calculations of this type were made using the atomic cross 
section curves for line 3888-64 (33P—23S) and line 4471-5 A (4°D-2?P), the two 
most intense spectral lines. Practically the entire contribution to excitation 
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throughout the glow is attributable to the secondary electron group and the 
contributions from the other two groups is ignored in the following calculations. 
The two sets of values for the two lines, obtained by means of a planimeter, are 
plotted in figure 9 (a), (6). The units are arbitrary, the scale having been adjusted 
to give the best fit with the spectrophotometric values of relative intensity. 
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Figure 9. Variation of intensity with distance in glow, showing experimental spectroscopic 


values and values calculated from screened probe data and excitation probability values. 


It will be observed that the points determined by the two different methods 
lie remarkably close to the mean curve, although there are not many spectro- 
photometric points in the negative glow. The peak of intensity in each case 
lies about 2 mm into the glow from the visual edge while the peak in total electron 
density lies about 6mm into the glow, which is in qualitative agreement with 
the earlier observations of Emeléus and Harris (1927). The diffuse nature of the 
c.D.s. edge is evident in both curves, being more diffuse for the 4471-5 A than for 
the 3888-6 A curve, as one might expect owing to the less rapid change of excitation 
cross section with energy for the 4471-5 A line. 

Massey (1955) has reported recently that the theoretical atomic cross section 
curves for electrons in helium are much higher at low values of electron energy 
than Lees’ experimental results would indicate. If this is true then it would be 
the slow ultimate group of electrons which would contribute chiefly to the spectral 
emission ; it would then appear difficult to reconcile the probe measurements at 
the c.p.s. edge with the spectrophotometric measurements owing to the low 
ultimate density there. In addition it may be noted that Bates and Damgaard 
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(1949) have pointed out that Lees’ assumption that only the 3?P—23S transition 
for the 3°P state is possible, isin error. In fact the 33P-33S transition is allowable 
and from the theoretical values of the transition probabilities Lees’ figures can 
be corrected. The correction is, however, small and does not appreciably alter 
the figures employed here for atomic cross sections. 


§ 4. DiscussION OF RESULTS 


Of the three groups of electrons detected by screened probe analysis in the 
negative glow, the interpretation of the existence of the fastest or primary group 
would appear to be the most straightforward. The directivity of this group 
has been clearly demonstrated and the electrons must have acquired their high 
velocities by acceleration in the very strong field in the cathode dark space region. 
Some of the energy gained by the field is, however, lost in collisions in the dark 
space, which emits a dark green radiation, presumably due to collisions involving 
fast electrons. ‘The presence of a fast electron group was established in earlier 
work by Emeléus and his group using Langmuir probes but accurate measurements 
were not possible owing to the limitations of the method in the high energy 
region; Emeléus and Brown (1929) believed there was an isotropic fast electron 
group in the negative glow with an approximate Maxwellian distribution. Brewer 
and Westhaver (1937), however, employing quite a different experimental method, 
showed that primary electrons enter the negative glow from the cathode dark 
space with practically the full cathode fall of potential. In their experiments 
electrons coming from the dark space passed through a knife-edge slit in the 
discharge tube anode and were analysed magnetically with the aid of a fluorescent 
screen. As the negative glow was introduced across the slit some inhomogeneity 
of the beam was detected, but unfortunately no estimate was made of the energy 
distribution. 

In addition to the fast primary group it has been confirmed, as earlier workers 
had observed, there would appear to be two slower groups in the negative glow, 
with nearly Maxwellian energy distributions. Emeléus and Brown (1929) 
tentatively advanced the suggestion that the existence of the two slow groups 
might be associated with the existence of a minimum in the Ramsauer electron 
free paths. While a sharp minimum does occur at about the mean energy of the 
secondary and ultimate groups for the gases investigated by the above workers, 
namely neon, argon, krypton and xenon at about 1 mm pressure, such a minimum 
in the case of helium, if present, is very small (Loeb 1939). Donahue and Diecke 
(1951) observed stationary and moving striations in the negative glow region of 
discharges with a positive column and put forward an explanation for the 
mechanism of their production. Such phenomena, which might have accounted 
for the presence of different energy groups of electrons, could not have been 
present in the negative glow experiments described here because of the absence 
ot a positivecolumn. ‘The absence of such oscillations was verified experimentally. 

A more likely explanation of the existence of two slow groups, as discussed 
by Emeléus (1951) for a low pressure mercury discharge, seems to be that the 
secondary group corresponds to those electrons which have been ejected after the 
collision of the fast primaries with gas atoms. ‘These electrons have not had 
sufficient time to reach thermal equilibrium with the slowest or ultimate electron 
group, which is produced by the degeneration of the primary and secondary 
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electrons in successive collisions to very low energy before removal by diffusion 
to the walls. In addition to the earlier remarks about the relative independence 
of the secondary group temperature on the discharge conditions, additional 
support for this picture is provided by the screened probe results for the axial 
electron distribution in the glow. The curves of figure 3 indicate that the 
secondary electrons appear first on entering the negative glow from the cathode 
dark space and the ultimate electrons are first detectable several millimetres 
further into the glow. This is presumably due to the fact that the primaries have 
to move some way into the glow in order to produce a copious supply of ultimate 
electrons by multiple collision processes. 

It is more difficult to understand why the secondary group has an energy 
distribution which is approximately Maxwellian. It may be that some type of 
equilibrium is brought about between the secondary electrons and radiation 
quanta, and indeed it has been shown that the secondary electron group is almost 
entirely responsible for excitation in the negative glow. ‘The ultimate electron 
group increases in temperature outside a central dense plasma-like region, but 
the temperature of the secondary group remains constant with radial position 
while the density changes slowly. This is reflected in the very slight decrease 
in light intensity in the glow on approaching the walls of the discharge tube. 


ACKNOWLEDGMENTS 


One of us (D. H. P.) wishes to express his indebtedness to Messrs. 
Ferranti Ltd., Edinburgh, for generously providing the facilities for carrying out 
these experiments, and to the Admiralty for sponsoring this research work. 


REFERENCES 


ALPERT, D., Marianp, C. G., and McCousrey, A. O., 1951, Rev. Sci. Instrum., 22, 370. 

Bates, D. R., and Damcaarp, A., 1949, Phil. Trans. Roy. Soc. A, 242, 101. 

Boyp, R. L. F., 1950 a, Proc. Roy. Soc. A, 201, 329; 1950 b, Nature, Lond., 165, 228. 

Brewer, A. K., and WEsTHAVER, J. M., 1937, 7. Appl. Phys., 8, 779. 

DonaunuE, T., and Direcke, G. H., 1951, Phys. Rev., 81, 248. 

DRUYVESTEYN, M. J., 1930, Z. Phys., 64, 790. 

EmeELEus, K. G., 1927, Proc. Camb. Phil. Soc., 23, 531; 1951, The Conduction of Electricity 
through Gases (London : Methuen), p. 55. A 

EMmELEus, K. G., and Brown, W. L., 1929, Phil. Mag., 7, 17. 

EmELEus, K. G., Brown, W. L., and Cowan, H. M., 1934, Phil. Mag., 17, 146. 

EMELEvs, K. G., Greeves, F. D., and Montcomery, E., 1937, Proc. Irish. Acad., 43, 35. 

EMELEvs, K. G., and Harris, N. L., 1927, Phil. Mag., 4, 49. 

DIBA WAG Ela 937 eV SHeReu sooo. 

Howe, R. M., 1953, 7. Appl. Phys., 24, 881. 

LaNncmurr, I., and Mort-Smirtu, H., 1924, Gen. Elect. Rev., 27, 449. 

BEES Se Lle O32 ProcmRoyn SoG A lode: 

Loes, L. B., 1939, Fundamental Processes of Electrical Discharges in Gases (New York : 
John Wiley), p. 649. 

Massey, H. S. W., 1955, International Symposium on Gas Discharges, April 1955 (Delft). 

PRINGLE, D. H., and Farvis, W. E. J., 1954, Phys. Rev., 96, 536. 

PRINGLE, D. H., and Kipp, R. M., 1953, Rev. Sct. Instrum., 24, 877. 

SCHOTTKY, W., 1924, Phys. Z., 25, 635. 

SLOANE, R. H., and Maccrecor, E. J., 1934, Phil. Mag., 18, 193. 


849 


The Thermal Effects Associated with the Magnetization of 
High-Coercivity Materials 


By L. F. BATES anp A. W. SIMPSON} 


University of Nottingham 
MS. received 29th March 1955 and in final form on 31st May 1955 


Abstract. The heat changes accompanying magnetization processes in materials 
of high coercivity, over a field range of 4000 oersteds, have been studied by a new 
method. ‘The results are in good agreement with the Stoner and Rhodes theory 
of magnetization processes in such materials. 


§ 1. INTRODUCTION 


HE thermal changes accompanying the magnetization of soft ferromagnetic 

materials have been extensively investigated in recent years, but, owing to 

the limitations of known methods, no measurements have been made on 
high coercivity permanent-magnet materials. Such measurements are of 
particular interest as they may shed light on the origin of the high coercivity 
in these materials. Fundamentally, measurements of the temperature changes, 
and hence of the quantities of heat generated, are made as materials are taken 
step by step through a hysteresis cycle. 

In the method used by Bates and his co-workers (cf. Bates and Marshall 
1953), the specimen in the form of a long rod is mounted in a water cooled 
solenoid, and about twenty differential copper—constantan thermocouples 
attached to it. Each thermocouple is connected to a separate primary of a 
carefully designed toroidal transformer. A sensitive galvanometer is connected 
to a secondary winding. ‘The sensitivity of the galvanometer is amplified by a 
factor of about 10 by reading the deflection through a telescope or, more recently, 
by means of a simple galvanometer amplifier (Bates and Sherry 1955). When 
a field change is made, the change in the flux linked with the thermocouple leads, 
etc., induces an unwanted e.m.f. in the secondary of the transformer. In order 
to overcome the unwanted deflection, which can be of the same order as the 
deflection produced by the temperature change, a compensating coil of wire is 
connected to another primary winding and placed near the solenoid. By varying 
the position of the coil relative to the solenoid the inductive pick-up voltage can 
be compensated. A different setting of the compensating coil is usually required 
for each point in the hysteresis cycle. 


§ 2. METHOD 


Since high coercivity materials are normally available only as short specimens 
of the order 3 to 4 cm long, and require much greater fields to magnetize them 
to saturation than are easily obtained with a solenoid, measurements must be 
made on such specimens mounted between the pole-pieces of an electromagnet. 
Attempts were made to use the multi-thermocouple method described above 
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with an electromagnet, but they proved unsuccessful, largely owing to the big 
inductive pick-up voltage induced by the stray field of the magnet. It was 
impossible to compensate for the induced e.m.f. because the latter was not only 
large, but appeared to originate from two sources with different time variations, 
presumably as they were severally generated by the coils and the yoke, the eddy 
currents in the yoke delaying the stray field of the latter. 

A new method of measuring small temperature changes was first developed 
using the ‘out of balance’ voltage of an alternating current thermistor bridge. 
(A thermistor is a temperature-sensitive semiconducting resistance.) The 
change in out of balance voltage produced by the change in thermistor resistance 
as the temperature of one of the thermistors was changed, was amplified and 
displayed by a pen recorder. Unfortunately, the noise voltage generated by the 
bridge limited the sensitivity to a figure much lower than that required. The 
source of the noise voltage was traced to a random variation in the resistances 
of the thermistors, a result confirmed later by Doucet (1951). 

The method eventually adopted consisted essentially of using a single 
differential thermocouple and a sensitive galvanometer with galvanometer 
amplifier. If the thermocouple leads are made from twisted wire, the finer 
the wire used the smaller will be the effective loop area to pick up the undesirable 
e.m.f. induced by a change in the field. On the other hand, the e.m.f. generated 
in the thermocouple by the temperature change is independent of the wire gauge, 
and therefore, by using fine, tightly twisted wire the ratio of signal to induced 
e.m.f. can be greatly increased. Unfortunately, by using fine wire the resistance 
of the thermocouple circuit is increased and the galvanometer deflection corre- 
spondingly decreased. Such reduction in sensitivity, and that involved by using 
only one thermocouple with no matching transformer, was overcome by using 
a very sensitive galvanometer amplifier. 

The thermocouple was made from No. 36 s.w.g. copper and No. 37 s.w.g. 
constantan double silk covered wire. ‘The cold junction was 2 or 3 mm from 
the hot junction, and the thermocouple and its leads were very tightly twisted 
together. The thermocouple was cemented along the axis of an ebonite tube, 
with the hot junction protruding from one end and bent over so as to rest on 
the flat surface of the end of the tube, as in figure 1 (a). The ebonite tube was 
mounted symmetrically with respect to the electromagnet, and the hot junction 
was pressed by a small spring on to the ground and polished surface of the 
specimen, the latter being trapped between the pole-pieces of the electromagnet, 
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(a) (d) 
Figure 1. (a) Design of thermocouple. (6) Electromagnet and thermocouple 
(approximately to scale). 
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as shown in figure 1 (6). The ebonite tube was mounted so as to rotate about 
its axis, through a known angle, while the thermocouple made good thermal 
contact with the specimen. Any small induced e.m.f. that now remained could 
be completely eliminated by turning the ebonite tube. 

For each material investigated, a region was found in the thermal cycle 
where the change in temperature produced by a change in applied field was 
small. ‘Then, for a field change in this region, a graph of observed galvanometer 
deflection against the position of the thermocouple, measured by the angle 
through which the tube is turned from a datum position, was made for each 
direction of the applied field. Whereas the sign of the induced e.m.f. changed 
with change in field direction, that of the true thermoelectric e.m.f. did not; 
consequently two approximately linear curves were obtained, one for each 
direction of the field. The angle corresponding to the point of intersection of 
the two curves was the thermocouple-setting for complete compensation, and 
the deflection at this point corresponded to the true thermal change. The setting 
for zero induced e.m.f. fortunately remained constant throughout the whole set 
of readings. 

Although a differential thermocouple was used to reduce the effect of gradual 
changes in ambient temperature, it failed to overcome zero drift of the galvano- 
meter. Apart from changes in room temperature, heat from the field coils of 
the electromagnet produced effects. Partly to reduce these effects, and partly 
to allow magnetostriction to take place freely during magnetization, thin 
sheets of soft rubber were placed between the pole-pieces and the specimen. 
The maximum thickness of rubber was limited by the permissible reduction in 
field introduced by the gap made in the magnetic circuit. 

A special electromagnet, shown in figure 1 (4), was designed with its field 
coils as far away as practicable from the specimen and thermally insulated by 
a layer of poorly conducting material between the coil bobbins and the yoke. 
The ends of the pole-pieces were drilled out, and water from a constant 
temperature supply circulated through them. An effective ‘thermal guard ring’ 
was placed round the specimen by surrounding the gap by a metal container 
which was in good thermal contact with both pole-pieces. The region between 
the ‘guard ring’ and the specimen was packed with cotton wool. As a final 
precaution the whole electromagnet assembly was enclosed in a box, and the 
experiments were performed in a room with no windows or outside doors, 

Special precautions were also taken with the galvanometer amplifier. A simple 
single stage galvanometer amplifier with no feedback was used with a Cambridge 
type L galvanometer for the primary galvanometer and a modified ‘Tinsley type 
for the secondary galvanometer. A selenium barrier layer, split photoelectric 
cell was used. To improve the stability of the amplifier, it was mounted on a 
large slate slab resting on three pillars cemented to the foundations of the building. 
A considerable improvement in stability was obtained by placing a concave mirror 
behind the lamp so as to produce an image of the filament in the same plane and 
close to the actual filament (Jones 1951). ‘This increased the illumination of the 
split cell and also reduced detrimental effects produced by slight movements of 
the filament. If the filament moved, its image moved an equal amount in the 
opposite direction with the result that the cell illumination remained symmetrical, 

Although negative feedback was not used, the amplifier was linear to within 


4% over the working range of the secondary galvanometer scale, but the sensitivity 
3 M-2 
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appeared to vary from day to day, even with stabilized lamp voltage etc. In order 
to allow for this variation, a calibrating circuit was made to produce three standard 
deflections, either positive or negative, and immediately before a thermal reading 
was taken, a calibration deflection was recorded of the same sign and approximately 
the same magnitude as that of the thermal deflection about to be measured. 
A further correction had to be applied to each reading, for despite such pre- 
cautions as thermal lagging, there remained a slight drift of the galvanometer 
zero. The drift was therefore timed for a short period before a reading was 
taken and a small correction applied to the latter. The sensitivity of the whole 
system, though considerably less than that used by Bates and his co-workers, 
was adequate for the experiments, being at its highest 5400 erg cm™? for 1 cm 
deflection. The stability was such that readings of the order of 0-5 cm could 
be made with reasonable accuracy. ‘The mean of at least ten readings was taken 
for each measurement. 


§ 3. RESULTS 

Starting from a cyclic state, thermal readings were taken as the applied field 
was changed step by step round the hysteresis cycle. After the cycle had been 
traversed ten or more times, the algebraic sum of the mean of each reading for 
the whole cycle was found and equated to the area of the particular hysteresis 
cycle, calculated in ergs. From this was deduced the sensitivity of the system 
in ergs per cm deflection and hence the behaviour of the thermal changes with 
field. ‘The more direct forms of calibration used by previous workers, including 
the method of electrical heating, were found unsatisfactory. 

An eddy current correction was investigated by traversing a part of the 
hysteresis cycle, first in one complete step, then in two, three .. . up to, finally, 
the number of steps actually used in the thermal curve measurements. The 
thermal change observed when traversing this particular part of the cycle in 
one step is the sum of the real thermal change due to the change in magnetization 
plus a term due to eddy current heating. When the change is made in two steps 
the total genuine thermal change remains unaltered, but the eddy current heating 
is reduced. For a particular electromagnet it can easily be shown that the eddy 
current heating is approximately proportional to a parameter which is the product 
of the total electromagnet circuit resistance after the change is made and the square 
of the flux change involved. When the sum of the values of this parameter 
obtained when the cycle was traversed in one, two .. . steps, was plotted against 
the corresponding total thermal deflection, an approximately linear relation was 
obtained. ‘The intercept for zero eddy current parameter gave the true total 
thermal deflection, while the slope of the line gave the constant of proportionality 
necessary for calculating the eddy current correction. For all the materials 
investigated the eddy current heating was in each case found to be negligible, 
and no correction was necessary. Presumably, the low eddy current heating 
was due to the large time constant of the electromagnet and associated circuit. 

The (B, H) hysteresis curves were measured in the usual manner, a small 
magnetic potentiometer being used for the effective field measurements, and a 
coil of 10 to 20 turns of fine wire wound on the specimen for the induction 
measurements. Readings of both change in field and change in induction were 


obtained for the same steps in applied field as were made in the thermal 
measurements. 
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The thermal results obtained with all the materials were essentially of the 
same form. Figure 2 is typical; it shows the thermal curves for three different 
values of the maximum applied field (the largest being sufficient to saturate the 
material) for an industrially heat-treated specimen of Alnico. As the field was 
reduced from its maximum negative value every material investigated showed 
an initial cooling, as in figure 2, the variation being accurately linear with field 
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Figure 2. Thermal curves for Alnico. 


over the first few hundred oersteds. This linear cooling continued on further 
reduction in the field in the case of some materials, but at a slightly lower rate for 
others, until in the neighbourhood of the positive coercive point there occurred 
a rapid increase in temperature, so that the bulk of the total heat generated 
throughout the course of a half cycle was released over a relatively narrow range 
of field. The rate of heating passed through a maximum and then decreased 
until, as saturation or maximum field was reached, its value was of the same 
order of magnitude as the initial cooling rate. 

Following Okamura (1936) attempts were made to separate the thermal 
readings into reversible and irreversible components for that part of the hysteresis 
cycle in which the field decreased from saturation to zero. ‘This was achieved by 
traversing the cycle in the normal direction until a chosen applied field was 
reached and then making a field change in the opposite direction to that used 
previously. After each measurement the state of the material was again made 
cyclic. . 

If the magnetic process occurring in the region of the cycle over which the 
reverse field change is made is completely reversible, the thermal change obtained 
on making the reverse field change will be exactly equal but of opposite sign to 
that produced by a similar field change in the normal direction of description of 
the cycle. If, on the other hand, irreversible processes take place the forward and 
reverse thermal changes will differ in magnitude. he difference between the 
magnitude of the forward and the reverse thermal readings gives an approximate 
value of the irreversible component in the change of state under investigation. 
The condition for the difference between the forward and reverse thermal readings 
to be accurately equal to the irreversible component of the thermal change, is 
that the change shall be small. In the experiments described here this could 
not be so because of the comparatively low thermal sensitivity, and consequently 
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the only real significance of the reversible readings is that they indicate over 
what region of this part of the cycle the magnetization processes are completely 
reversible. The reversible results for the Alnico specimen are indicated by the 
broken line in figure 2 and show that for initially saturated material the magneti- 
zation processes are completely reversible from saturation until the field is 
reduced below about 800 oersteds. 

Experiments were performed on seven different materials of the compositions 
given in table 1. Among the Fe,NiAl-type high-coercivity materials, a specimen 
of Alnico, one of Alni and three different specimens of Alcomax were investigated, 
all the materials having received the normal industrial heat treatments. In 
addition a specimen of ‘Gecalloy’ was chosen as likely to be an interesting 
material for thermal studies because its structure approximates very closely 
to the high-coercivity model proposed by Stoner and Wohlfarth (1948). 
‘Gecalioy’ contains approximately 76% by weight of extremely finely divided 
pure iron, the approximately ellipsoidal iron particles being suspended in a 
plastic binder. Finally, a specimen of a 50 atomic °% cobalt—platinum alloy 
was investigated ; it was quenched from approximately 1300°c and then annealed 
at 750°c in order to produce a high-coercivity material. Its saturation coercivity 
was of the order of 1500 oersteds and, unfortunately, it was impossible to saturate 
(technically) the material with the small electromagnet used. 


Table 1. Magnetic and Thermal Properties 


dQ 

: Amax Isat Omax Hoa =o (3 ) r 

Material (Oe) (gauss) (k-erg) (Qe) ieee 5 
Alnico 2340 785 637 450 68°5 0-087 
Alni 2370 620 594 570 48-0 0-077 
Alcomax IT 2710 930 915 470 108-5 Oeiite7, 
Alcomax ITI 2540 815 1009 590 76°5 0-094 
Alcomax IV 2480 1080 1401 635 96-0 0-089 
“ Gecalloy ’ 4200 245 267 545 21-8 0-089 

Co-Pt alloy 4060 210 550 285 — — 


All the materials investigated except the cobalt—platinum alloy showed 
reversible behaviour similar to Alnico, the processes being completely reversible 
until decreasing fields between 800 oersteds and zero were reached. ‘The 
cobalt-platinum alloy exhibited irreversible processes over the whole cycle, 
presumably because the material was not initially magnetized to saturation. 
The salient properties of the thermal curves are summarized in table 1. The 
field Hg_o is that at which the thermal curve cuts the field axis, and (dQ/dH),, 
is the gradient of the curve obtained on reducing the field from its maximum 
value. 

§ 4. ANALYSIS AND INTERPRETATION OF RESULTS 


In a complete thermodynamical treatment of the reversible processes 
accompanying magnetization, Stoner and Rhodes (1949) have shown that the 
reversible component of the thermal change AQ for a field change from Ey toc. 
is given by 


Ean I. d(H1) +b iz far See (1) 


where fis the magnetization and a@ and b are constants for the material under 
investigation. ‘The first term in the expression represents the thermal change 


Heat of Magnetization 855 


associated with the change in intrinsic magnetization, the constant @ being equal 
to —(T/I))(0l,/0T)y, where T is the absolute temperature and J, the intrinsic 
magnetization. ‘The partial differential coefficient is of course the slope of the 
magnetic corresponding states curve at the temperature of the experiment. 
The second term represents the thermal change associated with reversible 
rotational processes. ‘The constant 5 is equal to (7/K,)(0K,/07T),, where K, is 
the appropriate anisotropy coefficient. 

For a decreasing field change from saturation, the integral in the first term 
of equation (1) is negative and, since in general the slope of the corresponding 
states curve is negative, the coefficient a is positive. Therefore, the first term 
in the equation predicts a cooling. Since the material is initially saturated, 
negligible rotation processes will take place and therefore the second term will 
be very small or zero, assuming the coefficients a and 6 to be of the same order 
of magnitude. Hence, an initial cooling is predicted, in agreement with the 
experimental results discussed in §3. On further decrease of the applied field, 
rotational processes become more important and the integral in the second term 
is no longer negligibly small. ‘The anisotropy coefficient K, may either decrease 
or increase with increasing temperature, and therefore the sign of the coefficient b 
is not certain. When the field becomes very low or positive, irreversible processes 
occur and the equation is not valid until positive fields much above coercivity 
are reached. 

Fe,NiAl-Type Alloys 

For the Alcomax II specimen the variations of QO, Jd(HJ) and JHadIJ with 
field, for field values where irreversible processes are small or zero, are shown 
in figure 3. The integrals were obtained by measuring the appropriate areas 
within the hysteresis loop. (For reasons given below, the axes of the [d(HJ) 
curve have been chosen such that the curve coincides with the thermal curve.) 
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Figure 3. Analysis for Alcomax II (b” estimated as described in text). 
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In order to complete the analysis, the coefficients a and b must be found. 
Consider first the coefficient b associated with the rotational processes. During 
the initial reduction in field from its maximum value Alcomax II is saturated, 
and the variation of J with field is small or zero, so that JH dJ is also small or 
zero, as shown in figure 3. Since J is obtained by subtracting two large 
quantities, B—H, small experimental errors will be accentuated, especially in 
the region of saturation, with the result that whether [HdI is zero or small is 
not certain. 

An approximate analysis of the results can be made by assuming that when 
the material is saturated the rotational processes involved in magnetization are 
exactly zero, and therefore, any observed thermal changes are due to changes 
in intrinsic magnetization. ‘Thermal changes near saturation can then be equated 
to the first term of the equation and a value of the coefficient a obtained. When 
ais known the apparent value of 6 (denoted by 6”) can then be found as a function 
of field, although it must be realized that the values of 6” thus obtained may not 
be reliable. 

In figure 3 the quantity a/d(HJ) and the apparent 6 coefficient 5” are plotted 
against the field over the relevant regions of the hysteresis cycle. For negative 
fields from saturation to about —500 oersteds the afd(H/) curve and the thermal 
curve exactly coincide, and hence 6” is zero over this region. ‘The variation of 5” 
with field over the rest of the cycle is typical of the results obtained in previous 
work for iegions of the cycle where irreversible changes are known to take place, 
and the shape of the 6” curve may therefore be primarily due to irreversible 
processes with the rotation contributions small. 


Table 2. Nominal Percentage by weight of the Fe,NiAl-Type Alloys 
Percentage by Weight 


Material Al Ni Fe Co Cu Nb 
Alnico 10 7 55 12 6 — 
Alni 13) 24 59°5 — 355 — 
Alcomax II 8 il S55) 21 4°5 -S 
Alcomax ITI 8 Bed 50 24°5 3 1 
Alcomax IV 8 Sos) 49 24°5 3 2, 


Owing to the impossibility of calculating accurately the variation of {[HdJ 
in the region of saturation 6” can only be estimated approximately. It thus 
appears from these results that the coefficient b, and hence the fractional change 
in anisotropy with temperature, are positive and small or even zero. Similar 
conclusions were reached with the other Fe,NiAl-type materials investigated. 

In estimating the value of the a coefficient, it is largely immaterial whether 
the method of best fit with experimental results is used or that of assuming no 
rotation processes near saturation, because Jd(H/) is much greater than [H dl. 
lable 1 shows the value of the a coefficient calculated assuming [H dI is exactly 
zero at Saturation. 

A priori, the values of a shown in table | appear to be larger than expected. 
If the coefficient ais divided by — 7 the fractional change in intrinsic magnetization 
with temperature at room temperature is obtained. Assuming that the material 
approximately obeys the modified Weiss corresponding states curve (J =4), an 
estimate of the Curie temperature can be made from this value of the rate of 
change of intrinsic magnetization with temperature, and can be compared with 
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the experimental Curie temperature. A value of a of 0-1 corresponds to a Curie 
temperature of approximately 400°c, whereas the published values of the Curie 
temperature of the Fe,NiAl material considered here lie between 730 and 860<c. 

An explanation of this large discrepancy between the predicted and observed 
Curie temperatures is found on examining some of the results obtained by 
Sucksmith (1939) for the corresponding states curves of the Fe-AI-Ni alloy 
system ; in particular, those for the Fe,NiAl alloys which have a very similar 
composition to Alni. The atomic composition of Alni is 52 Fe, 21 Ni, 24 Al 
and 3 Cu. Figure 4 is based on Sucksmith’s work and shows the corresponding 
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Figure 4+. Corresponding states curves of Fe,NiAl (after Sucksmith), 


states curves for three different heat treatments. Quenching from 800°c is similar 
to the industrial heat treatment received by all the alloys considered here. 
Commercial alloys are rapidly cooled from a high temperature and annealed at 
500°c, the Alcomax specimens being cooled in an applied magnetic field. 
Figure 4 indicates that the alloys can exist in two phases, the lower phase obtained 
by annealing having a higher Curie temperature of about 800°c, and the higher 
phase (which is stable at high temperatures) having a lower Curie temperature. 
In the permanent-magnet materials both phases will coexist, their compositions 
being slightly different from the pure Fe,NiAl case owing to their different 
compositions, and a normal Curie temperature measurement will correspond 
to the phase with the higher Curie point. On the other hand, the Curie 
temperature indicated by the thermal measurements will be largely associated 
with the low Curie temperature phase since this phase will give the larger 
contribution to the change in intrinsic magnetization with temperature. ‘The 
simple extrapolation from room temperature for the high temperature quenched 
curve shown in figure 4 gives an apparent Curie temperature of 430°c in rough 
agreement with the values predicted by the thermal curves. 

The value of the coefficient ag obtained for ‘Gecalloy’ should be consistent 
with the Curie temperature of pure iron, but first a correction must be made 
for the fraction of the material that is non-ferromagnetic. For, experimentally, 
aq is the ratio of the heat produced by the specimen to the change in Jd(H7/) 
associated with that heat change. The quantity of heat measured would produce, 
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if there were no plastic binder, a greater temperature change than that recorded, 
and therefore to obtain the heat change for iron alone one should multiply the 
observed change by the ratio of the thermal capacity of the material itself, MgC, 
to that of the pure iron, My,C),. As the material is saturated, the change in 
internal field for a particular particle will be identical with the change in external 
field, and therefore only the value of J need be corrected in calculating initial 
values of {d(H/) for iron alone. ‘This correction is necessary because the true 
intensity of magnetization of iron is greater than that of the body as a whole 
in the ratio of the volume of the specimen M,/p, to that of the iron it contains 
M,./py.. Therefore ap, = agpgCg/preCre- 

Assuming the specific heat of ‘ Gecalloy’ to be 0-15 and its density 1-8 g cm’, 
one finds a, to be approximately 0-03, in good agreement with the value of 0-034 
calculated by Stoner and Rhodes. 

The main conclusion to be drawn is that for the high-coercivity materials 
investigated here the results are adequately represented by the theory proposed 
by Stoner and Rhodes. The reversible thermal changes are predominantly due 
to changes in intrinsic magnetization, but there may also be a small contribution 
which one is inclined to associate with a positive temperature coefficient of 
anisotropy. 
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The Magnetic Susceptibility of Metallic Cerium 
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Abstract. ‘The magnetic susceptibility of pure metallic cerium has been measured 
over the temperature range 90° to 1057°x. At 293°K the susceptibility is 
17-5+0-2e.m.u. per gramme, and between 90° and 295°K the relation 
x=0-00588 (7+42) is followed. The observed temperature variation of 
susceptibility can be explained on the basis of a change in thermal population of 
*F;. and ?F., levels separated by 1340 crh1, upon which is superimposed a small 
temperature-independent paramagnetism. 


HE magnetic susceptibility of metallic certum of purity 99-94%, (the only 

metallic impurities present were iron 0-002°%,, lithium 0-05°,; other rare 

earths not detected) has been measured over the temperature range 90° to 
1057°K. ‘The material was kindly supplied by Mr. A. R. Powell of Messrs. 
Johnson, Matthey and Co., Ltd. The method used for the determination of the 
temperature variation of susceptibility over the temperature range 288° to 1057°K 
was that described by Bates and Hughes (1954) and Bates, Leach, Loasby and 
Stevens (1955). The absolute mass susceptibility and the relative susceptibility 
over the temperature range 90° to 295°K were measured with an apparatus similar 
to that of Bates and Mallard (1950) using an aqueous solution of nickel chlorideasa 
susceptibility standard (Nettleton and Sugden 1939). The value found at 293°K 
was 17-5 + 0-2 x 10-%e.m.u. per gramme, and no field variation was detected with 
fields up to 45000e. The variation of susceptibility is given in the figure 
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which shows the reciprocal mass susceptibility plotted against the absolute 
temperature. Continuous observations were made over a period of several days 


and the measurements recorded with increasing and decreasing specimen 
temperature are indicated in the figure. 
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It is known that there are two structural transformations in the above tempe- 
rature range, namely at 977°K according to Spedding and Daane (1954) and at 
423°K according to Trombe and Foex (1944). From the continuous and reversible 
results shown in the figure it follows that the changes in susceptibility associated 
with the transformations are extremely small, i.e. less than 1%. 

It is generally accepted that three electrons of cerium are in a conduction band, 
arising from the 5d and 6s levels of the free atom, and that there is one electron in 
the 4f subshell. ‘The 4f electron has a ?F.). ground state which has a magnetic 
moment of 2:54 Bohr magnetons. The atomic moment calculated from the 
Curie-Weiss law representing the experimental results over the temperature range 
90° to 293°K, y=0-00588/(7+ 42), is 2:58 Bohr magnetons. Now, Van Vieck 
(1932) has shown that it is important to consider the population of higher levels 
when RT becomes of the order of the level spacing. Cerium has only two levels 
arising from spin-orbit coupling, ?F;,. and ?F.)., and if their separation is A and 
the paramagnetic Curie temperature is taken to be —42°x, then the temperature 
variation of mass susceptibility arising from the population of these levels is given 
by 

0-0008858 [38-57 + 164-7 exp (— A/RT) 
= ee | aan +N(a)+A Sere (1) 


where \(«) is the temperature-independent paramagnetism which was shown to 
be present by a more rigorous treatment (Van Vleck 1932), and which will later be 
shown to be small in the case of cerium; A is the resultant contribution of the dia- 
magnetic core and the conduction electrons and may be positive ornegative. [fA 
and N(«) are for the moment neglected, then the temperature dependence of 
paramagnetism can be fitted by the choice of a suitable value for A. For a free 
cerium ion the separation of the ?F;,. and ?F.). levels has been reported to be 
6060 cm (Landolt-Bornstein 1955) and 2240 cm~ (Elliott and Stevens 1953), 
but it may well be reduced in the metallic state. If it is chosen to be 1340 cm 
the broken line shown in the figure is obtained. This agrees very well with the 
experimental measurements but closer agreement can be obtained by the inclusion 
of a small temperature-independent paramagnetism, possibly arising from the 
resultant effect of N(«) and A. N(«) can be evaluated from the:chosen value of A 
(Van Vleck 1932) and it is found to equal 0-52 x 10-e.m.u. per gramme. It may 
be possible to assume that A is equal to the susceptibility of lanthanum, which is the 
preceding element in the rare-earth group and has no 4f electron. Reported 
values for the mass susceptibility of lanthanum are 1:19 x 10-6 and 0-99 x 10-®e.m.u. 
per gramme at room temperature according to Trombe (1934) and Bommer 
(1939), respectively. As an estimate for A this may not have much significance, 
firstly because the experimental values for the susceptibility of lanthanum may be 
in error because of the presence of small amounts of the highly paramagnetic rare 
earths as impurities, and secondly, because the conduction electron contribution to 
A may be very different for cerium. 

The paramagnetic Curie temperature —42°K included in equation (1) could 
arise either from a splitting of the ground state by the crystal field or from a 
negative exchange interaction. If the splitting of the ground state is of the order of 
RT then it has been shown (Penney and Schlapp 1932) that a polycrystalline rare 
earth can follow a Curie-Weiss type of temperature dependence over several 
hundred degrees. For this to be the origin of the Curie temperature, the splitting 
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would have to be of the order of magnitude 200 cm~1, and this would seem to be 
surprisingly large for the metallic state. If the excited state is split by the crystal 
held then equation (1) would not be invalidated since the probability of occupation 
of the split levels will be almost equal if the splitting is small compared to A. 

If the Curie temperature arises from an exchange interaction then this is pro- 
bably of the Zener type, i.e. involving coupling with the conduction electrons 
(Bagguley and Stevens, unpublished) and may therefore give rise to co-operative 
phenomena at low temperatures. ‘The behaviour at low temperatures may how- 
ever be complicated if crystal field splittings are also present. 

It is therefore concluded that the temperature dependence of susceptibility 
of metallic cerium from 90°K to its melting point can be satisfactorily explained 
by the thermal population of the ?F,,, and 2F,. levels separated by 1340 cm~! anda 
small superimposed temperature independent paramagnetism. 
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Abstract. ‘The way in which the disturbance of a colour match by adaptation 
is affected by the brightness of the adapting field is investigated. It is inferred 
from the results that the disturbance is due to a photochemical reaction in a 
pigment for which the apparent value of the product of quantum efficiency and 
molar decadic extinction coefficient at A 0-574 u is about 420000. Reasons are 
given for believing that the true value is probably lower. ‘Three hypotheses 
concerning the nature of the pigment are discussed, and it is concluded that the 
most likely of them is that it is the receptor pigment of the ‘red-receptive’ 
mechanism of trichromatic theory. If so, this must have the very high optical 
density in the receptors of about 0-98. 


§ 1. INTRODUCTION 


RIGHT (1936) found that, though colour matches made by the normal 
human eye are remarkably stable to moderate degrees of adaptation to 
white or coloured light, with very bright adapting lights they may be 
disturbed. Detailed investigation of this disturbance (Brindley 1953) revealed: 

(1) that the factor by which a given adaptation alters the ratio of amounts of 
fixed red and green primaries required to match test wavelengths between 
0-48 and 0-62. differs for different test wavelengths ; 

(11) that the manner in which a match of yellow against red + green is disturbed 
by adaptation is independent of the adapting wavelength, and that the amounts of 
light at different wavelengths required to produce equal magnitudes of disturbance 
define an action spectrum which agrees within experimental error with a likely 
spectral sensitivity curve for the ‘red’ mechanism of trichromatic vision ; 

(111) that the disturbance is closely similar to a disturbance of colour matches 
found when all the light making up both photometric fields is passed through the 
periphery instead of the centre of the pupil; 

(iv) that all the disturbances, both with adaptation and with decentring, are 
within experimental error of those implied by the hypothesis that there are three 
classes of receptors active in foveal photopic vision, and that of these the ‘red’ 
receptors detect light by means of a photolabile pigment present in high peak 
optical density, which is reduced by 0-5 by the adaptations used in the experiments 
and by 0-2 by the oblique incidence. 

It was inferred from (i) that the disturbance was not due to production or 
destruction of a screening pigment in front of all the receptors and from (ii) that a 
single photochemical reaction was involved; and it was suggested, on the evidence 
of (ii) and (iv) together, that the hypothesis set out in (iv) might be correct. 

‘The present experiments and arguments provide further evidence related 
to these inferences. 
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§ 2. "THEORY 


If the disturbance of the colour match is due to bleaching of the red-receptive 
pigment, which in the unadapted eye has a peak density high enough to cause 
substantial self-screening for light of wavelengths near that of maximum 
absorption, then we can deduce the relations between the disturbance of the colour 
match and the concentration of pigment remaining unbleached, and between the 
concentration of pigment remaining, the amount of bleaching light, and the 
product of extinction coefficient and quantum efficiency of bleaching. The 
relation between the disturbance of the colour match and the amount of bleaching 
light can be tested experimentally, and if the experimentally determined relation 


agrees with that predicted, the product of extinction coefficient and quantum 
efficiency of bleaching can be calculated. 


2.1. Relation of Concentration of Pigment remaining to Amount of Bleaching Light 


The following symbols are used: g is the number of quanta per cm? of retina 
in the bleaching light, cy, c the number of red-receptive pigment molecules per 
cm? of cross section of the receptors before and after bleaching respectively, 
%, the molecular extinction coefficient of the red-receptive pigment for the 
bleaching wavelength in Napierian units, y the quantum efficiency of bleaching. 

The optical density of the receptors for the bleaching wavelength is «,c log e, 
the fraction of incident light absorbed is 1—exp(—«,c), and 


dc/dq= —y{1—exp(—«,¢)}, 
1 
q=- sh ioe —In {1 -exp(—20) | + const. 
2 et 


whence 
b 
Determining the constant of integration from the relation that c=cy when g=0, 
we find 

1 


g= — — [ape —%eo+ In {1 — exp(—a,c)!—In {1 —exp(—ayeq)}]. . 2... (1) 
AHy 


When ~%,¢) is small, this reduces to the familiar form 


C=eyexp (anys “2° 9 =. weet: (2) 


2.2. Relation of \log R to the Concentration of Pigment remaining unbleached 

The symbols used are: R, G, Y are the amounts of red, green and yellow test 
lights in a colour match for the unadapted eye, R’, G’ the corresponding quantities 
of red and green for the adapted eye. A,, A,, A, are the sensitivities of the 
‘red-receptive’ mechanism to the red, green and yellow test wavelengths in the 
unadapted eye, @,, a, a, the corresponding quantities of the adapted eye. 
B,, B, and B, are the corresponding sensitivities of the ‘green-receptive’ 
mechanism (the shape of whose spectral sensitivity curve is supposed not to be 
affected by the adaptation). n=A,B,/B,A,. We have 


RAZ GA} VA, ROG Gs=3¥ de 
RB,+GB,= YB, R'B,+ G'B,= YB, 
whence by eliminating G, G’ and Y 


(a,By - Bya,(AyBg ie ByAg) 


Alog R=log R’ —log R= — 198 (4B. —B.A,\a,B,—B,a,) 
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If the sensitivities 4 and a depend on a photochemical reaction in the pigment 
bleached by the adapting light, then, for any wavelength A, 
a 1—exp(—,c) where «, is the Napierian molecular extinction 
A 1—exp(—«;6) coefficient at wavelength 4, 


~c cy for those wavelengths for which ~;¢) is very small. 

For the experimental test, the wavelengths 0-68, 0-57 and 0:55 ~ were chosen, 
with the aim that, if the spectral sensitivity curve of the ‘ red-receptive’ mechanism 
were represented by the luminosity curve of the eyein the monochromacy following 
violet and blue-green adaptation (Brindley 1953) or by the luminosity curve of 
deuteranopes on a 2° (Pitt 1935) or 12’ (Willmer 1949) field, or to a tolerable 
approximation if it were that given by Pitt (1944), the densities «cy loge would 
be for the yellow and green test lights nearly equal to the maximum density, and 
for the red test light very small. 

‘Then Ae “as 1 —exp(—2mc) 


A; A, 1=exp(—ambe)) 


where x» is the maximum molecular extinction coefficient, and a,/A,=c/cy. 

Besides simplifying the equations, this choice of test wavelengths has the 
advantage, both predicted from the present theory, assuming the sensitivity 
curves of Pitt (1944) or of Brindley (1953) for the red-receptive and green- 
receptive mechanisms, and verified in the present experiments, that AlogG is 
for all degrees of adaptation so small as to be very nearly undetectable; and in 
the principal experiments the brightness of the green-matching light was set 
for the unadapted eye and then left unchanged throughout every adaptation and 
recovery. [he experiments were thereby certainly made easier, and very 
probably more accurate. 

For the chosen test wavelengths, 
(4,By— B,ag)(AyBg— ByAg) 
(A, Bo BAG, PB) 
ogt@ieall exp (<ae)!—f1-exp(=xe)} ag 

(n— Ii —exp(—20)} 

When 2c is small, so that the value of c can be taken from equation (2) and 

terms of the third and higher orders be neglected, equation (3) approximates to 


Alog R= — log 


na(Cy —C) 


SS 2(n —1) 


loge 


MACH 


= to) 2) Signer OB Hola ono 6 (4) 


$3. EXPERIMENTAL METHODS 


The apparatus and methods of calibration were those described in Brindley 
(1953), and the sizes of adapting field (3°) and test fields (1°) were the same. An 
artificial pupil of 2mm diameter was used. It was verified that the adapting 
light never caused the subject’s pupil to constrict to less than this size, so that 
the retinal illumination was always that calculated from the artificial pupil. For 
the test fields the illumination was 30 trolands; for thé adapting field it varied 
as described later. 

The results presented in detail were obtained with the author as subject. 
Very similar results obtained with another subject are briefly described. 
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S$ 4. RESULTS 
Figure 1 shows the course of recovery towards the normal (unadapted) colour 
match after adaptation for 10 seconds at various retinal illuminations to light of 
modal wavelength 0-574 and band-width at half maximum 0-058 yw, determined 
by a dyed gelatine filter (Ilford No. 626). ‘The curves have been extrapolated 
back to the instant of removing the adapting light, and in figure 2 the intercepts 
are plotted against the number of quanta falling on each square centimetre of 


ie ; 


bina 
2 22 3 SW 4 
Time (minutes) 
Figure 1. Time-course of recovery of a colour match disturbed by adaptation to different 
‘ amounts of yellow light (values in trolands x seconds). 
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Figure 2. Amount of disturbance of a colour match, extrapolated to zero time, as a function 
of the amount of adapting light. 
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retina during the period of adaptation, assuming that all the adapting light was of 
wavelength 0-574, and that one troland at this wavelength gives 1-036 x 10° 
quanta sec-!cm ? of retina. This estimate is based on a posterior nodal distance 
of 16-°3mm, Ludvigh and McCarthy’s (1938) value of 59-4°, for the transmission 
of the eye at 0-580 and a luminosity of 598 lumens per watt at 0-574 qu. 

The experimental points seem to approach an asymptote at about Alog R=0-51 
for high retinal illuminations. Now the limit of equation (3) as c tends to zero is 

f ey 
n{1—exp(—aeo)}—a¢y (5) 


Alog R= —log (es ee 85: 


If n exceeds about 5, its exact magnitude has only a small effect on the value 
of acy calculated from this equation. From the fundamental response curves 
of Pitt (1944) n=8, and extrapolation of the luminosity curves in monochromacies 
produced by adaptation to very bright lights gives nearly the same value. 
Assuming n=8 and the experimental asymptote Alog R=0-51, equation (5) 
gives %Cy=2-26, whence the maximum optical density of red receptor pigment 
in the unadapted eye is 2:26loge=0-98. 

In figure 2 the theoretical relation given by equations (1) and (3) has been 
plotted for the values ac, =2-26, n=8 and my=1-61 x 10- cm. It will be seen 
that the experimental points do not contradict this relation. ‘They do not, 
however, form a very critical test of it, for they are equally well fitted by a simple 
exponential curve of the form A log R= a{1—exp(—4q)}, as given by equation (4), 
which cannot be valid for the second or third of the hypotheses considered in the 
discussion, as they do not allow the low values of «cy for which it holds. 


4.1. Validity of the Bunsen—Roscoe Law for durations between one and ten seconds 


If the disturbance of colour matches is due directly to a photochemical 
reaction in a pigment whose regeneration follows the time course of the recovery 
curves of figure 1, then equal quantities of light should have equal effects 
irrespective of their distribution in time for durations up to about ten seconds. 


9:25 i T T 
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Figure 3. Time-course of recovery of a colour match disturbed by adaptation to 
8°5 x 10° trolands x seconds given during 10 seconds and 1 second. 
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If it is due to a neural mechanism, there is no necessary reason why this relation 
should hold for durations above the summation time for equal sensation from two 
flashes, which at high luminance is about 0-04 second (Brindley, unpublished 
observations). Figure 3 shows the course of recovery of a colour match disturbed 
by adaptation to 8-5 x 10° trolands x seconds, in two experiments spread over 
ten seconds, and in two experiments concentrated within one second. No 
departure from the Bunsen—Roscoe law is detected. 


4.2. Experiments with another Subject 


Recovery curves similar to those of figure 1 were obtained with one other 
subject for the same matching wavelengths and the same range of adapting 
lights; but the reproducibility of the measurements was found to be much 
worse than for the author as subject, especially for those at 10 and 30 seconds, 
which are the most important for extrapolation back to the end of the period of 
adaptation. ‘The time course of recovery for this subject was indistinguishable 
from that for the author. ‘The asymptotic value of A log R was lower, about 0-35. 
This would correspond, on the present theory, to a peak density of red receptor 
pigment of 0-65. The adapting light giving a AlogR of (1—1/e) times the 
asymptotic value was about the same as for the author, namely 1-6 x 10° 
trolands x seconds, but much less precisely determined. 


§ 5. DiscussIon 


We have seen that the present results, like those published earlier, are in 
satisfactory agreement with the hypothesis that the disturbance of colour matches 
by adaptation is due to bleaching of the ‘red’ receptor pigment. ‘The peak 
density of this pigment which they require, namely 0-98, is surprisingly high, 
but perhaps not very unlikely, in view of Denton and Wyllie’s (1955) finding 
that the frog’s rods have nearly this density of rhodopsin. It remains to be 
considered with what alternative hypotheses the data are also consistent, 
and whether these are more or less improbable than the one primarily under 
consideration. The possibilities may be classified as follows. 


5.1. First Hypothesis: The disturbance 1s not associated with a change in the shape 
of the spectral sensitivity curve of any class of receptors 


A very large number of hypotheses of this kind can be constructed. ‘They 
all imply that colour matches are not determined at the receptor level, and hence 
that there are both more than three kinds of light-sensitive pigment and more 
than three classes of receptors active in foveal photopic vision. ‘They fail, unless 
additional and unlikely ad hoc hypotheses are made, to explain Grassmann’s 
laws of additivity of colour mixture, which follow automatically from the 
hypothesis that there are three kinds of pigment or three classes of receptors or 
both; they fail, unless further unlikely ad hoc hypotheses are made, to explain 
the stability of colour matches to moderate degrees of adaptation to coloured 
lights, which also follows automatically if there are three kinds of pigment or 
three classes of receptors; and they fail unless yet more ad hoc hypotheses are 
made, to explain any of the quantitative aspects of the disturbance by adaptation 
to very bright lights, all of which are adequately explained by the hypothesis of 


bleaching of the ‘red’ receptor pigment. 
3. N-2 
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So complex do hypotheses of this first kind become when modified to fit all 
the experimental facts that it seems reasonable to neglect them while there are 
simple hypotheses that fits the facts as well. 

If the spectral sensitivity curves of receptors are altered by adaptation, the 
alteration must be due to changes in the amounts of receptive pigments or of 
screening pigments and much the simplest supposition is that the changes are 
directly due to the absorption of light by these pigments themselves, though it is 
difficult to exclude altogether the possibility that they may be secondary to the 
absorption of light by other substances. 

The fact that the disturbance obtained with any monochromatic adapting 
light can be reproduced with any other monochromatic light, if the brightness is 
adjusted, proves that the absorption of light by only one substance is concerned, 
or if by more than one, that these have nearly the same absorption spectrum, or 
else are not themselves screening pigments, but affect secondarily the same 
screening or receptive pigment. 


5.2. Second Hypothesis: A non-receptor pigment, acting as a filter in front of the 
receptors, 1s bleached or photosynthesized 

This cannot be a general screening pigment in front of all the receptors 
equally (Wright 1936, Brindley 1953). It must he in front of the receptors 
individually, screening one class and not another. Such pre-receptoral colour 
filters, though they occur in reptiles and birds, have never been observed in 
mammalian retinae. If such a pigment is photosynthesized, then to explain the 
results of figure 2 of Brindley (1953) it must have a low density in the green and 
a very high density in the red, nearly constant over the range 0-62-0-70 u, and 
this is very unlikely. If it is bleached, it requires a more plausible absorption 
spectrum. 


5.3. Third Hypothesis: Only two receptor pigments are substantially active in the 
dichromatic red—yellow—green range of the spectrum, and one of them has a 
high density, which ts diminished by adaptation 

If so, then on the evidence already presented (Brindley 1953) this must be 

the ‘red-receptive’ pigment, which must have the very high peak density of 0-98 

if, as the present calculations assume, the product of bleaching is colourless, and 

cannot be much less dense if the product of bleaching is coloured. 


5.4. Fourth Hypothesis: There are more than two receptor pigments active to a 
substantial degree in the dichromatic red—yellow—green range of the spectrum, 
the spectral range being dichromatic because these pigments are contained 
mm only two classes of receptors 


If so, all the experimental results on the disturbance of colour matches by 
adaptation can be explained if one of the pigments is much more photosensitive. 
than the others, so that for all adapting wavelengths it is preferentially bleached ; 
but the agreement of the direction and form of the disturbance with that calculated | 
on the third hypothesis becomes a mere coincidence, and the very similar 
disturbance of colour matches on passing the light through the periphery of the | 
pupil requires a separate and, it seems, unrelated explanation. 

Of these four hypotheses, none has been disproved, but the first may fairly | 
be discarded on the grounds of its extreme complexity when modified to fit all’ 
the facts. Of the other three, that of bleaching of the red-receptive pigment is) 
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the simplest and explains quantitatively the greatest number of experimental 
observations. In the absence of any conclusive evidence it may for this reason 
be regaded as the most likely. 


5.5. Photosensitivity of the Pigment Responsible 

For the theoretical relation of equations (1) and (3) to fit the data of figure 2, xy 
must have the value 1-61 x 10- cm? at A 0-574 uw. If the second or fourth of the 
above hypotheses were correct, instead of the third, as assumed in equations (1) 
and (3), it could be a little lower ; for example, if the value of A log R were propor- 
tional to the amount of pigment bleached, and the relevant pigment were scarce 
enough for equation (2) to hold, the best-fitting value of «y would be about 
p< 10 fem. 

In decadic molar units, the former estimate corresponds to ey =420000. 
This is eighteen times the photosensitivity of visual purple (Schneider,Goodeve 
and Lythgoe 1939), and larger than the largest value of e quoted by Braude (1950) 
for polyenes and aromatic hydrocarbons. If the quantum efficiency y is unity 
it implies on Braude’s theory a much larger effective chromophore area than that 
of visual purple. This somewhat unlikely conclusion would be avoided if either 
the quantum efficiency were greater than unity or an optical system within the 
retina concentrated the light on the pigment, making the apparent photo- 
sensitivity higher than it would be in uniform illumination. ‘The first of these 
possibilities seems for biological reasons a little unlikely; the retina must contain 
an amplifier, and it is not unlikely that the first stage of this is a chain reaction 
within the receptors, but it would appear uneconomical for such a chain reaction 
to use the receptive pigment itself. [The second possibility, on the other hand, 
might have been expected from the directional sensitivity of the retina even if the 
high apparent photosensitivity of the red-receptive pigment had not been found. 
A device causing the sensitivity of a receptor to light from one direction to be 
higher than to light from another might work merely by throwing away sensitivity 
in the unfavoured direction, or by using it to gain sensitivity in the favoured. 
Orientation of the chromophore groups perpendicularly to the favoured direction 
of incidence (Schmidt 1938, Denton 1954) is a mechanism of the latter kind, but 
gaining only a factor of 1-5; another is the hypothesis of O’Brien (1946) of 
multiple total internal reflection in a tapering tube; and a third 1s the hypothesis 
that an intra-retinal lens, perhaps in the inner segment of each cone, concentrates 
the light on the pigment in the outer segment. Some such device would be more 
economical than one which merely threw away sensitivity in the unfavoured 
direction, and might for this reason be regarded as more likely. 

5.6. Objective Demonstration of Bleaching of a Foveal Pigment 

If a retinal pigment present in high density is bleached, it should be possible 
to detect changes after adaptation in the amount of light of different wavelengths 
reflected from the fovea. On the present theory these changes need be by no 
means so large as the hundredfold that would be expected if all the light reflected 
had passed twice through receptors of density 0-98, since red receptors certainly 
do not occupy the whole foveal area and, if they are very dense, will contribute 
much less light than in proportion to the area which they occupy. Using a 
modification of the apparatus described by Rushton (1952), such changes in 
reflecting properties have been detected (Brindley and Rushton 1955), and are 
being investigated in detail (Rushton, in course of publication). The maximum 
change in reflection fraction on bleaching is about 0-12 log unit. 
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Abstract. ‘The new approach to optical image formation from the standpoint of 
Fourier methods has led to the need for characterizing a lens by its response to 
spatial frequencies. Methods of measuring this reponse by means of photometric 
image scanning are neither simple nor, accurate, especially when the object is 
illuminated with partially coherent light, whereas the instrument described here 
gives the frequency response directly and for any specified conditions of illumina- 
tion. ‘The apparatus is an interferometric photometer consisting basically of a 
shearing interferometer giving any amount of shear but with no tilt. It is shown 
that under certain conditions the total light flux in the sheared interferogram is a 
measure of the frequency response of the lens producing it. Some experimental 
results are compared with those obtained theoretically by Hopkins for the case of a 
defocused optical system. 


§ 1. INTRODUCTION 


HE correspondence between object and image is the principal concern of 

both lens designers and users. In most cases it is desirable for the image 

to resemble the object as nearly as possible, although this relationship is 
sometimes deliberately falsified so as to render a normally unobservable object 
easily visible, as, for example, in the phase contrast microscope. ‘The mathe- 
matical problem of determining directly the distribution of intensity in the image 
of an extended object under a particular type of illumination is formidable, but 
with the application of convolution-type theorems and the methods of Fourier 
analysis a general solution has been found possible. 

Essentially, this approach to image formation was adopted both by Abbe, 
who applied Fourier analysis to a coherently illuminated object, and by Rayleigh, 
(1896) who studied the image of a self-luminous object and actually gave 
expressions for the amplitude of the spatial frequencies present. ‘The power of 
the method, however, was only realized after Dufhieux (1946) had given a mathe- 
matical treatment of image formation using expressions for the degree of trans- 
mission of spatial frequencies from the object to the image plane. Steel (1952, 
1953) using Fourier transforms calculated the distribution of intensity in the 
image of an incoherently illuminated line in the presence of small aberrations, and 
Hopkins (1951, 1953) showed how Duffieux’s treatment of coherent and incoher- 
ent image formation could be generalized to cover the case of partial coherence. 
Mention should also be made of Zernike’s (1938) early paper on partial coherence 
together with a recent contribution by Blanc-Lapierre and Dumontet (1955) who 
have applied the general theory of random functions to this problem. A new 
theory of aberration tolerances (Hopkins 1955 a) has been based on the trans- 
mission factor or frequency response of a lens, so that the measurement of this 


872 L. R. Baker 


characteristic is now probably the most useful single test of lens performance, 
since it relates the lens both to the design and also to its image forming properties 
under any chosen conditions. 

Whilst it is true that the frequency response of a lens may in principle be 
determined from the distribution of intensity in the image of a given object one 
can rarely obtain accurate results in practice particularly if the object is illumin- 
ated with partially coherent light. A considerable simplification results from 
the use of one-dimensional test objects, whilst at the same time there is no loss 
of generality (see Hopkins 1955 b). The object chosen must be analysed into 
its Fourier spectrum and then the extent to which this has been transmitted can 
be found by applying Fourier analysis to the distribution of intensity in the 
image. A one-dimensional sine grating object has often been considered since, 
as was shown by Selwyn (1948), the image is then still a sine curve, and it is only 
necessary to measure its reduction in contrast and lateral displacement. Simpler 
types of object such as the slit and half plane were used by Lindberg (1954) and 
others. ‘The frequency response when using a slit object is the Fourier trans- 
form of the distribution of intensity in the image, and for a half plane it is the 
transform of the image intensity gradient. 

All these methods depending on photometric image scanning require an 
accurate knowledge of the type of object and illumination used. If the mathe- 
matical transformation is simple as in the case of a sine grating then the object is 
difficult to realize practically, and conversely if the object is physically simple as 
for a slit then the mathematical analysis to follow is relatively more complex. 
The interference photometer to be described gives the frequency response of a 
lens directly for any conditions of illumination and without the use of a particular 
type of object. ‘The apparatus is essentially an analogue computer incorporating 
the lens under test, and the theoretical basis of the instrument will now be given. 


§ 2. THe THEORY OF THE INTERFERENCE PHOTOMETER 


Using the Fourier approach to optical image formation (see Hopkins 1953) 
a one-dimensional test object with complex transmission E(w) may be expressed 
in terms of its equivalent Fourier series as 


1 
E(u) = (ni pa a(m) exp [amul ~~ ae (1) 


where a(m) is the amplitude of component m. 
If each component is perfectly transmitted then the distribution of intensity 
in the image /’(w’) will be given by 


TG = Ge yee = SS 2 a(m)a*(p) exp [1(m—p)u' | Berry Bde 


m 
where a*(p) is the complex conjugate of a(p). 
In practice, however, some components will be absent from the image due to 
the finite aperture of the lens and those that are transmitted may suffer attenu- 


ation. It has been shown that under these circumstances the actual image 
distribution is 


ey, 1 
Lays 5s > > C(m, p) a(m) a*(p) exp [e(m—p)u'] ...... (3) 


m Dp 
where the complex frequency response is given by 


+ 00 


Clr, Pyne sie _ Ve BF (+m, W) fF (w+, 9) de dy. 0. (4) 
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In this expression f(x, y) is the pupil function of the lens and y (x, y) is the 
‘ effective source’. For coherent illumination y (x, y) is a Dirac delta function, 
for incoherent illumination it is unity for all values of the variables, and in the case 
of partial coherence it is unity over a limited region of the range of integration and 
is zero outside. C(m, p) is in general a complex quantity, whose modulus is the 
contrast transmission of the term (m, p), and whose argument denotes a lateral 
shift of this component. If the lens aberrations are symmetrical, as for spherical 
aberration, the response function is wholly real, but if an asymmetrical aberration 
such as coma is present its imaginary part must also be found. 

The photometric scanning methods previously referred to involve the choice 
of a suitable object function FE (w) and then C(m, p) is found by a measurement of 
the function I’(u’) followed by an appropriate mathematical analysis. The 
interference photometer gives C(m, p) directly by providing an experimental 
solution of the integration in equation (4). 

A method of studying the frequency response of a lens which is based on a 
measurement of the total light flux in a sheared interferogram was first suggested 
by Hopkins (1955 c), and during the past two years an interference photometer 
employing this principle has been constructed which is not only phase sensitive 
but should also permit measurements of the frequency response accurate to 
within 1°%. 

The interferometric unit is to be seen on the extreme right of the schematic 
representation of the complete interference photometer shown in figure 1. 


Figure 1. Schematic representation of the complete interference photometer. 


It is a simple modification of the Michelson type of interferometer, where the 
plane mirrors have been replaced by the roof mirrors M and P, in order to provide 
for a lateral shear of the wave fronts coming from each mirror. S, is a mono- 
chromatic point or slit source at the focus of.the lens under test L., giving the 
aberrant wave front shown. Lateral displacements m/2, p/2 of the mirrors M and 
P give a shear m, p to the components W,,, W,, whose optical path difference is 6. 
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The complex amplitude of the emergent wave front is given by 
Ff (x, y)=exp RW (x, y)] 
where W(x, y) is the wave aberration and k is the propagation constant 27/A. 
The amplitude at some elementary area in the interference pattern produced by 
the interaction of W,, and W,, will be given by 
exp [ikW (x+m, y)]+exp [kW (x+p, y) +18] 
if the wave fronts are taken to have the same amplitude equal to unity. he 
intensity is the squared modulus of this expression and the total light flux in an 
area I of the interferogram is therefore given by 


b= | lexp [kW (x +m, y)]+exp [1kW (x +p, y) +15]? dxdy. 
Pea 


When expanded this expression becomes 


B= 2,| | dxdy + 2cos 6 || cos {kL W(x+m, y)— W (x+p, y)]} dxdy 
I 


IP 5 B 
+2 sin 6 [| sin {k[ W(x+m, y)— W(x+p, y)]} dxdy. .. (5) 
wea 


Returning now to equation (4) we saw that y («, y) was equivalent to limiting 
the range of integration, and so we can replace the infinite limits by the range I 
which is the area common to the two displaced pupils and the effective source. 
Introducing also the aberration function we may now rewrite the frequency 
response as 


Cm, p\=27, | | exp {tk[| W(x+m, v)— W(x+p, v)]} dxdy. 
JIT 


Since C(m, p) will in general be a complex quantity it is convenient to express it as 
G(m, p)=7(m,.p) expe ple | a ae (6) 
where 7 (m, p) is its modulus and @(m, p) is the argument. From these two 


equations we can now express the real and imaginary parts of the frequency 
response separately as 


coe or (| cos {k[ W(x+m, y)—W(x+p, y)]} dxdy ....(7) 
ay 


and 
7 sin 6=27 | | sin {k[ W(x+m, y)—W(x+p, y)]} dxdy. ..... (8) 
J JY 


Equations (7) and (8) may be substituted into equation (5) and by a suitable 
choice of the photometric unit we have 


B= Key Cos (0 = 0). |S) ee (9) 
where A is a constant fora given m and p, and represents the total light flux 
when no interference takes place. 

The modulus of the frequency response is therefore the amplitude of the 
variation of the total light flux B as the path difference 5 changes, and the argu- 
ment is the phase shift. If the plane wave front from L, is used, 7 will be equal 
to K and @is zero. ‘The argument may thus be measured as the phase difference 
existing between the flux modulation associated with the aberrant and the plane 
wave front. It should be noted that if on the other hand a wave front with 
nominally infinite aberration, or zero frequency response, were used t=0 and 
B= K and in this case the total light flux is completely independent of 8. 
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If the object is incoherently illuminated the area of integration I will be the 
area Common to the two displaced wave fronts, but in the case of partial coherence, 
as when testing microscope objectives, for example, it is only necessary to further 
restrict this area by means of an aperture corresponding in size to the effective 
source. If the object is coherently illuminated this aperture has a vanishingly 
small area since in this case the frequency response is given by the pupil function 
of the lens. 

In the experimental results given here the lens tested was a telescope doublet 
to be used with a self-luminous object and in this case there is no interaction be- 
tween the m and p terms of equations (2). We may therefore put m=(0 and p=s, 
where s is the relative shear of the wave fronts. The Fourier variable s may be 
written in terms of number of lines per unit length R according to s=AR/sine 
where ~ is the angular inclination to the axis of rays from the pupil x«2+y7?=1. 
When s=2 the value of R is the object frequency just on the limit of the resolving 
power of the lens. 


§ 3. THE INTERFERENCE PHOTOMETER 


The instrument constitutes essentially a two-beam flicker photometer in 
which one beam contains the lens under test and the other a good quality 
collimator. A schematic representation of the complete photometer is shown in 
figure 1 (Baker and Hopkins 1955). 

A sodium lamp on the extreme left is focused on to the source slit S which is 
itself imaged on to the roof mirror R. The light intensity in the two beams is 
controlled by the polarization unit P, WP, similar to that employed in the Hardy 
(1935) spectrophotometer. A Wollaston prism W splits the light into two slightly 
divergent beams polarized at right angles, and these are focused on the two 
faces of R. After another reflection these two beams are rendered parallel, 
separated by a convenient distance, and then refocused by the lenses C, and C, 
on to the focal planes S, and S, of the collimator L, and the lens under test L,. 
The field lenses F, and F, image the exit pupil of the previous lens at C, and C,. 

The ratio of intensity in the two beams is varied by setting the first polaroid 
P, at a known angle, and then by continuously rotating P, the light is presented 
alternatively to L, and L,. After another reflection the parallel beam from L, is 
combined with that from L, at the semi-reflecting plate D,. From this point 
onwards the two beams are coincident and pass along the same path through the 
interferometer. The lens H has a considerable depth of focus and images the 
pupils of both L, and L, at the aperture I. The interferogram we require to 
study is formed at I and it is in this plane that an aperture corresponding to the 
effective source should be placed. In order to examine the fringes visually 
another field lens images the source via a rotatable mirror into the pupil of the eye 
at E,. For the purpose of a measurement, however, the beam is allowed to pass 
on and come to a focus at the aperture K which is viewed by E, through an eye- 
piece. A high transmission diffusing element G (Baker 1955) serves to produce a 
uniform illumination at K. 

The source S is a symmetrically opening spectrometer slit and its width 1s 
such that the wave fronts are coherent in the direction of shear (see Hopkins 
1951). The height of the slit is limited only by off-axis aberrations and vignetting. 
The polaroid P, is mounted in a graduated circle which can be read to 0-01°. 
A Nicol prism should not be used here as it will almost certainly be mounted 
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slightly off axis in which case rotation will introduce optical path differences 
between the interfering beams. The speed of rotation of P, is about 5 c/s for 
visual observation, but this can be increased to 60 c/s should an electronic 
detector be employed. Sj, and S, are iris diaphragms which can be opened and 
fully illuminated so as to provide an extended source for the initial setting up of 
the interferometer. 

A rotatable aperture system A contains four pairs of circular apertures. ‘The 
first is clear for both L, and L,, the second places a defocusing spectacle lens in 
front of L,, thethird the same lens before L,, and the fourth pair places defocusing 
lenses in front of both L, and L,. In this way the frequency response of either 
or both lenses can be made zero. 

The roof mirrors M and P are mounted on kinematic ways and can be accur- 
ately positioned along these by means of micrometer screws. ‘The roof mirror P 
can also be moved in a direction parallel to the incoming beam and its position is 
adjusted to ensure roughly equal optical path lengths in the two arms of the 
interferometer. For incoherent illumination of the object the aperture I has a 
shape which masks off the non-interfering light from the sheared wave fronts, and 
so is merely the area common to two displaced circles. For partial coherence I 
could be further restricted by an aperture equivalent in size to the effective 
source. 

The bed of the interferometer consists of a heavy Meehanite casting machined 
to take the kinematic ways of M and P and the mounting for D,. ‘These three 
components are very sensitive to external vibrations and to obtain reliable results 
a carefully designed anti-vibration support was found necessary. ‘The casting is 
ribbed underneath and is supported on a thick cushion of Latex foam rubber 
placed on a marble slab, which is in turn mounted on four helical springs under 
compression. ‘The efficiency of this system is such that under normal working 
conditions no movement of the fringes can be observed over a period of five 
minutes. ‘There remains a slow movement with a period of about half an hour 
and this was assumed to be due to thermal changes. 

‘The interferometer mirrors are fitted with 80 threads per inch screw adjust- 
ments and each is used in conjunction with acam. ‘The screw rests on this cam 
consisting of a ball bearing seated in a trihedral or conical hollow. The ball 
bearing can be rotated in this position by means of a rod to the end of which it is 
soldered, and owing to the residual asphericity of the ball its rotation imparts 
very small movements to the screw. ‘The pressure on the ball bearing is adjusted 
by varying the tension in an opposing spring so as to ensure a regular fringe 
movement when set at its optimum value. 

‘The variation of optical path difference between the two interfering beams has 
to be carried out with a precision of about A/100 over about 1 A and without intro- 
ducing tilt. One way in which this was accomplished depended on the magneto- 
strictive effect of nickel. ‘The mirror P was attached to one end of a carefully 
annealed nickel rod the other end of which was firmly fixed to the interferometer 
bed. By varying the current in a solenoid surrounding the rod the position of P 
could be adjusted as required. The advantage of this method is that by magneti- 
cally polarizing the rod and passing an alternating current through the coil this 
system will act as a magnetostrictive oscillator and, as we have seen, the amplitude 
of the flux output obtained with a given lens will be a measure of the modulus of 
its frequency response. 
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For some purposes, however, it is convenient to have direct control of the path 
ditterences and this was achieved by displacing the source off axis. Referring 
to figure 2 we see that if the beam were inclined at an angle 8 there would be 
a path difference between the two sheared beams. The distance from O 
through M to A is equal to that from O through P to E, so that the optical path 


Figure 2. Provided there is a finite shear, path differences may be introduced by inclining 
the incoming wave as shown here. 


ditterence is AB and is equal to the product of the shear EB and the angle 8 
which is of course independent of the wavelength provided the lens is corrected 
for chromatic aberration. It is possible therefore to introduce optical path 
differences of the order required merely by displacing the slit S slightly off axis. 
It may be shown that in order to produce 1A path difference between the inter- 
fering beams the slit must be displaced by a distance equal to the spatial frequency 
of the period under consideration. 


$4. EXPERIMENTAL RESULTS 


The apparatus was set up using the plane wave from L, so that the field was of 
uniform brightness for all values of the shear. ‘The aberrant wave from L, was 
then positioned so as to take the same path through the interferometer, and this 
was done by adjusting for coincidence the exit pupils L,; and L, imaged at I, and 
both the source images at K with G removed. 

The position of M and P for zero shear could be accurately found since it is 
only here that the interferogram is independent of lens aberrations or defocusing. 
The shear was measured from this point with micrometer screws controlling 
M and P and was in error by about 0-1%%. 

The main reasons for the choice of a two-beam flicker photometer are firstly 
that by the use of a plane comparison wave it is possible to establish a direction of 
reference and so measure the argument of the frequency response, secondly that 
it is possible to compensate automatically for the finite source width at 5, and S, 
by finding the relative frequency response of the two lenses, and lastly that a 
two-beam null method gives a result independent of source and detector 
fluctuations, and so is capable of a high degree of accuracy. 

The total light flux in the interferogram of either L, or L, for a given 5 was 
measured in each case by rotating A so as to place a defocusing lens in the wave 
front not being considered, which could then act as a standard photometric 
comparison beam. ‘Thus if the unknown flux in interferogram 2 is B,, that in the 
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comparison arm containing the defocusing spectacle lens is ,B,, and the setting 
of the polaroid P, resulting in no flicker at E, when P, is continuously rotated, is 
¢, then B,/,.B, =tan? ¢. 

For a particular shear the path difference was adjusted to give a maximum 
flux output of interferogram 1 corresponding to 6=0. ‘The argument @ of L, can 
now be found as the lateral displacement of S, required to maximize the flux 
output of interferogram 2. The modulus of the frequency response 7, can be 
found as the amplitude of variation of the total flux in the interferogram 2. 

If the slit images at S, and S, are of finite extent the visibility of the fringes 
will be reduced by a coherence factor I’ which is given by the Fourier transform 
of the distribution of intensity in these focal planes (see Hopkins 1951). 

‘Thus the total flux in the interferogram 1 can now be written as 


B= Kya Ps, 
and the maximum flux in interferogram 2 as 
B,=K,+Tr, 


where we have assumed that the source functions at S, and 5, are identical, each 
giving the same phase coherence factor I’. 

If now we eliminate I’ from these two equations we are left with the ratio of 
the frequency response of the lens under test to that of the collimating lens in the 
form 
fore B,— kK, be Bo — ~Be 
Ce 0 B,— ky =) Bie Bi 
which can be easily expressed in terms of the ratios B,/,.B,, B,/..B, and ,.B,/..Bo, 
all of which can be found from angular settings of the polaroid P,;. Thus apart 
from the constant ,,B,/,,B, the relative frequency response can be determined at 
each shear by two settings of P,. 

In order to check the efficiency of the apparatus the frequency response of a 
defocused telescope objective was measured, and the results compared with those 
obtained theoretically (Hopkins 1955 b). The good quality comparison lens 
was an f/22 collimator and the lens under test was an f/22 good quality telescope 
doublet working on axis. In figure 3, M(s) is the relative frequency response, 
that is the ratio of the response of the lens under test to that of the good quality 
lens. s is the shear of the wave fronts and has a maximum value of 2, and the 
wave aberration associated with the defocusing is W.)=nA/7. Drawings of the 
sheared interferograms are shown at some values of s. 

Figure 4 (a) shows the object frequencies just on the limit of resolving power 
for various values of the defocusing, and demonstrates how rapidly the resolved 
frequencies decrease for a small increase of the aberrations, and figure 4 (bd) is a 
similar curve for the first minimum of the relative response. In all these graphs 
the full line curves are the theoretical ones and the points are experimental. 

Since the total light flux available in most of these measurements was below 
one microlumen, giving a calculated field luminance of 350 candelas per square 
metre, it was difficult to obtain single results reproducible to better than 10° by 
visual means. ‘The average of a number of independent settings of P,, however, 
gave results which agreed to within about 5°% of the theoretical curve. A con- 
venient practical limit of the shear in these experiments was s=0-2. For larger 
values the source width had to be reduced below 0-004 in. for coherence, and 
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(a) (0) 


Figure 3. A plot of the relative frequency response M(s) against the defocusing term s 
showing close agreement between theory and experiment. (a) n=0,2,4, (6) n=20. 
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igure 4. A plot of line frequency against the defocusing term for (a) the first zero and (6) the 
first minimum of the frequency response. 
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under these circumstances the eye could not make reliable settings. Fringes 
could, however, be seen with a dark adapted eye over the whole range of shear with 
a source of width 0-0002 in., and it is expected that by the use of a photomultiplier 
and amplifier tuned ‘to twice the frequency of rotation of P, the entire range of 
shear from s=0 to s=2 could be studied. 

If one requires the absolute frequency response then the value of M(s) obtained 
here must be multiplied by the response of a perfect lens and this is given by the 
area common to two circles displaced with their centres s apart. 


§ 5. DISCUSSION 


The results given so far by the interference photometer suggest that it will be a 
useful tool for testing all types of lenses. It could be designed to operate 
automatically by replacing the roof mirrors by solid corner cubes, and by utilizing 
a magnetostrictive oscillator to give the necessary field scanning by one of them. 
No difficulty is envisaged in testing lenses off axis, and by the use of an interfero- 
metric compensating plate a white light source could be employed so as to assist 
in the study of the chromatic aberrations of a lens. ‘The significance of the wave 
coherence factor I should not be overlooked as it can be identified with any 
linear image degrading process, such as light scatter in a photographic emulsion. 

hus if the source were infinitely thin the coherence would be unity, but if it 
were extended by transmission through a typical scattering emulsion the coher- 
ence would be reduced according to the transform of the scattering function, and 
the measured frequency response would then include the effect of a typical lens 
emulsion combination. In conclusion it should be emphasized that even if we 
can measure and control the frequency-response curve of a lens for all focal 
settings, and for all field angles, there still remains the important problem of 
examining the line frequency distribution of the class of objects to be studied 
before we can finally design a lens which will give the desired image distribution. 
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Abstract. If the potential applied across a contact between two conducting 
bodies exceeds one or two volts it is likely that the current flowing will be 
augmented by field emission around the area of intimate contact. This condition 
is analysed for conductors with no surface barrier, by treating the relation between 
surface field and emitted current density as a step-function and solving Laplace’s 
equation with this boundary condition. With contacting bodies of normal shape 
it is found that the current will vary as the square or three-halves power of the 
applied voltage. Some experimental observations on semiconductors with 
negligible barrier effects are shown to be consistent with the predictions of this 
analysis. A similar analysis can be applied to metallic bodies which are not 
quite in contact, and shows that the emitted current is so concentrated as to cause 
melting of the metal even at very low currents. 


§ 1. INTRODUCTION 


ARIOUS authors have discussed the passage of electrons, by tunnelling 

and by strong field emission, between conducting bodies imperfectly in 

contact with one another. It is clear from previous work (Braun and 
Busch 1942, Dilworth 1948) that strong field emission around the region of actual 
contact can contribute appreciably to the flow of current under quite commonly 
occurring conditions, and the (voltage, current) relation at contacts of the ‘ point’ 
type will be influenced by this emission. It has previously been assumed that 
the (voltage, current) relation of the strong-field emission contribution is of the 
same form as the (field strength, current density) relation for this type of emission, 
but this is the case only if the emitting surfaces are equipotentials and if the 
measured voltage difference is substantially equal to the voltage difference between 
the surfaces; neither of these conditions can in fact apply if the surfaces are in 
contact at some point. 

Tunnelling and field emission appeared at one time to be the only possible 
explanation of non-linear conduction at contacts between similar, clean semi- 
conductors, such as is observed with silicon carbide; it now seems highly probable 
that a space-charge barrier exists at both surfaces due to the presence of surface 
traps for holes or electrons, and that many of the features of such contacts are 
associated with the passage of carriers over these barriers rather than with any 
form of tunnel effect. However, it is difficult to explain, on this picture alone, 
the very wide range of currents and voltages over which non-linear conduction 
persists, moreover it seems likely that at the higher values the barrier will scarcely 
be effective, so that a study of phenomena at contacts without such barriers is 


still of interest. 
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Finally, there are experimental observations of non-linear conduction, at 
contacts to semiconductors with a high density of impurity centres, where the 
voltage is such that it is scarcely conceivable that the space-charge barrier could 
produce any measurable effect; these seem incapable of explanation except by 
field emission around the contact region. 

For these reasons a more careful consideration of this aspect of contacts is 
required, and the simplest case to consider is that of a conductor which is 
electrically homogeneous right up to the surface. Throughout the remainder 
of this paper the word semiconductor is used merely in the sense of a conductor 
of resistivity considerably higher than that of a metal, without implying any 
local change of conductivity near the surface. 

In the following analysis, the possible limitation of emission by space charge 
(such as was postulated by v. Geel 1931) is ignored on the ground that it is unlikely 
to arise in most practical circumstances (Dyke and Trolan 1953). 


§ 2. PRELIMINARY DISCUSSION 

The relation between emitted current density / and field strength F is of the 

type 
L=Aexpi-<b/I))— gen ulin ei: Gaaak (1) 

where A is either constant or varies relatively slowly with F (according to the 
assumptions made about the semiconductor and the approximations used), and 
b will be taken as constant for the present purpose. Commonly 4 has a value 
in the region of 10°-10°acm-? under conditions of emission and 6 has a value 
of about 10°-10®vcm~!.} Stratton (1955) has given a detailed discussion of 
these quantities. Equation (1) is plotted in figure 1 with 4=10®9acm™ and 
b=5x108vcm'"! for two ranges of current density, to demonstrate that the 
field strength changes very slowly for a large change of current. 


Field F (vcm-') 


Current Density J (a acm-?,, 5 mAcm-2) 


Figure 1. Typical field emission curve J=10° exp (—5 x 108/F). 


If an ordinary resistance R is connected in series with a gap g, across which 
current is flowing according to equation (1), and if the total e.m.f. applied to the 
combination is v, the current flow will be J=(v—gF)/R, (gF<v), where F is 
the quantity illustrated in figure 1 and varies very slowly with J or v. Evidently 
the variation of J with v is nothing like the variation of J with F in equation (1). 

Consider now an idealized type of contact geometry illustrated in figure 2 
which represents a cross section of the contact region, supposed to be symmetrical 
about the axis PQ. The potential of the semiconductor is the same as that of 

} There is now some evidence that, for conductors exposed to the atmosphere, the 


value of 6 may be lower than the value deduced from the ‘ clean’ work function by as 
much as one or two orders of magnitude. This point is considered in §7 


Field Emission around Semiconductor Contacts 883 


the perfect conductor, i.e. Vy over the region of contact, radius d, and is supposed 
to be zero at infinite distance from it. This arrangement is substantially the 
same, for purposes of calculation, as that of figure 3(a) or 3(b), or half that of 
figure 3(c). The results will thus be applicable to a contact between two similar 
semiconductors, and likewise to each contact in a chain of semiconducting 
granules touching one another. 
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Figure 2. Idealized contact between semiconductor and metal. 
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Figure 3. Various types of contact which can be treated as in figure 2, 


Suppose that, at a certain value of V4, field emission is taking place over an 
rea roughly limited by the radius c (figure 2). At points near the centre of this 
rea the potential drop across the gap will be small compared with V>, while the 
yotential drop along the lines of current flow within the semiconductor leading 
o these points will be nearly equal to Vy. If we concentrate attention on this 


ame region near the centre, while increasing Vj, most of the increase will be 
3 0-2 


884 R. W. Sillars 


taken up within the semiconductor, and not across the gap, for the reason: 
detailed in the last paragraph but one. The contribution of current from thi 
central area is therefore very nearly proportional to Vy. Now turning attentior 
to the outer periphery of the emitting area, an increase of the total voltage V, 
will increase the width of the gap across which the field is great enough to caus 
appreciable emission, and will consequently increase the emitting area. This 
contribution of current may vary very rapidly with change of Vy. Evidentl; 
the overall (current, voltage) relation will be non-linear, but it will not be simila 
to the relation between current density and field strength, i.e. it will not be 
analogous to an equation such as (1). 


§ 3. CALCULATION OF BEHAVIOUR 


The idealized arrangement of figure 2 requires the solution of Laplace’: 
equation 


GV ev cay 
ar! eae ag ave) slisiable (2) 


for V the potential within the semiconductor, subject to the conditions 

V=Vat7= ce andat 2=— a 

VoV, tor 2=0 and 07 <d 
and 

o(OV /02), 5 = — A exp (—b/P ) tor 7d) eae (3) 
where o is the conductivity of the semiconductor, and F=(V,—V,)/g, g beins 
the gap shown in figure 2 at any radius 7, and Il’, the potential at the corresponding 
point on the surface of the semiconductor (z=0). 
The total current flowing will then be given by 


aha ie dion rte 
JO. \ C29 azo 


The solution for V would doubtless be very laborious. ‘The assumptior 
made by previous authors, that the relation between J and V, is similar to tha 
between J and F' of equation (1) is tantamount to assuming that V is equal (0 
at least proportional) to Vy over the emitting surface, but the preceding discussios 
suggests that this is unlikely to be even roughly true. Some better simplifyin: 
assumption, giving a solution without the labour required in applying equation (3° 
yet retaining the essence of the situation, is required. | 

One such simplification, which lends itself to exact treatment subsequently 
is to replace equation (1) by 


IT=0 when F<F, 
LO when } 


This is equivalent to replacing the curve of figure 1 by the rectilings 
characteristic OXY where the value of F at X is Fy. The field over the emittin 
area is then constant and Laplace’s equation within the gap is approximatel 
satisfied by | 

Vor Vesela teas Dobetice eee (5) 
which can be used instead of equation (3) as the boundary condition for th 
potential within the semiconductor. Evidently with this approximation emissic 
will cease sharply at a certain radius. The potential will not change abruptl 
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however, so that equation (5) will not be seriously in error even at this radius 
provided the surfaces are still nearly parallel. 
The general solution of equation (2) (see Carslaw and Jaeger 1947) is 


V =const. | exp (—A]s |)Jo(Ar)f(A) dA 


where f(A) is an arbitrary function. A convenient form of solution for the present 
purpose is 


V= is F(a) || exp(—A]|)J9(Ar) pu an | Ph aN wae (6) 


where F(a) can also be chosen arbitrarily. 
The corresponding potential on the surface z=0 is 


d i ; a Tigats = ee sa 

V.= | Fla)sin © da+ 5) FG) a ee (7) 

so that the potential at the centre r=0 of the surface x=0 is 
Poe iri) dahe 5 We Bars (8) 

giving 
: bos i a 
Vo—V =| F(a) cos = da. ee) 
0 


The density of current crossing the surface is 


Te o( =) oe (pees eee (10) 


ae J, (@—PyP C 


and the total current flowing is 


J =2r0 i izdr=2r0 ie r 


“0 ~ 0 
The form which will be adopted for F(a) is 
F(a)=0 for a<d and a>c \ 
F(a)= Ma" for d<a<c J 
because, as will shortly appear, this leads to the result V)—V,ocr" and sO, 
with the assumption expressed in equation (5), to a gap width g proportional 
to r" which is a convenient form in which to discuss the effect of different 
geometrical shapes of contact. "e } 
Inspection of equations (10) and (12) shows that c is the limiting radius 
beyond which no emission occurs, and equation (9) shows that V,= V4 for rd 
so that d is the radius of electrical contact, which is in accordance with the 
notation used already. 
Equations (8), (9) and (11) now become 


[f° eae | Rete lel 


“7 


Mx 

———— py ae AN EE Se ee enna 8a 

Vo= (cna) (8a) 

Vi—V,=M,,{ ateos* da (d<r<c) sess (9a) 
JF gi 

Vy—V,=M,| @*cos = da ts ai ite (9) 


ad 


re “C: q+ 
J =2n0M, | . if ae da | ee ee a (11a) 


as i a7 
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3.1. Vanishingly Small Area of Contact 
The general character of the results is most easily seen from the simple case 
where the area of contact is much less than the area over which emission occurs, 
(d?<<c2) so that the lower limit of integration can be replaced by zero. Equations 
(8a) and (9a) then become respectively 


wee, 
aie an 
and - yy Mag (l 241) pn _ Mav TOD, 
fog sir te 2} Qed VRGEP2) 


where B( ) and I(_) represent the beta and gamma (factorial) functions. 
The last equation evidently enables equation (5) to be satisfied if the gap g 
varies with 7 according to 


pak ye ee (13) 
with MAC Pel mar 
rs, (5. “)=KiPo 
Equations (8a), (9a) and (11a)+ then become, after eliminating V7, 
aK ,,Fo 
a = 0 eee 14 
Po" BE Me DS ise 
Vo=V,=54" Cao). eee (15) 


(there is no need to evaluate the integral of equation (94) for the present purpose), 
and 
n 


J= roa 4aVoe ernie fa beeen (16) 
n, (BIMOE DIN ayy 
= SS Gables ee 1 
(al to( mK ,I5 My ee 


The equations (13) to (17) show that if the gap distance g is proportiona 
to 7”, the radius of emission is proportional to Vy!” or to (J/o)"@*» or to J/aV, 
while the current is proportional to (voltage)'+!". ‘To appreciate these equations 
better, the table gives the numerical relationships for three types of contact tip 
spherical or parabolic (n=2), conical (n=1), and a concave-sided point (n=4) 
Evidently the (voltage, current) relation for any commonly expected type of contac 
geometry, while not linear, will be much less non-linear than the field emissior 
relationship of equation (1). It is extremely unlikely that the (voltage, current 
relation will be greatly affected by the precise form of the field emission relation: 
ship, or that the use of the correct field emission equation in place of the step: 
function approximation (4) would make this relation more non-linear. 

It should be remembered that the equations are derived neglecting the 
inclination between the surfaces so that for the spherical tip they are only accurat 
within a radius much less than the radius of the sphere, for the conical tip only 
when the cone is of large angle, while for a concave-sided point they apply onl 
when the radius of emitting surface is large enough for the majority of the surface: 
within it to be nearly parallel. 

It is worth noting that, with a spherical tip radius of curvature R, the curren 
passed is the same as would be passed through a contact of radius 


$= 3(RVo/ Fo)? = 3c 


t Equation (11a) may be integrated by first inverting the double integral (see Whittake 
and Watson 1920) or by expanding the inner integral in ascending powers of r/a. 
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i.e. two thirds of the actual emitting radius. In the case of a conical contact 
the corresponding value is half the emitting radius. Also, if Fy=2x 107 vem 
me R is 10-3 cm the emitting radius will be 2x 10-5 cm (of the same order as 
a ‘catswhisker’ contact radius) at 8 volts. 


Table of Relations for Vanishingly Small Contact Area 
(from equations (14), (16) and (17)) 


Type of contact n Radius of emitting area (Volt, current) relation 


iss a 
es Ose sas ORE aly eo R V,2/2 
2 << Fe 2NCGE SM : 
‘e 


bho 


1S 
Gap= 5 , pV SJ peat osies 
i 7E4 TOF y ak, ° 
SN 
La 
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ay 
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3.2. Finite Contact Region 


To avoid complexity only the case of a spherical tip (7 =2) will be considered. 
Equations (8a), (9a) and (11a), putting equal to 2 and retaining d. become 


_ Max 
y= ME (eta 
Mr? 2 Peed P\ U2 
Vj, = At 1-2 — cos-1 = +‘ ee Se ene 
. 4 ae 72 
oe 2noM. (2d). 
8 
To satisfy equation (5) we may now put 
M,= 4F,/7R 


and 


2 d? d df. a@\iP 
=| (1-24) oo =+°(1-5) |. sien elelele (18) 


This expression for g is shown graphically in figure 4 to demonstrate that it 
is a plausible imitation of a sphere of radius R pressed against a plane to form 
a contact circle of radius d. Combination of these with the preceding equations 
gives V,—V,=gF,, which is equation (5), as intended, and 


c= V>R/Fy+@? . eG) 


8 oF a3 V .R\32 
Joy ol (+ ee) -1]. ree) 
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For large values of the term in the bracket, equation (20) gives the same 
result as already obtained when d=0 (see table of relations), for small values it 
reduces to 


; ee 
= ee ee 21 
Ji todV {143 pep +} (21) 


i.e. the conductance //V, increases linearly with applied voltage. 


fe 
=f 
r (cm) x10 


Figure 4. Curve of g from equation (16) with R=10~* cm, d=10~° cm. 


In the absence of field emission the current passing would of course be 4a dl, 

so that field emission doubles the current flowing when 
VR V >» R\3i2 
sae =('* Fe)? 

ic. when V,R/F)a@?=7 or Vo=14 x 10’ d?7/R volts if Fo =Z x 10' vem |= 

If d=10-> cm and R=10-3 cm an applied potential of 14 volts will cause a 
current twice as great as would be calculated from the constriction resistance of 
the actual electrical contact. 


§ 4. Conpuctors NoT QUITE IN CONTACT 


The equations derived in §3.1 can be applied with slight modifications to 
the arrangement of figure 5, consisting of two conductors 1 and 2, with spherical 
tips, separated by a gap 2g, which is much smaller than the radius of curvature. 
The potential at remote points in conductor 1 will be taken as zero and that at 
remote points in conductor 2 will be called 2V,,, so that the plane of symmetry 
in figure 5 will be the equipotential V,. The potentials at the vertices of the two 
conductors will be called VY, and V, so that 


V = Vy +8) PF =V_—goF. 
Potential zero at distent points 


Y/ yy WYYy : 


YY 
Gf 
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Figure 5. Conductors separated by a small gap. 

The equipotentials in the space between the conductors and within the 
emitting region are equally spaced planes parallel to the central equipotential V,.. 
Those corresponding to potentials less than V, or greater than V, intersect the: 


conductors 1 and 2 respectively, while the equipotentials V, and V, are tangenugy 
| 
| 
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to them. ‘This is obviously consistent with equation (5). It is also consistent 
with the analysis applied in the earlier part of this paper, for the field normal to 
the surface of the conductor was, by hypothesis, F and the field tangential to it 
dV. dr was, by equation (5), equal to — Fy dg/dr, so that the resultant field makes 
an angle tan”! (dg/dr) with the normal to the surface, i.e. it is parallel to the axis 
of the figure and the equipotentials are therefore perpendicular to the axis. 
(There is, of course, an inconsistency of the second order in that we implied at 
one point in the argument that the field strength is Fy, and at another point 
that it is Po{1+(dg/dr)?}?, but this inconsistency can be neglected so long as 
the inclination between the surfaces is small.) 

Since the equipotentials 1’, and V, are (in the emitting region) planes perpen- 
dicular to the axis and tangential to the vertices of the conducting bodies, each 
of the bodies is in the same case as is shown for the semiconducting body of 
figure 3(b). The equations of §3.1 can be applied to conductor 1 (or 2) with V, 
(or 2V’.— Vg) substituted for V, and g—g, for g. If the conductors are spheres 


50 
of radius R it follows that the (voltage, current) relation is 


8a [ R\12 8a / R\ Ue 
OO ACY ees spray a pe 3/2 
3 (=) Vs 3 (F) (V.—8o Fo)”. 


The radius of the emitting region will be c=}(3RJ/oF)'3 as before. 

It is interesting to insert values appropriate to a metal in the expression for c. 
Putting o=2x 10°(Q cm)}, Fy=2x 10’ vcm~! and taking R as 10° cm gives 
c as 2x 10-* cm for a current of 1 ampere. Thus even with very flat plates the 
current confines itself to a very narrow channel. The electrons crossing the gap 
will bombard the anode with an energy density approximately given by /,g)/) = Q,. 
Since Q, has the same distribution as /, it follows that the central temperature T) 
is related to the total heat flow /g,F, in the same way as the central voltage was 
related to the total current in equation (16). Putting 1 =2 and making appropriate 
adaptations in this equation gives Jg,f,=8AT c/3 where A is the thermal 
conductivity ; and substituting for c gives 


. 4 J2\ 1/3 
i 4 (—) =3 x 10%%,J2!3 
with A=1wem ‘deg! and the other quantities as before. 

So with a gap of only 10-4cm the temperature would exceed the melting 
point of a metal with a current of the order of a milliampere. If the electrodes 
had a marked curvature, say R=1 mm instead of R= 10° cm, a current of a few 
microamperes would suffice to produce local melting of the anode. 


§5. THE ExTENT OF ELECTRICAL CONTACT 


The region of electrical contact between two bodies has been referred to 
throughout this paper without any precise definition. It obviously includes the 
finite region which supports mechanical pressure, and in which the distance 
between constituent ions or atoms across the surface (in the absence of any 
intermediate surface layer) is about the same as within the bodies. Surrounding 
this region will be one in which the surfaces of the two bodies are still within a 
few angstroms of each other, and since a gap of this order of size is transparent 
to electrons, independent of the applied potential, this region is included in the 
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electrical contact area. Outside this again is the region which the preceding 
analysis treats on the assumption that it suddenly becomes transparent when the 
surface field reaches Fy2X2x 10’ vem. The two latter regions overlap at 
points where the potential difference between the surfaces is about 1 volt or less, 
and the results of this paper are irrelevant wherever this is the case. Provided 
the total applied potential exceeds a few volts, this ‘overlap’ region, which can 
neither be regarded as one of electrical contact nor as one where field emission 
relations apply, will be but a small fraction of the whole, because the transparency 
of the gap is a very critical function of its width. 

It follows that this analysis cannot be applied to good conductors in contact 
since it is impossible to apply potentials of a few volts between them, but there 
is no reason why it should not be applied to good conductors not quite in contact, 
as in the last section. With most semiconductors, on the other hand, contacts 
with several volts potential difference between the contacting bodies are quite 
common. 

For the purpose of this paper, then, the term ‘electrical contact’ refers to the 
region in which the surfaces of the contacting bodies are within a few angstroms 
of each other. 


§ 6. APPLICATION TO EXPERIMENTAL RESULTS 


The (voltage, current) relations of contacts involving semiconductors are 
influenced by so many factors that it is rarely possible to isolate a single one in 
any experiment. ‘The effect considered here will appear in its simplest form with 
a semiconductor in which surface barrier effects are not noticeable, at least 
when the potential difference across the contact exceeds a few volts. his is 
the case with several conducting oxides, and estimates of the density of ionizable 
impurity centres indicate that this is probably because the normally expected 
space-charge barrier is too thin and too patchy to be effective. 

One of these, magnesium ortho-titanate, has been the subject of investigations 
with tungsten * point’ contacts (Stuckes 1953) to observe the effects of self-heating 
at the contact region. The (voltage, current) curves displayed a curvature at 
voltages too low to be explained by heating effects, and too high (10-50 volts) to be 
explained by any probable space-charge barrier. An example is given in figure 11 
of Stuckes’ paper, which corresponds with contact 246 of table 3 of the same paper, 
where the low-voltage resistance of the contact is given as 1-6 x 108 ohms. This 
value and the mean of the two curves of figure 11 up to 50 volts can be closely 
fitted by equation (20) of the present paper, putting R/Fjd?=0-22 and 
3R/80F yd? =5-3 x 10". The contact radius d is of the order of 10-> cm (see 
below) so that with f= 2 x 10° vcm"! the radius R of the etched tungsten point 
would be about 5 x 10-4 cm which is not an unexpected value. 

The thermally produced peaks in figure 11 of Stuckes’ paper occur at about 
180 volts, and at this value the ratio of emitting radius to electrical contact radius 
c/d from equation (19) of the present paper is 7:3, suggesting that the ‘contact 
radius’ deduced from this peak will be larger than that appropriate to low voltage 
measurements, by a factor greater than unity but probably less than 7. This 
accords with a very noticeable feature of Stuckes’ table 3 (column 7), that the 
ratio of resistance at low voltage to resistance at peak voltage is always higher 
than the purely thermal theory predicts, generally by a factor lying between 2 
and 10. The data for contact 246 can be manipulated in various ways to give 
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values for the electrical contact radius (d of the present paper); perhaps the 
most reliable is deduced from the peak voltage (which gives a value for the local 
resistivity) and the constriction resistance of 1:6x 108 ohms; this gives 
d=0:8x10-°cm. The values of ‘contact radius’ deduced from the peak 
conditions are about 2 and 3 times this, which is not wildly inconsistent with 
a=. 

At the other extreme of geometrical shape are some unpublished observations 
also by Stuckes, on the current flowing between two optically flattened discs, 
of metal and magnesium titanate respectively, when laid together. The current 
generally varies as the square or three-halves power of the voltage, presumably 
depending on the detailed shape of the surface. Some curves showing the 
three-halves power dependence are given in figure 6. The discs are about 15 mm 


1000 ik 


Kv) 


0-01 0-1 ! 10 100 
Current (“A) 


Figure 6. (Voltage, current) curves of metal and semiconductor discs placed together. 


in diameter and their radii of curvature are known, from observations of inter- 
ference fringes, to be of the order of 5000 cm; assuming them to be roughly 
spherical the radius of contact under the conditions of the experiment could be 
estimated from the elastic modulus using Herz’s law. ‘This estimate showed 
that the term (VR) F,d?)3? in equation (20) would be large, so that the simple 
relations given in the top row of the table of relations derived from equation (17) 
could be used, and the expected (current, voltage) relation is 
8a | coker meas 
J = ys V op. 
Curves J, II, III and IV of figure 6 can be roughly fitted by J/V.32=2-8 x 107°, 
3-3 x 10-°, 1-1 x 10-8 and 1-2 x 10-8 respectively. Curves I and II refer to a disc 
of bulk conductivity 4:8 x 10-8 (Q2cm)~!, curves II] and IV toa disc of conductivity 
2:8 x 10-7(Qcm)-!; with these figures, and assuming Fy)=2 x 10’vcm the 
values found for R are 1-0 x 10? and:1-4 x 103 cm for one disc, and 4-4 x 10? and 
5-2 x 10? cm for the other, in tolerable agreement with the observed degree of 
flatness of the discs. 


§ 7, VALUE OF CRITICAL FIELD Fy 


It has been assumed that the best value for Fy is about 2 x 10’ vcm?, a value 
appropriate to a clean metal emitting in vacuum. Experiments on the initiation 
of breakdown across very small gaps, however, have led to the suggestion that 


892 R. W. Sillars 


emission may occur at much lower field strength under normal atmospheric 
exposure. Atalla (1953) found that this happens unless the electrodes have been 
‘cleaned’ by severe arcing. Llewellyn Jones and de la Perrelle (1953) concluded 
that the emitted current involved is very small (10-'a or less) and comes from 
a minute area of low work function such as a single adsorbed ion. 

The analysis in this paper, using a suitable value of fF, would apply to any 
conductor of fairly uniform work function, and qualitatively to a uniform dis- 
tribution of emitting spots all having the same low work function. Minor 
variations would not invalidate it greatly because the local constriction resistance 
would limit the supply of current to the areas of slightly lower work function. 
The analysis would not be relevant to emission from individual highly localized 
regions, nor would the current from a region of a few angstroms diameter be 
appreciable in the context of measurements of (voltage, current) characteristics. 


§ 8. GENERAL CONCLUSIONS 


The current passing between two bodies in contact will be augmented by 
strong field emission, and increase non-linearly, when the applied voltage becomes 
comparable with 10% d?/R (where d is the radius of the contact circle and R is the 
radius of curvature of one of the contacting members, the other being assumed 
planar) provided this value exceeds one or two volts. ‘This clearly cannot occur 
with contacts between metals but it frequently occurs with contacts involving 
semiconductors, whether of the ‘catswhisker’ type or not. 

The relation between current and voltage is likely to be similar to a square or 
three-halves power law, and is very unlikely to be similar to the Fowler-Nordheim 
relation which connects emitted current density with surface field strength. 

A similar (voltage, current) relation will apply to conducting bodies, including 
metallic conductors, when separated by a very small gap. It is shown that when 
both bodies are metals the current is confined to a very small area, and the heat 
developed by electrons impinging on the anode is sufficiently concentrated to 
melt the metal even at currents considerably less than a milliampere. 

These conclusions are reached by substituting a step-function relation for 
the Fowler-Nordheim or other similar relation, so that field emission from a 
body is treated as suddenly occurring at a threshold energy F,; this field is then 
regarded as independent of emitted current density. The best value to choose 
for Fy will, of course, depend on the form and parameters of the field emission 
equation, which may vary somewhat according to the assumptions used in 
deriving it (see Stratton 1955) and will differ with different materials. In the 
case of a metal-semiconductor contact, for instance, some degree of rectification 
is to be expected; but the little known effects of adsorbed layers on surface 
conditions are factors which preclude any general prediction of the preferred 
direction of flow under normal experimental conditions. 
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Abstract. The recombination and generation processes for electrons and holes 
in an n-type semiconductor with acceptor traps are described when the con- 
centrations of electrons and holes are much smaller than 10!%cm~? at room 
temperature. With this assumption Boltzmann statistics and the mass-action 
laws apply. ‘The relations between the constants of recombination, generation 
and the mass-action laws are described. These relations are used for the 
calculation of lifetime in the case of steady state injection. It is shown that 
instantaneous lifetime and steady state lifetime are different. Agreement with 
an equation by Shockley and Read is found. 


§ 1. INTRODUCTION 
s shown by Ransom and Rose (1954) the equation (A7) of Shockley and 
Read (1952) for the steady state lifetime of holes in an n-type semiconductor 
can be written 
are (an) (Po + P1) + (@N) [M9 + 4 + NO + 0/14) (1) 
= eee 


os Ny + Py + N(1 + mo/24)-1(1 + 24/19) 4 


if acceptor traps are assumed. In this equation my and fp, are the equilibrium 
concentrations of free electrons and holes respectively, xn and « are recombination 
constants for the trapping of free electrons or free holes by neutral and charged 
traps respectively. N is the concentration of traps, 7, and p, are constants of the 
mass-action laws for the trapping processes of free electrons and free holes 
respectively and are later defined by equations (7) and (8). 

The purpose of this publication is to show that equation (1) can be derived 
in an easy way when the concentrations are so small that Boltzmann statistics 
apply, i.e. when mp is much smaller than the effective density N, of the energy 
levels in the conduction band and when p, is much smaller than the effective 
density \, of energy levels in the valence band (Shockley 1950, pp. 240-242). 


§ 2. RECOMBINATION AND GENERATION PROCESSES 


In the figure the possible reactions between free electrons, free holes and 
acceptor traps are shown. 

In this figure R, is the rate with which electrons drop from negatively charged 
traps into holes (trapping rate of free holes). R, is the rate of recombination of 
electrons in the conduction band with neutral acceptor traps (trapping rate of free 
electrons). G', is the rate with which electrons are lifted up from the valence 
band into neutral acceptor traps (generation rate of free holes). G, is the rate of 
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G, is the rate of generation of holes by neutral acceptor traps T,, *, Gy the rate of generation 
of free electrons by charged acceptor traps T,~, R, the rate of trapping of holes by 
charged acceptor traps T,~ and R, the rate of trapping of free electrons by neutral 
acceptor traps T,~. 


thermal excitation of electrons from negatively charged traps into the conduction 
band (generation rate of free electrons). 
The following equations apply: 


Ren - “Sas Gaus gy (2) 
Gen = ae (3) 
Dean i oh eA Bk as (4) 
Gah aN een 10) ami) ceari> autores (5) 


where n, p, \-, ™ are the concentrations of free electrons, free holes, negatively 
charged traps and neutral traps respectively. ‘The corresponding concentrations 
for the case of equilibrium will be marked with a subscript 0. The recombination 
constants ~ and x» are defined by equations (2) and (4). Equations (3) and (5) 
define the temperature dependent coefficients 6, and 6,. ‘The total concentration 
of acceptor traps is 
NSN INS SO OS OP Ae aah eae (6) 
The trapping of holes by ordinary donors is neglected in the following. Such 
donors are situated very near to the conduction band and therefore they have 
practically all lost their electrons to this band by thermal excitation, except at 
very low temperatures. Thus they cannot trap holes. The effect of a direct 
recombination of free electrons and free holes has also been neglected on account 
of the small capture cross section which must be assumed for electrons and holes. 
If the mass-action laws are applied to the processes 
ie Lat Ole 
Ten 4 electron 


of the figure, then the following equations apply for the case of equilibrium 
PoNo Z SEONG ins Cs ~ 
ee Nex ( RT ) err (7) 


Reign - (6g— &4) 9 
ea =n,=N, exp | - ana sls euevels (8) 


KI) 


where &, is the energy difference between the trap level and the valence band 
and where &, is the energy gap. 7 is the temperature in degrees Kelvin andk 
is Boltzmann’s constant. ‘The use of the mass-action laws in non-degenerate 
electronic processes is well established (e.g. Schottky and Spenke 1939, Schottky 
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1952). Equations (7) and (8) could also have been derived by applying Fermi 
weighting functions to the traps and by taking advantage of the assumed Boltzmann 
conditions. For equilibrium 
R= Gyre =o) * eee (9) 
Rs=Gy ‘\ 9 2 See (10) 
If a direct transition of electrons from the valence band into the conduction band 
is not neglected, equations (9) and (10) follow from the principle of detailed 
balancing (Shockley 1950, p. 299). 
From equations (2) to (5) and (7) to (10) 
pp= bie AN Oe (11) 
Ny = D5) on. CORNICE (12) 


§ 3. LIFETIME 
The lifetime of a surplus concentration of holes is (Shockley 1950, p. 298), 
by definition 
Ap 
a 13 
> NRG) ce 
where A indicates a change from the thermal equilibrium value. 
From equations (2) and (3), neglecting second order terms, 
A(R, — G1) =apyAN-+aN, Ap—b,AN* 
=p AN all, Ap—apiNN~ Sate (14) 
substituting for b, from equation (11). 
From equation (6), 


Tr 


ANA == NN © = eee (15) 
since N is constant. 
From equations (14) and (15) 
A(R) = Gy) =aNg Ap —ap, SPAN. ee ae (16) 
In an extrinsic n-type semiconductor where a very high concentration of 


electrons is available the electrons will easily move in such a way that neutrality 
is reached, therefore 


DAp=An+AN@= An NIN |) 8 Eh Sree (17) 
Substitution from equation (17) in equation (16) gives 
A(R, — Gi)=a(No + Pot Pi)ApP—a(PotpilAn. —...... (18) 
Similarly 
A(Ry— Gg) =en(No* +29 +2,)An—an(mg+m,)Ap. ...... (19) 


3.1. Steady State Lifetime 
In cases when holes are injected and a steady excess hole concentration is 
maintained (this applies for instance to lifetime measurements by the Morton— 
Haynes method, Valdes 1952) the concentrations of charged and uncharged 
acceptor traps respectively must reach a steady value. In this case 


A(R, — G,)= A(R, — G4). 
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Applying condition (20) to equations (18) and (19) and expressing in terms of 
An and Ap, 

ee “(No +Pot+Pr) + %n(%p +) 
an(No* + M9 +2) + %(Po + Pr) 

Substituting this value for An in equation (18) and using equation (13) 
_ _ _ en (Po + pi) +" Mo +2, + No”) 22) 
"No No + (to tm )No +(PotPNox ( 

Now from equations (6) to (8) 

No* =N(1 + 9/21) 7* =N(1 + pi /Po) } 
No =N(1 + 14/19)? = N(1 + po/p1)- J 


These values (23) substituted in equation (22) lead to equation (1). 


3.2. Initial Lifetime 
It can be seen from equation (16) that in general the surplus recombination 
ot holes depends not only on \p but also on the change AN™ of neutral traps. 
If surplus holes are injected into an n-type semiconductor the lifetime of holes 
before steady state conditions are obtained is not equal in value to 7, of equation (1). 
Instead as injection is commenced the initial lifetime from equations (13), 
(16) and (23) is given by 
ee el ety) 
Tin= a Ne = Nae Siok & 


As \~ changes in concentration, so 7 increases from Tin to cab 


§ 4. CONCLUSIONS 
Hole lifetime in an n-type semiconductor with acceptor traps has been derived 
by considering recombination and generation processes. A similar analysis may 
equally well be applied to donor traps, also to electron lifetime in p-type semi- 
conductors. 
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Measurements of Current Noise in Lead Sulphide at Audio Frequencies 


By D. BARBER 


Radar Research Establishment, Great Malvern, Worcs. 


Communicated by G. 'G. Macfariane; MS. received 18th April 1955 and in amended form 
9th Fune 1955 


Abstract. Measurements have been made of the electrical noise produced by 
passing direct current through lead sulphide photoconductive cells. The 


mean square noise voltage per unit bandwidth, vn?, was measured in relation 


to frequency, mean exciting current, cell temperature, and illumination. vp? was 
found to vary as the square of the exciting current and to increase with decreasing 


frequency in a manner which varied from cell to cell. vn” also increased as the 
resistance was increased, either by altering the temperature or the illumination, 
and was dependent on the temperature and illumination only in so far as they 
affected the resistance. 


§ 1. INTRODUCTION 


HEN a direct current is passed through a semiconductor, noise is 

generated which is in excess of the Johnson noise. Unlike Johnson 

noise, this excess noise, or current noise as it is called, is frequency 
dependent, increasing rapidly with decreasing frequency. A number of theories 
(Macfarlane 1947, 1950, Richardson 1950, van der Ziel 1950, du Pré 1950, 
Surdin 1951) have been developed in an attempt to derive an expression for 
the magnitude of current noise. 

The results given in this paper are confined to measurements made on one 
particular form of semiconductor, namely the lead sulphide photoconductive 
cell of the general form shown in figure 1. ‘The mean square noise voltage per 
unit bandwidth has been measured in relation to frequency, mean exciting current, 
temperature of semiconductor and intensity of illumination. The variation of 
current noise with frequency was investigated over the range 20c/s to 20kc/s, 
and the other measurements were made at chosen frequencies within this range. 


§ 2. DESCRIPTION OF APPARATUS 

A block diagram of the apparatus is shown in figure 2. The current source 
which fed the semiconductor consisted of h.t. batteries housed in a screened box 
with means for varying and measuring the current through the semiconductor. 
‘The semiconductor mount contained h.t. decoupling and other components in 
addition to the semiconductor. The noise was fed into a battery-operated 
voltage amplifier with a maximum gain of 70dB, and thence to a Muirhead— 
Pametrada wave analyser which selected a narrow band of frequencies, the width 
of which was a constant small percentage of the centre frequency. The wave 
analyser output was taken to the primary of a thermocouple via an impedance 
matching circuit. Since the fluctuating output of the thermocouple was smoothed 
only by its thermal time constant, it was amplified by a d.c. amplifier and smoothed 


Current Noise in Lead Sulphide 899 


electronically by a circuit having a time constant of up to 50 seconds. A reading 
representing the mean square noise voltage within a known bandwidth was 
obtained on the output meter. 


Tungsten 


Evacuated Glass 
Enclosure 


Glass Tube 


—— Refrigerant 


PbS Microcrystalline 
Film 


‘Aquadag’ /: 1 A 
Electrodes 


Figure 1. Form of lead sulphide photoconductive cell. 
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Figure 2. Block schematic diagram of noise-measuring apparatus. 


Provision was made for the production of a pen-recording of the noise prior 
tothe final smoothing. Calibration was achieved by feeding a measured sinusoidal 
signal from an oscillator to a small resistance in series with the semiconductor, 
the procedure being described below. 

The entire apparatus was housed in a double-screened cage, and precautions 
were taken to eliminate both radio-frequency and 50 c/s pick-up. 

Typical PbS photoconductive cell dimensions and properties were as follows : 


Length of film 0-1-1cm 

Width of film ~lcm 

Thickness of film ~1p 

Carrier density (room temperature, dark) 10!°—10!® cm? 
Mobility (room temperature, dark) 1-10 cm sec"}/v cm}. 


§ 3. VARIATION OF NOISE WITH FREQUENCY AND CURRENT 
3.1. Experimental Procedure 
These measurements were carried out with the PbS cell at room temperature 
ind in the dark. ‘The wave analyser was used:in the condition which gives a 
yandwidth of 4:25°%, of the centre.frequency. The current flowing in the PbS 


/O 
3 B= 
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cell was adjusted to the desired value, and the frequency selected on the wave 
analyser. After a time equal to several time constants of the smoothing circuit, 
the reading of the output meter was taken. ‘To express this reading in terms of 
mean square noise voltage the noise-exciting current was switched off, the 
smoothing circuit switched to its shortest time constant, and the calibration 
signal applied. This was adjusted by means of the 1 dB step attenuator and, 
for fine adjustment, the output control of the oscillator, to give the same reading 
on the output meter. The oscillator output was read, giving a fractional decibel 
correction to the attenuator reading. Hence the current noise contribution 
was obtained in terms of decibels below a chosen voltage. 

The reading obtained on the output meter during noise measurement is 
made up of current noise in the PbS cell, Johnson noise and amplifier noise. 
It was found that when a measurement had been made in which the current noise 
component was small, calibration was difficult, because the output meter gave 
a fluctuating reading. This was overcome by switching the internal input 
attenuator of the wave analyser, during calibration, so that it was 40 dB less 
sensitive. The calibration signal was then well above the background noise, 
and a steady reading of the output meter was obtained. ‘This method depended 
upon the accuracy of the wave analyser input attenuator, and the linearity of the 
voltage amplifier, but these points were checked. ‘This method of calibration 
gave a measure of the total noise, and, in order to plot current noise, the background 
noise was measured by repeating the experiment with zero current through the 
PbS cell, and subtracting the result from the total noise. ‘This method was 
used throughout the measurements reported in this paper. 

The measurement was repeated with the wave analyser tuned to several 
frequencies throughout the range 20c/s—20kc/s, keeping the current constant. 


3.2. Results 


Results for a typical lead sulphide cell (No. B606) are given in figures 3 and 4. 
Noise results were obtained in terms of decibels below the chosen calibrating 
signal, but for clarity in plotting, an arbitrary zero has been chosen and the noise 
values appear in terms of decibels above this value. The noise spectrum was 
measured at four values of current 25, 50, 75 and 100 a, and the background 
noise at zero current. In each case the total noise values have been corrected for 


40 1 
OdB=1-9x10"*(4V)? per c/s 


Slope 1-1 


Background 
Noise Level 


Frequency (c/s) 


Figure 3. Relation between noise and frequency at various values of mean current. 
Cell No. B606. 
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background noise, so the points plotted represent current noise alone. The 
accuracy of these corrections decreases as the difference between total noise and 
background noise becomes smaller, which accounts for the increased scatter of 
the points corresponding to small values of current noise. The noise spectra 
for the four values of current are shown in figure 3 and the 1/f line is drawn for 
comparison. The variation of noise with current at chosen frequencies was 
read off from this family of curves, and the results are shown in figure 4. It will 
be seen that the spectra shown in figure 3 are, within the accuracy of the 
experiments, straight lines parallel to one another. The slope of the lines is 


dimes = = = 
| | 
gp asst «10 (av)? per c/s | es lage es 
Slope = 2-02 + 0-04 

30}-—— —---,- + : 
S 
<— 
S 20/--— 

10 : 
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Current (uA) 


Figure 4+. Relation between noise and mean current at chosen frequencies. 


Cell No. B606. 


—1-1 and the error estimated solely as the graphical error in visually drawing 
the best straight line through the points is +0-05. (As a check on the visual 
method of drawing the best straight line, the ‘method of least squares’ was used 
for the 100 wa line, and this gave a slope of — 1-14.) This will be the dominant 
error since each graph contains about fourteen points, the error on each being 
+1ds. ‘he noise-current curves shown in figure 4 also give parallel straight 
lines, their slopes being 2-02 with an estimated graphical error of + 0-04. 

Not all the cells gave noise spectra which were straight lines of slope greater 
than unity, when plotted in this manner. ‘The family of curves for one cell 
(No. C329) whose departure from this was particularly marked, is shown in 
figure 5. ‘The points have been corrected for background noise, which corres- 
ponded to 22 db, which again accounts for the inaccuracies in the lowest curve. 
The variation of noise with current for this cell was similar to that shown 1n figure 4 
and gave slopes of 2:1+0-1 and 2:0+0-25 where the errors quoted are the 
estimated graphical errors. ‘The deviation of the points from the best straight 
line was greater than in figure 4, especially for f= 1kc/s. 


$4, VARIATION OF NOISE WITH ‘TEMPERATURE AND ILLUMINATION 
4.1. Introduction 


Assuming the current and measuring frequency to be kept constant, the 
current noise may still be dependent upon the resistance R of the photoconductive 
cell, its temperature 7, and the illumination / falling upon it, i.e. the mean square 


noise voltage per unit bandwidth, on =4[R(T, L), 7, £): For one particular 
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cell it is not possible to vary the resistance without varying one of the other 
parameters, except by taking various tappings along the film which is impracticable 
with the usual vacuum cell. No attempt was made to correlate the noise from 
a number of different cells with their resistances, keeping the temperature and 
illumination fixed, because this would have introduced a number of other 
variables, such as electrode separation, purity of semiconductor, crystallite size 


and film thickness. It was decided to vary the temperature and the illumination 
2 


separately, each time keeping the other parameter constant, and plot vp? as a 


function of cell resistance, in order to compare the curves obtained. 


50 a 
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Figure 5. Relation between noise and frequency at various values of mean current. 
Cell No. C329. 


By cooling a lead sulphide cell, a considerable range of resistance can be 
obtained. For the purpose of these experiments there is, however, a limit to the 
range of resistance obtainable by varying the illumination at a fixed temperature. 
Since the refrigerant which keeps the temperature constant is separated from the 
lead sulphide layer by the glass upon which the layer is deposited, luminous 
energy falling upon the lead sulphide would cause a temperature gradient across 
the glass. To avoid this error in the temperature of the lead sulphide, the 
maximum illumination used was limited to that at which the temperature error 
was less than the other experimental errors. ‘The temperature of the lead 
sulphide was then taken as that of the refrigerant. In order to produce graphs 
of (vp?, R(T)) for constant L and (vp?, R(L)) for constant T which could be 
compared over a considerable range, the procedure adopted was to use a number 
of refrigerants giving a wide range of fixed temperatures, and to measure the noise 
for various values of illumination at each of these. ‘The first point of each 
illumination curve, corresponding to zero illumination, gave the graph (v2, R(T)) 


for constant L, covering a wide range of R, with which the illumination curves, 
each covering a smaller range, could be compared. 


4.2. Experimental Procedure 
The refrigerants used were ice, methyl chloride, Freon 12, solid carbon 
dioxide and liquid ethylene. Solid carbon tetrachloride and solid methyl 
alcohol were also used but only under zero illumination. The (712, R(T)) graph 
was extended above room temperature by placing a previously heated brass 
cylinder in the cell receptacle, and making noise measurements as it gradually 
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cooled down. ‘The (v?, R(L)) graph for 7 fixed at room temperature was also 
obtained. 

When the cells were cooled, trouble was caused by condensation of atmospheric 
water vapour on the glass around the tungsten leads. ‘To avoid this condensation 
leakage the cell leads were lengthened by spot-welding nickel wires to them, 
and sliding polythene sleeving over the weld and an inch or so of the nickel wire. 
Any gap between the polythene and the glass pinch was sealed with paraffin wax 
or picein. The top part of the polythene sleeve was free from condensation, 
so leakage was avoided. 

Once the cell was prepared it was mounted in a re-designed cell head which was 
fitted with a light-proof shutter above the cell for replenishment of refrigerant. 
The illumination was provided by a 24-v 36-w bulb focused by a lens through 
a second shutter in the side of the cell mount and it was deflected on to the lead 
sulphide film by a 45° mirror placed below the cell. 

The cell receptacle was filled with refrigerant and both shutters were closed. 
Arrangement was made to measure the resistance of the cell zm situ. As the 
temperature of the lead sulphide fell, its resistance increased. When this reached 
a maximum it was assumed that the lead sulphide had acquired the temperature 
of the refrigerant. ‘The cell current and measuring frequency were set to fixed 
values, the noise measurement and calibration carried out in the way described 
in §3.1 and the resistance measurement repeated. If there were any slight 
changes in resistance due to temperature drift, the mean of the two readings was 
taken. 

This measurement gave the noise corresponding to a certain temperature 
and resistance, under zero illumination. ‘The illumination was adjusted to the 
required value, and the resistance measurements, noise measurement and calibra- 
tion were repeated. This was carried out for a number of values of illumination 
to obtain the illumination curve relevant to that temperature. 

Similar experiments were performed with the other refrigerants mentioned 
above. In the case of solid refrigerants, particularly carbon dioxide, it was 
sometimes necessary to press the refrigerant down into the cell receptacle, between 
noise measurements, to maintain good thermal contact. 

It was found possible to obtain zero illumination noise measurements at 
temperatures between the refrigerant temperatures by using a solid refrigerant, 
allowing it to melt, and making a noise measurement and calibration as rapidly 
as possible, as the cell temperature rose. ‘The mean of the resistance values 
before and after noise measurement was taken. Some accuracy was lost, but 
this formed a useful check on the shape of the (v?, R(7')) curve where the 
temperature gap between refrigerants was large. For example, methyl alcohol 
was used in this way to obtain points between those corresponding to Freon 12 
and carbon dioxide. 

An additional correction had to be applied to the figure representing the mean 
square noise voltage per unit bandwidth, because the cell was not being fed from 
aconstant current source. Ifthe noise is regarded as a fluctuation in the resistance 
of the cell, then the voltage fluctuation caused by passing a constant current J 
through the cell will be vn2=[25R2. If, however, the load resistance through 
which the cell is fed is comparable with the cell resistance, the current will not 
be constant. Any increase in the cell resistance, which would cause a positive 
voltage signal, also causes the cell current to fall, which degenerates the voltage 
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signal. ‘This degeneration of the noise depends on the value of the cell resistance, 
and since this was being varied in these experiments, it was necessary to correct 
for it. It can be shown that this is achieved by multiplying the measured mean 
square noise voltage by [(R;, + R)/ Ry]? where Ry, is the load resistance and R the 
cell resistance. 

4.3. Results 


The results for a typical cell (No. 3) are shown in figures 6 and 7. Figure 6 
shows the graph of mean square noise voltage per unit bandwidth plotted 
against log resistance for various temperatures under zero illumination, 
i.e. (logvn2, log R(T)). A smooth curve has been drawn through the points, 
and this curve has also been drawn in for comparison on figure 7. The slope 
of the curve increases from 1-4 to 4-7 as R increases. The points plotted in 
figure 7 show the variation of noise with illumination, corresponding to the 
various fixed temperatures. It can be seen that the points on the illumination 
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Figure 6. Graph of (log Un, log R(T)) for zero illumination. 
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Figure 7. Graph of (log Un log R(L)) for a number of fixed temperatures. 


curves lie within about + 2 dB of the temperature curve. The illumination curves 
follow the shape of the temperature curve rather better than this, for the starting 
point of each illumination run—corresponding to zero illumination—may not 
lie exactly on the temperature curve. This is particularly true of the methyl 
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chloride illumination curve. The probable error on any one reading includes 
the error in the noise reading and that of the resistance measurement, and is 
estimated as + 1-5dB. It appears that, within the accuracy of the experiments, 
the noise delivered by a given cell is dependent only upon its resistance, and 
hence is dependent on the temperature and illumination only because they affect 
the resistance. The mean square noise voltage per unit bandwidth increases 
as the cell resistance is increased. 

The fact that the dark resistance of the lead sulphide cells was measured at 
each temperature, enabled them to be used as their own thermometers. 
Accordingly a separate experiment was carried out to obtain the dark-resistance— 
temperature characteristic of each cell, figure 8. It was then possible to plot 
the mean square noise voltage per unit bandwidth against temperature (for zero 
illumination) instead of against resistance as in figure 6. Such a plot showed 
that v,? increased as the temperature was reduced. 
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Figure 8. Variation of resistance of PbS cell with temperature. 


The corresponding values of mean square noise voltage per unit band- 
width vp”, resistance R, and absolute temperature 7, were then known. Since 


noise power may be more fundamental than Un2, the values of vp?/R have been 
worked out and plotted against 7, as shown in figure 9. As T is reduced, the 


noise power still increases, though, of course, less rapidly than vy?. This is in 
contrast to the temperature dependence of Johnson noise in a wire-wound resistor, 


for which vy?/R varies linearly with 7. 
Bell (1955) has pointed out that the present results give a linear relation 


between log vy? and 1/7. 
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Figure 9. Graph of (log v,2/R, log T) for zero illumination. 
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§ 5. CONCLUSION 
The variation of mean square noise voltage per unit bandwidth vp? with 


frequency, current, temperature and illumination has been investigated. 


For all the eight measured cells, vn? increased with decreasing frequency over 
the range 20c/s to 20kc/s. For some cells, the value of y in Un? oc f-” was constant 
and close to unity, whereas for others it differed widely from unity and varied on 
either side of unity over the above frequency range. In all the cells measured, 


7,2 Was proportional to the square of the exciting current, within the experimental 
accuracy. 

For fixed frequency and current, the graphs of (v2, R(T)) for zero illumination 
and (v2, R(L)) for fixed temperatures coincided, showing that the noise was 
dependent only upon the resistance, and was dependent on the temperature and 
illumination only in so far as they affect the resistance. Dp2 increased with R, 
but was not proportional to any constant power of R. Both Up? and vp2/R plotted 
against 7’ gave curves which increased as 7 decreased. 

It is interesting to compare these results with those obtained by other workers 
using various forms of semiconductor. Measurements by Miller (1947) on 
crystal rectifiers showed v2, generated across a small fixed resistor, to be propor- 
tional to 1/f over a wide frequency range, and to vary as the square of the reverse 
current. Measurements of current noise in carbon composition and other 


resistors by Campbell and Chipman (1949) also gave vy? proportional to the 
square of the current, but the negative power of f changed from less than unity to 
1-6 over the frequency range 20kc/s to 500 kc/s. 

Harris, Abson and Roberts (unpublished, see also Harris 1948) found that for 
lead sulphide films and carbon resistors, the index of f was in the region of —1, 
and the index of current around 2, but no estimate of experimental accuracy was 
made. ‘They also found the noise to increase at low temperatures. 

In a review article, however, Angello (1949) quotes further results of Miller 
as showing that the temperature variation of current noise in semiconductor 
rectifiers is not large. 

Departures from the 1/f law at frequencies depending upon the time constants 
of the physical processes involved have been observed in germanium single 
crystals by Herzog and van der Ziel (1951) and by Montgomery (1952). The 
variation of noise power with temperature reported in the present paper is more 
regular than that found by Montgomery for germanium single crystals, but the 
measurements do not cover such a wide temperature range. 

Rollin and ‘Templeton (1953) have extended measurements of the spectral 
distribution of current noise in carbon resistors to below 10-3 c/s, and have shown 
the 1/f law to be still obeyed. 

Further measurements on carbon resistors by Templeton and MacDonald 
(1953) have given a temperature dependence not in agreement with Macfarlane’s 
theory, but, as these workers point out, a very wide range of temperatures must 
be covered for this disagreement to be apparent. 

Recent measurements on a germanium rectifier by Hyde (1953) show 
departures from the 1/f law in the audio frequency range, giving spectra not 
unlike the ones shown in figure 5 of this paper. Hyde shows that his experimental 
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curves can be synthesized by the superposition of terms of the form 
Aft, BU + (2xf PP, Cll + 2afr.)y4 
where 7,, 7 are relaxation times of the rectifier. 

The results for lead sulphide given in the present paper are consistent with 
the bulk of the reported measurements for similar forms of semiconductor. 
The further evidence, and particularly that on the temperature dependence of 
the noise power and the effect of illumination, may help to check the predictions 
of the several theories on current noise. 
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The Turnover Phenomenon in Thermistors and in Point-Contact 
Germanium Rectifiers 


By R. E. BURGESS+ 


Department of Scientific and Industrial] Research, Radio Research Station, Slough 


Communicated by R. L. Smith-Rose; MS. received 16th September 1954 and in revised form 
13th Fune 1955 


Abstract. Thermistors are semiconducting devices which display a voltage 
maximum in their steady-state current voltage characteristics. "The properties 
of this ‘turnover’ phenomenon can be calculated from the dependence of the 
thermistor conductance on the temperature of the element and for an exponential 
relation of the form Joc V exp(—4/7) it is found that the turnover power increases. 
as the square of the absolute ambient temperature. 

The similarity in form between the reverse characteristic of a point-contact 
germanium rectifier and the static characteristic of a thermistor suggests a thermal 
hypothesis for rectifier turnover. However, in the latter, the turnover power 
decreases approximately linearly with the ambient temperature. Even if it be 
assumed that the isothermal characteristic is not linear and that the energy term > 
is a function of applied voltage such as would be expected in a number of physical 
models, the theoretical turnover power increases with increasing ambient 
temperature. 

A number of possible forms for the dependence of rectifier current on the 
voltage and contact temperature are examined and a general type of function which 
displays the essential features of the observed turnover behaviour is discussed. 
The physical basis for such a dependence does not conform with existing theories 
of rectification and a radical revision of these is apparently required under the 
conditions of elevated contact temperature and high field which exist at turnover. 


§ 1. INTRODUCTION 


HF advent of the point-contact germanium rectifier (Benzer 1949) capable 

of withstanding large reverse voltages (100 volts or more) has led to specula- 

tion concerning the nature of the ‘turnover’ phenomenon which limits 
the reverse voltage which can be applied to such a rectifier. It is known that the 
turnover voltage (i.e. the voltage at which the slope of the static current-voltage 
characteristic becomes infinite) is a function of ambient temperature and of the 
electrical forming treatment which has been applied to give a high reverse 
resistance, 

‘The apparent similarity between the static reverse characteristic of a germanium 
rectifier and the static characteristic of a thermistor has led to the suggestion 
that turnover is essentially a thermal phenomenon and additional experimental 
evidence gives some support to this contention. Briefly it is agreed that as the 
reverse current through the rectifier increases the contact temperature rises, so 
lowering the contact resistance until the latter decreases at such a rate that the 


+ Now at the Department of Physics, University of British Columbia, Vancouver. 
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voltage ceases to increase with increasing current. In this case the condition of 
turnover in a rectifier whose current / can be expressed as a function of voltage V 
and contact temperature 7: 

I=(V,T) 


?, ol dT 

(r)ssp (ar) 
where IV, is the turnover voltage, 7, is the temperature of the contact at turnover 
and P is the electrical power IV. If Newton’s law of cooling 1s valid, (dT/dP) will 
be a constant. 

In a thermistor (Becker et a/. 1947, Burgess 1952) where field effects are 
unimportant there is close adherence of the static characteristic to that predicted 
on a purely thermal basis with New tonian cooling and the isothermal current— 
voltage characteristic is ohmic. 

In the germanium rectifier, however, the isothermal reverse characteristic is 
not linear and strong field effects exist, and it would not therefore be surprising if 
turnover appeared as a combination of field and temperature effects. The 
purpose of the present paper is first to show that an explanation of turnover, 
using the arguments applied to the thermistor, is untenable since in a thermistor 
the turnover power increases with increasing ambient temperature whereas in a 
germanium rectifier it decreases. It is further demonstrated that other current— 
voltage characteristics which are plausible on physical grounds lead to the same 
erroneous conclusion. On the other hand, characteristics which do predict a 
turnover behaviour in accordance with experimental observation are not of the 
form which would be anticipated in terms of the customary physical models of 
rectifying barriers. Thus the problem of devising a satisfactory physical model 
of turnover still remains. 


will be given by 


‘TURNOVER IN A 'THERMISTOR 
The steady-state characteristic of a thermistor is known to display two extrema 
of voltage, first a maximum I’, then, as the current further increases, a minimum 
V, (figure 1). This static characteristic (which refers to some particular ambient 
temperature) is the relation between current and voltage when the temperature 
of the thermistor is allowed to attain equilibrium at each point so that the electrical 
power JV is exactly balanced by the heat loss from the thermistor. 


INCR. \_ ISOTHERMAL 
TEMP. (CHARACTERISTICS 
a 


v. 
2 APPLIED VOLTAGE 


Figure 1. Isothermal and steady-state characteristics of a thermistor. 
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Now the voltage maximum J, in the steady-state characteristic is called the 
‘turnover voltage’ and for a given thermistor is a function only of the ambient 
temperature 7, at which the characteristic applies. 

The property of turnover arises from the temperature dependence of the 
conductivity of the semiconducting material of which the thermistor is made. 
Over the temperature range of interest the current-voltage relation is closely given 
by 

L=V Cexp(=b01) 4 5 Leh Ae (1) 
where C and 4 are constants and J is the absolute temperature. The effective 
activation energy associated with the conductivity of the material is kb where k 
is Boltzmann’s constant. 

If it be further assumed that the heated element at T loses heat to the 
surroundings at 7, in accordance with Newton’s law of cooling, then 


TT ak ie eee (2) 


where a is the constant which relates the excess temperature to the electrical 
power supplied to the element. Elementary calculation now shows that the 
absolute temperature of the element at turnover is given by 


T= 3) — [402 — O05 (Ne ee ee (3) 


where the suffix | will throughout denote the value at turnover. It is seen that 
unless 6 >47, turnover will not occur. 
The power at turnover is given by 


Py=a[$b—To-(Q0*—bT a], (4) 


which shows that the turnover power increases with increasing ambient temperature. 
This is the important feature of a thermistor or any semiconducting device 
whose conductance depends on absolute temperature in the manner of equation (1). 
If, as is common to thermistors (or in filaments of relatively pure germanium), 
b is much greater than 7',, the turnover power is to a close approximation given 
by 
eV j=P (a0 ee eee (5) 


while the conductance at turnover is [,/V,=G,=G, exp (1+ Ta/b) showing that 
at turnover the thermistor conductance is slightly more than e times its isothermal 
value Gy at the same ambient temperature. 

In a typical bead-type thermistor b=3000-4000 degrees so that turnover 
will occur at all normal ambient temperatures. However the power required 
to attain the voltage minimum at V, is so great that it would never be reached in 
practice since the bead temperature there would be given by T, = $b + (162—bT,)!? 
which, being only slightly less than 6 would be quite unattainable. 


§ 3. ‘TURNOVER IN A GERMANIUM RECTIFIER 


N-type germanium point-contact rectifiers exhibit a well-defined turnover 
condition in their steady-state reverse characteristics; turnover voltage may 
range from 10 volts up to several hundred volts from one specimen to another and 
for a given specimen turnover voltage decreases with increasing ambient tem- 
perature (Tillman and Henderson 1953, Tipple and Henisch 1953) (figure 2). 
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Benzer (1949) conjectured that turnover was a thermal effect which arose from 
the rapid decrease of rectifier resistance with increasing contact temperature. 
In support of this view he pointed out that the power at turnover P, was 
approximately a linearly decreasing function of ambient temperature 7, over an 
appreciable range of temperature (figure 3). The intercept of the linear region of 
the (P,, T,) plot with the 7, axis was interpreted as a certain critical temperature 
T.. to which the contact is brought in the turnover condition, whatever the 
ambient temperature 7,; furthermore the slope of the plot was related to the 
power required to produce unit rise of contact temperature. Benzer conjectured 
that T. was in the range of temperature corresponding to the onset of intrinsic 
conductivity in the germanium but this statement was not elaborated. 


I 
i INCREASING AMSIENT F 
TEMPERATURE ; t 
REVERSE 
= TURNOVER 


PCWER P, 


< REVERSE VOLTAGE ——> Vv 
AMBIENT TEMPERATURE Tg ———> 
Figure 2. Turnover in the steady-state Figure 3. Observed dependence of 
reverse characteristic of a germanium turnover power in a germanium 
point contact rectifier. rectifier on ambient temperature. 


Hunter (1951) also subscribed to the self-heating view and attempted to 
synthesize the steady-state characteristic on the assumption that the isothermal 
characteristics were straight lines corresponding to a conductance which increased 
rapidly with increasing temperature; some confirmation of the linearity of the 
isothermal characteristics was obtained by Bennett and Hunter (1951) who used 
}-microsecond pulses to eliminate heating effects. The intercepts of these 
isothermals with the hyperbolae of constant power were then assumed (on the 
basis of Newton’s law of cooling) to map out the static characteristics. This 
is precisely the procedure applicable to a thermistor and therefore if a temperature 
dependence of contact conductance of the form exp (—6/T) be assumed although 
the static thermistor and germanium rectifier characteristics exhibit marked 
qualitative similarity (Burgess 1952) they differ completely in the essential feature 
that in a thermistor the turnover power increases with increasing ambient 
temperature, while in the germanium rectifier it decreases. An attempt is now 
made to examine quantitatively the phenomenon of turnover in a germanium 
rectifier, and it will be seen that certain conditions are required in order that 
turnover may occur at all and that further more stringent conditions are needed 
if the turnover power is to decrease with increasing ambient temperature. 

Billig (1951) considered thermal breakdown in a rectifier due to heating and 
effectively applied a thermistor type of theory since the current was determined 
by a barrier height and temperature in the usual exponential manner. 

Armstrong (1953) made two assumptions which elaborate the model used 
in earlier work: first that the isothermal characteristic is of the form 
A exp [(V1?—c)/RT] and secondly that heat conduction from the contact occurs 
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by way of the germanium whose thermal conductivity varies inversely as the 
absolute temperature but the outcome of these hypotheses is that the turnover 
power increases with the ambient temperature. 

Consideration will now be given to the dependence of the turnover current, 
voltage and power on the ambient temperature for various forms of functional 
dependence of the current 7 on voltage V and contact temperature 7. Since 
we are only concerned with phenomena occurring in the voltage range above 
about 10 volts, the assumed forms of characteristic are those applicable in this 
range and do not relate to the form of the current for smaller voltages. 


§ 4. LINEAR CHARACTERISTICS 
‘The first type of current characteristic to be examined is the ohmic type 
l=VGT) =e eee (6) 
where G is the conductance which is assumed to be determined solely by the 
contact temperature 7 and is a monotonically increasing function of ‘Trwmaie 


excess of 7 over the ambient temperature is assumed to be proportional to the 
power dissipated at the contact: 


T—1,=cl=d).._... ear (7) 
Combining these equations we see that turnover occurs when 
Fee ty= GT) Glam eo 0 eae (8) 
which determines 7, and hence /,, V, and P,. ‘Turnover can only occur when 
this equation has at least one real root. ‘The rate of change of turnover voltage V’, 
with ambient temperature 7’, is given by 
dV, 1 
ais == 2al, Cw YeCur yer a} \ 


which is always negative. ‘hus the condition that the turnover voltage shall 
decrease with increasing ambient temperature is no criterion of acceptability for 
the form of G(T). On the other hand the rate of change of turnover power 
with ambient temperature is given by 


dP aT = C= Tiara FOr aie (10) 
where the parameter 7 is given by 
r=4T,/dTa=[G(T))P/G(T)G"(T)). 


In the case of a thermistor r>1 but it is required in a germanium rectifier 
thatr<1. ‘The rate of change of turnover current with 7’, may also be expressed 
in terms of the parameter r: 


dl, /dPa=(or— WaT 1s ie sn re (12) 


showing that, according asr is greater or less than half, the turnover current will 
increase or decrease with increasing ambient temperature. 

It is now appropriate to examine a number of analytical forms of G(T) and 
to determine in particular P, and r for each case. This is done in the table. 
Figure 4 illustrates the dependence of turnover power on ambient temperature 
for the cases presented in the table. The most striking feature is that although 
all the functions G(7) are increasing functions of 7 their exact form exerts a 
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Turnover Parameters for various Forms of Linear Isothermal Characteristics 


Form G(T)x r 12% Remarks 
1 1+T7/b)” fac? ; 
(1-+- 7/6) n/(n—1) ——_ n> 1 for turnover to occur. 
a(n—1) 
z exp (7/5) 1 b/a Constant turnover power. 
| 1 b—2T,—(b?—4bT,)'? Thermistor characteristic 
3 exp (—)/T) ; at 2 b>4T, for turnover to 
1—27,/6 2a 
occur. 
Linear decrease of turnover 
iM ees: power with ambient tem- 
3s GSI et ar on perature up to T,—5. 
= a{n-+-1) n=1 gives constant turnover 
current. 
. ee 1 (To2+ 252)1/2— Ty ee aa Cat ote in- 
5 : 2/6? efinitely with increasing 
Sa Ie 2a : 5 


ambient temperature. 


profound influence on the behaviour of turnover power with ambient temperature. 
Thus only the rapidly increasing functions (4) and (5) could be considered to 
approximate to the observed turnover behaviour of a germanium rectifier. 


AMBIENT TEMPERATURE Tg —_> 


Figure 4. Theoretical forms of the variation of turnover power with ambient temperature 
for the five types of isothermal characteristic listed in the table. 


§ 5. NON-LINEAR CHARACTERISTICS 


5.1. Multiplicative Type 
If the current characteristic can be written in the form 


eV ei, | 2)*  Pa i oe (13) 
then the current-voltage characteristic will have the same shape at all temperatures, 


and the function G(7) serves as a scaling factor. 
The turnover relation for temperature is exactly the same as for the linear 


ie 


isothermal G(T), that is to say it is independent of the form of F(V): 
Pe tae Gl Gry) 
and consequently the turnover temperature coefficient is as before 
Uo ene 
dT, G(T,)G"(7)) 


PROC. PHYS. SOC. LXVIII, II—B 2Q 
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The rates of change of turnover power and turnover voltage with ambient 
temperature are then 


dP, = a 1 
a2 (as) ee ee (14) 
di? ae F(V;) 


aly alFy i). VEY) 
The requirement that dP,/d7T shall be negative is that (d?/dT?)[In G(T)]| >0. 
We now examine the characteristic 
l=AV™(6—Ty® eee (15) 
and it is found that the turnover relations are 
T,=(nT,+56)/(n+1) P,=(6—T,)/a(n+ 1) } 
n(b pee Ta)” +1)/(Qm +1) n(b a OO ae) 
pan n+1 


i = (anA)uer 7) iE — A (anA ymin +1) | 


The turnover power decreases linearly with increasing ambient temperatitre. 
The behaviour of the turnover current depends upon the sign of m—n and it 
remains constant if m=n. ‘The rate of change of turnover contact temperature 
with ambient temperature is /(z+1) and if, as experiment seems to indicate, 
this is to be small then m must be small, e.g. of the order of 0-1. Thus for this 
type of characteristic to conform with the observed turnover behaviour, both 
mand n must be small compared with unity which implies that the current depends 
little on voltage or on temperature except when 7 approaches the critical 
temperature b. 


5.2. The Effect of Non-Newtonian Cooling 


In the preceding analysis it has been assumed that the rate of loss of heat 
from the contact (which in the steady state is equal to the input power) is 
proportional to its excess temperature; the measurements of ‘Tipple and Henisch 
(1953) corroborate this hypothesis. If this proportionality is not valid (say for 
large contact excess temperature, e.g. 100°c or more) it is pertinent to examine if 
departures from Newton’s law would affect the conclusions concerning the 
acceptability of various isothermal characteristics. 

First let it be assumed that the heat loss is proportional to the mth power of 
the excess temperature: (7—T,)'"=aP where m is a positive constant. 

Then for a characteristic of the product type /= F(V)G(T) the condition at 


turnover is 7, — T'a=mG(T,)/G'(7,) and hence the contact turnover temperature 
coefiicient becomes 


r= a -|1 ~m(1 sary) | = E +m (= = le aha (17) 


where rq is the value of r which obtains for Newtonian cooling. It is readily 
seen that if the requirement of 7)<1 is not met by any particular choice of G(T 
in the case of Newtonian cooling (m= 1) it is still not satisfied for non-Newtoniar 
cooling with any arbitrary value of m, and thus no hitherto unacceptable mode 
is rendered acceptable. If however the choice of G(T) does give ry <1 then th 
effect of the revised cooling law (that is, of m) is to give a smaller value of r if m~1 
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§ 6. CURRENT DEPENDING ON A VOLTAGE-DEPENDENT BARRIER OR EXCITATION 
PROCESS 
A very general class of current characteristics suggested by a variety of physical 


mechanisms is 
J= AVRO VT I) ot Sane (18) 


where 7 is the absolute temperature of the contact. This type of characteristic 
is indicated by theories of rectification in which the reverse current due to electron 
flow from the negative whisker to the germanium is increased by the effects of 
image force and field emission. In general any field-dependent (and hence 
V-dependent) barrier height or carrier excitation process would lead to a 
characteristic of this form and it is therefore of particular physical interest. 
Now without detailed evaluation of the turnover parameters certain general 
results about the rate of change of turnover power and turnover voltage with 
ambient temperature may be derived: 
aPo of] 
i ae: 

and avy 1 rT, —(2r—1)Ta 
i cen aT) 


where r=dT,/dT, as before. 

For the turnover power to decrease with increasing ambient temperature r 
must be less than unity. For the turnover voltage likewise to decrease r must be 
greater than 7'4/(2T,—7,) which, since T,>Ta, is greater than unity. Thus 
the requirements that both differentials shall be negative as required by experiment 
are incompatible. It is therefore concluded that an isothermal characteristic 
of the form J= AV” exp [—f(V)/ 7] cannot lead to the turnover behaviour observed 
in a germanium rectifier. ‘The thermistor is a special case of this with n=1, 


9(V)=6 and r=1/(1 —27,/8). 


§ 7. FORMS OF CHARACTERISTIC YIELDING THE OBSERVED ‘TURNOVER 
BEHAVIOUR 
Consider a current which depends upon the voltage V and contact temperature 


T as 
AV 

~ V+B(T,-T) 
where 7, is some arbitrary temperature to be specified later. ‘This characteristic 
has the property that for 7< 7, and low voltages the current is proportional to V 
while as V increases it tends more and more nearly to the constant value A. If 
the contact temperature T is equal to 7, the current is equal to A independently 
of V, while if T> 7, the current decreases as V increases. 

The turnover relations it leads to are: 


ie ee ee a) 


"= (ABa)lB—1 ~ 2(ABay®—1 
SUB aye apie - pe a'enit's | almanieee (21) 
yp _ (ABa)!P Ty + [(ABay?= 1a 

- 2(ABay®—1 


3 Q-2 
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Now if it be postulated that ABa=1 these relations become 


T=T . 
),=Bh-t), Lad ee (22) 


which imply constant turnover current, constant turnover contact temperature 
and values of turnover voltage and power which decrease linearly with ambient 
temperature giving an intercept of 7, and a slope of —1/a. These four features 
are precisely those which are observed in the experimental observations of Tipple 
and Henisch (1953). For the rectifier referred to in their figure 3 the following 
parameters are applicable: 


T,=135°c, A=12ma, B=0-7vdeg"', 1/a=8-6mw deg” 


for a voltage range of V =30-90 volts. ‘These figures lead to the isothermal 
characteristics (broken lines) and also to the associated turnover properties. 
This type of characteristic has the property that at turnover the contact 
temperature always comes to 7) so rendering the current independent of voltage. 
The simple characteristic of equation (20) can be elaborated to retain the 
essential turnover behaviour described by equation (22). For instance if 


V n 
i=24 eR | and RABI. \.eecee (23) 
then V,=”B(T,—Ta), =A, Py=(To—Talla, Tr=TPo- Thus mdependena 
determination of the parameters A, B and a permit the determination of ” from 
n=1)/ABa. Experimental evidence points to 7 being of the order of unity so the 
simpler form considered above may be reasonably accurate. It will be noted 
that 7 in (23) is a function of the composite variable (T)—T7)/V and further 
examination shows that other functions of it give the required turnover behaviour 
For instance 


l=A.exp |= BO = 1) VA witha Aba eee (24) 


leads to the turnover relations given in equation (22). 

Thus it is seen that there is a class of current functions which have the property 
of attaining a constant turnover current corresponding to a constant turnover 
contact temperature 7, equal to 7). 

With x=(7)— T)/AaV the characteristics given by equations(20), (23) and (24) 
are respectively of the forms 

i 1 1 
7 2) l+x’? (1+x/n)" 


which have the properties f(0)=1 and f’(0)= —1 and can all be expanded in the 
neighbourhood of x=0 as the series f(x)=1—x+ higher powers of x. In the 
steady-state where T=7,+alV the parameter x has the simple interpretation 
cava 

Two problems are posed by these characteristics: (i) what combination of 
effects of temperature and electric field give rise to this form of equation for the 
current, i.e. to the parameter x; (ii) what is the physical significance of the constant 
turnover current A and the critical temperature 7». 

Existing rectifier theories give no indication of these features and radical 
revision is needed to explain the reverse current in the conditions of high electric 
field and elevated contact temperature which occur for voltages of above about 10. 
or 20 volts. It is possible that when the contact is at the temperature Ty (which 


and e@ 
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usually lies in the range 100—200°c) there is virtually no barrier for the predominant 
current carrier at the contact and the system is then rather similar to that of 
a non-rectifying material whose electrical conductivity varies radially with 
the temperature and the field. One influence of the large electric field which may 
exist near the contact under turnover conditions would be to reduce the carrier 
mobility; if a barrier were still present, the effect of the reduced mobility would 
be to tend to make the results of the diffusion and diode theories coincide (Burgess 
1953). Inthe absence of a barrier it would be necessary to regard the conductivity 
as a function of both the local field F and temperature T. 
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Abstract. A discussion is given of the modifications to the theory of the 
‘travelling light spot’ method for the measurement of minority carrier lifetime 7, 
which become necessary when the light spot is intensity modulated at an angular 
frequency w. It is shown that if #7 > 1, the ‘lifetime’ measured is approximately 
2/w and is independent of 7. It is also shown that, if the phase of the collector 
signal is measured as well as its amplitude, the diffusion constant and hence the 
drift mobility of minority carriers can be measured directly. 


§ 1. INTRODUCTION 


HE use of the ‘travelling light spot’ method for the measurement of 

minority carrier lifetimes in semiconductors is now well established as 

a routine technique (Goucher 1951). In this method, a spot of light is 
traversed over the surface of the specimen, and the density of optically excited 
minority carriers is measured as a function of the radial distance of the light spot. 
‘The theory of this effect has been derived for static conditions (e.g. Valdes 1952), 
and shows that the minority carrier diffusion length can be obtained from the 
graph of minority carrier density against distance, and that, if the diffusion 
constant is known, the lifetime can be calculated. 

In practice, the minority carrier density is measured by observing the change 
in potential of a collector contact. In order to simplify the problem of amplifying 
this small change, it is the universal practice to modulate the light spot, so 
permitting the use of ana.c. amplifier. ‘This modification introduces a previously 
unrecognized limitation on the theory as given, and also allows additional informa- 
tion to be obtained from the experiment by observing the phase, as well as the 
amplitude, of the collector signal. 


§ 2. "THEORY 


The theory given below is derived on the assumption that the dimensions 
of the light spot are much less than its separation from the collector, that surface 
recombination effects are negligible, and that no light of wavelength near the 
absorption edge of the semiconductor is scattered from the spot (Arthur et al. 
HO55)): 

The derivation is given for highly extrinsic n-type material, in which the 
ambipolar diffusion constant D is equal to D,, the value for holes. It may 


obviously be extended to material of any type by the substitution of the appropriate 
value of D. 
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If p is the hole density at radius r from the light spot (of radius ry), and 7 is the 
(constant) hole lifetime, then in the present case p is that solution of the equation 


Dy 0 20 = op P—Px 
r2 Or or 


which satisfies the boundary conditions 


Pp —Pxo=Po{l+ exp (iat)} at r=r, 
and P>Po aS 1r>O. 


The solution may be written in the form p—p,,= P(r) expiwt+O(r) and is 


Pt ((ltiwr\12 ) 
pepe es 
rea ect er ata 

GB DR 


(2Q is, of course, the static solution (w=0).) 
On expressing P,P, in terms of the real variables R, 0, as P/P)=Rexp (6), 
we have 
ry 7 Stace: r 
oe eee (1) 


Rr Y, == Y i 
4 = 0 { 2-2)1/2 Vice NOR aie) Ae Z 
ey e To (2Dyr)"? LO cha ais ei .) 


It should be noted that only when w?7* is much less than 1 is R approximately 
equalto O/Q). Since it is always R which is measured in the travelling light spot 
experiment, very considerable inaccuracy may be introduced by interpreting the 
results as measurements of O when this condition is not fulfilled. In the limiting 
case of w?7?> 1, the failure to distinguish between R and O will lead to a measured 
‘lifetime’ 7’, which is given by 7’~2/w, and which bears no relation to the true 
value 7. 

The additional information which is obtained when 6@ is measured as well 
as R may be utilized by differentiating equations (1) and (2) with respect to 7, 
and taking the product and ratio of the resulting equations. ‘The results are: 


d6 d{In(Rr/ro)} (3) 
wv e 3 ee 
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and 


The calculation of 7 from equation (4) will be most accurate in the case where 

w272 <1, since in this case the expression for 7 does not contain the small difference 

of large quantities. Subject to this restriction, equation (+) may be re-written as 
d{ln(Rr/ro)} 2 


771) ~~ ie cm > « wesisidae (4a) 


The value of 7 so obtained is correct within 10% if d{In(Rr/r))}/d0>4. In 
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practice, the difference between d{In (Rr/r,)} and d(In R) is usually so small that 
the latter quantity may be used in equations (3) and (4a) without loss of accuracy. 
It will be seen from equations (3) and (4) that it is possible to measure both the 
lifetime and the diffusion constant of minority carriers by means of a travelling 
light spot experiment. This result, together with the Einstein relation, D=pkRT/4q, 
should permit the drift mobility ~ of minority carriers to be measured in those 
semiconductors in which the classical Haynes—Shockley method is difficult or 
impossible. Even the collector contact may be dispensed with, since the local 
minority carrier density can be measured by a non-rectifying probe, which assumes 
a floating potential dependent on the carrier density. Alternatively, prior 
knowledge of D may be used as a check on the accuracy of lifetime measurements, 
since an experiment which is subject to any of the usual causes of inaccuracy 
(collector non-linearity, scattered light, etc.) will yield the wrong value of D. 


§ 3. EXPERIMENT 


Equation (3) has been verified by measurements made on a sample of n-type 
germanium of resistivity about 8ohmcm. A spot of light about 15 u in diameter 
was formed on the freshly etched surface by means of a reflecting optical system. 
The intensity of the spot was modulated at 1000c/s by a chopper disc, and its 
position could be measured to +1. A hole density signal was obtained from 
an unbiased, unformed probe of tungsten wire, and was amplified and detected 
in a homodyne system. ‘The reference signal for the homodyne detector was 
derived optically from the chopper disc, and could be varied in phase by a simple 
mechanical arrangement. 

The results of a typical experiment are shown in the figure, from which may be 
derived the values d@/dr=3-45 radian cm™! and d(In R)/dr=20-0 cm-4. From 
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Measurement of signal phase and amplitude plotted against distance from probe. 


equations (3) and (4a) the parameters of this specimen are thus found to be | 
7 = 54 psec and D,=45 cm? sect. The drift mobility of holes in material of this | 
resistivity is 1950cm?v-tsec? at 290°k (Prince 1953), corresponding to 


D=50cm?sec"}, 

This measure of agreement is considered satisfactory, in view of the difficulty | 
of measuring the small phase shifts involved. A higher chopping frequency 
would obviously have been desirable in this case. 
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Abstract. The dependence of the electrical properties of the germanium 
immediately below a point contact on the stress existing in this region is 
investigated. Electrical and optical methods of measuring the area of these 
contacts gave different results. This anomaly is shown to arise from the variation 
of the resistance of the germanium with pressure. 


§ 1. INTRODUCTION 


T is well known that the theoretical treatment of the d.c. voltage characteristics 
of metal point contacts on to a semiconductor such as germanium or silicon 
does not lead to quantitative agreement with experimental results. Various 

attempts have been made to modify the simple barrier model, the most important 
of which are the theory of surface states (Bardeen 1947) and the inclusion of 
minority carrier injection (Banbury 1953). 

In this paper it is shown that, in a theoretical treatment of the problem, 
a further effect may be of importance. ‘This effect is associated with a change 
in the electrical properties of the semiconductor just beneath the contact point, 
due to the high mechanical stresses which exist in this region when metal point 
contacts are applied in the normal way. The phenomenon has been studied 
using contacts on to germanium of such resistivity and surface treatment that the 
barrier resistance is negligible in comparison with the spreading resistance of the 
contact. 

The dependence of the electrical properties of the germanium immediately 
beneath the contact on the stresses existing in this region is deduced from an 
anomaly which is found to exist in the values of the area of contact determined by 
two different methods. ‘The principles of these methods are outlined below, 
and in §3 it is shown that they are applicable to contacts on germanium. An 
account is then given of the results obtained when tungsten and various other 
metals are used as contacting electrodes. 


§ 2. DETERMINATION OF CONTACT AREAS 


The area 4 of a flat circular metal contact on a semi-infinite material is related 
to the spreading resistance R, associated with the contact by the relation 


RK =p" /16A 6) 10 Ge eee (1) 
where p is the resistivity of the material beneath the contact. As described 
elsewhere (Lees and Walton 1955), certain resistivities of p-type germanium may 
be prepared on which point contacts produce negligible rectifying barriers, 


and for these contacts R,, and thus A by equation (1), may be obtained directly 
from the slope of the d.c. voltage characteristic. 
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An estimate of the contact area may also be made from the mechanical 
properties of the contact. When a pyramidal or conical shaped tip of a solid is 
pressed into a softer material, plastic deformation of the latter occurs. If the 
included angle of the tip is between 120° and 180°, deformation continues until 
the mean pressure Pm over the contact is given by (Tabor 1951) 


ee ee eee OER Rca (2) 


where ¥ is the elastic limit of the softer material in pure tension. Where, on 
the other hand, the pyramid or cone is the softer material, the included angle 
again being between 120° and 180°, we have 


PEeogY, @ 5, 2% an (3) 


In both of these cases, the pressure Pp is independent of the load since geometric- 
ally similar deformations are produced at any load. 

Use of these considerations is made ‘in the Vickers pyramid hardness test in 
which an indentation is made in the material to be examined by means of a 
diamond pyramid applied with a given load. The angle between the opposite 
faces of the pyramid is 136°. The Vickers pyramid hardness number (v.P.N.) 
of the material is then defined as the load divided by the total surface area of the 
pyramidal indentation: it is usually expressed inkgmm-. By simple geometry, 
the mean pressure over the contact is given by 


WTB SIN ROR Wer SS (4) 
and using equation (2) we have 

LN Ran At (oe i a ME een coc (5) 
‘Thus for a metal in the shape of a cone of included angle between 120° and 180°, 
which is deformed against a harder material, the mean pressure over the contact 
is given by equation (3): equation (5) shows that the v.p.N. of the metal is 
approximately equal to the mean pressure over the contact. 

The value of Pm for a contact between germanium and a 150° cone of a softer 
metal (this includes all the commonly used electrode metals) is thus approximately 
equal to the v.p.N. of the metal, and we may derive the contact area knowing the 
load applied to the contact. 


§ 3. PRELIMINARY EXPERIMENTS 
3.1. Spreading Resistance of Electroplated Contacts 

In order to check the spreading resistance formula with stress-free contacts, 
the surface of a 6-60hmcm p-type germanium specimen was plated electroly- 
tically with indium. Spots of masking agent were applied to the surface and the 
surrounding indium dissolved away in dilute nitric acid. ‘The masking agent 
was removed, leaving a series of indium contacts. ‘The areas of these contacts, 
measured optically, varied from 1-7 x 10-4cm? to 3-7 x 10°?cm?. The electrical 
characteristics of these contacts were obtained in the range +1 volt, and were 
quite linear and symmetrical. Barrier effects were thus negligible in this voltage 
range. ‘The spreading resistance R, of each contact was obtained from the slope 
of its electrical characteristic. Figure 1 shows a plot of 1/R.? against the area 4 
measured optically. Applying equation (1), the slope of the straight line obtained 
yields a value of 6-5ohmcm for the resistivity of the germanium. ‘This agrees, 
within the experimental error, with the resistivity measured by the four-probe 
technique (Valdes 1954). 
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Figure i. 1/R. plotted against optically measured area A for indium plated contacts on 
p-type germanium. 


3.2. Contact Areas derived from Hardness 


It was not possible to measure the hardness of germanium using the 
conventional Vickers testing machine since the applied loads (~1kg) cause 
extensive featuring around the indentation. However, by using a diamond 
indenter with loads up to 100 g, good indentations were obtained in the germanium 
and these corresponded to a v.p.N. of 610kg mm ?. 

According to §1, the mean pressure over a deformed cone pressed against 
a harder material is approximately equal to the v.P.N. of the cone. ‘This conclusion 
was investigated experimentally. The v.p.N’s of tungsten, molybdenum, brass 
and platinum, in the form of 2mm rods, were measured. One end of each rod 
was ground to a 150° cone and applied to germanium with loads of 2150, 4150 and 
6150 grammes. ‘The metal rods were removed after each loading and the radii 
of the flattening of the conical tips were measured optically. In table 1 these 
radii are compared with the values expected from the v.P.N. of each metal: 
agreement is obtained within experimental error. As a result of elastic recovery 


Table 1. Observed and Calculated Values (in 4.) of Contact Radius 


V.P.N. Load 2150 g Load 4150 ¢ Load 6150 g 
Metal (kg mm?) Cale. Obs. G@alce Obs: Calca Obs: 
Tungsten 500 37 39+ 4 Sil Sarat 63 64+4 
Molybdenum 300 48 47 66) 70 81 82 
Brass 12) 63 64 SOMO” 107 102 
Platinum 97°5 84 Wil 116 114 142 143 


when the metal rods are removed from the germanium for measurement, the 
true radii of contact under load tend to differ from the values given in table 1. 
Metal specimens were pressed with various loads against a thin sapphire disc and 
the true radii of contact observed through the sapphire. ‘These radii were not 
found to be significantly different from the values given in table 1. 


§ 4. ‘TUNGSTEN-GERMANIUM CONTACTS 


Single crystal p-type germanium of resistivity 6-5ohmcm was used in this 
experiment. ‘The surface was prepared by etching in CP4 (Haynes and Shockley 
1951). ‘The tungsten specimens were in the form of (1) a 0-2 mm diameter wire 
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cut electrolytically to a 150° cone, and (ii) a 2mm rod, ground to a 150° cone. 

The wire was applied to the germanium with loads of from 3g to 65g and the 
rod with loads of from 150g to 6150g. The d.c. voltage characteristics were 
obtained at each load and were approximately linear and symmetrical in the 
range +0-8 volt (figure 2). Values of the spreading resistance were used in 
equation (1) to calculate the apparent contact area A, as a function of load. The 
results are shown in figure 3.4, is seen to bea substantially linear function of the 


Contact Load (g) 
6150 / /4150 2150 


1150 


650, 
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Figure 2. Characteristics*of a tungsten contact on p-type germanium. 
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Figure 3. Load plotted against apparent area for tungsten contacts. 


load over the entire loading range of from 3 gto6150g. Theslope of this function, 
which is 64kgmm_2, gives the apparent mean pressure over the contact. ‘The 


mechanical considerations dealt with in §§2 and 3 indicate that the true mean 
pressure over the contact is approximately equal to the v.p.N. of the tungsten. 
This was measured and found to be 500kgmm™?. The contact.areas A, derived 
from the spreading resistance measurements are thus a factor of 7°8 times larger 
than the true contact areas. 
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Considering equation (1), we see that this anomaly may be described by using 
a value of the resistivity which is smaller than the true value p. ‘This smaller 
value we call the effective resistivity and denote by the symbol p’. For the tungsten 
contacts above, the value of p’/p is 0°36. 

With the larger area contacts such as are obtained using the 2mm rod loaded 
up to 6150g, barrier effects which depend on (area)! tend to become small in 
comparison with the spreading resistance which depends on (area)"'”. ‘The d.c. 
voltage characteristics of such contacts on a range of resistivities of p-type 
germanium were in fact nearly linear, and values of the effective resistivity were 
found in each case (table 2). 


Table 2. ‘ly as a function of p for Tungsten Contacts on p-type Germanium 
p/p p g p-typ 


p(ohm cm) 1-10 4-0 6°5 26 
o'lp 0-39 0-40 0-36 0-38 
The 100, 110 and 111 faces of the p-type germanium crystal were exposed 


with an accuracy to 2° with the assistance of the x-ray department of the laboratory. 
No significant difference was observed in the values of p’/p obtained for tungsten 
contacts applied to each face. 


§ 5. VARIATION OF EFFECTIVE RESISTIVITY WITH PRESSURE 
5.1. Contacts using Various Metals 


‘The v.P.N’s of a series of metal specimens in the form of 2mm rods were 
measured. One end of each of these rods was ground to a 150° cone and by 
applying them to 6-2 ohm cm p-type germanium it was possible to achieve a range 
of contact pressures. ‘The d.c. voltage characteristics for all of these contacts 
were linear. ‘The values of spreading resistance, together with the true area of 
contact derived from the hardness of each metal, were used in equation (1) to 
obtain the effective resistivity at four different loads for each metal. In each case 
the effective resistivity was independent of the applied load and therefore of 
the contact area. Figure 4 shows a plot of p’/p against pressure at these contacts. 
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Figure 4. Effective resistivity plotted against pressure. 


5.2. Constant Area Contacts 


The end of a tungsten carbide rod was ground to a truncated cone, the area of 
the flat tip being 10°-4cm?. The cone was punched through a thin tin foil and 
this procedure resulted in a thin layer of tin covering the tip. When this tip was 
applied to 6-2 ohm cm p-type germanium, the layer of tin ensured that the whole 
area of the tip was in contact with the germanium for each of the applied loads 
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of from 150 gto4150g. ‘Tungsten carbide is considerably harder than germanium, 
thus in this case increase in load results in an increase in pressure at the contact. 
The electrical characteristics at each load were linear, and from the values of 
spreading resistance obtained the effective resistivity was derived as a function 
of contact pressure (figure 4). 


5.3. Tungsten Carbide Contacts 

A truncated tungsten carbide cone was applied with loads of from 1150¢ 
to 6150g to 6-2ohmcm p-type germanium. The tin layer described in the 
preceding section was omitted and according to §1 the mean pressure over the 
contact in this case is approximately equal to 610 kg mm, the v.P.N. of germanium. 
The shapes of the areas of contact are not necessarily circular or elliptical and 
may even consist of several discrete parts; however, the total area of any particular 
contact is determined by the above pressure and the applied load. The value of 
p/p was found to be 0-34, independent of the applied load, and lies on the ex- 
trapolation of the curves already obtained (figure 4). Equation (1) is thus still 
applicable to these contacts. 

The load on the cone was increased until the yield pressure of the germanium 
was exceeded over the whole tip. Extensive plastic deformation of the germanium 
took place, the tungsten carbide cone sank in to a depth of the order of one milli- 
metre and considerable conchoidal fractures occurred around the contact. On 
removing the cone an obverse replica of its flat tip was observed impressed into 
the germanium at the bottom of the cavity. This deformation took place at a 
contact pressure of between 615kgmm? and 625kgmm “, showing that our 
estimate of 610kgmm ? for the mean pressure is not unreasonable. 


§ 6. Discussion 


The results presented in §3 indicate that equation (1) holds for spreading 
resistances associated with electroplated contacts on p-type germanium of 
resistivity about 60hmcm. For pressure contacts equation (1), relating the 
spreading resistance and the contact area, still holds provided that we replace p 
the normal resistivity of the germanium by p’, where p’/p is independent of load 
for a given metal, and varies systematically with the mean pressure over the 
contact. It does not seem possible to interpret the departure of the ratio p’/p 
from unity in terms of residual barrier effects or imperfect electrical contact, 
since in these cases it would be expected that p’/p would be greater than unity, 
whereas, in general, the observed values are significantly less than unity. Further, 
since p’/p is constant over a wide range of contact areas, it appears most unlikely 
that an additional surface conductance can account for the observed results. 

The results may be accounted for by a decrease under pressure of the actual 
resistivity of the germanium under the contact, that is in the region which 
determines the value of the spreading resistance. ‘The effective resistivity p’ 
is then a measure of the resistivity change which has taken place. 

For tungsten contacts it appears that p’/p is independent of p over a range of 
p-type resistivities. In figure 4 the two methods of obtaining p’/p as a function 
of pressure are in good agreement; a smooth variation of p’/p with pressure is 
found from a value of approximately 1-0 at low pressures, to the value of 0-34 
at 610kgmm 2, the yield pressure of germanium. For pressures greater than 
100kgmm-*, the curve may be represented by the empirical relation 
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(pressure)p’2=3 x 108(gohm?). It is interesting to note that this square law 
relation implies that for the harder metal contacts, that is contacts for which 
the mean pressure exceeds 100 kg mm ?, the spreading resistance at a given load 
is independent of the metal used. The points in figure 4 corresponding to low 
pressures tend to give values of p’/p which are slightly greater than unity. ‘This 
effect is probably due to imperfect contact at low pressures and to small variations 
(~5°,) in resistivity p over the germanium surface. 

The effect of pressure on the resistivity of germanium has been investigated 
by several workers. Bridgman (1950) and Paul and Brooks (1954) have subjected 
germanium to hydrostatic pressures up to 300kgmm-*. The resistivity of 
p-type material was found to decrease with pressure but the magnitude of the 
effect was much smaller than that which we have observed. ‘True hydrostatic 
pressure is not, however, realized beneath our contacts. Smith (1954), working 
at lower pressures (~1 kg mm_®), has demonstrated the existence of a large shear 
coefficient of resistivity which, when extrapolated to the pressures used in our 
experiments, would result in a change in resistivity of the same order and in the 
same direction as we have observed. ‘This effect is, however, dependent on 
crystal orientation. Our experiments have not indicated a dependence of p’/p 
on crystal direction (§3). Further investigations into the stress distribution 
under a point contact on to germanium are required before an adequate comparison 
may be made between our results and those of Smith. Work is being continued 
to extend measurements of effective resistivity to metal contacts on n-type 
germanium. 
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Abstract. ‘The absolute scintillation efficiency of anthracene crystals excited 
with fast electrons is measured. ‘The experimental method used avoids the 
errors existing in previous measurements which are due to the anisotropic 
refraction, spatial distribution and re-absorption of fluorescence in these crystals. 
At a temperature of 290°K the intrinsic scintillation efficiency (in the absence of 
re-absorption of fluorescence) is found to be 0:062+ 0-004; this is reduced to 
0-050 + 0-005 for the crystal by self-absorption of fluorescence. 

Reasons for this low efficiency are discussed. A detailed description is given 
of excitation conditions produced in organic crystals by ionizing particles with 
a discussion of possible quenching mechanisms in the excitation column. For 
electrons these are considered to be due to internal molecular dissipation of 
electronic excitation energy, to mutual interaction between excited molecules 
and to the strong electric fields surrounding ions. For the heavy particles these 
processes are more pronounced and further quenching occurs due to thermal 
fields and to damaged molecules. ‘The role of migration of excitation energy is 
also considered. 

This description of the scintillation process satisfactorily explains the low 
efficiencies and the decay shapes of fluorescence observed experimentally. 


$1. INTRODUCTION 

N a large number of organic crystals the passage of an ionizing particle is 

accompanied by fluorescence emission. ‘This phenomenon has acquired 

considerable practical importance as the basis of the photomultiplier scintilla- 
tion counter although its underlying physical mechanisms remain little understood. 
Of particular interest due to its fundamental position in leading to an under- 
standing of the processes involved is the efficiency with which the energy absorbed 
from the particle is converted into energy of fluorescence. For the case of 
anthracene excited with fast electrons this has been estimated by several 
experimenters (Hopkins 1951, Harrison 1952, Furst, Kallmann and Kramer 
1953, Birks and Szendrei 1953) who have reported values between 0-01 and 0-1. 
Notwithstanding the differences in these results this is very low compared with 
the photofluorescence efficiency which is 0-80 for excitation with light of the same 
wavelength as the mean fluorescence wavelength (Wright 1955 a). Any theory 
of the scintillation process must provide a satisfactory explanation for its low 
efficiency and it is consequently most desirable to obtain a reliable measurement 
of this. 

The major errors in a direct measurement occur in estimating the fraction 
of the fluorescence light received by the detecting instrument. ‘The fluorescence 
intensity is measured directly only within a certain solid angle external to the 
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crystal; this has then to be related, by calculation, to the total fluorescence intensity 
within the crystal. Since this is very anisotropic as regards both refraction and 
spatial distribution of fluorescence in addition to showing considerable re- 
absorption of fluorescence, many assumptions and approximations are necessary 
for this purpose and introduce considerable uncertainty into the final result. 
It is mainly for this reason that a reliable measurement of the scintillation efficiency 
has not yet been made for any substance. 

The present communication describes a measurement of the absolute 
scintillation efficiency of anthracene crystals excited with fast electrons. This 
substance was chosen because of its importance in the field of scintillation counting. 
Further, the absolute photofluorescence quantum efficiency of this crystal has 
recently been determined. This enables.a direct measurement to be made of the 
efficiency with which fluorescence photons are collected by the detecting 
instrument and thus removes the major source of error existing in previous 
measurements. 


§ 2. EXPERIMENTAL 

The experimental method consisted of using a photomultiplier, calibrated 
with a known radiant energy flux, to measure the fluorescence energy received 
from an anthracene crystal excited with a known energy flux of electrons. ‘The 
efficiency of collection of fluorescence photons could be measured and con- 
sequently the absolute fluorescence energy emitted within the crystal could be 
found. Since the incident electron energy flux and the emitted fluorescence 
energy flux were known the absolute scintillation efficiency was obtained. 

A more detailed description of the experimental method may be conveniently 
divided into three sections dealing respectively with calibration of the photon 
source, calibration of the electron source and measurement of the efficiency of 
collection of fluorescence photons. 


2.1. The Photon Source 


A mercury lamp with an envelope of Wood’s glass was used as the primary 
source of ultra-violet radiation. ‘The radiations from this lamp were further 
filtered through Chance OB8 and OX1 glass to isolate the 36504 group of lines 
and emerged through an aperture of known area about half a centimetre in 
diameter. ‘The radiant intensity in the plane of this aperture was measured with 
a flag thermocouple by comparison with the total radiant intensity emitted from 
a standard tungsten filament lamp supplied and calibrated by the National 
Physical Laboratory, England. Slow drifts in the radiation output of the mercury 
lamp were indicated by a photocell and were compensated by manual control 
of the lamp voltage. After calibration the energy flux of 3650 A radiation emerging 
from the lamp aperture was reduced with three neutral filters. This combination 
had been previously calibrated for this wavelength and reduced the intensity 
by a known factor of the order of 10°. This calibration of the photon source 
was repeated at the conclusion of the scintillation efficiency measurements. 


2.2. The Electron Source 
The 624kev conversion electrons from !7Cs were used for this purpose. 
Since this source emits many more gamma rays than electrons, however, a 


polonium alpha particle source was used to excite the fluorescence of the crystal 
in the first instance. 
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Fluorescence intensities were measured in terms of the output current of the 
calibrated photomultiplier. Following each measurement of the fluorescence 
intensity excited by the alpha particles pulse height distribution curves were 
measured for both the "Cs and ?!Po sources and the pulse height ratio for 
624kev electrons and polonium alpha particles determined. Knowing this 
ratio and knowing the fluorescence intensity excited by a given numerical flux 
ot alpha particles, the fluorescence intensity that would be excited by the same 
numerical flux of 624kev electrons could be determined. This method has the 
merit that it is not necessary to know the energy of the alpha particles incident 
on the crystal. This was estimated as 3-80 Mev, however, in order to compare 
the ratio measured with that reported by other authors. Each of the crystals. 
used in the present measurement gave an electron to alpha particle pulse height 
ratio of 2-6. This agrees satisfactorily with a ratio of 2:5 obtained from the 
measurements of ‘Taylor et al. (1951) and a ratio of 2-8 derived from the measure- 
ments of Hopkins (1951). 

2.3. Efficiency of Collection of Fluorescence 

This measurement has previously been described in detail (Wright 1955 b) 
consequently only a brief description will be given here. 

When the crystal is illuminated with light in its absorption region this is 
converted into fluorescence with a quantum efficiency less than unity and only a 
part of the fluorescence is collected by the photomultiplier. Thus the multiplier 
output current is less than when the exciting light is received directly by the 
photocathode. ‘The ratio of the multiplier output currents, when corrected for 
the different spectral sensitivity of the photocathode to the exciting light and the 
fluorescence light, evidently gives the product of the fluorescence quantum 
efhciency and the fluorescence collection efficiency. The quantum efficiency of 
anthracene is known, hence the collection efficiency may be obtained. For the 
particular experimental conditions used the mean collection efficiency was 0-47. 


§ 3. EXPERIMENTAL PROCEDURE 


The anthracene crystals used for this measurement were cubes of side 1cm 
supplied for scintillation counting by the Larco Nuclear Instrument Company. 
A thin Perspex cap was shaped to fit the cathode window of the RCA type 5819 
photomultiplier tube used to detect the fluorescence and the crystal placed on top 
of this. A screen cut from black paper was placed over the photocathode to 
ensure that this received only fluorescence transmitted through the base of the 
crystal. Optical contact between surfaces was improved by the introduction 
of thin films of glycerine. Before mounting the crystal its top face was polished 
gently on soft tissue paper. The portion of the crystal face exposed to the incident 
radiations was limited to a circular area of 5 mm diameter by a thin foil diaphragm. 

The efficiency of collection of fluorescence was first measured, as described 
in the previous section, followed by measurement of the multiplier current 
produced by excitation of the crystal with alpha particles. Pulse height spectra 
were then taken for the alpha particle and electron sources. ‘To ensure linear 
response of the multiplier the instantaneous pulse current was not allowed to 
exceed Ima. This sequence of measurements was made for excitation of each 
of three adjacent mutually perpendicular faces on each of two crystals which 


possessed very few flaws. Between changing crystal faces the multiplier current 
3 R-2 
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was measured with the photocathode receiving directly the known energy flux of 
36504 radiation. ‘This measurement, combined with the known spectral sen- 
sitivity curve of the photocathode which had been previously measured with a 
Hilger type F.T.16 linear vacuum thermopile (Wright 1955 b), provided an 
absolute calibration of the photomultiplier. Using this calibration curve the 
fluorescence energy received by the photocathode was determined. Since the 
fluorescence collection efficiency was known the total fluorescence energy excited 
in the crystal with the alpha particles, and hence the electrons, could be found and 
the absolute scintillation efficiency evaluated. 


§ 4. EXPERIMENTAL RESULTS 

Each crystal gave the same result for the absolute scintillation efficiency. 
For excitation with fast electrons the scintillation efficiency of the molecular 
fluorescence at a temperature of 290°K was found to be 0-062 + 0-004. ‘This is 
the efficiency which the crystal would have if anthracene did not re-absorb part 
of its own fluorescence. Re-absorption of fluorescence in the crystal increases 
the mean fluorescence wavelength from 4200 A for the molecular fluorescence to 
4450A for the crystal fluorescence and reduces the quantum efficiency from 
0-94 to 0-80 (Wright 1955 a). Consequently the scintillation efficiency of the 
crystal fluorescence is less than that of the molecular fluorescence and is 
0-050 + 0-005. The uncertainty quoted in these results is due mainly to experi- 
mental error in calibrating the photomultiplier and to uncertainty in the photo- 
fluorescence quantum efficiency. 

An alternative way of stating these results is that for excitation of the molecular 
fluorescence the energy expenditure by the absorbed particle is 47 ev for each 
photon emitted; for the crystal fluorescence the energy expenditure is 
55 ev for each photon emitted. 

These measurements verify that the scintillation efficiency of anthracene 
is very much less than the photofluorescence efficiency. Since all organic crystals 
have a similar response this low efficiency is a general characteristic of the scin- 
tillation process. Reasons for this low efficiency are discussed in the next section 
which presents a description of the scintillation process based on a broad division 
into three parts. ‘The first of these describes excitation conditions produced by 
ionizing particles; this is followed by a tentative description of quenching and 


migration of excitation energy and the last part deals with the final process of 
fluorescence emission. 


‘THE SCINTILLATION PROCESS 
5.1. Excitation Conditions produced by Ionizing Particles 


‘The excitation conditions produced by ionizing particles differ considerably 
from those prevailing during photo-excitation and may be expected to modify | 
the nature of the fluorescence emission; a detailed consideration of excitation 
conditions is thus of interest. | 

The incident particle loses its energy by ionization and excitation of the 
molecules along or near its path. The ionization and excitation densities produced | 
are greater the slower the particle and hence increase along the track. In the, 
primary excitation column so formed molecules merely raised into excited. 
electronic levels outnumber ionized molecules two or three fold. Towards the: 
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end of the track energy loss by collision with the crystal lattice, with formation of 
various lattice defects, becomes appreciable (Seitz 1949). In ionization the energy 
taken up by a molecule will not exceed the ionization energy of the electron 
ejected except in the rare case of a direct collision with a nucleus, but the ejected 
electron can have all energies up to a maximum corresponding to a head-on 
collision with the incident particle. For a 5 Mev alpha particle this corresponds 
to a secondary electron energy of 3kev; for a beta particle the maximum energy 
of ejection is equal to the energy of the beta particle. Such collisions are rare, 
however, and electrons ejected at low speeds greatly preponderate. The faster 
of the secondary electrons produce further ionization and most produce further 
excitation. It has been established that for 5 Mev alpha particles approximately 
60", of the total ionization is produced by the secondary electrons and that the 
mean energy dissipated for each ion pair formed is about 30ev. This latter 
figure varies slightly depending on the nature and physical state of the absorbing 
system but does not appear to depend on the nature or the velocity of the ionizing 
particle. 

It is not possible to make more than a qualitative estimate of the diameter of 
the primary excitation column. Direct excitation of molecules by the incident 
particle will occur at some distance from the actual track. Approximate calcula- 
tions for a 5 Mey alpha particle indicate a distance of a few molecular diameters 
for excitation of the molecule into its first electronic level (Mott 1952). As the 
velocity of the particle decreases this effective collision distance decreases. 
Ditfusion of the secondary electrons produces ionized and excited molecules at 
some distance from the track of the incident particle but it is difficult to estimate 
the penetration distances of such low energy electrons. For the great majority 
of secondary electrons ejection energies are less than 100 ev and, since a 1 kev 
electron hasa range of only about 10° ° cm, they probably travel only a few molecular 
diameters. 

Some of the secondary electrons produced will be ejected from low-lying 
levels of the atoms and will thus have fairly low energies although the transfer 
of energy from the particle may be large. Subsequent completion of the atomic 
shell by capture of an electron will result in emission of one or more X-ray quanta. 
These will usually be captured and give rise to secondary electrons some distance 
from the path of the incident particle. ‘This process will be rare, however. 

The process of particle absorption takes place in a time negligible compared 
with that required for ion diffusion and recombination hence immediately after 
passage of the incident particle its track will consist of a high concentration of 
positive ions located in a narrow core and a lower concentration of negative ions 
spread throughout a larger volume. ‘The steep potential gradients will result 
in a gradual radial diffusion of charge leading eventually to charge neutralization. 
Because of the finite time which elapses before charge neutralization is complete 
the various positive and negative ions formed may suffer chemical changes 
leading to the production of new chemical entities in the crystal lattice having 
different fluorescence characteristics. In addition, molecules raised into high 
excited levels may dissociate when their electronic energy is transformed into 
internal vibrational energy. Such new substances will remain in the lattice and 
will affect luminescence produced by this and subsequent particles. 

In solids, recombination may occur by the Franck—Rabinovitch cage effect of 
fragments formed from the same molecule by dissociation. It is probable that 
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the number of such temporarily damaged molecules will greatly exceed the number 
of permanently damaged molecules and exist for an appreciable time. 


5.2. Quenching and Migration of Electronic Excitation Energy 

It has been shown previously (Wright 1953 a) that quenching of fluorescence 
during the scintillation process can be satisfactorily described in terms of 
monomolecular and bimolecular processes. ‘The description given above of 
excitation conditions in the primary excitation column suggests several possible 
mechanisms for these. 

Although final fluorescence occurs from the first excited level of the molecule 
most of the molecules in the excitation column acquire considerably more energy 
than this from the passing particle. ‘This excess electronic energy is rapidly 
dissipated as thermal energy within the molecule and is then conducted away 
through the crystal lattice. Much of the energy absorbed from the particle is 
dissipated almost immediately in this way and produces much higher temperatures 
in the vicinity of the excitation column than in the bulk of the crystal. For alpha 
particles it is estimated that the initial temperature rise is several hundred degrees. 
This is exaggerated since no account is taken of excitation of internal molecular 
vibrations but it does indicate the magnitude of the thermal gradients established. 
This thermal energy will have a deleterious effect upon the fluorescence of the 
excited molecules since the fluorescence efficiency of these decreases as the 
temperature increases. For fast electrons the thermal gradients produced are 
much smaller and may be neglected but they will account to some extent for the 
much lower scintillation efficiencies observed for the heavy particles. In this 
connection it is of interest to estimate the time for which these thermal gradients 
persist. For this purpose we simplify the crystal to an isotropic simple solid 
in which the phonons of the lattice vibrations are transferred between adjacent 
molecules in a random fashion independent of the existing temperature gradient ; 
the mean transfer frequency is considered equal to the lattice frequency. The 
equation describing the diffusion of phonons through the lattice predicts that the 
thermal conductivity of the solid is v/?c,p/6. In this expression v is the lattice 
frequency (which may be calculated from compressibility data), / is the mean 
phonon path length, which has been taken as the mean molecular diameter and p 
is the density of the solid. For several organic crystals for which experimental 
data were available the thermal conductivity was calculated and agreed within 
a factor of two with the measured value. We may therefore have confidence 
in the use of this simple model to investigate the diffusion of thermal energy on 
a molecular scale. In this way it is found that the initial thermal energy in the 
excitation column is dispersed in a time of the order 10-™ second; this is suffi- 
ciently long for considerable quenching of excited molecules to occur. 

A further mechanism for quenching can exist in the intense electric fields 
present in the excitation column. For electrons these are of the order of Mv cm-! 
and are higher for the heavy particles which produce greater ionization densities. 
Perturbation of the electronic configuration of an excited molecule invariably 
decreases its fluorescence efficiency and it is quite feasible that the strong electric 
fields surrounding ions will adversely affect the fluorescence of excited molecules 
in the vicinity. Mutual interaction between excited molecules may also lead to 
non-radiative dissipation of electronic excitation energy (Black 1953). We may 
estimate the scintillation efficiency of anthracene excited with fast electrons by 
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considering that most of the initially excited molecules are quenched in these 
ways. ‘This gives an efficiency of 0-09 which is rather higher than the measured 
value. However, it is very probable that the energy expenditure required for the 
formation of an ion pair is greater in the solid than in the gas; this will reduce 
the estimated efficiency. Further it is by no means certain that the fluorescence 
efhiciency of those excited molecules formed by ion recombination is as high as that 
observed during photofluorescence. In addition, the fluorescence of those 
excited molecules formed by initial ion recombination will be reduced to some 
extent by the electric fields due to the remaining ions. Both of these effects 
will further reduce the estimated efficiency. In view of the necessarily qualitative 
nature of this discussion the estimated efficiency agrees satisfactorily with the 
measured efficiency. 

A quenching mechanism not yet considered is due to temporarily and 
permanently damaged molecules. This has been considered previously (Birks 
1953, Wright 1953 b, 1954 a) and is negligible for electrons compared with the 
heavy particles. For the latter they form an additional source of quenching 
and will account partially for the very much lower scintillation efficiencies of these. 

In all of the above quenching mechanisms migration of the excitation energy 
is of great importance. Due to the weak lattice binding forces the molecules 
in an organic crystal are relatively widely spaced and mutual interaction between 
the molecular electronic orbitals is small. Excitation of a molecule produces 
initially a compressed molecule which, through coupling of its electronic and 
atomic configurations, expands until the potential minimum of the excited state 
is reached. Experiment indicates that the expanded electronic orbital can 
interact with those of adjacent molecules and result in a transference of excitation 
energy by a quantum mechanical process (Bowen, Mikiewicz and Smith 1949, 
Wright 1953 b, 1955 b). ‘The excitation energy thus diffuses through the crystal 
lattice by repeated transfer between adjacent molecules until emitted radiatively 
or quenched. This migration process is of considerable importance in the 
scintillation process since it is in this way that the excitation energy is brought 
into contact with the various quenching centres such as ions or damaged molecules. 
It is of particular importance for electrons for which the ionization and excitation 
densities produced are relatively small. 

During the scintillation process excitation energy escapes from the vicinity 
of the excitation column by fluorescence emission. Part of this fluorescence is 
re-absorbed in the crystal and results in energy transfer over considerable distances. 
This is illustrated well by the experiments of Ageno and Cortellessa (1952) who 
have observed fluorescence in trans-stilbene crystals occurring several millimetres 
away from the point of absorption of the particles. ‘These experiments are not 
considered evidence for the existence of ‘primary’ photons as stated by Birks 
(1953). This re-absorption of fluorescence results in a further slight reduction 
in the scintillation efficiency of the crystal. 

For short range surface incident particles surface escape of fluorescence 
produces a decrease in scintillation efficiency over and above that due to quenching 
processes in the excitation column (Wright 1955 c, d). This can modify the 
shape of the observed scintillation response curves at low particle energies. 

This discussion of possible quenching mechanisms refers directly to organic 
crystals but the conditions existing in liquid solutions are similar. Over distances 
of a few molecular diameters, as are involved in the primary scintillation processes, 
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the liquid possesses a high degree of crystalline order. In addition, the scintilla- 
tion process takes place in such a short time that molecular diffusion destroying 
this short range order will not occur appreciably. ‘The main difference from 
the case of crystals is in the presence of two types of molecules, the solvent molecules 
which are responsible for the initial absorption and the solute molecules which 
are responsible for the final fluorescence (Kallmann and Furst 1950; A1S5ay; 
transfer of energy from the solvent molecules to the solute molecules will occur 
during the process of migration of excitation energy. The rather lower scintilla- 
tion efficiencies of these solutions are due to the reduced fluorescence efficiencies 
of organic molecules in liquid solution and to increased internal quenching of the 
excitation energy by the solvent molecule before it is transferred to the solute 
molecule. 

An alternative explanation for the low efficiency of the scintillation process 
has previously been offered by Birks (1953) in terms of a cascade process of 
photon absorption and emission which is initiated by emission of high energy 
primary fluorescence photons from ionized molecules. With certain other 
assumptions this process can qualitatively explain a wide range of scintillation 
phenomena but no experimental evidence exists for this primary photon cascade 
process. 

5.3. Emission of Fluorescence 


In this description of the scintillation process final fluorescence occurs from 
the first electronic excited level of the molecule giving the same fluorescence 
spectrum as for photoexcitation; this is found experimentally and was implied 
during the experimental measurement of the scintillation efficiency. 

Although most of the initially excited molecules forming the primary excitation 
column are quenched as described above a small proportion of these will fluoresce. 
Because the quenching processes greatly predominate, however, the decay time 
of this emission will be very short and it will contain only a small part of the total 
eventual fluorescence. Part of this initial emission will be due to Cerenkoy 
radiation; for particles of moderate energies, however, this accounts for only 
a small part (of the order of a few per cent) of the total radiation emission. ‘The 
slower process of ion diffusion and recombination followed by fluorescence of 
most of the excited molecules so produced results in a longer decay component 
which contains most of the fluorescence emitted during the scintillation process. 
The scintillation pulse will thus consist of a short initial spike of fluorescence 
followed by a longer decay component which contains most of the emission. 
For crystals such as anthracene the initial spike is reduced appreciably by 
self-absorption of fluorescence; for p-terpheny] this effect is negligible, however 
(Wright 1954 b, Birks and Wright 1954). Measurements have been made of the 
decay rates of scintillation pulses (Wright 1955 e) and it is found that they are of 
this form thus providing strong support for the description of the scintillation 
process given above. 


§ 6. CONCLUSIONS 


The efhiciency of the scintillation process in organic crystals is very much 
smaller than that of photofluorescence. In particular, for anthracene excited 
with fast electrons the intrinsic efficiency of the scintillation process (i.e. in the 
absence of self-absorption of fluorescence) is only 0-062. This compares with 
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a photofluorescence efficiency of 0-94 (for excitation with light of the same wave- 
length as the mean fluorescence wavelength). 

For electron excitation this low efficiency is considered due to internal molecular 
quenching of excess electronic excitation energy and to quenching of fluorescence 
by mutual interaction between excited molecules and by the strong electric fields 
surrounding ions. For the heavy particles these quenching processes are more 
pronounced and additional quenching occurs due to the presence of large thermal 
gradients and damaged molecules in the excitation column. 

This explanation of the scintillation process is supported by measurements of 
scintillation decay rates. These show that, as predicted, the scintillation pulse 
consists of a short initial spike of fluorescence followed by a longer decay 
component which contains most of the fluorescence emission. 
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Abstract. Departures from the normal Fowler-Nordheim law which have been 
observed at fields up to 7 x 107vcm~! have previously been ascribed to space- 
charge field distortion. It is shown that certain other effects due to failure of the 
image law, non-uniformity of work function and to possible surface irregularities 
could produce similar effects. 


§ 1. INTRODUCTION 


N extensive investigation of field emission has been made by Dyke and his 
co-workers in which it has been shown that for fields of approximately 
10’vcm™ the emitted current was in agreement with the Fowler-— 

Nordheim theory corrected for the image force. At higher fields up to 
7 x 10*vcm 1! the experimentally observed current was progressively less than the 
predicted values. It was suggested that the departures from the theory were due 
to space-charge distortion of the cathode field by the high current densities pro- 
duced. ‘This suggestion was supported by corresponding changes 1n the emission 
patterns which are interpreted as showing a more uniform current distribution 
(Dyke and Trolan 1953, Barbour, Dolan, Trolan, Martin and Dyke 1953), 
Similar emission patterns have been obtained by Benjamin and Jenkins (1940). 

The present contribution does not disagree with these views but draws 
attention to certain other second-order effects which will occur at such high 
fields and which may produce significant departures from a Fowler—Nordheim 
law. 


§ 2. ‘THE POTENTIAL BARRIER AT THE SURFACE 
‘The Fowler—Nordheim law for the emitted current density J in amp cm~? can 


be written in the form (Sommerfeld and Bethe 1933) 


2 — “8 7 3/2 
fd =t 55x 10-8 exp jae cisteg ate (1) 


in which F is the electric field in vcm~", ¢ is the work function of the emitter in ev 
and f(y) is a function dependent on the image law, originally calculated by 
Nordheim (1928) and recently corrected by Burgess, Kroemer and Houston 
(1953). Equation (1) has been established on the assumptions that it is legitimate 
to use the image law and that the field E is uniform at least over distances of the 
order of 104 from the surface. 

Detailed considerations of the nature of the surface forces such as those made 
by Slater (1934), Bardeen (1936), and Sachs and Dexter (1950) indicate that it is 
unlikely that the image law holds within about 34 of the surface. Such failure 
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of the image law had also been realized at an early date by Langmuir (1916) and by 
others. Since the surface barrier through which the electrons must tunnel is 
reduced as E is increased, equation (1) will become inaccurate when the major 
portion of the reduced barrier is produced by forces which are not of image type. 
If an image law is assumed, the peak of the barrier will occur at approximately 
5A from the surface for E=1x10’vcm- and at only 3A when 
E=5x10'vem'!. Thus in the experiments referred to above the fields were such 
that the resultant surface barrier would be unlike that expected from an image law. 
Figure 1 illustrates this and shows that the transparency of the true barrier would 
be less than that used in obtaining equation (1). As a result the usual linear 
Fowler—Nordheim plot would be modified over the range AC asin figure 2. Such 
behaviour has in fact been found by Dyke and Trolan (1953) for clean tungsten 
emitters. While the experimental results have been explained in terms of space 
charge, it would seem that the effects described here may not be ignored for the 
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Figure 1. Potential barrier for emission from a clean emitter. 
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Figure 2. Modified Fowler-Nordheim emission law. Scales only approximate 
for 6=4°5 ev. 
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field strengths used. Similar behaviour has also been found fora series of tungsten 
emitters on which barium has been deposited to give a range of effective work 
functions ¢ between 4-5 ev and 2:44 ev, the effect being more marked and occurring 
at lower values of E as ¢ is reduced. The present arguments are even more 
pertinent in such cases since a deposited barium layer in reducing the work function 
will presumably change the barrier potential considerably over distances corre- 
sponding to the layer thickness as in figure 3. For such a barrier a marked 
departure from equation (1) would be expected as the field is increased, such 
departure increasing as ¢ is reduced. 
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Figure 3. Effect of barium layer on potential barrier at surtace showing effect 
of decreased work function. 


§ 3. Errect of NoN-UNiIFoRM WorK FUNCTION 


In the experiments with barium deposits, a second effect has been noticed at 
the highest stresses, namely a small but significant upbending of the current 
curves in the region BC, figure 2. It has been suggested that this may be due to a 
slight increase in emitting area with increased voltage since the curves of figure 2 
must perforce be referred to an assumed constant emitting area. Such an increase 
due to non-uniformity in the current distribution would be due to the emitter 
geometry. While this may be true, it is important to investigate another source 
of non-uniform emission, namely that due to change of work function over the 
surface. ‘The emission patterns (Barbour eft al. 1953, Benjamin and Jenkins 
1940) show certain dark regions from which the emission at low fields is slight 
corresponding to crystal faces of higher work function. If indeed the emission 
occurs from areas of differing work function then departures from equation (1): 
may be expected at the highest fields. This can be shown by considering the 
following simple case. 

Suppose the emitter consists of two regions of areas A, and 4, of work function 
b, and ¢, (¢,<¢,). The total current from either region can be written in the 
form [=a exp (—«/E) in which a= 1-55 x 10-¢-! E24 and « = 6°85 x 107 32 f(y). 
The average current density J for the two sites is then given by 


JA =a, exp (—,/E)+a,exp(—«,/E) where d= A,+ A,. 


0 a ko — & 
InJ=Inay—In A~ $F +In {1+ exp ( — “= ‘)| Bi oricice 2). 


Thus 


1 
The first three terms of equation (2) express a normal Fowler—Nordheim law 
similar to equation (1) so that the fourth term is a correction factor modifying this 
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law. If d,=¢,, equation (2) reverts to equation (1) with a correct value for the 
total emitting area. ‘The magnitude of the correction obviously increases with E 
and is sensitive to the value of x.—a,. Although, as already discussed, the image 
law is not necessarily applicable at the fields under consideration it is useful 
to calculate typical values of the correction based on f(y) asin equation (1). These 
show that in general the correction is insignificant for fields below 2 x 107 v em-} 
but that above this value, depending on «,—«,, it could increase rapidly as E- 
decreases. 

For example, the correction factor for a clean tungsten emitter where ¢, = 4:35, 
#,=4-65 refer to different crystal faces increases from 0-02 at E-1=6 x 10-8 to 
0-3 at E=1-5 x 10-8 assuming arbitrarily that @;=a,. Emitters having partial 
coatings such as barium on tungsten may exhibit a whole range of effective work 
functions and for these the effect would not be calculable. However, the important 
overall etfect would be that the plot, figure 2, would tend to show an upcurving as 
the fieldisincreased. This effect does not depend on the geometry of the emitter 
for its action and might quite well be observed for a planar emitter, having a 
constant value of E over its surface. If this effect is combined with the opposing 
effect due to failure of the image law then a small inflection in the observed 
emission curve could be expected at the highest fields in the region BC, figure 2 
in agreement with experiment. 


§ 4. SuRFACE MicrRo-GEOMETRY 


Finally, consideration should be given to the other condition assumed in the 
derivation of equation (1), namely that the applied field £ is uniform at least over 
distances corresponding to the barrier width at the surface, i.e. over distances of 
about 104A. The macro-geometry of the emitter—collector system produces a 
field enhancement which must be accurately known for interpretation of the 
experiments (Dyke and Trolan 1953). However, a more local field increase due 
to the small-scale micro-geometry, i.e. surface irregularities, may also occur. 
This has been discussed briefly by Benjamin and Jenkins (1940) for etched 
emitters. Such irregularities may be removed by flashing the emitter at a 
suitable temperature without a field applied (Mueller 1949). This treatment 
produces a definite emission pattern considered to be characteristic of a ‘smooth’ 
emitter. [he emission is non-uniform due to the surface consisting of several 
crystal faces having different work functions. If these faces also have different 
orientations then in fact irregularities, of atomic dimensions at least, exist (Dyke 
and Trolan 1953, Nichols 1940, Benjamin and Jenkins 1940, Martin 1939) and it 
will be of some interest to estimate the effect of these on the current-—field 
relationship. 

The locally distorted field will be BE where f is an enhancement factor due to 
the irregularities and therefore a function of position and £ is the usual value of 
applied field calculated from the geometry of a truly smooth system for which 
8=1. Equation (1) may still be used if it is considered that the resultant surface 
barrier has been produced by an equivalent uniform field BE where B is an average 
of B over the resultant barrier width. Since the barrier width decreases as E 
increases, in the neighbourhood of a projection f will also increase but for the 
surfaces under consideration the increase would probably be small until the 
barrier is confined to small distances from the emitter. Rough estimates 
(assuming an image law) show that for E>4 x 10’ vcm" the barrier width is less 
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than 10A and increasing values of 8(>1) might be expected in this range. ‘The 
modified version of equation (1) now gives 


a ~6 Ff2 a ; 107 62/2 f(y 
In =In (SP) 42 IB ERNE Stl (3) 
b BE 


As FE increases, the presence of f in the third term on the right-hand side of 
equation (3) will cause In J to increase less rapidly than would be expected from 
equation (1). This effect would be partially reduced by the second term but the 
reduction should be small since calculations for certain ideal micro-geometries 
show that f is unlikely to exceed 2 in the present case. If it is legitimate to 
consider surface conditions of this sort then a further effect arises from the 
resulting non-uniform emission. 

If r is a distance measured parallel to the macro-surface away from the axis of a 
given projection, i.e. into a region of smaller 8, then 


6 = 
ee AS st B(2BE +2)exp ( — =) cbt, (4) 
dy db BE/ ar 
As F increases dJ dr will show a distinct increase since not only B increases but as 
calculations show |d8/dr | also increases. As a result the current will become 
increasingly non-uniform and estimates of current density inaccurate. If the two 
effects resulting from equations (3) and (4) are superimposed then the final effect 
may be judged from the hypothetical case shown in figure 4. Here the current 
densities from two adjacent regions having different values of 8 are shown. The 
resultant mean emission density, depending on relative areas as well as on f, will 

produce some intermediate curve as shown. 
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Figure 4. Emission current densities from two regions of an irregular surface having 
different local field factors B’, 6” (B’ >”). The resultant average density is also 
shown. The deviations due to failure of the image law are not included in the figure 
(Approximate scales for 6=3 ev.) eke | 


§ 5. CONCLUSIONS 
It will be seen therefore that several distinct effects can be operative at fields in 
the range 107-108 v cm" each producing departures from the normal cold emission 
law. ‘These departures fall into two categories namely those associated with the 
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nature and uniformity of the surface barrier and those associated with distortions 
of the applied field near the emitter. In the first category the fact that an image- 
law barrier is not to be expected at small distances (~3 A) from the surface is 
perhaps the most serious cause of discrepancy and would help to explain deviations 
from a Fowler—Nordheim law. The secondary effect due to non-uniformity 
of work function which is especially important for coated emitters is also not in 
disagreement with experiment. 

In the second category, it is obvious that the emission will be sensitive to the 
values of the applied field in the emitter neighbourhood. The type of field 
distortion produced by space charges has been treated by Barbour ef al. (1953), this 
being naturally related to the current rather than the field magnitude. The 
distortion considered in this paper is related directly to the field magnitude and 
provided irregularities of say atomic size exist, the resultant effects are in qualitative 
agreement with experiment. It is important perhaps to stress that in considering 
the emission patterns at fields approaching 108 vy cm~! comparatively small changes 
in E~! require large changes in E so that, apart from any space charge effects, 
considerable changes should occur in those processes depending more directly 


on LE. 
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Whitehead’s Law of Gravitation in a Space-Time of Constant Curvature 


By Cy. BCRAYNER 
Dublin Institute for Advanced Studies + 


Communicated by S. Raimes; MS. received 31st January 1955 
and in amended form 10th Fune 1955 


Abstract. A generalization of Whitehead’s law of gravitation for a discrete set 
of particles having arbitrary world-lines in a flat background space-time is 
formulated for a space-time of constant curvature. It is then extended by a 
method of Synge (Rayner 1954) to include systems having finite and continuous 
proper-density and velocity distributions. 

The new law is particularly adapted to a cosmological theory like that previously 
considered by the author in which every gravitating particle recedes with uniform 
velocity from a common spatio-temporal origin. 


$1. INTRODUCTION 
HITEHEAD’S theory of gravitation requires two metrics; one is the 
metric of a background space-time of constant curvature, and the other 
defines the gravitational field. We write them 
as, =¢,,0 d2,dz, 7 9 a eee (1:1) 
US? = Sng Ie de, eee (1.2) 
for any system of coordinates z,. The signatures are (+, —, —, —), Latin 
suffixes range (1, 2, 3, 4), and the summation convention is used. 

Let dsy,’ be that (retarded) element of the world-line of the ath gravitating 
particle whose points{ lie on the past null-cones which have points of ds, for 
vertices. ‘The basic formula in Whitehead’s theory is that which expresses ds,? 
in terms of ds,” and the (discrete) distribution of matter : 


dso = dsy? —k > mV x dso) (R= 2G). | nee (1.3) 


Here the summation is over each particle P,, of proper mass m,, and V, is a 
solution of the wave equation 

£0" Vigne) ol eal lh el ee (1.4) 
(where the bar denotes covariant differentiation with respect to g,,,,) subject 
to certain boundary conditions. 

The main purpose of the present paper is to apply formula (1.3) to find the 
gravitational field of a discrete set of gravitating particles moving along arbitrary 
world-lines in a background space-time (1.1) of constant curvature. This 
problem was first discussed by Temple (1923), who derived by a method due to 
Conway (1903) an expression for the potential V7, to satisfy (1.4) above. His 
potential function does not, however, satisfy this equation, as can be verified by 
direct calculation. Although we might amend his results by adding to his 
potential a term which he omitted, we prefer to approach the problem by a different 
method which appears simpler, and avoids the irrationalities in his formulae. 


t+ Now at the Research Laboratories of the General Electric Company, Wembley 
Middlesex. 


} The terms point and event both mean point-instant in the present paper. 
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§ 2. THE POTENTIAL FOR AN IsOLATED EVENT-SINGULARITY 


The line-element of a Riemannian four-space of constant, positive curvature x, 
with signature appropriate to space-time, can be expressed in the Riemannian 
form 

dx, dx; 
where x, are coordinates related to real coordinates (#, 7, 2, f) by x, =7%, x,=79, 
X3=12, xy=ct, and x®=1kx,x;. 

It can be shownt that, if R=«!?, the invariant distance S between the 

arbitrary events w,, p; is given by 


oe 
Ss = 


4R? sin? (S/2R)= eee eece ea .2) 


In particular, the events x,, p, lie on the same null geodesic if 
D(a — pix —py=Us % en sae (223) 
The most general solution Vy of the wave equation (1.4), which is a function 


only of the geodesic distance Sy from the origin, is easily shown to be of the form 
A f(o))+B, where 
. 2«o l—o 
iée)= 1-2, —x log i re tog = COs SnIR) 2) 5 seen (2.4) 
We can measure S, from any spatio-temporal origin p,, and so, defining o by 
be(%i PN =P) 
far — 7 a U Z 25 
a eredreaa yeep?) 2) 
it follows from (2.2) that f(c) is a solution of (1.4). 
In (2.5) let X, be the antipode — x,/x? of x,; then 


eee eee 


be X PX =P) 
ES eee s—s—s nnn 2.6 
Paes Sci 1 p2) Cee) 
where X?=4«X,X,=1/x?. From (2.4) we see that the only singularities of f(c) 
occur for c= +1 ando=-—1. For fixed x, (and hence, fixed X;,), the former 
singularities occur when p,; satisfies ® = 0, as in (2.3), and the latter when #, satisfies 
TSX Pile pe 0. ave ee (C258) 


§ 3. POTENTIAL FOR AN ARBITRARY WORLD-LINE 


Let —7p,(A) (2=1, 2, 3) and p,(A) be four functions (defining the world-line 
of a particle P) of the complex variable A, real for real values of A, such that the 
inequality 

P/APIAY>=9 — [PIA)= 4p] wees (3.1) 
is satisfied everywhere on the real axis; it is assumed that the four derivatives 
p (A) exist on the real axis. ‘Then from a theorem proved by Conway (1903), if 
the world-line p,(A) does not contain the event x,, it intersects the null-cone ®(A) =0 


+ Use coordinates u;=—x,/(1—x"). Then the finite translation along the uw, axis to a new 
origin u;—R tan t;, u;=0 (j# i,7 fixed), is given by uj—(u,-R tan t,)A,, Uj= (Uj sec t,)A,, 
A,;=[1+(u,/R) tan t,)-1. Starting with S=R tan! [(u,u,)'/R] for the distance S of w, 
from tne origin, move the origin to Um =P ml (1-kKPnPy) (m,n, r=1, 2, 3, 4), and transform 
back to coordinates x;, We obtain (2.2). 
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(equation (2.3)) in two and only two events A,, A, and, atthese events, @(A) has 
simple zeros. Moreover, one of the zeros A, is such that py<x,, and the other A, 
is such that p,>x,.f Similarly, if p,(A) does not contain the event X’, it intersects 
the null-cone ‘Y’(A) =0 (equation (2.7)) in two and only two events Aj, Ay, giving 
simple zeros, such that, at A,, py<X4, and at Ag, py>X,. Accordingly f(¢), 
regarded as a function of A, has four and only four singularities, Aj, Az, Ay, A, on the 
real axis, and at these points do/dA is non-zero. 

Any parameter A, such that dA/dd is real and positive for all real values of A, 
can be used in place of A. Let b be an arbitrary real number; then so, given by 


2 [P(e pi (He) 
59 = 500A) = | baer nui en (3.2) 
isasuitable parameter. We write Ag, =p (Aj), Ago = So(A2); Aor = So (Ax); Aoz = So(Az)- 
To obtain solutions of (1.4), let [ be a contour in the complex plane of so 
enclosing one or more of the singularities Ag,, Ags, Aoi, Apa: +~Then V, defined by 


sites 
| vi [o{X1, Xe, Xs, X45 Pr(S0), PalSo), Ps(So)s PalSo)}] 40 


Qn aT 


where f is given by (2.4), and o by (2.5), is a solution of equation (1.4). 

When «=0, Whitehead’s potential function for flat space-time is obtained 
from (3.3) by taking for [a closed curve containing the one singularity Ay,.. In 
this case, the logarithmic term is not present in (2.4), and the Riemann surface of 
f{a(s9)} reduces to the complex plane of s). For « greater than 0, however, a closed 
curve containing the one singularity Ap, is not a closed circuit on the Riemann 
surface of f{o(s))}, and the resulting integral depends on the particular curve 
taken. 


Figure 1. 


We shall take for I’ the single positive loop about A9,, starting from the arbitrary 
point s,=O (figure 1). Integrating (3.3) for this contour, we have 


2 do \-1 
V=—k (=) +KApo;- Ree (3.4) 


Differentiate (2.5) with respect to sy, regarding the p, as functions of sy and the », 
as constants, and then put o=1 after differentiation; then, Writing Ss) =Apj, it is 


found that 
do _ do _ x(x;—p;)(dp,/dsy’) 
(=) - dso’ (1 + x2)f] + p*(sy')} td | er ee (3-5) 
say. Hence, substituting (3.5) in (3.4), we get 
V=—-W+ks,’ aaen(os0) 


‘ + Since, in the coordinate system x;, ®(X) is independent of «, the proof is the sam¢ 
for flat space-time as for space-time of constant curvature. 
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where Wis defined by (3.5), and sq’ = 5,(A,), where s9(A) is defined by (3.2). This is 
the solution of the wave equation (1.4) obtained by integrating (3.3) along the 
contour of figure 1; it represents the gravitational potential due to a single 
particle moving along an arbitrary world-line p,(sy). When it is substituted in (i535) 
the line-element of the gravitational field is obtained. Temple (1923) obtained 
in expression for the generalized Whitehead potential function which is equivalent 
‘0 the right-hand side of (3.6), except that the term «sy’ is omitted. He did not 
‘ake into account the contribution from the logarithmic term in (2.4) in his evalu- 
ation of the contour integral (3.3), so that his potential function is not a solution of 
he wave equation (1.4). 

From (2.3), and the definition of ds! (§ 1) 


(x; — p,) Ex; = (x; — P;)(dp;/d5q’) dsq’ 
=(1+x?)(1+ p?) Wds,’, 


re Xe DR; pax, dx, 
o that ds Wi+eispe (357) 
vhere p, means P,(s0’). 

Let the coordinates p, in (3.6) and (3.7) refer to the «th gravitating particle. 
Phen, substituting from (2.1), (3.6) and (3.7) in (1.3), and summing over «, we get 
‘or the line-element of the gravitating field due to a finite number of particles of arbitrary 
roper mass m,, and having arbitrary world-lines in a space-time of constant positive 
urvature kK, 

ae dx, des; E te m,(1 —KWs,')(x; — Pd; =P) 

g (1 + x7)? 2) ; Wr + p*)? 

vhere x? = fKx;X;, p? = {Kpp,. In this formula the x, are any coordinates for which 
2.1) is the metric, provided that x,, x9, x3 are pure imaginary, and x, is real, and the 
, are the coordinates of intersection of the world-line of the ath gravitating 
article with the past null-cone drawn from x, as vertex. The quantity W is 
lefined by (3.5), and s,’ is the arc-length of the «th world-line measured from the 
rbitrary event p,(0) to the event p(sy’). It is seen that, if « is set equal to zero, 
3.8) reduces to Whitehead’s own formula in Cartesian coordinates (Rayner 


954, (1.3)).+ 


4. THE GRAVITATIONAL FIELD DuE To CONTINUOUS, NON-STATIC SYSTEMS 
IN A SPACE-TIME OF CONSTANT CURVATURE 
We now extend formula (3.8) so as to include systems possessing continuous 
roper-density and velocity distributions. Proceeding by the method of Synge 
Rayner 1954, § 2), we first establish the following lemma. 
Let the world-tube T intersect the null-cone 


(=P NH—PN=O ey | eae (4.1) 
| the infinitesimal three-element dd, at p,. Then, if d&,, is the magnitude of the 
ction of T' orthogonal to a unit covariant vector 7,, the expression 
la? dd, 
1+p? |n,(x,—p,)| 
as the same value for all orientations of the unit vector 7,. 


+ Formula (3.8) is discussed ‘in § 5. 


oe 


~~) — 
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In the world-tube 'T (figure 2), which has the direction of a unit covari: 
four-vector u, at p,, and normal cross section d&,, the ‘ projection formula ’ 
dz, =a, [eo ut... = a (4.3 


relates the magnitudes d=, and d&,. 


Figure 2. 


Consider the pseudo-sphere of radius S and centre x,, the surface of wh 
consists of all points p, such that 
at (x, P)%X,—Pr) | 
2.sin 2 (,S/ = ans . seve (ahs 
4R* sin 2(.S/2R) (i+ x*\1 +p) - ai (4.4 
We find, by differentiating (4.4), that the unit covariant normal V; to — 
pseudo-sphere at p, is given by 
aay (Dyn te Dek PAL eee) sin? (S/R) 
RV,sin(S/R)= (+01 +p) a) a 
Now let dX’ be an element of the pseudo-sphere at p,, and let dX, be the project 
of d&’ on an element of hypersurface drawn through p, orthogonal to a given u 
vector 7,. Then, by (4.3), 


alder ne Vel A Mie) eee (4.6 
Hence, defining d= as the expression d&’/.S, we have 
dx 
d= —s ein ot oe ee eee au | 
[gorn,(57,) 
Allowing S to tend to zero, and noting from (4.5) that 
li Sy \= =(%)=?,) | 
mie (SV,) (Eee eee (4.8 
we obtain the required result 
exe x 
d= —— —_"—_ 
leet |aeep)|? seo (49 


where d& is now an element of the null-cone (4.1), and x, — p, corresponds to ar 
direction at p,. Since the expression (4.7) is independent of the orientation 
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n,, and since the limiting form of (4.7) exists, and is given oe (4.9), it follows that 
d>, defined by (4.9), is independent of the orientation of 7, 

When the vector 7, is the unit covariant velocity four-vector u,.(=g,. dp,/dso'), 
1», is the magnitude dy =, of normal cross section of the world- pune T, and then 


IS- d&,(1+ x?)(1 + p?) 
(x, —p,)(4p,, ds,') 
Si a a eet (4.10) 


The number of particles contained by the three-element d&,, multiplied by their 
proper mass, 1s clearly 


pidsgep Weds ee adaware (2511) 
where p’ is the proper density at p,. 

Hence, the required extension of formula (3.8) for the line-element of the gravita- 
tional field of a distribution of matter, whose proper density p' and four-velocity 
dp,/dsy are continuous functions of position and time in a space-time of constant 
curvature kK, 1S 


dx, dx; (1 —KWs,')(x; — p;)(«; — p;)p’ d& 
ds,2= Ati jt | OES de Ea a i oe 4.12 
oo Teel WA py view. 
Here, d& is the absolute two-content of the three-element at p, on the past null-cone 
having x, as vertex; it is defined by (4.9) for an arbitrary unit covariant vector 7,. 


§ 5. DISCUSSION OF THE GENERALIZED LAW OF GRAVITATION 


Although the results of this paper were derived under the assumption that « 
is positive, they are formally the same for negative x, since no topological 
properties of the background space-time in the large were assumed. If, as is usual, 
we make the topology definite by regarding the continuum as a four-sphere in a five- 
dimensional euclidean space, we find that, when « is positive, space-time is closed 
in time-like and open in space-like directions, and when « is negative, it is open in 
time-like and closed in space-like directions. In the former case there is an upper 
limit ~Rc-1(R= |x|) to the possible age of the universe, and in the latter case 
space-time has the same metrical properties as the de Sitter universe. 

Perhaps the chief interest of formulae (3.8) and (4.12) lies in the presence of the 
factor 1 —« Ws)’, which depends on the arc-length s,’ (i.e. the age) of the gravitating 
particle. Now, s,’, being an indefinite integral, involves an arbitrary constant, 
which must be defined for all particles before their gravitational field can be 
determined. The event p,(0) associated with this constant, which we shall call 
the singular event for the given particle, must lie in the finite history (or future, in 
which case sy’ will be negative) in order that sy’ may converge. It seems natural to 
identify the singular event with the event of creation of the particle. 

Since it appears that the effect of terms in « can only be appreciable on a cosmic 
scale, the results of the present paper should be considered only within the frame- 
work of a definite cosmological theory. The most appropriate application seems 
to be toa theory like that previously considered by the author (1954) in which every 
gravitating particle moves with uniform velocity away from a common spatio- 
temporal origin p,(0) along a geodesic in the background space-time. In such a 
world-model similar fundamental particles (e.g. two neutrons) would have similar 
gravitating properties at contemporary epochs, and the difficulty of assigning 
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events p,(0) to individual particles would not arise. On the other hand, ina wor 
model in which singular events could have arbitrary temporal separation th 
would be a means of discriminating between otherwise identical particles, viz. 
differing gravitational properties. It is hoped later to publish a short account 
the properties of the world-model just indicated. 
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Thermal Vibrations of Atoms in Cubic Crystals 


I. The Temperature Variation of Thermal Diffuse Scattering of X-rays 
by Lead Single Crystals 


By L. CARTZ + 


Department of Chemical Crystallography, University College, London, W.C.1 
Commumcated by K. Lonsdale ; MS. received 6th May 1955 and in final form 5th Fuly 1955 


Abstract. ‘The intensity of thermal diffuse scattering of x-rays which normally 
increases with rise of temperature is expected to decrease with temperature 
increase for scattering near to high order reciprocal lattice points for crystals 
of low Debye characteristic temperature. Observations on lead single crystals 
agree well with theory. ‘This decrease of diffuse scattering occurs when short 
thermal wavelengths are becoming predominant in the lattice, and so should be 
related to the melting point. A relationship between the Debye characteristic 


temperature and the melting point is obtained which has also been derived by 
Lindemann from other considerations. 


§ 1. INTRODUCTION 


HE intensity of thermal diffuse scattering of x-rays is known generally to 

increase with temperature (see table 1). However, it is expected to 

decrease with temperature increase for scattering near to high order 
reciprocal lattice points for cubic crystals of low Debye characteristic temperature 
© (Born 1942, p. 317, Laval 1943, §9, James. 1948, p. 257). 

This is because the intensity of diffuse scattering D due to long thermal 

wavelengths modifying the cubic lattice is given by 
ee ee a ere | eee (1) 
for T>, where T is the absolute temperature, 2M is the Debye temperature 
factor, and 7 is given by 
2 

2 = = — (hy? +h,? +h?) 
where m is the mass of the atom, a the lattice parameter and (h,/,h3) the Miller 
indices of the crystal plane; 7 is the ‘inversion temperature’ associated with the 
reciprocal lattice point Aki. 

Thus D, the intensity of diffuse scattering, should increase with temperature 
up to T=7, and then decrease with further temperature rise. 

The quantitative measurements of Laval (1939) on KCl were at temperatures 
below + for the reciprocal lattice points observed and the diffuse scattering 
increased with temperature. Born and Lonsdale (1942) have shown that Laval’s 
observations agree well with expression (1). 

To observe the decrease of diffuse scattering with temperature rise, 
measurements have been carried out on lead single crystals (Lonsdale 1948 a, 
p. 160), lead having, as required, a low Debye characteristic temperature. 
Moreover, the amplitude of thermal vibrations is large, 0:28 A (Lonsdale 1948 b), 
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so that the intensity of diffuse scattering is appreciable (Lonsdale and Smith 


1942 b). 
Table 1. Observations on the Effect of Temperature on Diffuse Scattering 
Temp. range X-ray 
Crystal of obsn (°K) detection Reference 
Al 293-823 Photographic Preston (1939) 
f 90-300 Photographic Venkateswaran (1941) 
aes 100-300 Ionization Baltzer 1941 
NaCl 4 
chamber 
293-823 Photographic Preston 1939 
90-290 Photographic Lonsdale 1940 
Lonsdale & Smith 1942 a 
< 290-600 Geiger counter Prince 1952 
Dimond 292-773 ~~ Photographic | Raman & Nilakantan 1940 
U293=823 Photographic Preston 1939 
MgO 293-823 Photographic Preston 1939 
f 90-290 Photographic Lonsdale & Smith 1942 a 
NaNO, < 90-300 Photographic Venkateswaran 1941 
292-773 Photographic Raman & Nilakantan 1940 
x-resorcinol 90-290 Photographic Lonsdale & Smith 1942 a 
Benzil 90-290 Photographic Lonsdale & Smith 1942 a 
Sorbic acid 90-290 Photographic Lonsdale & Smith 1942 a 
KCI J 90-290 Photographic Lonsdale & Smith 1942 a 
(290-665 Ionization Laval 1939 
chamber Lonsdale 1940 
Lead 90-290 Photographic Lonsdale 1942 
Tin 90-290 Photographic Bouman et al. 1946 
p-nitroaniline 90-290 Photographic McKeown et al. 1951 
Quartz 290-600 Geiger counter Prince 1952 
Cu—Au alloys 290-633 Geiger counter Cowley 1950 
Pentaerithrytol 90-300 Photographic Venkateswaran 1941 
Carborundum 90-300 Photographic Venkateswaran 1941 
Fe (a) 292-585 Neutron Lowde 1954 
diffraction 
CaCO, 93-293 Photographic Lonsdale 1940 
Pyrene 303-383 Photographic Dutt 1953 
Anthracene 90-300 Electron Skrebowski 1948 
diffraction 
Phloroglucine 300-350 Photographic Datta 1952 


dihydrate 


I, (CGijuk 


In all cases, an increase of diffuse scattering was observed, though only slight in the case 
of diamond, except that no change was observed for phloroglucine dihydrate where the 
temperature range studied was very small. 


§ 2. ‘THEORETICAL 


A more complete expression for the intensity of diffuse scattering D includes 
a term ® inversely propertional to the elastic constants (see Ramachandran and 
Wooster (1951) where the second-order diffuse scattering is also included but 
can be shown to be negligible for lead). Thus, in plotting D against 7, allowance 
must be made for the temperature variation of the elastic constants and of the 
Debye characteristic temperature. 

Siegel and Cummerow (1940) observed the Young’s modulus of a single crystal 
of lead to decrease linearly by 11°, for every 100° rise of temperature. As no 
other data appear to be available, all the elastic constants were assumed so to 
decrease (see §4), ® thus increasing by 11°, for every 100° rise in temperature. 
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The temperature variation of the Debye characteristic temperature given by 
Owen and Williams (1947), which for lead would be 2° per 100°, was used. 
The actual value of ©, however, is in some doubt (see Roberts: 1951, 9-316). 
A value of © was chosen, therefore, to give the best agreement between the 
theoretical and the experimental temperature variation curves. This value is 
78-69(+5)°K over the temperature range 150-600°K. It may be compared 
with the average value of © obtained from the temperature variation of the Bragg 
reflections, which is 70-3 + 3-6°K over the temperature range 300-500°K. 


§ 3. EXPERIMENTAL 

Lead single crystals (face-centred cubic, a2=4-94 A) were grown by carefully 
annealing lead wires sealed into very thin soda-glass tubes; the [111] axes were 
found always to be parallel to the wire axes. Monochromatic Cu Kx radiation 
was used, the scattered x-rays being detected both photographically and by 
Geiger counter methods. 

The diffuse scattering was observed at temperatures from 150° to 600°K. 
For the low temperatures, liquid air was boiled by an electric heater and the cold 
air stream directed on to the crystal using a Dewar tube (Reed and Lipscomb 
1953). ‘The high temperatures were obtained by surrounding the crystal on the 
goniometer arcs with a brass tube carrying insulation and a nichrome heater 
element, suitable small windows being cut. The photographic film was kept 
cool by air blown through jets in front of the film. 

The observed x-ray intensities were corrected for Compton scattering and 
the mean taken of measurements from points equidistant about the reciprocal 
lattice points as the expression for D also contains a term depending on the 
distance of the reciprocal lattice point from the reciprocal lattice origin 
(Ramachandran and Wooster 1951, §9). 


§ 4. RESULTS 

In figures 1 and 2 are given the observations made about the 440 reciprocal 
lattice points in the [110] direction. At several temperatures between 161°K and 
——| 


300 


LD (arbitrary units) 


a 
189 96 Wic-5) - 50 35 


Figure 1. 440 along [110]. Variation of diffuse scattering D (in abitrary units) with 
thermal wavelength A(A) and absolute temperature. The angular settings Ay 
corresponding to different thermal wavelengths are also given. Note the decrease 
of D with increase of temperature, as well as with decrease of thermal wavelength 
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583°K, measurements were made at different angular settings, Ay away from the 
Bragg reflection position, where each Ajs corresponds to a particular thermal wave- 
length A modifying the crystal plane (Lonsdale 1942, p. 328). ‘The calculated 
curve (shown dotted in figure 2) will correspond to A large. In figure 3 (a)-(d), 


A=1284 
A=964 
A=7754 


A=50A 
Photographic 
measurements for 
A=1284 
---- Theoretical curve 
for very long waves 


D (arbitrary units) 


100 200 300 400 500 600 
Temperature (°K) 


Figure 2. 440 along [110]. Variation of diffuse scattering D with temperature T(-K) and 
thermal wavelength A(A). Note the maximum at about 210°k especially for long 
thermal waves. 


observations on four other reflections are given and compared with their theoretical 
curves ; in table 2, inversion temperatures from theory and experiment are given. 
All the measurements were determined using Geiger counter equipment, except 
where otherwise stated. ‘The D scale is arbitrary in each case. 


Table 2 
hkl 440) 242 240 331 220 131 
d (A) 0:87 1-01 1-11 1-14 1-75 1-49 
72K) Theory 210 290 330 330 ~600 +600 
; Expt 210 325 350 350 +600 +600 


mn 
on 


. THE PHYSICAL SIGNIFICANCE OF THE TEMPERATURE VARIATION OF DIFFUSE 
SCATTER 


When both the Bragg reflections and the diffuse scattering from long thermal 
wavelengths are decreasing with rise of temperature, the x-ray scattering from 
shorter thermal wavelengths must be increasing. Such an increase was observed 
far out along the [110] direction from the 440 reciprocal lattice point when the 
diffuse scattering close to the reciprocal lattice point was decreasing (figure 4). 

Short thermal wavelengths in a crystal lattice correspond to a tendency of 
neighbouring atoms to vibrate in opposite directions, while for long wavelengths 
neighbouring atoms in general vibrate in the same direction. Now melting 
occurs when short thermal wavelengths are so predominant that any furthet 
increase of energy causes the breakdown of the lattice. 

Thus we would expect the decrease of the diffuse scattering from long thermal! 
waves to be related to the melting point. 
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Figure 3. The variation of D, the intensity of diffuse scattering with absolute temperature 
for different thermal wavelengths A. The theoretical curves for very long waves 
are shown dotted. (a), 220 along [110] ; (4), 240 along [121] ; (), 331 along [110] ; 
(d), 242 along [121]. 
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Figure 4. 440 along [110]. The temperature variation of diffuse scattering D from short 
thermal wavelengths. Note that there-is an increase of D with increase of tempera- 
ture for thermal wavelengths of less than 20 A. 
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Expressions (1) and (2) show that the temperature variation of D is determined 
by a factor Aa@?[=Q, say; A=atomic weight]. Thus, we would expect © 
to be related to the melting point 7). 

Lindemann (1910) obtained such a relationship: 

Q=T) | L=AZO= Fa eee (3) 
where Z is a constant. 

A discussion of this relationship and of derived properties is given in a following 
paper. 
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Thermal Vibrations of Atoms in Cubic Crystals 
II: The Amplitude of Atomic Vibrations 
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Abstract. ‘The Lindemann relationship between the Debye characteristic 
temperature and the melting point may also be obtained from a consideration 
of the temperature variation of thermal diffuse x-ray scattering. The amplitude 
of thermal vibrations of the atoms in cubic crystals can be expressed in terms of the 
distance between neighbouring atomic positions and the melting point. This 
leads to a correlation of the relative increases of disorder on melting of body-centred 
cubic and face-centred cubic crystals with the thermal behaviour of the elastic 
constants, electrical resistance, atomic diffusion, specific heat, thermal expansion 
and thermal conductivity. A ‘law of corresponding states’ may be said to exist 
where, at corresponding temperatures, the amplitudes of atomic vibration are 
the same fraction of the distance between neighbouring atomic positions in the 
solid. ‘The Debye temperature factor is found to be inversely proportional 
to the melting point for cubic structures. 


§ 1. INTRODUCTION 

N a previous paper (Cartz 1955, to be referred to as I), the decrease with 

temperature rise, of the thermal diffuse x-ray scattering from long thermal 

waves modifying the crystal lattice, is related to the melting of the crystal. 
Thus, the temperature variation of the diffuse scattering is determined by a 
factor Aa?@?[ =, say] characteristic of the cubic crystal, where A is the atomic 
weight, a the lattice parameter and © the Debye characteristic temperature 
(Born 1942, Laval 1943, James 1948, p. 257). It is suggested that Q must be 
dependent on 7), the melting point. 


§ 2. LINDEMANN’S RELATIONSHIP 


Lindemann (1910) found such a relationship. He assumed that melting 
occurrs when the amplitude of oscillation of the atoms becomes so great that 
direct collisions take place between neighbouring atoms. ‘Then, 


Fa constaneed ny) Vee ode ome CE ieee (1) 
where v is the frequency of the vibrating atoms and V the atomic volume. 
Equating v to the maximum frequency of ce theory of specific heat, 

A@Or= Tiles eae (2) 
where L is a constant (see also Lennard-Jones and Devonshire 1939, Blom 1913, 
Firth 1944 and Born 1939). 
+ Now at Cavendish Laboratory, Cambridge. 
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§ 3. COMPARISON OF {J WITH Ty 


In tables 1 to 3, values of Q are compared with the melting points for face- 
centred cubic, body-centred cubic and NaCl-type structures respectively. For 
the NaCl-type, the mean of the atomic weights A’ is used (Lonsdale 1948). 
The Debye characteristic temperatures are in some doubt especially for the 
alkali metals. For these, two values are quoted (Blackman 1941, Mott and 
Jones 1936). ‘The values of © for the face-centred cubic and body-centred cubic 
crystals are taken from James (1948) and Mott and Jones (1936), and for the 
NaCl-type structures from Lonsdale (1948). 


Table 1. Comparison of Q with 7), for Face-centred Cubic Crystals 
Average L= 14-0 (41-9) x 10” 


M1) (2) (3) (4) (5) (6) 
x 101 
A 82 39-9 5-43 80 11-1 
Cu 1356 63:5 3-60 320 16-0 
Ag 1233 108 4-07 210 15-7 
Au 1366 197 4-06 175 13-6 
Al 933 27 4-04 390 13-9 
Pb 600 207 4-94 81 18-3 
Ni 1725 59 3-49 400 15-0 
Pd 1878 107 3-85 275 15-6 
Ir 2623 193 3-82 285 11-5 
Pt 2028 195 3-91 230 12:8 
Rh 2218 103 3-82 370 10-8 


(1) Crystal; (2) melting point Ty (°K); (3) atomic weight A; (4) lattice parameter a (A); 
(5) Debye characteristic temperature © (°K); (6) L=Ty/Aa?0?. 


Table 2. Comparison of 2 with 7), for Body-centred Cubic Crystals 
Average value of L for Ta, Cr, Mo and W is 21-6( + 2:6) x 101° 


(a) 2) 3) (4) (5) (6) 
x 10% 
Ta 3123 181-5 3-27 245 25-9 
Cr 1888 52 2:87 485 18-7 
Mo 2893 96 3-14 380 21-0 
Ww 3643 134 3-15 310 20-8 
Vv 1983 51 3-04 300 46-7 
: 163 11-9) 
K 335 39-1 
hes) 100 31-7 f 
Na 371 23 4-30 202 21-3 \ 
155 36-2 
Li 459 6-94 ; so) 41:0 
sete 400 33-8 
Rb 312 85-4 5-60 85 16-2 


(1) Crystal; (2) melting point Ty (°K); (3) atomic weight A; (4) lattice parameter a (A); 
{5) Debye characteristic temperature © (°K); (6) L= Ty/Aa?©?. 


§4. THE Constant L 


‘The similarity of the constant L for face-centred cubic and NaCl-type structures 
indicates that their dynamic properties are similar; the temperature changes in 
the frequency spectra of their thermal vibrations are similar when the temperature 
is expressed as the reduced temperature 7/7T)y. 
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Table 3. Comparison of Q with 7), for NaCl-type Structures 
Average value of L (neglecting LiH and PbS) is 13-1( + 1-6) x 101 


(1) (2) (3) (4) (5) (6) 
% 101° 
NaF 1253 21:0 4-62 439 14:5 
NaCl 1077 29-2 5-63 281 14:8 
NaBr 1028 51:5 5-94 200 14-1 
Nal 924 75-0 6-46 151 12-6 
KF 1153 29-1 5-33 321 13-6 
KBr 1003 59-5 6:58 177 12-4 
KI 1046 83-0 7:05 LBD) 14-4 
RbCl 988 60°5 6°57 179 11:8 
RbBr 955 82-7 6:87 140 12-4 
RbI 915 106-2 7°33 110 1323 
CsF 956 75-9 6-01 184 10°3 
LiH 953 3:98 4-10 815 21-4 
PbS 1387 119-7 5:97 190 9-0 


(1) Crystal; (2) melting point Ty, (°K); (3) mean atomic weight A’; (4) lattice para- 
meter a (A); (5) Debye characteristic temperature © (°K); (6) L=Ty/A’a?0?. 


The different values of the constant L for body-centred cubic and face-centred 
cubic structures can be related by considering the ‘open-space’ of the crystal 
lattice. For Lindemann’s relationship involves the atomic volume rather than 
the lattice parameter, a. By replacing a in Q by 7, half the distance between 
neighbouring atomic positions, which for body-centred cubic structures is 
\ 3a/4, and for face-centred cubic a/2\/2, the new constant of proportionality 
L,, becomes the same for the two types: see table 4, where L,=(a/r)?L. 


Table 4 
Crystal structure DeGaGs tees 
Ee Tg Aa? AiG Oe 14-0 x 101 
Lie dng Ar Ae)2 lS Se Oe Se 22 


For the same structure type, different values of ZL will indicate different 
frequency spectra, i.e. differences in atomic bonding. The presence of 
polarization, say, in a structure may possibly be observed as a change in L. 
However, any variations in the value of L for the NaCl-type structures are more 
than accounted for by the uncertainties in the value of ©. 

The value of L for LiH is quite different, as is to be expected. Also, the 
alkali metals, which are relatively soft and have in general weak structures, have 
large values of L; that is, short thermal waves predominate even at low 
temperatures. 


§ 5. THE AMPLITUDE OF ATOMIC VIBRATIONS 


The mean-square amplitude of atomic vibrations u? can be expressed in terms 
of the Debye characteristic temperature (James 1948, p. 220, Lonsdale 1948). 
For J >0, 
ee etal: 


tes 
v= 4 nko? = 4-364 x Ot Ao On (3) 


where m is the actual mass of the atom. 
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Using the Lindemann relation, we have for T>0 


ENE T\ 12 
(u”) = (436410 7) ee ee (4) 


a M 


Thus, the root mean square amplitude of atomic vibrations depends on the 
lattice parameter, open-space and melting point of the lattice. 

At the melting point, (u®),,!? is a certain fraction of the lattice parameter: 
9-6°,, for body-centred cubic, and 7-8%, for face-centred cubic and NaCl-type 
structures. However, these values are only approximate as (4) may no longer 
be valid near the melting point, see § 8. 

Expression (4) can be rewritten, for face-centred cubic and body-centred cubic 
structures, for which L=(r/a)?L,, where L,=114 x 10”, 


an TN if § 
as (u7)"2 = 0-22 if (7-) Gi Garhty (5) 
- im 
or (Uy? S022 7; 
This corresponds to the assumption made by Lindemann (1910) that p is 
a constant for all substances, where c=7(1—p), o being the ‘sphere of action’ 
of the atoms, so that, as neighbouring atoms are assumed to collide at the melting 
point, 
Pp (Uy ee (5a) 
Thus the atomic radii calculated by the method of Landé need a correction 


to allow for the thermal vibrations of the atoms. 
Griineisen (1926) has shown that 


(u2)u2 a Vay 1/2 
Or \Sreye tg) (6) 


where I’, Vy are the atomic volumes at temperatures of 7 and 0°K respectively, 
y is Griineisen’s constant, 2, 1s a function, given by Grtneisen, of 7 and m, where 
the potential energy of the atoms in the solid is given by — a/r” +6/r”, aand b being 
constants. 

Griineisen showed that (V—V,)/V,=0-08 at the melting point, and 
8i*y2_?/ 3-8 for monatomic metals, so that (u2) wr’? is 20° of y at the melting point. 
This may be compared with (u2) 1? = 0-22r from (5). Again (u2) 1? can be 
estimated from (5a). ‘The value of p is given by Roberts (1951, p. 552) 

A/2R'AN 4p = 6=2:065010" 
where R is the gas constant, N Avogadro’s number and C a constant determined 
by comparing the observed Einstein atomic frequencies with the Lindemann 
relationship. ‘Then p=(u"),'?/r=0-17. Also, from §7-3, using b=1-86, 
(u*) 7/7 =0-18. 

In table 5, values of (u*)'? at room temperatures calculated from (4) or (5) are 
compared with previous values based on © (see also Lonsdale 1948). 


§ 6. COMPARISON OF VIBRATIONS IN FACE-CENTRED CUBIC AND BODY-CENTRED 
CuBIC STRUCTURES 

Consider a cube of side @ into which several atoms can be placed in a face- 

centred cubic arrangement, or fewer but larger atoms can be placed in a 

body-centred cubic arrangement. The larger value of L for the body-centred 
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cubic arrangement means that short thermal wavelengths predominate at a lower 
temperature relative to the melting point. Again, since the amplitude of vibration 
is proportional to y, it will be greater in the body-centred cubic than in the 
face-centred cubic case. At the same temperature relative to the melting point, 
the vibrations of the body-centred cubic structure are of greater amplitude and 
have a greater predominance of short thermal waves. 


Table 5. Root mean square amplitudes of atomic vibrations at room 
temperatures: comparison of values derived from expressions (4) or x (5) 


and from ©. For the NaCl-type structures, the previous values of (uw? jie 
are taken from Lonsdale (1948). 


(w)2 (A) (12)? (A) : (u2)""? (A) 
SSS  OOooOoSCséONaCClE 
f.c.c. From (5) Previous b.c.c. “From (5) Previous fe From (5) Previous 

values values oo values 

Pb OEY 0-32 WwW 0-085 0-085 NaF 0-17 0-19 
Al OW 0-18 Ta 0-095 Oeil KF Os ()ezil 
Ag OS 0-16 Mo 0-10 0-10 NaCl 0-22 0-24 
Cu 0-13 O15 V Oeil 0-16 KI 0:29 0-31 
Au OEE 0-15 Cr 0-11 Oe NaBr 0:25 0-25 
Pd 0-12 0-13 Ta 0227 P8397 KBr 0:28 0-27 
Pt O-11 0-12 Na 0:37 0-50 RbCl 0:28 0:26 
Ir 0-10 0-09 K 0-47 0-57 CsF 0:26 0-23 
Ni O-11 Oe12 Rb 0-52 0-45 RbBr 0:29 0-29 
Rh ert 0-10 Nal 0:28 0-28 
RbI 0-32 0-32 

iH 0-18 0-24 

PbS 0:21 0-18 


Thus, on melting, the magnitude of the increase of disorder should be smaller 
for body-centred cubic structures. In table 6, the latent heat of fusion, the 
change of entropy, electrical resistance and of volume on melting are recorded. 
The smaller increase is for the body-centred cubic structures. 


Table 6. Comparison of the Increase of Disorder on Melting of Body-centred 
Cubic and Face-centred Cubic Crystals t+ 


(1) (2) (3) (4) (5) 
Body-centred cubic 
Li 3440 1°85 1:68 1°5 
Na 2500 17, 1-45 2:5 
K 2300 ibe ies} 2°5 
Rb 2180 1°7 1-61 2°5 
Es 2025 Le7, 1:66 2°5 
Face-centred cubic 
Cu 11300 2-0 PA 4-1 
Ag 11300 eI 1:9 4-5 
Au 12900 2-4 UPS 5-2 
Al 10500 DIXD) 1-64 6:7 
Pb 5460 2-0 DA 3-4 


(1) Crystal type; (2) latent heat of fusion (joule/g mol); (3) change of entropy on 
melting; (4) ratio of electrical resistance in liquid to that in solid; (5) volume change on 


fusion (100AV/V,). 

+ Roberts, 1951. p. 254, Mott and Jones, 1936, p. 278, International Critical Tables,1926, 
2, 474. f 
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§ 7. Tur TEMPERATURE VARIATION OF THE AMPLITUDE OF "THERMAL VIBRATIONS 
Expression (4) shows that, at temperatures above ©, the variation with tem: 
perature of (v2), relative to the lattice parameter, is the same for the cubic 
substances provided that the temperature is expressed as the reduced temperature 
T/T. ~“Vhatis, that 
iu") - 1) lap eee (7) 
where (2) x4 is the mean square amplitude of vibration at the melting point. 

Thus, properties which depend on the vibrations of the atoms, such as thé 
elastic constants, electrical resistance, atomic diffusion, specific heat, therma 
expansion and thermal conductivity, should also vary similarly with reducec 
temperature. 

In the following sections, the temperature variations of the thermal properties 


are expressed as 
Ba VT) 
a wr 8... 8 
(€) ae t Py ®) 


A linear relationship is obtained in all cases over a temperature range approxi 
mately given by ~0:2<T/T,,<~0-7; in general, the condition that T>0 1 
satisfied (see §8). The value of (€)ypy2,-1-e. at T=47T y= Typ has been usea 
as the value at the melting point may be influenced by other factors (see § 8). 


7.1. The Elastic Constants 


Sutherland (1891) obtained such a relationship for the temperature variatio1 
of Young’s modulus ; 

B/Ey=l=q(fiiy) eee (9) 
where EF, F, are the Young’s moduli at T and 7},°k respectively, and 7 is a constan 
for all metals. Siegel and Cummerow (1940) have noted that the Young’: 
modulus of Pb, the rigidity modulus of Al, and c,, for Na all vary similarly witt 
the reduced temperature. 


7.2. The Electrical Resistance 


The electrical resistance R is proportional to u2 (Mott and Jones 1936, p. 243) 
On plotting the relative change in R against 7/7, for face-centred cubic an 
body-centred cubic metals one straight line is obtained (see figure 1) and is give: 


by 


R ac 
PEC 0 (q-) - 0-045 is (10) 
Vy 


for the range ~0-1<7/T),<~0-6. The data are taken from the Internationc 
Critical Tables, 1926, 6, 136, where they are presented in the form 


T= Tell olt—2.) S802 )7) pee | ee eee (11) 
r, being the specific resistance at ¢°c and « and f the first and second orde 
temperature coefficients of resistance: B has been neglected in calculatin 
figure 1, which is justifiable up to a temperature T/7),;~0-6. 
Comparing (10) and (11), neglecting 8 and rearranging, we obtain 
= 2-09 
Os Ti 20 buna) ea (12) 

where 7” =?’ +273. 
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The alkali metals have been excluded from figure 1 as data are only available 
for them near to their melting points where B can no longer be neglected. 
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Figure 1. The variation of electrical resistance with reduced temperature. 


7.3. Atomic Diffusion 
Atomic diffusion in solids is observed to vary with temperature as given by 

D=BExp(=sE/RT) | 0 “asadnt (13) 
where D is the diffusion coefficient and B and £ are constants for each diffusion 
system (Mehl 1937). On plotting log D against 1/7 straight lines are obtained 
of different slopes E for the different diffusion systems. Assuming that diffusion 
depends on the vibrations of the atoms, then if D is plotted against T),/7T, the 
inverse of the reduced temperature, the straight lines for the different diffusion 
systems should all have the same slope of value E/T},;. This has been observed ; 
table 7 taken from Barrer (1940) shows that F/T), is a constant. Mehl (1937) 
noted that at a given temperature, the rate of self-diffusion is inversely related 
to the melting point. 


Table 7 
System Cu in Au Cu in Ni Mo in W 
cueee oes 1356 1728 3473 
metal (°K) 
EIT, 20-2 20-6 21-3 


From Barrer (1940). 
Van Liempt (1932) incorporated Lindemann’s theory of melting with the 
temperature dependence of diffusion and so obtained £/7T),=3Rb6? where 
b= 2rp/(u?) x? and is about 2. Using the average value of E/7Ty,=20-7 from 


table 7,b=1-86. This gives another estimate of (w”)y,;'?/r, see §5. 


7.4. The Atomic Heat 
In figures 2 and 3, the atomic (or molecular) heat at constant pressure C\, is 
plotted against the reduced temperature for NaCl-type structures and for cubic 


metals. 
For the NaCl-type structures, over the temperature range 


~0°35 <T/Ty<~0°8, 
a straight-line relationship is obtained, given by 
Cy = 48-64 11-8(7/Ty) joule/g mol. —... ss. (14) 


964 on (CGHES 


Thus, in table 8, the molecular heats at 7,2 for the alkali halides are seen to b 
constant at 54-5 joule/g mol; however, for the cubic metals, (C,)w 1s onl 
approximately constant: 30-2+3-3 joule/g mol (see Roberts 1951, p. 288 


50 0/7 
4 NaF 0-350 
O NaCl 0-26! 


@ NaBr 0-195 
40 x KGL - 
@ KBr 0177 


Molecular Heat (Joule/g mol) 


30 


0 0-2 0-4 0-6 0-8 1-0 
T/T 
Figure 2. The variation of molecular heat of NaCl-type structures with reduced 
temperature. 


o6l. | Pike ee al 
0 0-2 04 0-6 0-8 1-0 
T/T 
Figure 3. The variation of atomic heat of face-centred cubic metals with reduced 
temperature. 


In figure 3 a straight-line relationship for the metals is found, over the temperatu 
range ~0:25<7T/T,,<~0-7, given by 


C iG 
= 0-76 +0-48 7): en | 
(Ors: = (15) 


‘The data for the metals are taken from Griineisen (1908), and for the NaCl- -ty] 
structures from the /nternational Critical Tables, 1926, 5, 95. 


Table 8 

(1) (2) (3) (4) 
NaCl 54°5 Ag 28-0 
NaBr 55-0 Al 24-0 
KCI 54-0 Cu 28-6 
KBr 54:8 Ir 35-4 

Pd 31-8 

Pt 32-6 
Mean value 54:5+ 0-4 Mean value 30-2 3:3 


(1) NaCl-type structure; (2) molecular heat at Tyj2 (joule/g mol); 


(3) cubic met 
(4) atomic heat at Tyg Gouler atom). 
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7.5. The Thermal Expansion 


The coefficient of thermal expansion «, at various temperatures, for several 
cubic metals is shown in figure 4 to be given by 
fe 


=(Q87F-- 0:52 —)  §~ =  ansaee 16 
(x) v/s le ( ) 


over the temperature range ~0-2<T/Ty,<~0-7. 


a) 0-2 04 06 08 10 
T/T 


Figure 4. The variation of the coefficient of thermal expansion with reduced temperature. 
The data for Cu, Pd, Ag, Ir and Pt are taken from Roberts (1951, p. 260), 
for Pb from Stokes and Wilson (1941) and for Al from Wilson (1941). 
From (16) and (5) it is seen that 
Zz — 
(%) we 


Griineisen (1912) has shown that the volume coefficient of expansion is given by 


aD, 
0-74 + 10-7 (5). ae (17) 


by (u?/7?); see (6). Griineisen (1910) has compared the reduced temperature 
with the expansion 6/ (where if / is the length at 0°x, /+6/ is the length at T°x), 
fon Ni, Pd, Ir, Al, Pb and Bi, from 7/7),=0 to 1-0. ‘The slopés-of the curves, 
which equal 7),dl/dt, i.e. the melting point times the coefficient of thermal 
expansion, are in general not the same for the different metals, though they are 
the same for Pd, Ir and Al from 7'/7},=0-3 to 0-7. Griineisen has concluded, 
therefore, that at any given value of the reduced temperature, the relationship 
Ty ,al/dt = constant is not generally true (see also Blom 1913, Zwikker 1954). 


7.6. Thermal Conductivities 


The thermal conductivities k, at various temperatures, of Cu, Ag and Pb are 
observed to lie on the same straight line (figure 5) given by 


k ap 


=1-116-0232(7-) ERA 18 
Rye Ty ( ) 


though the values for Al diverge considerably from this line. 
The data for Ag, Pb and Al are taken from the International Critical Tables, 
1926, 5, 220, and for Cu from Hume-Rothery-(1931). 
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§ 8. Law oF CORRESPONDING STATES 
Fiirth (1944) has shown that 
T= constant: X27 9 Oe eee (19) 

where 7, is the critical temperature of the solid. It follows from the data presented 
in §7 that a ‘law of corresponding states’ holds for these cubic solids, where (7) 
is the ‘reduced equation of state’. The comparison of thermal properties on 
a temperature scale 7/7, is a comparison on a basis of u?/r? (see equation (5)); 
that is, corresponding temperature states are such that the (w)!? values are the 
same fraction of r. 

Expressions (4) and (7) are only valid for T>0; for the Lindemann relation 
used in the derivation of (4) is itself derived assuming the energy of a single linear 
oscillator to be given by RT, which is only true for T>© (see also paper I, 
equation (1)). In figures 2 and 3, for example, the straight line portions of the 
graphs are seen to hold only for 7/T),>@/Ty, and not too near the melting 
point, where other factors become important (see, for example, the discussion 
on electrical resistance at high temperatures in Mott and Jones (1936, p. 269), 
or that on specific heats at high temperatures in Roberts (1951, p. 522)). 

At temperatures below ©°k, the thermal properties are a function of 7/0 
(see, for example Roberts, 1951, p. 213, van der Leeden 1954). Now, the energy 
of oscillation ys of an atom is given, at low temperatures, 7<©, by 


y =nhv (Roberts 1951, p. 508) 
= constant. 7© where n depends on the temperature 
and at higher temperatures, T7>0, by 
th 2n2v2mu? 
= constant . m@2u? 
= constant .n’m@?r2 
since u2=n'r2, where n’ depends on the temperature. So that, using (2) 
p= CONSaNt hd yo | eee (20) 


That is, over the whole temperature range, except near the melting point, 
the thermal properties are a function of T/:p. 


T/T 


Figure 5. The variation of thermal conductivity of face-centred cubic metals with reduced 
temperature. 


Those thermal properties which vary linearly with 7/Ty, will be simply 
related. ‘Thus, on comparing (15) and (16), it is evident that (x/C,,)»=constant, 
which is Griineisen’s law, and on comparing (10) and (18), a relation is obtained 
of the form kR/T=constant, which is the ‘Wiedeman—Franz—Lorenz law’. 

Similar simple relationships should hold between all the properties which 
depend on the vibrations of the atoms. 
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§9. THE Debye TEMPERATURE FACTOR 
The Debye temperature factor is given for cubic substances by 


ot awd 
aM — 2 2 2 ) 
2M haz? Pale ot ska a) en a ae (21) 
where (4,h,h,) are the Miller indices of the reflection. 
Using (2), we obtain 
Mc LT/T,, for any given value of (sin#)/A. i... (22) 


Thus, the Debye temperature factor is inversely proportional to the melting 
point and may be estimated for a cubic substance by comparing with another 
of the same structure-type having a known value of M. 

Blake (1933) gives curves of e~*” at room temperature against (sin @)/A for 
many metals. These values of e~*” at room temperature lie, at any (sin @)/A, 
in the order of the melting points of the metals. 
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RESEARCH NOTES 
The Effect of UWlumination on the Excess Noise of Silicon Filaments 


By C. A. HOGARTH anp W. BARDSLEY 


Radar Research Establishment, St. Andrew’s Road, Great Malvern, Worcs. 


MS. received 18th April 1955 


N a recent publication by Lawrance, Gibson and Granville (1954) the 

properties of germanium filamentary transistors were described. At low 

temperatures experimental results indicated that trapping effects were 
giving rise to high values of current gain « at low values of emitter current. 
When operated in this temperature range certain analogies between the current 
noise in semiconductor filaments and the « values of filamentary transistors 
were drawn. From these the suggestion was made that since traps in a fila- 
mentary specimen give rise to increased « values, they should also cause the 
assembly to act as a ‘ built-in amplifier’ for excess noise particularly if, as 
Montgomery (1952) suggests, this noise is associated with minority carrier 
generation. ‘Thus the reduction of trapping, for example by illumination, 
should reduce the excess noise power. It is known (Haynes and Hornbeck 
1953) that there is considerable trapping in p-type silicon crystals at room 
temperature and rather less in n-type samples. Experiments have therefore 
been made to test the prediction that the excess noise in silicon filaments is 
in fact reduced by irradiation with white light. 

We have grown high-purity silicon crystals for experiments on transistor 
assemblies and have measured the excess noise power for several filamentary 
samples using a simple measuring circuit and an amplifier tuned to 5 c/s with 
a bandwidth of 0-45 c/s. The filaments could be illuminated by means of a 
240 w d.c. tungsten lamp, using a 1-inch slab of Perspex as an absorber for the 
heat radiation. The current /,, through the specimens was taken as a measuring 
parameter and it was verified that J, was proportional to the bias voltage. An 
estimate of the relative light intensity J was obtained by taking J proportional 
to 1/x? where x was the distance of the lamp from the specimen. 

Figure 1 shows the effect of illumination on two representative samples of 
30 ohm cm silicon (a) p-type and (b) n-type. In each case there is a reduction 
in noise on illumination. This reduction is greater for smaller sweeping 
currents but is rather less in the case of n-type than in p-type material of 
comparable purity and for specimens which had been subjected to similar 
treatments such as etching and washing. 

Figure 2 shows how the decrease in noise power for the p-type specimen 
varies with light intensity. The decrease in Johnson noise due to the increased 
conductance of the specimen under illumination was calculated for each 
level of illumination. In every case the decrease of noise power, even for the 
large sweeping currents, is greater than the appropriate decrease in Johnson noise. 

The interpretation of the above results is that the free minority carriers 
produced by the absorbed light keep the traps occupied and thus reduce their 
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Figure 1 (a). Noise power under varying Figure 1 (5). Noise power as a function of 
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(30 ohm cm). background illumination. 
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Figure 2. Decrease in noise power as a function of light intensity. 
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effectiveness. ‘The greater effect for the p-type specimen suggests that trapping 
is initially more pronounced in p-type material, in accordance with the results 
of experiments on the decay of photoconductivity carried out by Haynes and 
Hornbeck (1953) and in this laboratory (unpublished data). ‘The trapping of 
minority carriers in silicon has been discussed by Arthur, Bardsley, Gibson and 
Hogarth (1955) and it would appear that for the transport of minority carriers 
along a filamentary specimen of a material containing uniformly distributed 
trapping centres, any minority carrier is more likely to be trapped when the 
current is small and the transit time long. ‘Thus the proportionate change in 
the number of minority carriers trapped when the crystal is illuminated is greater 
for the smaller currents and hence a larger proportionate decrease in the excess 
noise is found. 
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Some Measurements connected with Carrier Deficit 
Phenomena in Germanium 


By A. MANY, D. GERLICH anp EE, HARNIK 


Department of Physics, The Hebrew University, Jerusalem, Israel 


MS. received 25th April 1955 and in amended form 14th June 1955 


ARRIER deficit phenomena in transistor materials have been reported 

by several authors (Banbury 1953, Many 1954, Angello and Ebert 1954, 

Gibson 1954, Bray, private communication). These can be classified, 
following Low (1955), into two categories, namely extraction and exclusion. 
The present communication is concerned with the latter type of carrier concen- 
tration disturbance, where the composition ratio (Iyinority/Ltotar) of the current 
entering the filament is lower than the normal equilibrium ratio in the bulk. 
In the measurements to be described, exclusion was obtained by using n-type 
germanium filaments containing n_,/n junctions (Gibson 1954). These filaments 
are composed of two sections, one (n,) more heavily doped with donor impurities 
than the other (n), separated by a sharp transition region. As the current compo- 
sition ratio in the former (yn) is lower than that in the latter (yn), carrier (hole) 
exclusion can be effected in the n section, by biasing the n, section in the forward 
direction. ‘The hole deficit obtained during exclusion is partly recovered by 
thermal generation, the net effect resulting in an increase of filament resistance, 
which varies with time as 1—exp(—t/7,), where 1/7, is the generation rate. 
This resistivity variation can be measured by the bridge method (Many 1954) in 
an analogous manner to that associated with injection phenomena. In this way 
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z, can be determined, as well as the transit time of the deficit through the n section 
of the filament and y,, the ‘ exclusion ratio’. The latter expression is introduced 
to designate the difference between the composition ratio of the current entering 
the n section and yy. In fact this quantity is a measure of the net rate of hole 
removal from the n section, in the absence of thermal generation. 


Results obtained for Generation Rate 1/7,, Recombination Rate 1/7,, Exclusion 


Ratio y,,, Injection Ratio y,, and Hole Mobility 4, for various Pulse 
Currents at 7 =293°K 


Exclusion Injection 
Z (ma) Ta (usec) Vex (Yo) Ep Ty (jesec) Yin (%) Ep 

10 —0-81 

iw —0-80 

30 25-6 (Wersrsy AALS DOS 0:37 1900 
40 25-6 —0:84 2040 VBE 0:64 1880 
48 2526 —0-82 2040 DICT 0-80 1870 
56 25-4 —0-85 1830 24-6 LeSil 1800 


The table shows the results of measurements carried out at constant tempera- 
ture (293°K) on a filament with roughened surfaces, in which the n,, and n sections 
have resistivities of p;=5-3 and p,=13-7ohmem, respectively. 7,, y,, and 
[ty (the latter calculated from the transit time) are given for several pulse current 
amplitudes J. Also shown, for comparison purposes, are the analogous values 
in the case of injection, obtained through the soldered end-contact into the same 
section (n) of the filament. ‘The mobilities are equal in the two cases within 
the accuracy of transit time measurements. Although the recombination rate 
1/7, is consistently greater than the corresponding generation rate, the difference 
might well be within the limit of error. In contrast with injection ratio y;,, 
which increases linearly with current, the exclusion ratio is constant, independent 
of the applied voltage. Moreover, this constant is found to be equal, within the 
experimental error, to the calculated value of yn, —yn, at the same temperature, 
as is to be expected on theoretical grounds. ‘The relation 


se li at GOH (1) 
was further confirmed, in a more general manner, as follows. 
Yn+— Yn=P1/(P1 + 4my) — Po/ (Po + bny) = Cy (Pr Pr Sy) doles (2) 


where the suffixes | and 2 refer to the n,, and n sections, respectively. Assuming, 
for simplicity, an extrinsic range of temperatures (p<), equation (2) leads to 

Yn-—Yn=CUyln(Py?— pe MP nnn ee (3) 
where (Shockley 1950) 

np= AT exp (BIRT). Ao Se Pies (4) 

Using equations (1), (3) and (4), the constant A and the energy gap FE, can be 
deduced from the temperature dependence of the exclusion ratio. Actually, in 
the measurements that follow, expression (3) was replaced by the general formula, 
not assuming p<n. 

In the figure a plot of np) T? against 1/RT is shown on a logarithmic scale, in 
the temperature range of 280 to 320°K. ‘The lower limit of temperature was 
imposed by the fact that the exclusion ratio becomes too small to be accurately 
measured. ‘The measurements could be easily extended to higher temperatures, 
up to the range where both sections become intrinsic and exclusion disappears. 
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np/T® as a function of 1/RT. 


The slope of the straight line gives a value of 0-79 ev for the energy gap at 7=0°K 
(assuming that £, is a linear function of 7), with an estimated accuracy to 1%. 
‘This is in very good agreement with the most recent value obtained by Morin 
and Maita (1954) (0-785 at T=0°K), from conductivity measurements in the 
intrinsic range. ‘Taking 4, = 2000(300/ 7)? and pn = 4000(300/7)*7 cm? vt sec}, 
the constant A was evaluated as 2-8 x 10%”, the estimated accuracy being to 10%. 
The agreement with the value given by Morin and Maita (3-10 x 10?) is again 
satisfactory. 

It should be pointed out that the method described enables a direct deter- 
mination of the equilibrium minority carrier concentration in the extrinsic range 
(equation (2)). In other measurements, such as conductivity, the majority 
carriers play the major role, the contribution of the minority carriers constituting 
a small fraction of the measured effects. 

In the course of measurements it was found that in certain cases the processes 
of recovery (following exclusion) and decay (following injection), observed in the 
same section of the filament, did not behave in a completely symmetrical manner. 
In these cases the recovery process was not truly exponential. Such effects 
were encountered in a few filaments with etched surfaces, and in filaments with 
roughened surfaces at elevated temperatures. ‘The nature of this unexpected 
behaviour is far from being understood, and further work on this problem is now 
being carried out. 
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The Infra-Red Faraday Effect due to Free Carriers 
in a Semiconductor 


by. RoW. J. VIEL CHE LG 


Physics Research Laboratories, University of Reading 


Communicated by R. W. Ditchburn ; MS. received 13th Fune 1955 


N comparing the free electron absorption in semiconductors with the 

Drude—Kronig theory there are two unknown parameters—a mean effective 

mass m* and a damping coefficient y. "These two parameters cannot be separ- 
ately determined from absorption measurements. 

y is related to the mean time 7 between successive electron—phonon collisions 
by y=1/2z77. If 7 is expressed in terms of the low field d.c. mobility v and the 
effective mass, then the latter can be calculated from the absorption results as has 
been done by Kahn (1955). ‘The infra-red dispersion due to free electrons, 
however, is independent of 7 so that the corresponding values of m* may be 
determined directly. 

The dispersion is small and is not measurable by the usual techniques. 
However, m* could be determined from measurements of the Faraday rotation, 
which is linearly dependent on the dispersion. Such a measurement also has the 
advantage that, since the Faraday effect is entirely electronic, it does not include 
any contribution to the dispersion from the vibrational absorption bands. 

"The rotation of the plane of polarization in any optically active material is 
given by 

wh n—n,, 

6(rad) = eae 
where w is the circular frequency, c the velocity of light 7m vacuo, L the length of 
the specimen and n_—n, the difference in refractive indices for the two senses of 
circularly polarized radiation. ‘The Faraday rotation is related to the dispersion 
of plane polarized radiation, assuming that there is no interaction between the 


electrons, by : 
wl n 


sa 
c dv 

where the Larmor precession frequency v,=eHp/47m*, e (e.m.u.) being the 
electronic charge, H the applied field in oersted and the permeability, which 


may be taken as unity. 
The dispersion may be evaluated using the results of the free electron theory 


for an assembly of non-interacting electrons moving in a medium of uniform 
dielectric constant €,, that 


A= 


Ne2 Cc? 
n® — k? = £9 — 2 2 
Wyse 
and 
Ne* a me? 


nk 


~ 2nm* yre+y" 
In these equations for incident plane polarized radiation, » is the refractive index, 
hk the extinction coefficient as defined when the complex index 1s 4” =n —1k, and 
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N the concentration of free electrons. By differentiating with respect to v and 
eliminating dk/dv we have 


dn Re Ne@ 50? v ky(1 Le 
n-=-\ 1+ 3) =e 8) arn a eee 
dv n am* y2+y2 |v?+y2 2nv\v w+? 


Fan and Becker (1951) have shown that the absorption in germanium and silicon 
varies as the square of the wavelength, up to 10m. In this region, therefore, 
y?<v?, Further, the absorption coefficient does not rise above 500cm™ 
whereas provided it is less than 10*cm~!, k?<n?. ‘Then 


ne eR , 
a eee: Serer Sr roe 
Qnv\v Vain Vas atehy, 


and the dispersion is given by 


dn is 1 Ne? c? 


dv nam* y3" 
Since Ne=o,/v, where op is the d.c. conductivity, and since m may be taken as 
\/€)(=m) the Faraday rotation is 
e205) lee 0, I 
6(rad) = H— 


2am" ue Ov 


Then @ is independent of y as compared with the absorption which is linearly 
dependent ony under the same conditions. It should be possible to use a specimen 
of germanium (0-5 cm thick when oy is 100(Q.cm)', then for a field of 104 Oe the 
rotation at 5 u is 6(deg)=0-1/m,*?, where m,* is the mean effective mass in units 
of free electron mass. Since m,* <1 the expected Faraday rotation is greater 
than 0-1°. 

Of the various methods of photoelectric polarimetry it is hoped to extend 
into the infra-red the method, based on that due to Lyot (1948), which has been 
developed in this laboratory for Faraday effect measurements in the visible region. 


REFERENCES 


Fan, H. Y., and Becker, M., 1951, Semiconducting Materials, Ed. H. K. Henisch (London: 
Butterworths Scientific Publications). 

Kaun, A. H., 1955, Phys. Rev., 97, 1647. 

Lyort, B., 1948, C. R. Acad. Sct., Paris, 226, 137. 


Photoeffects in Condensed Aromatic Hydrocarbons 


By D; C. NORTHROP Ann 0; SIMPSON 


Services Electronics Research Laboratory, Baldock, Herts. 
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hydrocarbons, has been observed by several workers (Inokuchi 1954 
Chynoweth and Schneider 1954, and others), and has been attributed i 
absorption in the fundamental band of the solid. Preliminary experiments by 
the authors have shown that this photoconductivity can be greatly reduced by the 
introduction of small quantities of other hydrocarbons as impurities. We have 


P HOTOCONDUCTIVITY in anthracene, and in other condensed aromatic 
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also demonstrated a change in dielectric constant produced by light of the same 
wavelength. It is the purpose of this communication to outline the results 
obtained so far, and to suggest the importance of photoeffects in a general study 
of this class of solids. 

Measurements were made on sandwich type specimens, prepared by evapo- 
rating the hydrocarbon on to a Pyrex flat, which had previously been coated with a 
transparent electrode of tin oxide. A top metal electrode was then evaporated 
on to the hydrocarbon, and the specimen illuminated through the transparent 
base. ‘The films were polycrystalline, and microscopic examination showed the 
crystals to be 5 to 10 microns in diameter. Some crystals at the edges could be 
seen to extend through the film, and it is most probable that in all cases the 
specimens were only one crystal thick between the electrodes. An apparatus for 
measuring the electrical conductivity of such specimens has already been 
described (Northrop and Simpson 1954), and this has been used without modifi- 
cation for the photoconductivity. 

In agreement with the results of previous authors, the photoconductive 
spectrum of anthracene was found to coincide approximately with the absorption 
spectrum of the crystalline solid, with maximum in the near ultra-violet. An 
estimate of the response to illumination with wavelengths in the neighbourhood 
of 4000 A gave an increase in conductivity by a factor 10? due to an intensity 
of 5 x 10°? w cm * in a specimen of thickness 3 microns. A phenomenon which 
has not been previously reported is the effect on the photoconductivity of impuri- 
ties of other hydrocarbons. Specimens containing impurities of naphthacene 
and pentacene in concentration 1: 1000 were found to have photoconductivity 
smaller than that of pure anthracene by a factor of about 100. Both these 
impurities also have the property of strongly quenching the blue fluorescence of 
anthracene (Simpson and Northrop 1954). A similar concentration of coronene, 
which has only a small quenching effect on the fluorescence, was found to have 
little effect on the photoconductivity either. 

A second photoeffect was observed with the same light intensity modulated 
at 800 c/s. When a specimen was arranged in series with a 1 MQ resistance and a 
1:5 vy battery, a signal with the periodicity of the modulation and amplitude 
1-2 millivolts was generated across the resistance. ‘This output was several 
orders of magnitude greater than could be accounted for by the photocurrent 
described above, and observation of the phase showed that it was 7/2 in advance 
of the light signal. In this case the specimen, which has a capacity of about 
800 pr, was behaving as a purely capacitive impedance of about 0:25 MQ, and the 
signal was due to the modulation of the dielectric constant by light. In contrast 
to the photoconductive effect in anthracene, the photocapacity was not found to 
be markedly sensitive to impurities of other hydrocarbons. ‘This is illustrated 
in figure 1 where the tail ends of the photocapacitive sensitivities of anthracene, 
and anthracene doped with naphthacene, are compared with the long wavelength 
absorption of solid anthracene. 

Similar photoeffects, both photoconductive and photocapacitive, were also 
observedinchrysene. ‘The long wavelength sensitivities are compared in figure 2. 

These preliminary results may be summarized by the following observations : 

(i) The photoconductivity of anthracene is quenched by impurities which also 
quench the fluorescence, but not by an impurity which leaves the fluorescence 
unchanged. (ii) The capacity of a layer of anthracene between electrodes may 
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be modulated by interrupted illumination. ‘The response time of the effect has 
not yet been measured, but it is certainly less than 10-* second. (i) The photo- 
capacity is not strongly dependent on the impurity content of the specimen. 
(iv) The long wavelength limit of both photoconductivity and photocapacity 
coincides with the long wavelength limit of the fundamental absorption band of 
the pure solid. 

On the basis of these results it is possible to infer something about the 
mechanism of each phenomenon. ‘The photocapacity is probably different from 
that observed in inorganic phosphors (Garlick and Gibson 1946) since this was 
due to electrons trapped at luminescence centres, and had a relaxation time equal 
to the phosphorescence decay time. In the organic solids the process is not 
governed by impurity centres, and therefore the response time will be due to 
other factors. 

Secondly the photoconductivity derives from absorption of light in the 
fundamental band of the crystal, an excitation which is normally followed by 
fluorescence emission. Excitation in this band does not lead to ionization of 
the molecules, and a non-conducting state should result. It is known that in 
anthracene the excitation energy may be transferred to impurity molecules, and 
it has been suggested that excitons are responsible for this (Bowen, Mikiewicz 
and Smith 1949). We make the further suggestion that the photoconductivity 
of pure anthracene derives from the dissociation of a small fraction of the excitons 
into pairs of free carriers; this might occur at the surfaces of crystals or internal 
cracks. Such a hypothesis would account satisfactorily for the double role of 
impurities in quenching fluorescence and photoconductivity, the degree of 
quenching being determined by the cross section of the impurity for exciton 
capture. 
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CORRIGENDUM 


Thermal Expansion of Potassium Chlorate, by M. A. Lonappan (Proc. Phys. 
Soe. B, 1955.68, 75): 


In table 5 the values for d8/dt should be negative and not positive. 
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Méthodes de différentiation et d’intégration numériques (applications), pat 
A. Zitver. Pp. 150. (Paris: Publications Scientifiques et ‘Techniques 
de |’Air, N. T. No, 50,.1955,) 1500)/7. 


This book deals primarily with interpolation and the numerical evaluation of 
differential coefficients and integrals of tabulated functions. For example 
formulae are derived which approximate an integral as a linear combination of 
function values at points distributed over the range of integration. ‘These are 
the usual formulae based on polynomial interpolation and there is little in this 
part that cannot be found in a standard textbook on numerical analysis. 

The main value of the book however lies in the wealth of examples given to 
illustrate the preliminary analytical treatment which is very often necessary 
before a numerical formula can be applied, as for example, in the case of an 
integral where the integrand or a derivative has a singularity in the range of 
integration (for in this case polynomial approximation breaks down). Various 
transformations are suggested in such cases where the analytical form of the inte- 
grand is known. 

A section on numerical integration of differential equations is included. 
The Taylor series method is described in relation to first- and second-order 
differential equations. For the latter class of equation two-point boundary 
conditions and eigenvalue problems are discussed. R. A. BROOKER. 


Dynamical Theory of Crystal Lattices, by Max Born and Kun Huana. 
Pp. xii+420. (Oxford: Clarendon Press, 1954.) 50s. 


The dynamical theory of crystal lattices shares the distinction with the 
kinetic theory of gases of being a comprehensive attempt to deduce the macro- 
scopic properties of a medium from a definite microscopic model. Following 
on some preliminary work of Voigt, Professor Born must rank as the chief 
inspirer of this discipline and his contributions to it range over a period of 
forty years. Since its conception, Born’s programme has however been some- 
what modified by the realization of the great part played by the exclusion 
principle in all situations where the metallic bond predominates and the theory 
of metals has developed its own special methods. ‘The volume under review 
is a comprehensive account of the lattice theory of ideal, non-conducting 
crystals; it supersedes the review article of Born and Mrs. Mayer, which 
appeared in 1933 and is in German, and gives evidence on every page, if only 
in manner of presentation, of the progress made since that date. 

The book is divided into two parts. The first part provides in 165 pages 
a very readable account of such topics as atomic forces, lattice energies, lattice 
vibrations and the theory of specific heat both from the Einstein-Debye and 
Born—Karman point of view, elasticity and stability of lattices and the dispersion 
theory of polar lattices. 

The second part of the book is quite different in style and makes much 
greater demands on the reader. It is quite formal, runs to four chapters 
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covering over 200 pages, and contains the deduction of the optical, thermo- 
dynamical and elastic properties of the infinite crystal lattice from the general 
potential function based on the Born—-Oppenheimer adiabatic approximation. 
S. ZIENAU. 

(A full review of this book is published in Section A.) 


Théories relativistes de la gravitation et de I’ électromagnetisme, by A. LICHNERO- 
wicz. Pp. xii+298. (Paris: Masson, 1955.) 2,800/7. 

‘This volume in the series of. mathematical works for physicists is addressed 
to those with a good knowledge of tensor analysis, and some acquaintance with 
topology. Great care has been taken to achieve the utmost rigour in the 
mathematics, and to avoid undesirable reliance on physical intuition. The 
book is divided into two parts of roughly equal length. The Arst part is 
concerned with general relativity; here the author begins by considering 
exactly the nature of the space-time manifold, the systems of coordinates 
used, and the hypotheses about the existence of derivatives of various orders. 
The study of the energy-tensor and the field equations leads to Cauchy’s 
problem. (That is, given the values of the field variables and their first 
derivatives on a hypersurface S, to find their values inside (or outside) S.) 
The detailed consideration of Cauchy’s problem, for the various theories, is an 
excellent feature of the book. In this, as in its elegance and exactness, it stands 
in the direct line of descent from the great French mathematical works. The 
interior and exterior forms of Cauchy’s problem are connected by ‘jump’ 
conditions across S. ‘The interpretation of the energy-tensor is then discussed 
in terms of hydrodynamics. Chapters are included on the relativistic hydro- 
dynamics of a viscous fluid, and of a charged perfect fluid. Finally, new physical 
problems about the properties of the space—times in the large are considered; 
for example, static, everywhere regular, spacetimes are discussed. 

The second part of the book deals with unified field theories. It opens with 
an excellent general introduction. The ideal of a unified field theory is traced 
to the combination of the electric and magnetic field strengths into a single 
six-vector, effected by the special theory of relativity. However, when the 
gravitational field receives an explanation by means of the extension to the 
general theory, the electromagnetic field is described in terms of concepts 
derived from general relativity, but by equations deduced by plausible extra- 
polation from the special theory. ‘These modified Maxwell equations involve 
the metric, so that there is some interaction between the fields, and their laws 
of propagation are identical. ‘The author concludes that such a theory, though 
an advance, is still only a provisional electromagnetic theory. ‘The need is felt 
for a truly unified theory, in some sense. He distinguishes two senses; in the 
general sense a theory will be called unified if the gravitational and electro- 
magnetic fields enter symmetrically, each coming from the same geometrical 
structure. In the strict sense, a theory is unified to the extent to which the 
exact equations represent one non-decomposable field, so that the separation 
into gravitational and electromagnetic field equations is possible only approxi- 
mately under specially simple physical conditions. 

The author divides the attempts to find a unified field theory into the two 
general classes of five-dimensional theories (including the so-called projective 
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theories), and theories with an affine connection. As an example of the first 
class, he studies the Jordan—Thiry theory, with references to the earlier 
Kaluza—Klein theory. As the representative of the second class, the Einstein— 
Schrodinger theory is presented in a somewhat similar fashion to the presentation 
by Schrédinger in ‘ Space-Time Structure ’. ~ 
The book can be earnestly recommended to specialists in general relativity 
who wish to consider seriously the problems raised. It is written throughout 
with the greatest care and precision, and printed very well; the alphabetical 
index, however, is wholly inadequate. C. W. KILMISTER. 


Numerical Methods, by A. D. Booru. Pp. vii+195. (London: Butterworths 
Scientific Publications, 1955.) 35s. 


The book is mainly based on a series of lectures given to honours mathematics 
students at Birkbeck College, London. Its aim is to give a general introduction 
to the basic techniques of Numerical Analysis with special reference to those 
methods which are most appropriate to automatic digital computers, with the 
development and use of which the author has been associated for the last ten years. 

After a short introductory chapter of a general nature there are three chapters 
on the elementary theory of the difference calculus in which the main inter- 
polation, integration and differentiation formulae are developed mainly by 
operational methods. It should be noticed that the formula giving the first 
derivative in terms of differences is incorrect and that the incorrect formula is 
used later in the book. ‘There is a special section on the gaussian integration 
formulae which have proved of much greater use on automatic computers than 
on desk machines. A general method of estimating errors in approximate 
integration formulae in terms of derivatives is given, but it is not stressed that in 
general it is of much greater value to have errors in terms of differences. 

The solution of ordinary differential equations starting from given initial 
values is treated in one short chapter. ‘The main method described is the 
Adams-—Bashforth, with the Picard process or the Taylor series method for the 
initial steps. Although the Taylor series method is fully described no mention 
is made of its value as a method in its own right for solving differential equations, 
rather than as a starting process, though in cases where it can be used it is often 
extremely powerful. ‘The Runge-Kutta process is dismissed as inferior to the 
Picard or the Taylor series method for starting a solution and, rather surprisingly, 
no mention is made of Gill’s excellent adaptation of the Runge-Kutta process 
though it is a good example of a method which is well suited to an automatic 
machine while having nothing to recommend it on desk machines. 

The next chapter, dealing with matrix algebra, is the least satisfactory in the 
book, which is unfortunate in view of the great use of such methods which has 
been made on automatic computers. The method of pivotal condensation for 
solving linear equations is described and it is stated that the virtue of taking the 
largest element is that it keeps rounding errors to a minimum, but that it is not 
well suited to automatic machines. No mention is made of two far more import- 
ant advantages, that of helping to keep the elements of the reduced matrices from 
growing too rapidly in magnitude and of avoiding the difficulty which otherwise 
arises when a principal minor, but not the whole matrix, is singular or nearly 
singular. Both of these are of fundamental importance on an automatic machine 
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and if the largest element in the leading column, rather than in the whole matrix, 
is taken as pivot this is probably the most suitable of known methods. The final 
stages of the Choleski method for inverting a matrix are described in such a 
manner as to justify the author’s comment that ‘‘ the complexity of the process is 
self-evident”. An iterative process for finding the inverse of a matrix 4 by 
means of the formula X,,,,=X,,(2/— AX.) is illustrated by a most misleading 
example which obscures the great value of the formula for improving an approxi- 
mate inverse found by some other method. In the section on latent roots of 
matrices, unsymmetric matrices receive little attention although they are of 
frequent occurrence, and complex roots of real matrices are dismissed with the 
erroneous statement that if 4 has a complex root 44’ will have a real root equal 
to the square of the modulus of that of 4. 

By contrast the chapter on partial differential equations, which is mainly 
devoted to the quasi-linear equation of the second order, is well written and 
within the limits imposed by the space available is reasonably complete. ‘The 
classification of second order equations into elliptic, hyperbolic and parabolic 
types by reduction to canonical form is described and there is an exposition of 
the main methods of treating the three types of equation, in which matrix 
methods, relaxation techniques and Monte-Carlo methods are fully described. 
The method of characteristics for solving hyperbolic equations receives less 
attention than it deserves however, and it is implied that it is only when the 
characteristics can be found analytically that the method is useful. This is 
rather surprising in view of the fact that the method has been extensively used 
on problems in compressible flow in which the characteristic systems are often 
very complex. Although the use of higher differences for estimating errors in 
results is described in several contexts there is no reference to the extensive work 
of L. Fox in this field. 

The remaining chapters are devoted to short accounts of non-linear algebraic 
equations, the use of approximating functions, Fourier synthesis and integral 
equations. [Each of these gives a concise account of the principal techniques 
involved, perhaps the only omission worthy of note being Bairstow’s process for 
finding the complex zeros of real polynomials. 

There is at present no other book which covers the whole range of topics 
treated in this volume, and workers in the field of numerical analysis will find a 
useful introduction to their subject together with fairly extensive references to 
the literature. Unfortunately, the work is marred by a surprising number of 
errors of a careless nature and this, together with the price, precludes an 
unconditional recommendation. J. H. WILKINSON. 


Millimicrosecond Pulse Techniques, by J. A. D. Lewis and F. H. WELLs. 
Pp. xiv+310. (London: Pergamon Press, 1954.) 40s. 


This book is one of a series of monographs on Electronics and Waves. As 
the authors explain in the preface, the subject of the book is formed by pulse 
techniques characterized by time-intervals of 10° to 10-1? second. Continuous 
wave techniques are not included. 

There are eight chapters, which in the reviewer’s opinion can be divided into 
three groups. The first, and shortest, consists of the first chapter—the 
Theoretical Introduction. Here there are some definitions and a breath-taking, 
though adequate, introduction (five pages) to Laplace transforms. 


982 Reviews of Books 


The second group comprises the chapters on transmission lines and trans- 
formers. ‘he former contains a very interesting section on helical lines, as well 
as treatments of uniform lines and lumped delay lines; there is a good summary 
of use of lines in pulse-shaping and also a discussion of discontinuities and 
terminations. The chapter on transformers is almost wholly concerned with 
various forms of line transformers to which thirty-five pages are given. The 
lumped pulse transformers are dismissed after two pages, the reason given 
being that they are adequately described elsewhere. ‘The references given 
are mostly to various papers, including a ‘Telecommunications Research 
Establishment monograph which may be difficult to obtain. In the reviewer's 
opinion, a more detailed treatment of lumped pulse transformers would have 
been well worth while. ; 

Both the above chapters are of a physical character and deal with the design of 
lines and transformers. They are developed from the standpoint of electro- 
magnetic theory, with considerable use of mathematical techniques. The re- 
maining chapters, which form the third group, are mainly concerned with 
circuit techniques ; the chapter headings are: Pulse Generators, Amplifiers, 
Cathode Ray Oscilloscopes, Applications to Nuclear Physics, and lastly Miscel- 
laneous Applications. 

The chapter on amplifiers contains a well-developed section on distributed 
amplifiers with discussion of gain stability, noise, and a summary of the per- 
formance of existing types. ‘There is also a section on the salient properties and 
applications of secondary emission valves. This section is particularly welcome, 
as practically all otherwise available information is contained in original papers. 
Unfortunately confusion occurs on a rather vital point. On page 142 a method 
of stabilizing mutual conductance is shown, with the comment that “ the circuit 

. 18 subsidiary to, and must not interfere with, the normal functioning as a 
high-speed amplifier”. ‘The reader is not told how to make it not interfere, 
while the circuit diagram shows condensers of unstated value connected straight 
across the four a.c. electrodes. 

The chapter on oscillographs contains a very lucid treatment of the effects of 
transit-time and of ringing in the deflector plate circuits. Further, various 
special types of cathode-ray tubes are described and there is a detailed discussion 
of spot size. Lastly representative time-base circuits are given. This is perhaps 
the best written chapter in the book. 

Next come the two chapters on applications, that on applications to nuclear 
physics being significantly the longest of all chapters. After a summary of the 
various kinds of nuclear radiation detectors, there follows a description of dis- 
criminators, scaling circuits, and above all coincidence circuits. 

The volume is very well produced, there are plenty of diagrams and a long 
list of references. ‘The mistakes are few and of a trivial nature ; thus on page 138 
there is a reference to a non-existing paragraph 5.2.4(b), which should presumably 
fread} 52, 123% 

The book is well worth reading for all concerned with the millimicrosecond 
field. As there is a lot of general discussion in the text, the book should remain 
up to date for quite a long time, although the sections on applications will 
necessarily age. A. FOLKIERSKI. 


Reviews of Books 983 


Electronics, by "IT. B. Brown. Pp. xi+545. (New York: John Wiley, 
1954.) 60s. 

This sizeable volume covers a wide field beginning with diodes and ending 
with ultra-high-frequency electronics. There are fourteen chapters in all. 
The first seven deal with diodes, triodes, tetrodes and pentodes, voltage and 
power amplifiers, feedback circuits, radio frequency amplifiers and oscillators. 
Three chapters are given to electron emission and the description and application 
of gas valves. There are further chapters on modulation and on ultra-high- 
frequency electronics, and two chapters on selected topics under the titles of 
Special Functions and Electronic Instruments. 

The book is well written and well produced ; it makes interesting reading. 
The reviewer however has found it irritating to have the text repeatedly inter- 
rupted by sections called Laboratory Experiments and Demonstration 
Experiments. These cannot be omitted in reading (especially the latter), as 
cross-references occur in the text. 

A number of topics is treated more extensively than is usual in books of this 
scope. ‘This is true, for instance, of the chapters on gas valves. The chapter 
on negative feedback is very thorough, and the concept of output impedance is 
very rightly stressed. Graphical analysis is used extensively, and is particularly 
enlightening in the unusually comprehensive treatment of oscillators. Another 
valuable topic covered is the effect of a.c. voltages on several grids in one valve. 

Some useful circuits, surprisingly, do not appear ; amongst these the most 
prominent are the virtual earth amplifier, the Miller integrator, and the diode- 
coupled scale-of-two (flip-flop) circuit. Instead a rather unusual scale-of-two 
circuit is described. In chapter 10 rotating vector diagrams are introduced. 
Unfortunately the direction of measurement of voltages is not indicated on the 
circuit diagrams. While this fault is very common amongst authors, it is very 
regrettable. It makes the direction of a voltage vector arbitrary, as any such 
vector could equally well be drawn in the opposite phase. Incidentally, the 
author uses different arrow-tips for voltage and current vectors ; it is particularly 
sad that in the first diagram in which this convention is illustrated a mistake 
occurs, and a voltage vector masquerades with a ‘ current’ arrow-tip. 

The book is addressed to students. It will probably appeal only to the serious 
ones, who are not too mathematically minded. For the stress is on concepts and 
the presentation is graphical, in so far as possible. ‘I'he exposition of the subject 
is very carefully thought out, and the volume should form a valuable basis for 
those who may be planning to deliver courses of lectures on electronics. 

A, FOLKIERSKI. 
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The Lifetime of Added Carriers in InSb 


By I. M. MACKINTOSH? ann J. W. ALLENt 
t+ Department of Physics, University of Nottingham 
{t Ericsson Telephones Ltd., Beeston, Nottingham 


Communicated by L. F. Bates; MS. received 18th March 1955 
and in amended form 29th August 1955 


Abstract. ‘The Roosbroeck—-Shockley theory of radiative recombination of 
electrons and holes in semiconductors is extended to the case of degenerate 
semiconductors and applied to InSb. ‘The experimental optical absorption 
curves of various n-type and p-type samples are analysed and results given for 
the lifetime of added carriers for, this process alone as a function of the position 
of the Fermi level. An extrapolation indicates a decay time for a small disturb- 
ance in Carrier concentration in intrinsic material of 0-75 sec. Comparison 
with experimental results indicates that this process may be predominant in InSb. 


§ 1. INTRODUCTION 


ECENT experimental observations have indicated that the lifetime of added 
carriers in the intermetallic semiconductor InSb is considerably less 
than in the other adamantine semiconductors so far investigated. It was 

therefore thought to be of interest to obtain a theoretical value for the photon- 
radiative recombination rate, since this may be expected to be an important 
process in InSb. 

The mechanisms by which the energy of recombination of an electron-hole 
pair may be released are: (a) direct recombination with photon emission, (6) 
direct recombination with phonon emission, (c) recombination via one or more 
intermediate levels with photon, phonon, or photon—phonon emission, (d) Auger 
effect. 

Theoretical considerations indicate that process (b) is unimportant, and 
since there is no information at present available concerning intermediate energy 
levels in InSb no estimate can be made of the importance of process(c). Pincherle 
(unpublished work) has recently investigated the importance of the Auger 
effect as a cause of recombination in semiconductors, and from the expression 
obtained by him the recombination rate in InSb due to this process may be 
shown to be negligible. For example, the lifetime due to the Auger effect in 
intrinsic InSb is calculated to be 3 x 10-* sec. 

Recombination by the emission of a single photon may, however, be estimated 
theoretically using the theory of Roosbroeck and Shockley (1954) which applies 
the principle of detailed balance to the production of electron-hole pairs by 
photon absorption. 

§ 2. "THEORY 

At thermal equilibrium the principle of detailed balance gives the result that 
the rate of radiative recombination for a small range of frequencies dv at a 
frequency v is equal to the rate of generation of electron-hole pairs by thermal 
radiation of interval dy and frequency v. If p(v) dv is the density in the crystal 
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of photons in the frequency range dv, and P(y) is the probability per unit time 
that a photon of frequency v will be absorbed by excitation of an electron from the 
valence band to the conduction band, then the rate of generation per unit volume 
and unit frequency interval is P(v)p(v). Hence the total rate of generation R 
per unit volume is 


R= | P(v)p(v) dv. Jae (1) 
0 
Roosbroeck and Shockley have shown that this may be expressed in the form 
327 (RENAL een 

= — | —- 2K ——— i ee 2 
# og (AT) JK se ) 

where u=hv/kT, n is the refractive index, and K is the absorption index given by 
Kean 2 eee (3) 


where « is the absorption coefficient. For InSb, the refractive index may be 
assumed constant and equal to 3-75 over the wavelength range considered 
(Avery et al. 1954). 

For the value at 300°K, equation (2) reduces to 
uU? 
ev— 1 
The lower limit of integration is the value of « which corresponds to the long- 
wavelength absorption limit, about 71 for pure InSb. Longer wavelength 
photons cannot produce electron-hole pairs and are absorbed by other 
mechanisms. By the principle of detailed balance R is also the total rate of 
photon-radiative recombination of electrons and holes. 

The derivation of the relation between the lifetime and recombination rate 
for a non-degenerate semiconductor has been given by Roosbroeck (1953). His 
result may be expressed in the form 


1 ee il 
~=R( +5) Hes (5) 


where 7, 1s the decay time of asmall number 6 of holes in an n-type semiconductor, 
and m and p are the electron and hole concentrations respectively. It follows 
that the decay time in material of intrinsic conductivity will be 

TTT 0 ie ee eee (6) 
where 7, is the concentration of intrinsic electrons. 

InSb, however, is degenerate to quite lowimpurity concentrations and to 
low temperatures (Burstein 1954), and can be very strongly degenerate at room 
temperature. In the case of n-type degeneracy, only those electrons lying close 
to the Fermi level Ey will normally be able to take part in the recombination 
processes, and it is not justifiable to assume simply that x is large enough, relative 
to p, to be ignored in (5). A simple analysis has shown that account may be 
taken of this fact in the following way. 

For the case of complete degeneracy, 


n= 872m (by Bee 3h re (7) 
where FE, is the energy of the bottom of the conduction band and m, is the 


free electron mass. Hence the effective concentration of electrons x, near the 
Fermi level can be obtained by the usual approximation, 


Man ~nk T/(Ey—E,). Ohs) 618, ere (8) 


R173 x 10%) mK du Cri: ® SECS a ee (4) 
/0 
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The decay time for degenerate material is then obtained by substituting m, for 
n in equation (5). 

Calculations then show that for the n-type samples considered in this paper, 
Ny>p, and hence 1/n, is negligible compared with 1/p. As an example, for a 
very impure sample of InSb for which E,—£,=0-30ev, expression (8) gives 
My =3 x 101" cm-3, whereas p=1:9 x 10 cm-3. 

‘Thus for strongly degenerate n- or p-type InSb, the decay times for minority 
holes or electrons reduce to 

Fee hes Getto eH Je I Sea eek (9) 


§ 3. RESULTS 


The designation of the specimens the authors of the absorption curves used 
and other relevant data are shown in table 1. The position of the Fermi level for 
specimens | and 2 was obtained from the absorption data by extrapolating the 
experimental curves to zero absorption. It was then assumed that this point 
corresponds to transitions to the lowest available energy levels, which, in 
accordance with the work of Burstein (1954), may be assumed to be about 4kRT 
below E,. This gives values of (£, — F\,) where E, is the energy of the top of the 
valence band, from which u, and p can be calculated. For specimens 3 and 4 
the position of the Fermi level was calculated from the published carrier 
concentrations. 


Table 1. ‘Theoretical Estimates of the Lifetime for Various InSb Specimens 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 
1 Avery et al. 
(1954) n $i98) 0:48 Basse OE ALOIS TO Beil sc OR Sash OEE 


2 Breckenridge 


et al. (1954) n aos PERSE MORO — XSI IORI) SCTE hts SIO) = © 


wn 
oO 
w 
WwW 


3 Avery et al. 
(1954) n 72 0-23 lessee SOS OA SURE ok) Se TI 


4 Breckenridge , 
et al. (1954) Dp HO SOAs! BASEN ROSS IMO? OBOE Dod aye 


(1) Specimen; (2) authors; (3) conductivity type; (4) absorption edge (microns); (5) Ep—Ey (ev); 
(6) n or mp (cm); (7) p (cm-*); (8) R (em sec); (9) 7 (sec). 


Figure 1 shows the form of the dependence of U=w?/(e“—1), n®K, and 
Un3K on u for specimen 1, the most impure InSb sample. It 1s only for this 
specimen that an absorption curve is available over a sufficiently large wavelength 
range to give the flattening-out part of the 7*K curve at higher values of wu. ‘The 
n®K curves for the other specimens are essentially similar except for a variation 
in the position of the absorption edge, but an extrapolation has had to be made 
at the higher values of vu. The inaccuracies thereby introduced are likely to be 
small, since the fall in the factor U is already predominant in this region. 

Since it is only absorption due to transitions from the valence to the conduction 
band which are of interest, these curves must be corrected by subtracting the 
effect of free carrier absorption. It was found that the latter could be represented 
by an empirical expression of the form 

GE ANA BNNA) ) 8 oles eg , (10) 
where A and B are constants. After applying this correction it was found 
3 X-2 
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that the absorption edge, plotted as log n®K against w, was a straight line, and it 
is of interest to note that this implies that in the region of the absorption edge 
gocyer”)  ) OO) SS a See -(11) 
where y is a constant and where the refractive index is assumed constant. 
The results of the numerical integration of the graphs of 
P(y)p@)= 1-782 107 Ur 
of the various specimens are shown in column 8 of table 1, and the results for the 


lifetime of added minority carriers as calculated from equation (5) are shown 
in column 9. 


10 1S 
ushy/RT 


Figure 1. Dependence of n°K, U=u?/(e™—1) and Un?K on u=hy/kT. 


The values for R of the pure n-type and pure p-type specimens are almost 
equal, as would be expected, since these are not strongly degenerate, and hence 
for intrinsic material, the value R= 1-1 x 1022cm-3 sec-1 may be assumed. Usin 
the relation 

ty SN N, exp |— (Eh, Rt |= i oe en (12) 
and the values m,=0-03m,, m,=0-2m,, E,-E,=0-18 ev (Burstein 1954), it is 
found that 1,= 1-67 x 10!6cm- at 300°k. Hence the value for the rade 
lifetime of intrinsic InSb at 300°k is calculated to be 


T= 073 MSEC: rl, etiquette wine Eeeeeee (13) 
This may be regarded as the upper limit for the recombination lifetime in this 
material. 


The theoretical dependence of the photon-radiative lifetime and the factors 
(1/n) +(1/p) and R on the position of the Fermi level are shown in figure 2. As 
expected the lifetime has a maximum value for intrinsic material 
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. The accuracy of the values of the radiative lifetime represented in figure 2 
is dependent on the following factors: (a) absorption data which are possibly 
inaccurate, (b) the assumptions necessary to obtain a full curve of 3K against u, 
as the available absorption data cover an insufficient wavelength range, (c) 
uncertainties in the value of p due to possible errors in the position of the Fermi 
level and the value of the effective mass. We have considered the possible 
range of the m°K curves due to factors (a) and (6) and come to the conclusion 
that the value of the numerical integral will be in error by less than a factor of 2. 
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Figure 2. Dependence of (1/n)—-(1/p), R, and 7 on the position of the Fermi level. 


For intrinsic material the position of the Fermi level is known quite accurately, 
whereas in the other cases it 1s not possible to estimate accurately the uncertainties 
in p, since the experimental data is incomplete. It is therefore considered that 
the result for the intrinsic lifetime is accurate to within a factor 2, with a larger 
uncertainty in the other values. 


§ 4. DIscUSSION OF RESULTS 


There is little experimental evidence so far available on the lifetime in InSb, 
and the accuracy of the few values obtained is doubtful due to the difficulty of 
measuring such short lifetimes with present methods and techniques. Published 
values at 300°k are shown in table 2. 


Table 2. Experimental Values of the Lifetime for Various InSb Specimens 


Author Method Description Lifetime 
of specimen (sec) 
Moss (1954) Photovoltage and n-type and Debs aa Ome 
photoconductivity polycrystalline 
Kurnick et al. (1954) PEM Intrinsic ~10-1° 
Kurnick et al. (1954) Photo-conductivity Intrinsic ~10-8 


The result obtained by Moss by measurement of photo-voltaic and photo- 
conductive effects was obtained with polycrystalline material in which the 
diffusion length was of the same order of magnitude as the crystallite dimensions. 
Thus it is open to doubt whether his result represents a true body lifetime. 
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The values obtained by Kurnick et al. (1954) are open to criticism on the 
following grounds. There is some uncertainty in the interpretation of the 
photo-electro-magnetic (PEM) effect in InSb since the value of the effective 
mobility given by Aigrain and Bulliard (1953) will be widely different from that 
given by Moss et a. (1953) when the ratio of the carrier mobilities is large, as is 
the case in this material. ‘This may therefore invalidate their first value. ‘The 
criticisms made of the value obtained by Moss may also apply to their second 
value since it is not stated that the material used was single crystal. 

Kurnick et al. explain the large discrepancy between their two results 
(obtained with the same specimen) as possibly due to enhanced surface recom- 
bination in the presence of a magnetic field, whereas we consider this effect is 
likely to be small in a material with such short body lifetimes. 

The experimental results obtained by observing photo-conductive changes 
are not likely to be in error by more than an order of magnitude, however, and 
thus seem to be sufficiently close to these theoretical values to suggest that 
photon-radiative recombination will be an important process in this material, 
as compared with germanium in which it has been shown to be negligible. It 
would therefore patently be of great interest to have accurate experimental 
values of the lifetime as a function of the position of the Fermi level, and to 
compare these with our values, given in figure 2. 

These theoretical estimates thus indicate that refinements in the techniques 
of preparation are unlikely to lead to lifetimes in excess of about 1 wsec in InSb. 
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Abstract. Dielectric layers of mica, Pyrex, arsenic sulphide and antimony 
sulphide, between 0-7 and 4, thick, have been investigated under electron 
bombardment with electron energies up to 50kev. The specimens carry evapo- 
rated Al electrodes, which are practically transparent to the primary electrons. 
The results include transmission curves for the primaries; the range values are in 
agreement with the Thomson—Whiddington law. With both electrodes at the 
same potential a steady secondary current begins to flow to the bottom electrode 
when the bombarding electrons have penetrated about half the specimen. Experi- 
mental values of primary and secondary currents for specimens of different 
thickness and dielectric fall on common curves when plotted against a suitable 
independent variable. The secondary current is shown to depend on the 
absorbed energy. Results for mica with applied fields up to 10® vem! across the 
specimen are included. An interpretation of the secondary current curves is 
given in terms of the displacement of charge carriers in the space-charge field 
within the dielectric. 


§ 1. INTRODUCTION 

N recent years a number of papers have been published dealing with the 

steady currents which flow in thin dielectric layers under bombardment by 

high-speed electrons. Pensak (1949) has investigated electron-bombardment 
conductivity effects in thin films of amorphous silica; Ansbacher and Ehrenberg 
(1949, 1951) have described work on arsenic sulphide and aluminium oxide 
films (the 1951 paper will be referred to as AE below). 

The experiments showed that under the action of an applied field across the 
specimen the secondary currents may rise to a large multiple of the incident 
current. The work of AE and Pensak is mainly concerned with the investigation 
of the secondary phenomena in the region of intermediate and high current gains. 
Little attention has been given to processes connected essentially with the primary 
electrons in their passage through the dielectric, which nevertheless are important 
in the interpretation of electron-bombardment conductivity effects. In this 
paper both primary and secondary effects are studied and in particular it 1s 
attempted tolink thetwo. So far the experiments have been confined to the region 
of zero or low current gain. It has been found essential to distinguish more care- 
fully between primary electrons and secondary charge carriers than has been done 
in the above-mentioned experiments, which were carried out on specimens 
deposited on a thick base. The preparation of unbacked specimens of arsenic 
sulphide is briefly described in §3. In the absence of an applied field the charge 
carriers produced by the primary beam drift in the space-charge field, so that the 
measured secondary current curves throw some light on the space-charge distri- 
bution in a thin dielectric under electron bombardment. 
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§ 2. EXPERIMENTAL ARRANGEMENT 


The bombarding electron beam enters through a hole in the hemispherical 
electrode H (figure 1). The beam is focused magnetically to a circular spot of 
0-26cm diameter, which just passes through the hole in the aluminium top 
electrode T’ of the specimen holder. Electrons transmitted by the specimen 5 
pass through the aperture B’ (diameter 0-7 cm) into the collector Cc: The current 
to each of the electrodes can be measured by plugging a galvanometer into the 
jack J incorporated in each lead. It was found most convenient to employ two 
instruments, one in jack A, measuring the total incident electron current 2, the 
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Figure 1. Experimental arrangement and measuring circuit. S, specimen; T, B, 
evaporated top and bottom electrodes of specimen; ‘I’, B’, specimen holder; 
C, collector; J, jacks. 


other to read the current to the electrode under consideration at accurately 
constant 7,. It will be noticed that z, includes only electrons absorbed and trans- 
mitted by 5S, and not those which are re-diffused and leave the top surface of the 
specimen with a considerable fraction of their incident energy. Most of these 
electrons are collected by H and only a negligible fraction by T’. The latter is 
normally kept at sufficiently negative potential to suppress true secondary emission 
from the top surface T of the specimen and to return slow tertiaries to H. The 
same applies to the aperture B’ which faces the bottom electrode B of the specimen. 
In some of the experiments a field E was produced across the specimen by applying 
a potential Vy, or bias, to B. In that case V,,, was adjusted so as to keep B’ about 
120 v negative with respect to B. ‘The collector C consists of an aluminium tube 
of 9cm length and 3cm diameter. It collects most of the transmitted current, 
except that at higher accelerating voltages when most of the primary electrons are 
transmitted, B’ receives about 8% of the incident current consisting of electrons 
with energies greater than 500 ev. It appears most likely that these are transmitted 
electrons which have been re-diffused from the walls of C. In the following 
experiments a suitable correction has been applied to the value of ¢,. 


§ 3. PREPARATION AND MOouNTING OF SPECIMENS 
‘The dielectrics investigated were Pyrex, mica, arsenic sulphide and antimony 
sulphide. ‘The specimen is sandwiched between evaporated aluminium electrodes 
B and 'T’ as shown in figure 2, The thickness of the electrodes is of the order of 
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3x 10° cm (8 gem). As the electron range energies of the specimens are 
about 10 kev, the error in the determination of the transmitted current due to 
absorption at the electrodes is negligible. 

The specimen is mounted between two mica washers M, each of which has a 
central hole of the same size as that in aperture B’.. The contacts to the evaporated 
electrodes are made by thin strips of aluminium foil F, pressed by the washers to 


the ends of T and B. The mounted specimen is screwed to electrode ‘I’ and can 
be reversed. 


Figure 2. Mounted specimen. 5S, specimen; T', B, top and bottom electrodes; 
F, contact foils; M, mica frame. 


Pyrex films of about 1 yw thickness were obtained from blown bulbs. It was 
not found possible to cleave a mica specimen of less than about 4 thickness. A 
number of arsenic sulphide specimens were prepared by a method similar to that 
used for thin unbacked gold films of accurately known thickness (Spear 1955). 
It was found best to evaporate the complete specimen including the aluminium 
electrodes on thin electrolytically polished copper foil. ‘The specimen is then 
mounted in the mica frame and a drop of nitric acid applied to the copper. The 
backing dissolves within a few seconds; the aluminium is not attacked. As 
electrode B covers the full aperture of the mica frame, no acid comes into contact 
with the dielectric. It is rather difficult to obtain specimens which show little or 
no measurable leakage current when tested with an applied field of the order of 
10°vcmt. A few of the arsenic sulphide specimens were satisfactory in this 
respect and it was possible to obtain complete transmission characteristics. Other 
experiments on arsenic and antimony sulphide films were made with composite 
specimens which consisted of an aluminium base (beaten or evaporated foil) of 
about 0-8, thickness, on to which the dielectric and the top electrode were 
evaporated. 

The evaporated films were made from B.D.H. Analar reagents. According 
to AE the arsenic sulphide films are amorphous whilst antimony sulphide films 
have a microcrystalline structure. 


§ 4. ResuLTs AT ZERO Bias 
The performance of the apparatus was tested using an evaporated aluminium 
foil of 0-316 mgcm- in the specimen holder. If the fraction i,/tp, Where 2, 1s 
the transmitted electron current collected by C, is plotted against the energy of the 
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incident electrons, a curve very similar to the 7, curves in figures 3 and 4 is obtained. 
Extrapolation to 7,/,=0 of the linear portion leads to a value V,=Vo. A good 
deal of experimental evidence (Whiddington 1914, Terrill 1923, Schonland 1925) 
suggests that the loss of velocity of electrons in their passage through thin 
metallic foils is given to a good approximation by the Thomson—Whiddington law. 
This relation can be stated in terms of the incident electron energy and the energy 
V , which the electrons possess at a depth x within the foil. 

Thus V2=V P=box. . a (1) 
At V,=V,, V,,=0and therefore 6 = V,?/m where m is the mass per unit area of the 
foil and p the density. The value of 6 found here is 3-9 x 101! v?. g-! cm? in good 
agreement with Terrill’s value 4-0 x 101! v?g-!cm?. ‘Terrill did not use the range 
method but determined V’, at given V’, from the maximum of the energy distribu- 
tion of the transmitted electrons. ‘The agreement suggests that the value of Vy 
found here represents essentially the ‘ practical’ range of electrons of most probable 
energy. 

Figure 3 shows the current distribution in a mica specimen (1-3 mgcm ?, 
4-3 u thick), and figure 4 the corresponding curves for an unbacked arsenic sulphide 
specimen (0:56 mgcm ?, 1-65 ~) both measured at zero bias. ‘The ordinate gives 
the electron current from each electrode to earth as a fraction of the incident current 
i, the abscissa denotes the energy V, of the incident beam, in kev; 7a/z,=1—7,/2, 
represents that fraction of the incident electrons which end their paths within 
the specimen. ‘The z, curve is accurately reproducible; the initial ordinates of 
the 7, curve of a new specimen are normally 5—10°% higher than those obtained 
after about half an hour’s bombardment. After this the curves are reproducible. 
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Figure 3. Current distribution in a mica Figure 4. Current distribution in an arsen 
specimen, 1:3mgcm-?. Constant sulphide specimen, 0°56 mg cm 
incident current, 7,=3-56 x 10-8 a, Constant incident current, 


ip=3°56 X 10-8 a, 
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The fraction 7;,/7,, was found to be independent of the current density if the latter 
is varied over a range of 1:10 at a bombarding energy corresponding to the 
maximum of the 7, curve. 

It is interesting to note in connection with figures 3 and 4 that an electron current 
flows to the bottom electrode before any of the incident electrons have sufficient 
energy to penetrate the dielectric; 7, shows a sharp cut-off corresponding to an 
energy Vj, of the incident electrons. The 7, and z) curves are perfectly 
symmetrical about the $7, line; this is to be expected from the fundamental 
condition 73 =72,; +7» which must apply to the steady state. 

It is important to ensure that the measurement of internal effects is not 
influenced by secondary emission of electrons from top and bottom electrodes. 
For this reason the currents 7), 7, and Zp, ty were investigated for various positive 
and negative potentials on B’ and T” respectively. It was found that (a) a potential 
of — 120 v applied to B’ and 'T” was sufficient to suppress true secondaries from top 
and bottom electrodes of the specimen, and (4) the secondary emission starts when 
the first primary electrons reach the bottom electrode so that the initial part of the 
73 Curve is not affected by external secondary emission. In figure 3 the curve 
marked 7, represents the secondary emission from B; its initial portion coincides 
with the ‘toe’ of the z, curve; (7, 7,)max 18 about 0-18 at 1:55V >. It is of interest 
to compare these values with those obtained by Wecker (1941, tabulated by 
Bruining (1954)) for an aluminium specimen of comparable thickness (3-5 14). 
Wecker finds (2,/7,,)max = 9-09 at 1:65), which might suggest that in our case some 
secondaries produced near the mica interface are able to reach the surface through 
the aluminium film. 


a m Vo AN b Vo ?/m é 

Dielectric ee (een riibews orient) Greene /d Remarks 
Mica 1:30 26-0m 200i sta ES SEZ 8310060 
Mica 1:10 24 Ge 19-0. 5:5 X10, W335 G10) 0:61 
Pyrex 0-815 prs, ANSP) SE IO BIL OE ONG) 
Pyrex 0-15 965. @6rJo! (02 LOM 34) x 10"* 030 
Pyrex 0-18 10S a0 Ok AOTE eZ 1 0x52 
As,S3 0:56 16-4 12:05 48 x10! 2:58x10" 0:53 unbacked 
As2S3 0:29 11-8 8-35 4:8 x10% 2-4 x10! 0-50 on evaporated foil 
As.Sz 0-31 Pea 8°8 4-7 ~10% 2:5 x10" 0°53 on beaten foil 
Sb.S, 0-525 GO ede Oe OL Ou al OO COS onmbeatens toll! 


The current distribution curves of figures 3 and 4 are typical of all the specimens 
investigated. In the table the values of Vy, Vo’, and 6 for further specimens can 
be found. The 7, and V,’ columns show that in every case the 7, current begins 
to flow before complete penetration has taken place, which suggests that this effect 
is a general property of dielectric films under electron bombardment independent 
of structure or thickness. 

The value of 6 is constant for each substance within the accuracy of the 
experiment which shows that an expression of the form of equation (1) holds for 
dielectrics, though with a higher value of 6 than for metal foils. Ata bombarding 
voltage V,=V,', the primary electrons have, according to the ‘Thomson— 
Whiddington law, penetrated to a depth x’ =V,"*/bp =(V'/Vo)’d. ‘The experi- 
mental x’/d values shown in the table indicate therefore that a steady current of slow 
electrons flows in a bombarded dielectric film if the primary beam has penetrated 
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to about half the depth of the specimen. _ In view of the energy distribution of the 
transmitted electrons the above statement refers essentially to electrons having the 
most probable energy. An estimate based on the extent of the ‘toe’ of the 2,/1, 
curve in figure 3 indicates that for the more energetic electrons the «’/d values may 
be up to 15% higher than those tabulated. 

It is well known (cf. Bothe 1933) that the true range of the electrons (i.e. the 
total integrated path length R) is about twice the practical range, so it is not 
improbable that an electron with energy V,=V,' might reach the bottom 
electrode. In this case one would expect a rapid increase of 7, for all V, >Vo'; 
but in all experiments it is found that 7,=0 up to very nearly V,= V4, so that the 
onset of the 7, current cannot be connected with the condition R=d. 

The above results can be compared with figure 6 of the paper AE. There, 
the square of the critical voltage at which the electron-bombardment conductivity 
current in arsenic sulphide starts to flow is shown to be proportional to the film 
thickness. The graph correlates the results for about twenty specimens between 
1 and 44 thick, and leads to a gradient of 0-78 which corresponds to a range 
constant of 2:4 x 10!! v29°-1cm?(p=3-4gcem-%). This agrees well with the values 
of V,’?/m in the table and shows fairly conclusively that the interpretation of the 
critical voltage given in AE as the true range of the bombarding beam 1s incorrect. 
The table includes results for composite specimens which were obtained as follows : 
at first the electron range (Vy),, of the aluminium backing was determined before 
evaporation. ‘lhenz,and7,, curves were measured on the complete specimen with 
(a) the thin top electrode and (4) the base towards the incident beam. ‘The 
combined range (V5), agreed exactly in both cases. Equation (1) leads to 
Vo=[(Vo)?,— (Vo) ax]; Vo can be found directly from (a). 

It is of interest to try the correlation of complete current distribution curves for 
different dielectrics and thicknesses. ‘The constancy of (V/V) for the beginning 
of the 7), current (see x’/d column in table) suggests the use of (V,,/V,)? rather than 
V, as the independent variable. Figure 5 shows that now all the $7a/7,, values fall 
onacommon curve. It has not been found possible to correlate in the same way 
the 7, curves which have been measured at constant 7,. If, however, at each Ve 
the value of 7, is so chosen that W,, the incident energy per second, remains 
constant, then some degree of correlation is obtained as indicated by the 13/W, 
curve in figure 5. Values for specimens of the same dielectric but corresponding 
to different thicknesses fall reasonably well on a common curve. These results 
will be discussed in § 6. 


§ 5. RESULTS WITH APPLIED FIELD 


Unfortunately the unbacked arsenic sulphide specimens develop a permanent 
‘leakage’ when fields greater than about 10° vcm ! are applied between T and B. 
It has therefore not been possible to link up the results at E = 0 in the case of arsenic 
sulphide with those obtained by AE with applied fields of the order of 10®vcm-!. 
However, mica and Pyrex specimens were more suitable in this respect. Figure 6 
shows the current distribution in a mica specimen at fields up to 10®vcm-!. Eis 
positive in the positive « direction (i.e. T to B). The curves are very similar in 
appearance to those obtained by AE but the current gains are considerably lower ; 
there is no significant shift of Vj’ with E. Figure 6 shows that with a negative 
applied field =0 at some value V,, =(V,), and becomes negative for all Ve (Va 
The change of sign of 7, is of interest because it seems to mark roughly the beginning 
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Figure 5. Correlation of 7,/7) and 7p/W,, values for specimens of different thickness and 
dielectric. Broken line: ig/W, values for Pyrex specimens; full line: ip/W, 
values for mica and arsenic sulphide specimens. 
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Figure 6. Current distribution in mica specimen, 1-3 mg cm’, at different applied fields, 
un vemn-. a.h—02 0, B——2-8 X10" s ¢. E=4-4-7 xX10°s ad, E=—47 x10"; 
e, E=—8-1x10°; f, E=—10°5x10°. The marked points denote the total 
absorbed energy per second fitted to the 7g/7, curves at V)=48 kev. 
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of a uni-directional field within the specimen. It follows that under these con- 
ditions all charge displacements throughout the specimen are linked with B (and T). 
It is interesting to see that for V,, >(V,),, at given bias, 7, becomes proportional to 
W,, the total energy absorbed per second. In figure 6 the marked points denote 
values of W, which have been fitted to each of three 7/7, curves at V,=48 kev. 
W, is given by Wa=W,—-7i.V,, where 7, is obtained from the transmission curve 
and V,, the energy of the electron at x=d, is calculated from equation (1). The 
proportionality of electron-bombardment conductivity currents and total absorbed 
energy has also been observed by Pensak (1949) for silica films at applied fields of 
about 10®vcm !. However, figure 6 shows that the proportionality breaks down 
at lower fields and certainly does not apply at E=0. 


§ 6. DiscusstoN OF RESULTS 


The primary beam on its passage through the dielectric releases electrons 
from trapping centres and. produces transitions of electrons from the filled energy 
band of the insulator to higher energy levels, leaving a corresponding number of 
positive holes in the filled band. In absence of an applied field these charge carriers 
will drift in the space-charge field until they recombine, get trapped, or reach one 
of the electrodes. Neglecting the transfer of charges by diffusien, it will depend 
on the field produced by the space charge whether a particular region in the 
specimen will contribute a current to the top or to the bottom electrode. 

The experimental evidence suggests that at some level «=, the space-charge 
field changes sign (figure 7). Otherwise it would be difficult to explain the 
observed 7, curves which in all cases begin to rise sharply as soon as the primary 
beam has penetrated about half the specimen. According to figure 7 charge 
carriers produced between the planes T and x= , (region 1) will drift in such a 
way as to cause an electron current to flow from T to earth. 7, =01if no secondaries 
are created between x, and B (region 2), i.e. as long as x, >,, the depth of pene- 


tration of the primary beam. According to the experimental data x, should be 


T B 
Dielectric 


Figure 7. 


approximately 3d at V,=V,’. As », exceeds x, charge displacements will occur 
in region 2, which produce an external electron current flowing away from B. 
7, will rise with increasing penetration provided the plane x, does not move 
appreciably towards B. For V,>Vo, 7 passes through a maximum which 
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represents the optimum combination of carrier production and space-charge field 
inregion 2. At larger lV’, the energy absorption tends to be uniform throughout 
the specimen, so that now approximately the same number of secondaries are 
produced in both regions. It is reasonable to assume that under these conditions 
the field approaches symmetry about x/d=}. This means that 7, should tend 
towards 7 with increasing V’,, 1.e. they should both approach the 47, line. 

An external field in the negative x-direction will weaken E, and cause a shift 
of x, towards 'T. Therefore, on the assumption that the external field does not 
modify the space charge appreciably (see below), the change of sign of zp at 
V,=(V,); (figure 6) suggests that E, decreases with increasing V,, in the range 
Vo <V,<(V,),. For V,>(V,), the resultant field at all « will begin to act in the 
direction of the external field. In region 2 on the other hand, the same external 
field will reinforce 2, which results in the observed current gain shown by the 7, 
curves in figure 6. The approximately, constant value of V,’ indicates that for 
V,,<(V,); the resultant field must be controlled predominantly by space charge. 

Figure 6 also shows an 7, and 7p curve obtained with a positive field (denoted 
by (¢,)+, (@r).). At V,>(V,), these run close to the corresponding (ip) and 
(2) curves, but do not coincide with the latter. However, in all cases 
A (tp) = A(zp)., where the A denotes the change in the current from that at zero 
bias. ‘This means that applied fields of considerable magnitude in either direction 
appear to be additive to the original space-charge field at #=0, although with the 
increased displacement of carriers one might expect a change in charge density. 
One possible explanation is that at E=0 the contribution of the secondary charge 
carriers to the resultant charge density is small, so that the space-charge field is 
predominantly controlled by the charge density produced by absorbed primary 
electrons. 

It can be shown that the 37,/z, curve in figure 5 is compatible with the calculation 
of electron absorption based on Lenard’s law, 


See See (2) 


(cf. Bothe 1933), where 7, is the number of primary electrons crossing plane x per 
second. There is experimental evidence that in the range of V7, used here 


a=ap/V ,?, where a is a constant (Terrill 1924, also Bothe 1933). Substituting 
from equation (1) for V,, integration of equation (2) leads to 


n. A, bp a/b 
peels => eee — Sey a ee OO Oe 3 
to (1 he :) (3) 


The absorbed current 7,/1,=1—(2, be), gq As V?=bpd, ia/t,=f(Vo?/V,") 
only, for all specimens. With pee ‘5 the calculated values are in reasonable 
agreement with the experimental curve up to (V,/Vo)’=2°5. 

The combination of equations (1) and (3) leads to an expression for the primary 
energy flow per second across any plane x (Stinchfield 1946, quoted by Garlick 
1949, Koller and Alden 1951), 

bp a/b +1/2 
W = W,(1 — oy) 
where W,, is the incident energy per second. ‘Therefore the energy absorbed 
between x0-5d and x=d becomes W,f(V,?/V,”). The 7,/W, curve in figure 5 
suggests that at the higher (V/V)? values 7), becomes proportional to the energy 
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absorbed per second in region 2. Obviously this does not apply at lower (V,/ Vo)* 
where the 7,, values are largely dependent on the space-charge field. It may be of 
significance in this connection that the arsenic sulphide and mica specimens, whose 
normalized 7,, values fall reasonably well on a common curve at all (V,/Vo)?, have 
approximately the same dielectric constant, whereas that of the Pyrex specimens is 
about 40°, lower. 
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Abstract. ‘Vhe solubility of interstitially dissolved nitrogen has been measured 
both inannealed and incold-worked alpha iron by the internal friction technique in 
more detail than in the original work of Dijkstra. The dissolved nitrogen in 
annealed material, in equilibrium with a precipitated nitride, has a heat of solution 
of 0-26 ev per nitrogen atom. ‘This agrees reasonably well with other published 
values. A new approach has been introduced into the treatment of the results 
for the solubility of nitrogen in cold-worked iron. Equilibrium is considered 
between nitrogen atoms in free solution and nitrogen atoms bound in dislocation 
sites. Since the number of dislocation sites is fixed, account is taken of the 
proportion of these occupied at different temperatures. The value for the 
binding energy of nitrogen atoms in dislocation sites is estimated as lying between 
0-75 and 0-8 ev per nitrogen atom. 


$1. INTRODUCTION 


HE basis of the dislocation theory of the yield point in metals and the strain 

ageing phenomena exhibited, for example, in body-centred cubic alpha 

iron is the fact that solute atoms can relieve the stresses around dislocations 
(Cottrell 1948, 1953 a). The condition for this is that the solute atoms can migrate 
to suitable sites in the distorted lattice in the immediate vicinity of the dislocations 
(Cottrell and Bilby 1949). The driving force for this migration arises from the 
energy of interaction between the stress fields of the dislocation and the solute 
atom. In the interesting case of a supersaturated solid solution the dislocation 
atmosphere is in competition with the precipitate particles for the solute atoms 
(Cottrell and Leak 1952). The relative binding energies of the solute in disloca- 
tion atmospheres and in precipitated particles will influence the final site for the 
solute atoms. 

Considering specifically the case of carbon and nitrogen in alpha iron, these 
solutes can interact with both screw (Nabarro 1948) and edge components 
(Cottrell and Bilby 1949) of dislocations. ‘These atoms occupy possible inter- 
stitial sites at the centres of {001} faces or the mid-points of (001) edges of the 
body-centred cubic cells. This introduces tetragonality by an extension along the 
(001) edge. The direction of the tetragonal axis can be changed by a small 
movement of the interstitial atom through a distance of only a@/2 where a is the 
lattice parameter. Consequently interstitial solutes can rcheve shear stresses in 
body-centred cubic lattices and so can interact with screw dislocations. ‘This 
jump process also forms the basis of Snoek’s (1941) treatment of the internal 
friction peak in alpha iron at low frequencies. 

+ Now at Department of Mines and Technical Surveys, Atomic Energy Project, Chalk 
River, Ontario, Canada. 
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The volume change introduced into the lattice by a solute atom can relieve the 
stress around an edge dislocation. For a solute atom at a point with polar 
coordinates 7, « from a positive edge dislocation then the binding energy V 
between the dislocation and the solute atom is given by 


px oe ee (1) 


a 


where A depends upon the elastic constants of the material, the volume change 
introduced by the solute, and the dislocation strength. Where this volume 
change is a dilation of the lattice, then V will be a maximum for «= 37/2 and r 
approximately equal to the interatomic distance. 4 can be taken to be about 
3x 10° 2°dynem?; thus the maximum value of V will be about lev. The 
assumptions made for this calculation imply that this value will undoubtedly be 
too high. An estimation of the binding energy can be deduced from yield point 
measurements. ‘The upper yield corresponds to the stress required to pull a 
dislocation away from its atmosphere of bound solute atoms. Cottrell (1953 b) 
showed that an estimate could be made of the temperature 7, below which sites 
of strongest binding Vmax were nearly all filled by solute atoms: 


7 V max 
(Ress Rn(cy nae (2) 
Here C) is the average concentration of solute atoms in the matrix, R is Boltzmann’s 
constant. Mott (1952) pointed out that above a temperature of about 700°K 
the yield point is not observed in iron. Assuming that this is a result of the small 
yield point due to the absence of an atmosphere of solute atoms, 7) must be about 
700°K. For Cy equal to 10-4 wt. % then Vmax is equal to about 0-Sev. This value 
of Cy is about the minimum carbon content for which a yield point has been 
observed at temperatures up to 400-450°c, 1.e. approximately 700°K. 

Anexperimental value of Vmax can also be obtained directly from measurements 
of carbon or nitrogen solubility in cold-worked alpha iron. Dijkstra (1949) 
measured this solubility for nitrogen together with the solubility in unworked 
iron, in equilibrium with precipitated iron nitride. He used the internal friction 
technique developed by Snoek. ‘The solubility in unworked iron was 4—5 times 
greater than that in cold-worked iron, for temperatures of 300°c and 400°c. The 
inference is that the solution pressure of nitrogen in the precipitate is greater than 
in dislocations, and hence that Vinax>>V (Fe,N). Dijkstra showed that V (Fe,N) 
was about 0-35ev. From the difference in solubilities Cottrell (1953 a) estimated 
that Vmax should be about 0-1 ev greater than V (Fe,N), and hence Vmax~0-45 ev. 

Cottrell’s estimate was based on only two measurements by Dijkstra. The 
purpose of the present note is to report a more detailed investigation of this prob- 
lem by the same technique as that used by Dijkstra. The concentration C of a 
solute in equilibrium with a precipitated phase is given by the equation 


InC= AH 
nC=— p71 constant i aeeee (3) 


where A// is the heat of solution of the precipitated phase. For the specific case of 
nitrogen in iron in equilibrium with iron nitride AH is equal to the heat of 
solution per gramme atom of nitrogen, i.e. the energy difference between a 


nitrogen atom in the precipitate and one in the matrix. AH can immediately be 
estimated from a plot of In C against 1/7. 
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Superficially, it would appear that an estimate could be made of the binding 
energy V by using an equation, analogous to equation (3), of the form 


I 
InCy=— pp tcomstamt ae (+) 


where J’ is defined as the difference in energy between a nitrogen atom in a dis- 
location and one in the bulk matrix. The concentration Cy represents the amount 
of nitrogen in solution in equilibrium with dislocation atmospheres in cold-worked 
iron. However, equation (4) does not take into account the equilibrium that must 
exist between nitrogen atoms in the matrix, nitrogen atoms bound in dislocation 
sites and unoccupied sites for nitrogen atoms in dislocations 


§ 2. EXPERIMENTAL DETAILS 


The experimental aspect of internal friction measurement and the interpreta- 
tion of the results have been discussed in detail elsewhere by, for example, Polder 
(1945), Dijkstra (1947) and Zener (1948). Only a summary of the essential items 
will be given here. The logarithmic decrement of the free torsional oscillations 
of an iron wire is measured as a function of temperature and the presence of carbon 
or nitrogen in solution gives rise to a peak in the decrement—temperature curve. 
The height of this peak is proportional to the amount of impurity in interstitial 
solid solution in the lattice. 

Decarburized and denitrided wires were loaded with nitrogen using ammonia— 
hydrogen mixtures previously described by Thomas and Leak (1955). The high 
purity iron (B.I.S.R.A. Reference AHN) had the following analysis: 
C0-0038 wt. %, 510-001 wt. %, Mn 0-005 wt. %, Cr 0-0013 wt. %, Al 0-0027 wt. %, 
N, 0-0014 wt. °4. The nitrogen content of the wires used in the present experi- 
ments was 0-012 wt. °,, and their carbon content was less than the minimum which 
could be detected by chemical or internal friction analysis, 1.e. <0-0005 wt. %. 

Wires were quenched into cold water (20°c) from the temperature of maximum 
solubility of nitrogen in alpha iron (580°c). Measurements were made for two 
series of specimens (a) in unworked iron, (4) after 20°, extension in a tensile 
testing machine and for both series after ageing at various temperatures between 
100°c and 270°c. When further ageing made no difference to the height of the 
relaxation peak then the value of the decrement corresponded to the equilibrium 
solubility of nitrogen at the temperature of ageing. Ageing was carried out in 
constant temperature oil baths, with a temperature fluctuation of less than +1°c. 

A roughly constant frequency of oscillation was used throughout these series 
of measurements, about 1:5 to 2c/s, which gave an internal friction peak at about 
30°c. For this reason the proportionality constant between peak height and 
nitrogen content remained the same throughout the measurements and in the 
diagrams; 1 unit of logarithmic decrement is equivalent to 0-00039 wt. % of 
nitrogen. This factor was determined by comparing chemical analyses with 
internal friction measurements under conditions where all the nitrogen was in free 
solid solution. 

§ 3. RESULTS 

Ageing curves are shown schematically in figure 1. ‘The measurements of 
equilibrium solubility are given in the table. The solubility values in equilibrium 
with a precipitated nitride in annealed material are given for purposes of 


comparison, In accordance with equations (3) and (4) these results are plotted 
3 Y-2 
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in figure 2 in the form log (concentration) against 1/7. ‘The slopes of these curves 
give values for AH =6 + 2kcal per gramme atom of nitrogen = 0-26 + 0-09 ev per 
nitrogen atom, and V =7-5 + 2kcal per gramme atom of nitrogen=0-35 + 0-09 ev 
per nitrogen atom. 


‘Temp. After quench After straining Temp. After quench After straining 
of ageing ageing and ageing of ageing ageing and ageing 

(°C) Wt x l0® Wt 4 oe10" (Go) We. % x 102 "WtaeZn ie 
90 0-92 _— 142 1:9 i131 
100 — 0-42 142 — 1108) 
100 —_ oss 165 2555 1:8 
108 0-94 0-73 182 4-5 el 
108 — 0-6 201 7:9 3-4 
112 175 0-55 201 4:3 
120 1-4 a 230 8-9 Se) 
130 —- 105 250 9-7 9-6 


In order to compare these results with those obtained by Dijkstra the effect of 
altering the strain was measured. No significant difference in solubility was 
observed in varying the strain from 20°, to 45°, extension, nor did the method of 
straining, i.e. drawing or extension, affect the results. 


Unstrained 


Logarithmic Decrement 
w 


r i0 700 1000 
Time (minutes) 


Figure 1. Representative ageing curves for 200°c. 
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precipitated nitride 


© In equilibrium with 
dislocation atmospheres 


log (Concentration) (wt. % x 10°) 


18 20 2:9 24 26 
1/7 (7 ink) 1073 


Figure 2, Solubility of nitrogen in pure iron plotted as log (concentration) against iat 
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S$ 4. Discussion 
The value for AH of 0-25ev compares with Dijkstra’s value of 0:35 ev; 
Dijsktra’s results, however, had a considerable spread which would include 
0-25ev. This value, furthermore, is in close agreement with the estimation of 
Borelius and his co-workers (1951, 1954). The estimate of V, from the present 


results based on equation (4), is low compared with Cottrell’s calculation from 
Diyjkstra’s results and also with Mott’s calculation. 


The derivation of equation (3) follows from the reaction taking place 
4 [Fe] + [N] dissolved =[Fe,N]. 


This gives an equilibrium constant K defined by 


-_ e]" IN] 
K= Tec en (6) 
and hence AH given by 
ap d(In K) 
Ai =—K Fay eee eee (7) 


Under the conditions of the experiment it is probable that the precipitate is 
Fe,,N. (Jack 1955, private communication). This does not affect the analysis 
which applies equally well to either form of the nitride. 

Since the proportion of nitrogen atoms to iron atoms in the iron nitride is 
fixed, then A is proportional to the dissolved nitrogen concentration and 
equation (3) follows from equation (7). 

‘The corresponding derivation, for equilibrium between dissolved nitrogen and 
nitrogen associated with dislocation atmospheres can be based on the reaction 

NT DSN Dy ares (8) 
where [D] corresponds to the free dislocation sites which could be occupied by 
nitrogen atoms if the reaction were to go completely to the right in equation (8). 


[ ND] corresponds to the occupied sites in the dislocations. Hencethe equilibrium 
constant is given by 


__ [NIIP] , 
i= NDE OY, ls Gees (9) 
and the binding energy of nitrogen in a dislocation is given by 
: d (in K) 
Ds Ge rr 10 
a (Ai) uy) 


‘Thus equation (4) is only an approximation based on the assumption that the 
concentration of available dislocation sites for nitrogen atoms does not vary with 
temperature and that K is proportional to the concentration of dissolved nitrogen. 

‘This assumption is incorrect because it is known that, although the concentra- 
tion of dislocations does not vary between room temperature and about 400°c, 
the existence of a pronounced yield point at room temperature and the absence of 
one at 400°c would indicate that the number of dislocation sites for nitrogen atoms 
varies markedly in this temperature range. A more precise value for V can be 
obtained from equations (9) and (10) in the following way. ‘The values for [N] 
(in wt. °,, nitrogen) can be measured at various temperatures (see table) ; hence 
the value for [ND] (in wt. °,, nitrogen) can be obtained by difference. It remains to 
determine a value for [D]. Let A be the maximum possible value for [ND]; 
this is about 0-03 wt. °%, nitrogen assuming a dislocation density of 10” lines per 
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cm? for heavily worked material and an atmosphere of two nitrogen atoms per iror 
atom plane threaded by each dislocation (Cottrell 1953). ‘Then the value of [ND 


at any temperature 7 given by 
[ND] ;=4= [Nip ree (11) 


Since the change in measured solubility A[N] due to a variation in temperature 
must be equal to the change in the free dislocation sites A[D] 


APN =A[IDis 72) Seegee © eee (12) 
Hence [D]p=[N]7—iLN]2,—[Dlz,5 


=(Nip= Bee ee ere (13) 

where 7, is some arbitrary temperature. ‘hus 
qm _ (NlaftN]o =} if, 
KC A=[Ni | ne (14) 


The problem now is to adjust B so that In K varies linearly with 1/7. For the 
present results the arbitrary 7 was taken as 105°c where [N],5 is equal to 
0:05 x 10-2 wt. °% nitrogen and [ND],; is thus equal to 1-15 x 10°" wt. % nitrogen, 
In figure 3 the relationship between log K and 1/7 has been plotted assigning values 
for [D]io5 28 0-01%, 0-1%, 1% and 10% of A; lmearity is observed form ie 
equal to 1°, of A. The slopes of the straight portions of all the curves give V 
equal to about 0-8 + 0-05 ev per nitrogen atom. 


lias 
[0] 


105 


S 
27. 26° 25 “2a, 23° 922 Gaza 20 uRES 
1/T (TL ink) x07? 


Figure 3. Equilibrium constant plotted against 1/7. 


Possible errors in this determination may arise from two sources: (i) the value 
taken for the total nitrogen content of the material and (ii) the estimate of the 
maximum available nitrogen sites in dislocations. ‘These will affect the terms B 
and A. Possible variations have been plotted in figure 4. _It can be seen that the 
slopes of these lines vary only very slightly with large changes in atmosphere con- 
centration and nitrogen content of the specimens. 

It can thus be concluded that the value for V at the dislocation core should be 
about 0-8 + 0-05 ev per nitrogen atom. This figure is considerably different from 
the value estimated from more elementary considerations (equation (4)). The 
method presented here takes into account the equilibria which must exist betweer 
the possible sites for nitrogen atoms. 
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-log K 
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Figure 4+. Equilibrium constant plotted against 1/T. 
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Abstract. A shock tube has been used to investigate the attenuation of a plane 
shock wave when it passes through a wire gauze, the plane of which is parallel to 
the shock front. A gauze having a solidity ratio of about 50°, reduced the over- 
pressure behind a shock of strength 1-65 moving into air at atmospheric pressure 
from 9-4lbin-? to 7-9 lbin ?. 

‘This result is compared with available data for the steady flow of air through 
screens. 


§ 1. INTRODUCTION 
HE shock tube is an instrument which is becoming of increasing importance 
and utility for the study of transient gas flow problems. It consists, in 
essence, of a rigid tube divided into two sections by a gas-tight diaphragm ; 
rupture of the diaphragm when a pressure difference exists across it initiates the 
gas flow to be studied. 

‘The shock wave processes occurring in sucha tube were first studied by Payman 
and Shepherd (1941) in this country. ‘They conducted a series of experiments in 
which copper-foil diaphragms were used to sustain high pressures in the com- 
pression chamber, and the processes consequent upon rupture of the diaphragm 
were observed by means of a Schlieren photographic system and a wave speed 
camera. 

During the last war shock tubes were extensively developed in America for 
shock wave studies. ‘They were first used to produce shock waves for the dynamic 
calibration of piezoelectric pressure gauges for use in blast measurements. In 
1945 Smith extended their use in his classical study of the regular and Mach 
reflection of plane shocks in air. 

Since 1945 shock tubes have been used to an increasing extent to tackle a large 
range of shock wave problems. This development has been due, largely, to 
Bleakney and his co-workers at Princeton; they have developed a school of shock 


tube studies and have employed a Mach-Zehnder interferometert to turn the 
shock tube into an accurate quantitative tool. 


§ 2. Tue A.W.R.E. Sock louse 

The Atomic Weapons Research Establishment shock tube is rectangular in 
cross section with internal dimensions 8 in. x 2in. and constructed to very close 
tolerances. It is made up of sections 2 ft. 6in. long; one of these sections is used 
as the compression chamber, and the expansion chamber consists of seven sections 
followed by an observation chamber fitted with windows suitable for the 
photography of the shock phenomena. Cellulose acetate sheet is used as the 
diaphragm and this is ruptured by an electric spark. 


. t In this country Timbrell (1951) has used an electron multiplier cell in conjunction 
with a Mach-Zehnder interferometer in acoustical studies. 
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The velocity of the shock wave is measured in the final section of the expansion 
chamber, before the observation section, by means of light screens which are 
electronic—optical devices for detecting the passage of a shock wave ; theyare similar 
to those described in a paper by Bleakney, Weimer and Fletcher (1949). Briefly 
the action ofa light screen consists of the interception and refraction by a shock wave 
of a light beam which passes across the tube to a photomultiplier system. 
Refraction of the light beam increases momentarily the light intensity incident on 
the photomultiplier, producing an electrical pulse ; this pulse is suitably amplified 
and passed to a crystal-controlled oscilloscope which enables the time intervals 
between the signals from the light 8creens to be measured accurately. Any of these 
signals may, in addition, be passed to a unit which delays it by a variable controlled 
amount, and it is then used to trigger the light source. 

The shock phenomena are normally observed by spark shadow photography, 
and occasionally by Schlieren photography, using the light from a single air spark 
of duration about 0-5 microsecond, collimated by a concave mirror. A multiple 
spark unit, which provides up to six sparks of slightly greater duration and with an 
adjustable time interval between sparks, has been developed for taking multiple 
shadowgraphs on one photographic plate. Recently an interferometer of the 
Mach—Zehnder type has been obtained so that the shock tube is now equipped to 
give quantitative answers to a large range of shock wave problems. 


§ 3. NATURE OF THE EXPERIMENT 


The purpose of the present experiment was to investigate the degree by which 
a plane shock wave of strength about 1-7 is attenuated when it passes through a 
certain type of wire gauze screen. ‘The experimental method was to clamp the 
gauze between a special Transpext} observation section and the remainder of the 
expansion chamber and fire a plane shock through the gauze into the Transpex 
section where it could be observed by means of spark shadow photography. 
A diagram of the experimental arrangement is shown in figure 1. 
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The strength of the shock incident on the gauze was calculated from its velocity 
measured by the light screens. Spark shadowgraphs of the transmitted shock 
were recorded at prescribed times and a distance-time curve for this shock was 
plotted. The curve was in fact a straight line, the slope of which gave the velocity 
of the transmitted shock. The strength of the transmitted shock was then 
calculated from its velocity. 


+ Perspex of high optical quality. 
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The results were examined in relation to data which were available for the 
steady flow of air through screens. Finally, the process of transmission of the 
shock through the gauze was examined in some detail. 


§ 4. EXPERIMENTAL DETAILS 


‘The gauze used in this investigation was made of stainless steel wire of diameter 
1-52 x 10-2in. and the mesh size (distance between centres of adjacent wires) was 
5-18 x 10-2in. by 5-01 x 10 2in. The solidity ratio of the gauze, defined as blocked 
area divided by total area, was therefore almost exactly 50%. A piece of this 
gauze 1lin.x5iin. was clamped between two similar plates of jin. * Dural’ 
of the same size as the gauze but having a central aperture 8 in. x 2in., equal to the 
cross section of the shock tube. The assembly was then bolted between the last 
section of the shock tube and the Transpex section. ‘This arrangement ensured 
that the impact of the shock did not seriously deform the gauze; in practice only 
slight bulging occurred. 

The low pressure section of the shock tube was kept at atmospheric pressure 
(14-47 lb in?) and the high pressure section was supplied with compressed air at 
35 lbin 2 above atmospheric pressure. Diaphragms consisting of two thicknesses 
of 3-mil cellulose acetate sheet were used. ‘The starting pressures were chosen to 
produce a shock of strength about 1-7 (overpressure about 10 1bin *). 

When the diaphragm was burst a plane shock travelled down the tube, passed 
through the gauze and emerged into the ‘Transpex section; there it was observed 
by means of a conventional spark shadowgraph system. Light from the 0-5 usec 
spark was collimated by a 12 in. diameter f/8 parabolic mirror and directed normally 
through one side of the T'ranspex section on to a photographic plate held at the 
other side. ‘lhe arrangement produced shadowgraphs of natural size. ‘The 
signals emitted by the third and fourth light screens when the shock passed these 
stations were recorded on a triple spiral oscilloscope for timing purposes. The 
signal from the fourth light screen was also used to trip the shadowgraph spark, 
after a suitable delay had been imposed to record the shock in the desired position, 
and the instant at which the spark fired was recorded on the oscilloscope. 

A series of shadowgraphs was taken showing the transmitted shock at five 
different distances from the gauze. Figure 2 (Plate 1) shows one of these records 
in which the shock is about 4-5 in. from the gauze. The shock front is very clearly 
defined. ‘The network of weak curved shocks behind the shock front is caused 
by the wires of the gauze; the formation of these curved shocks was later 
investigated on an enlarged scale. It will be noted that the curved shocks appear 
to end on a fairly well defined line about 3 in. behind the transmitted shock front. 
This termination can only be apparent, for the curved shocks must extend back 
to the plane of the gauze, but the line is considered to represent the contact surface 
between air which was originally on the downstream side of the gauze and air which 
has passed through the gauze. ‘Turbulence in the transmitted air stream renders 
the curved shocks invisible on the upstream side of the contact surface. Support 
for this view is given by Plate V in which the ends of the two innermost curved 
shocks fail to appear through the highly turbulent air issuing from the shock tube. 

‘The threaded rod which appears on the right of figure 2 (Plate I) was attached 
to a plate sealing the end of the Transpex section and was used as an index to 
define the position of the transmitted shock relative to the gauze, which is just 
outside the field of view to the left of figure 2. 
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§ 5. RESULTS 
Five shadowgraphs of the transmitted shock were taken. ‘The average velocity 
of the five corresponding incident shocks was found from the light screen measure- 
ments to be 1405 ftsec 1. The usual equation relating the strength and velocity 
of a shock in air is Pee |) re ne (1) 


where y=shock strength (+1), U=shock velocity, C=velocity of sound in air 
ahead of shock. 

In the present experiment the temperature of the air in the shock tube was 19°c 
and the relative humidity 60°,, hence, from the formula for the velocity of sound 
given in International Critical Tables, C=1125 ftsec"!. Substituting the values 
for U and Cin equation (1) we find y = 1-65, i.e., the average incident shock strength 
was 1-65 and the corresponding overpressure 9-4 lb in-?. 

The progress of the transmitted shock is recorded in the table and a distance— 
time curve for this shock is plotted in figure 3. The table was compiled as follows. 


Number of shock 1 2 3 | 5 

Distance C (in.) 0-74 2°65 4-28 5-93 7-41 
Time A (usec) 456-7 464-1 458-3 464-0 466-4 
‘Tame (B-- C) (psec) 189-6 308-6 403-5 510-9 605-0 
Time B (calculated) (s:sec) 145-3 147-6 145-8 147-6 148-3 
Time C (calculated) (sec) 44-3 161:0 PES OF 363°3 456-7 
Velocity (U) over distance A (ft sec) 1420 1400 1415 1400 1390 
Distance C’ (in.) for U=1405 ft sec"! 0-73 2267) 4-26 5:97 7:49 


For nomenclature see figure 1. Distance A =7-78 in., distance B=2-47 in., average 
velocity U of incident shock =1405 ft sec™!. 


As the distance from the fourth light screen to the gauze (distance B in figure 1) 
was only about 2:5in. it was assumed that the measured velocity between the 
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Figure 3. Distance-time graph for transmitted shock. Distance @<adistancaG 
(see figure 1) corrected to incident shock velocity of 1405 ft sect, 
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third and fourth light screens was maintained until the shock struck the gauze. 
This instant was calculated from the oscilloscope timing records and was taken as 
zero time in plotting figure 3. ‘The distance of the transmitted shock from the 
gauze was measured directly from the shadowgraph plate by a travelling micro- 
scope. A correction factor (average incident shock velocity) — (actual incident 
shock velocity) was applied to each measured distance in order to reduce all results 
to correspond to the average incident shock velocity of 1405 ftsect. The scatter 
of measured velocities about this value was less than + 1°% and it was assumed that 
over this small range the velocities of incident and transmitted shocks were 
proportional. 

Figure 3 consists of the corrected distances plotted against corresponding 
times. As the points lie on a straight line through the origin it follows that the 
velocity and strength of the transmitted shock are constant in the region observed 
and also that the formation of the shock on the downstream side of the gauze takes 
place with negligible delay. 

By means of the method of least squares to fit the best straight line to the 
points plotted in figure 3, the velocity of the transmitted shock was found to be 
1360 ftsec-?. From equation (1), with C=1125 ftsec™ as before, y= 1-55: 

The measured strength of the transmitted shock was therefore 1-55, and the 
overpressure behind it was 7-9lbin-?. The accuracy of this last quantity is 
considered to be to +0:2]bin-?. 


$6. DiscUssION OF RESULTS 


The effect of the gauze was to reduce the strength of the shock from 1-65 to 
1-55 or, expressed in terms of overpressure, from 9-4lbin-? to 7:9lb in-?. 
Thus, although the gauze blocks about 50%, of the cross section of the shock tube 
it caused only slight attenuation of the shock, at least within the range of 
observation, which extends to about 8in. from the gauze. In order to form some 
idea whether the transmitted shock is likely to suffer considerable attenuation as it 
progresses further from the gauze it is useful to consider the resistance which such 
a gauze offers to the steady air flow behind the shock. If this air flow cannot be 
maintained, the strength of the transmitted shock will decay. 

The velocity uw of the air flow behind the transmitted shock is given by the 


equation 
u 5(y—1) 


C iG ere (2) 
where C’= velocity of sound in air ahead of shock, y=shock strength (+1); here 
C= 1125 ftsec and y=1-55, giving u= 365 ft sec-2. ¢ 

A rough check of this figure may be obtained from figure 2. In this shadow- 
graph the network of curved shocks appears to terminate on a fairly well defined 
line about 3-11 in. behind the shock front. This line is a contact surface indicating 
the front of the air which has passed through the gauze. It originates in the plane 
of the gauze and then travels downstream at the speed of the air flow behind the 
transmitted shock. In figure 2 the transmitted shock has travelled 4:28 in. from 
the gauze in 257-7 usec (see table). In the same time the contact surface has 
travelled 4-28 —3-11=1-:17in. The velocity of the air flow is therefore approxi- 
mately 381 ft sec“! which is reasonably close to the calculated value of 365 ft sec-!. 
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‘The latter will be assumed to be correct. As all the air between the gauze and the 
transmitted shock is moving with this velocity a corresponding flow must take 
place through the gauze. ‘This flow will be maintained by the pressure difference 
which is set up across the gauze by the partial ‘head on’ reflection of the incident 
shock, and if the strength of the reflected shock is known this pressure difference 
can be computed. ‘The strength of the reflected shock was estimated as follows: 
Figure 4 (Plate II), which was taken later in the investigation with the gauze 
mounted at the extreme end of the Transpex section, shows the reflected shock 
travelling upstream. The apparent distortion of the shock is largely due to optical 
distortion of the Transpex caused by tapping bolts into it. As the shock appears 
double, the leading edge was taken to define its position. Two successive 
shadowgraphs of the reflected shock gave its velocity as 905 ft sec-1, relative to the 
gauze. When allowance was made for the velocity of the opposing stream of air 
against which the shock was moving, its strength, calculated from its velocity by 
equation (1), was found to be 1-23 and the absolute pressure behind it 29-4 lb in-. 
The pressures in the different parts of the system are consequently as shown in 
figure 5(6). The differential pressure P,—P, across the gauze is 
29-4—22:4=7-0lbin-?. It must now be considered whether this is sufficient to 
maintain the air flow of velocity 365 ft sec"! behind the transmitted shock, and for 
this purpose we require some data relating to the steady flow of air through a gauze. 
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Pressures in lb in™® 
Figure 5. 


Baines and Peterson (1951) have investigated the How of fluids through 
screens and lattices of various forms. ‘lo express the performance of any parti- 
cular screen they introduce the ‘pressure drop coefficient’ k, which relates the 
pressure drop P across the screen to the corresponding steady stream velocity 
V,, according to the equation 

R= Poh Wil in PL 2 OO eae (3) 
in which p is the density of the fluid. 

As Baines and Peterson point out, the dimensionless coefhicient k depends on 
the geometry of the screen and on some dimensionless parameter which describes 
the flow. The appropriate parameter in the present problem is the Reynolds 
number of the flow. The screen geometry is defined by the solidity ratio S and 
bv the form of the screen, i.e. whether it is composed of round or square bars, or 
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woven wire, or is a thin perforated plate. Figure 3 of Baines and Peterson’s 
report shows a set of four curves giving & as a function of S for different screen 
forms. For constant S the value of & increases, i.e. the resistance of the screen 
increases, as the elements of which it is composed become increasingly sharp-edged 
and thinner and consequently produce increasing contraction of the jets through 
the individual orifices of the screen. Thus, in order of increasing screen resistance 
the four curves are (a) a theoretical curve assuming no jet contraction through the 
orifices, (b) a curve giving experimental data for screens composed of round bars, 
(c) a curve giving experimental data for screens composed of square bars, (d) a 
theoretical curve for a thin plate with sharp-edged holes, supported by some 
experimental points for perforated plates. 

For a solidity ratio of 0-5 the values of k on these four curves are respectively 
1-0, 1:9, 3-2and 3-7. Ifthe value of k for the gauze derived from the pressure drop 
of 7-0lb in 2 and the corresponding stream velocity of 365 ft sec” is not less than 
the appropriate value from Figure 3 of Baines and Peterson’s report, then it may 
be assumed that the pressure drop of 7-0 lb in“? is sufficient to maintain the air flow 
of 365 ftsec ! behind the transmitted shock, and that the transmitted shock is 
unlikely to decay through attenuation of the flow behind it. 

For all tests to which the four curves refer the Reynolds number R of the flow 
was in the range 102-10. Within this range no variation of k with R was found. 
In the gauze experiment the value of R was about 3 x 103, i.e. 1t was within the 
range represented by the curves. The gauze was woven from wire of circular 
cross section, so it would appear that the appropriate curve is that referring to round 
bar screens, which for S=0-5 gives R=1-9. According to Baines and Peterson, 
then, the pressure drop coefficient of the gauze for flow at the Reynolds number 
used in the present experiments should be 1-9. This is to be compared with k 
as calculated from equation (3). 

The quantities which occur in equation (3) had the following values: 
P=7-Olbin-, p=0-115 lb ft-? (mean value across gauze), V=365ftsec 1. The 
corresponding value of k is 4-2. This is considerably higher than Baines and 
Peterson’s value of 1-9 for round bar screens, in fact it is higher than the theoretical 
value of 3-7 for thin sharp-edged screens. ‘The gauze thus appears to offer greater 
resistance to air flow than would be expected from the data of Baines and Peterson. 
To express this result in a different way, a pressure drop of 7-0lb in? across the 
gauze would be expected to sustain a flow velocity of about 545 ft sec"! whereas the 
flow is in fact only 365 ftsec'!. It therefore seems reasonable to assume that this 
velocity is unlikely to diminish with time, and that the observed strength of the 
transmitted shock is a steady value. 

The discrepancy between the two k values of 1-9 and 4-2 is considerable, and it 
is probable that it is mainly accounted for by over-estimation of the pressure drop 
across the gauze. ‘This quantity depends partly on measurements made from 
shadowgraphs which are subject to distortion due to the Transpex walls, so that k 
value which was calculated as 4-2 may in fact be anywhere between the extreme 
values of about 2:5 and 5-5. However, it is most unlikely to be as low as the round 
bar value of 1-9, hence the argument in the previous paragraph is not affected. 

Sir William Penney has pointed out that if the passage of the air through the 
gauze is assumed to be an adiabatic expansion, it is possible to calculate the pressure 
pen the reflected shock when the incident and transmitted shock strengths are 
known, 
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‘Thus, if the various regions are denoted by the subscripts 0, 1, 2 and 3 as shown 
in figure 5, and P is the pressure, C the velocity of sound and w the particle velocity 
in each region, it is known that P,/ P)=1-65, Ps P,=1-55, P,=14-5lbin-2 and 
©, = 125 it see. 


It follows eon the normal shock equations that 

P25 9lbin Cy = 1210 tisec* u,=420 ftsec? 

Po 227-4 ii Us = 365 ft sec. 
‘wo equations in P, and w, may then be set up as follows: 
(a) Assuming adiabatic expansion through the gauze, 

Ete Bir Soe bos) aah: ve 
(6) The particle velocity w,=w,—(particle velocity due to reflected shoekyor ot 
59C,(P3/P,—1) 


int, 7 +6P,/P)] eee es) 
Combining equations (4) and (5) gives 
BGP) Ne 
Pal an SS =| ee oe ne (6) 


The solution of equation (6), obtained by substituting the above values for 
P,, Ps, Cy, uv, and uz, is P;=26-8lbin~? from which the pressure drop across the 
gauze is 4-41b in * and the corresponding k value is 3-2. 

This calculation supports the conclusion that the strength of the reflected 
shock has probably been over-estimated. 


§ 7. FORMATION OF THE TRANSMITTED SHOCK 


Figure 2 shows that the transmitted shock has developed a substantially 
plane front at a distance of 4-5in. from the gauze. In order to form some idea of 
the distance from the gauze at which the shock first becomes plane the gauze was 
transferred from the inner to the outer end of the T'ranspex section and the trans- 
mitted shock was photographed close to the gauze as it emerged into free air. 
By this means the optical distortion caused by the fixing bolts in the Transpex was 
avoided. Figures 4 and 6 (Plates II, III) respectively show the transmitted shock 
at 1-3in. and 0-2in. from the gauze. A plane shock front has formed even at 
(0-2 in.—a distance of about 13 wire diameters. Figures 2,4and 6all show a network 
of curved shocks behind the transmitted shock front. ‘The upstream ends of these 
curved shocks are separated by the same distances as the gauze mesh size so it is 
clear that they are produced by the individual wires. ‘To obtain a magnified 
picture of the origin of the curved shocks the gauze was replaced by three horizontal 
brass rods of diameter about 0-6 in. separated by a distance corresponding to the 
scaled-up gauze mesh. ‘These rods are seen end-on in figure 7(Plate IV). This 
arrangement reproduces a parallel wire grid rather than a woven gauze, but 
figure 7 clearly shows the shock processes which occur when a plane shock passes 
through the rods. After travelling approximately two rod diameters the trans- 
mitted shock front is still irregular, as sufficient time has not elapsed for the Mach 
stems in the shadows of the individual rods to overlap. 

Finally, a shadowgraph was taken of a plane shock passing through obstacles 
of intermediate size, formed by six Meccano rods (diameter 0-161n.) fixed across 
the end of the Transpex section. Figure 8 (Plate V) shows the development of 
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the curved shocks when the transmitted shock front is approximately 25 rod 
diameters past the obstacles. At this distance the shock front is almost plane. 


§ 8. CONCLUSIONS 

A gauze composed of wires of diameter 1-52 x 10-?in. and having a mesh of 
5-18 x 10-2in. by 5-01 x 10-? in. offers comparatively little resistance to the passage 
of a plane shock of strength 1-65 (overpressure 9-4 Ib in?) which strikes it at normal 
incidence. ‘The transmitted shock hasa strength of 1:55 (overpressure 7-9 lb in-*). 
Within the region observed—up to about 500 wire diameters from the gauze— 
the strength of the transmitted shock is constant. 

Using results obtained by Baines and Peterson for the steady flow of air through 
screens it appears that the pressure difference across the gauze due to partial 
‘head on’ reflection of the incident shock is sufficient to maintain the air flow 
required to sustain the transmitted shock. 

The region behind the transmitted shock front contains a network of inter- 
penetrating curved shocks which are formed by diffraction of the incident shock by 
the gauze wires. ‘The transmitted shock front is almost plane after the shock has 
travelled 13 wire diameters from the gauze. 
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Abstract. A critical examination is made of the elementary processes which are 
usually considered as responsible for the discontinuous and irreversible domain 
boundary movements associated with the Barkhausen effect. The domain 
structure of an iron-like crystal 1s considered and it is shown that, of the processes 
investigated, the only mechanism which will produce discontinuities of the 
observed order of magnitude and which will result in a hysteresis curve of the 
usual type, is one in which the movement of a limited section of a 180° domain 
boundary is delayed by a non-magnetic inclusion whose cross-sectional dimensions 
are of the same order as the boundary thickness and le within the range 1 to 
2x 10-° cm. Inclusions below a critical size (~10~° cm) will be associated only 
with reversible effects; the energy associated with larger inclusions (>10~4 cm) 
will be reduced by the presence of subsidiary domain structures and the associated 
discontinuous boundary movements will be negligibly small. An explanation of 
the general form of the experimental results is given and it is suggested that any 
reduction in the hysteresis loss in ferromagnetic materials can best be brought 
about by the selective reduction of the number of inclusions whose size is within 


the critical range. 


$1. INTRODUCTION 

HE properties of ferromagnetic materials in relatively low magnetic fields, 

epitomized in the hysteresis loop, have in recent years been the subject of 

extensive theoretical and experimental investigation. ‘The means by which 
the changes in magnetization are brought about are now well understood, not 
perhaps in detail, but at least in general outline and a clear distinction can be 
made between domain boundary movements, changes in intrinsic magnetization 
and the rotation of the domain magnetization vectors. ‘The assessment of the 
relative contributions of these various processes to the changes in magnetization 
has been the subject of a considerable amount of work which has been surveyed 
in a recent review by Stoner (1953). 

An important feature of the low field variation of magnetization is that it is 
made up in part of discontinuous and irreversible changes (the Barkhausen effect), 
and the magnetization curve is made up of a series of ‘steps’. A knowledge of 
the extent to which the magnetization in particular cases is irreversible is clearly 
essential to any full understanding of magnetic hysteresis. In the work of ‘Tebble 
and his collaborators (Bush and Tebble 1948, Tebble et al. 1950, 1953), and 
Newhouse (1952), one of the aims has been to measure the contribution of the 
Barkhausen discontinuities to the total change in magnetization for a range of 
materials both in polycrystalline and monocrystalline form. Measurements have 
been made on annealed and hard drawn iron, large grained iron and single crystals 
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of silicon iron and nickel, involving counting and measuring the size of the 
Barkhausen discontinuities over the hysteresis cycle. The size of the measured 
discontinuities covers the range of magnetic moment from about 10~‘ to 10° e.m.u. 
corresponding to volumes of the order 10-1! to 10° cm*. The number-size 
distribution curves were found to be monotonic, the number increasing with 
decrease in size. The only exception to this was the curve for a large grained iron 
specimen in which a maximum is shown; but it is suspected that this 1s spurious 
for in such a specimen the discontinuities occur in bursts and it was difficult to 
ensure that all the pulses were detected (Tebble, Skidmore and Corner 1950). 

Although the experimental distribution curves do not cover the whole size- 
range of discontinuities, as some of these are too small to be detected, it is 
exceedingly difficult to imagine any reasonable method of extrapolation to lower 
values of size which would give a maximum and at the same time satisfy the 
condition that the integrated contribution from the individual discontinuities 
should, added to the estimated reversible contribution, give the total change in 
magnetization. ‘Typical results for the polycrystalline specimens gave a measured 
Barkhausen contribution of 47°, for annealed nickel and 86%, for hard drawn 
iron. The reversible contributions were 5°, and 8% respectively. The results 
for the single crystals were complicated by the effect of shape, for in specimens 
with large demagnetizing factor N the Barkhausen effect is reduced by a factor 
of the order of 5 in the specimens examined. 

Any satisfactory treatment of the Barkhausen effect must account for the 
size distributions actually found and explain the apparent absence of any 
maximum in the distribution curve, account for the effect of demagnetizing 
fields and relate the size and distribution of the discontinuities with the physical 
and magnetic properties of the material. Unfortunately the behaviour of 
specimens which are convenient for experimental examination is seldom 
amenable to precise quantitative theoretical treatment, and considerable 
simplification of the problem is necessary. In the present paper the domain 
configuration of a simple model of a single crystal is investigated and after a 
consideration of the possible mechanisms by means of which Barkhausen 
discontinuities could be produced, it is shown that it is only possible to give 
an explanation of the general character of the experimental results in terms of 
one specific process. 


§ 2. DOMAIN STRUCTURE 


A cubic iron-type crystal is considered with directions of easy magnetization 
in the (100) cube edge direction. The specimen is in the form of a thin 
rectangular parallelipiped length /, width w, thickness t, whose edges are parallel 
to [100] directions (figure 1). 

‘The domain structure must be such as to reduce the effect of free poles induced 
in the specimen, as the energy associated with free poles is relatively large. It is 
necessary, therefore, that the component of the magnetization normal to the 
domain boundaries be as far as possible continuous. In figure 1 a simple domain 
structure for the demagnetized state is shown, and it will be seen that no free poles 
arise on the 180° boundary. ‘The introduction of a boundary involves an addition 
to the energy of the system, in that associated with the boundary is a surface 
energy whose value, depending on the material of the specimen and on the nature 
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Figure 1. Domain structure of a single crystal of iron, thickness t with each edge parallel 
to a cubic axis. (a) The position of a i80° boundary in a field H. (The position 
in zero field is shown by the broken line.) (6) The retardation of a section of the 
boundary with the production of free poles. 


of the boundary, is of the order | erg cm (see Lilley 1950). The closure domains 
at the ends of the specimen form in such a way as to minimize the energy associated 
with the localized fields due to free poles. A change in magnetization takes place 
by the movement of the 180° boundary across the crystal to a position, x, as the 
direction of magnetization along the easy axis is reversed. The alteration in the 
form of the closure domains gives rise to the formation of free poles with which 
is associated the demagnetizing energy }NJ?, where N is the demagnetizing 
factor and J the average intensity of magnetization=2/,x/w. The area of the 
closure domain boundary is, except for specimens with very large demagnetizing 
factor, small compared with the area of the 180° boundary and the corresponding 
energy can be neglected. ‘The total energy per unit volume of the system £” in 


an applied field H is 
22 : 
F' =4NP—HI+E= =a 0 2HIyx 


iL) eeracens 1 

: (1) 
where E is the internal energy per unit volume of the system, in this instance 
the boundary energy which is sensibly constant once the boundary has been 


formed. At equilibrium 
= Nie LNT vie 


2.1. The Effect of Strains and Inclusions 


The effect of a uniform strain in the specimen is in general to rotate the 
magnetization vector away from the easy direction, i.e. the natural anisotropy of 
the specimen is altered so that the easy direction is no longer parallel to a [100] 
axis. ‘The direction of magnetization in each domain is then such that if the 
domain structure remained unaltered, the component of the magnetization normal 
to the domain boundaries would no longer be continuous and free poles would 
be produced. In general the boundaries will therefore rotate and be displaced 
so as to reduce this effect as far as possible. However, the domain structure 
remains sensibly uniform throughout the specimen, since no region is essentially 

Z 37-2 
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different from any other by virtue of the uniform strain and £, the internal energy, 
is constant during a reversal of magnetization. The magnetization process is 
therefore essentially similar to that outlined above with, for finite values of N, 
a uniform rate of change of magnetization with field. 

The effect of inhomogeneities and non-uniform strain is conveniently 
considered by referring to an idealized energy for a single boundary in an 
infinitely long single crystal (N =0) (see Stoner and Rhodes 1949), as represented 
in figure 2 (a), showing the dependence of the internal free energy, E, of the 
boundary, on its position in the crystal. ‘The ‘humps’ on the curve can be taken 
as representing the effect of inclusions (it is convenient for the moment to refer to 
all inhomogeneities and strains as inclusions). 


ie vit = 

(@) (b) (c) 
Figure 2. (a) Curve illustrating the variation of internal energy E with boundary position x, 
associated with continuous and discontinuous boundary movements. From a to b 
the movement is reversible with (@F/8x)y 4x— 2HI/w<0 (see equation (2)). At b, 
(@E/0x)max=2HI,/w, the system becomes unstable and the boundary moves 
irreversibly and discontinuously to c. (6) The corresponding (J, H) curve (see 
Stoner and Rhodes 1949). In the presence of a demagnetizing field the path taken 
is be’ (see Tebble and Newhouse 1953). (c) The (E, x) curve associated with a 


rigid boundary passing an inclusion in an otherwise strain free crystal (see 
equations (3), (4), (5)). 


ol 
Figure 3. An‘ idealized’ hysteresis curve which would be produced by a‘ stiff’ boundary 
moving across a single crystal. 


The position of equilibrium is given by 


dE’ a dE 2HI. 
bi.) Ges =) ae ee clea (2) 


and on the application of a magnetic field the boundary will move to the poin 
on the (£, «) curve where this condition is satisfied. Beyond the point b, where 
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2H1,)w>(0E/0x)max the system is unstable and at b the boundary moves to a 
position c, on the next ‘hill’, producing a Barkhausen discontinuity; this is 
represented by be on the (J, H) curve. This treatment suggests that the boundary 
moves discontinuously from point to point on the energy curve (and from one 
inclusion to another larger inclusion) and thus gives rise to a series of Barkhausen 
discontinuities. However, a little consideration will show that this requires that 
(0E/0x)max shall increase continuously for the successive inclusions encountered 
by a given boundary. In practice this is unlikely to occur and it may well happen 
that a boundary may reach a point in the first half of the crystal where (OE /0x) max 
is a maximum for the whole of the specimen. The boundary should then move 
discontinuously to the farther side of the crystal and the magnetization curve 
would then be as shown in figure 3, consisting of a number of small stops followed 
by one large discontinuity. This assumes that the boundary moves, or is 
retarded, as a whole, i.e. that the boundary energy is high, giving rise to stiffness. 
Although a magnetization curve of this form could no doubt be produced (indeed 
curves of this general form have been obtained for strained materials) it is clear 
that it does not occur in the usual materials. Some modification of the concepts 
behind this approach is needed. In particular, it is necessary to consider the 
details of the mechanism by means of which the movement of (a) a rigid boundary 
and (6) a section of the boundary, is impeded by the presence of a non-magnetic 
inclusion. It is shown, from a consideration of the effect of the relatively large 
inclusions in §3 and of the smaller inclusions in $4, that only those inclusions 
whose dimensions are comparable with the boundary thickness can be associated 
with Barkhausen discontinuities of the observed magnitude. 


§ 3. EFFECT OF AN INCLUSION WHOSE WIDTH a@ IS GREATER THAN THE BOUNDARY 
‘THICKNESS 6 


3.1. The Rigid Boundary 


The presence of a non-magnetic material introduces a region of non-uniformity 
in the magnetization of the specimen and the increase in energy introduced by 
the presence of free poles may be reduced by the formation of a ‘spike’ domain 
structure, as shown in figure 4(a). The effective thickness 4 of a 180° boundary 
in iron is given by Lilley (1950) as 6=1-41 x 10°-® cm so that @ must be at least 
about 10-4. cm, if such a domain structure is to be formed. The length of the 
spikes and the energy associated with them is to be the subject of another paper 
and need not be considered in detail here, but it is clear that to have any significant 
effect on the energy of the system the length of a spike must be of the order z, = 10a. 
In the presence of a 180° boundary the energy of the system may be still further 
reduced when the spike structure is replaced by the subsidiary domain structure’ 
shown in figure 4(4). It is assumed that domain structure extends throughout 
the thickness of the specimens. The boundary energy associated with this 
structure connecting an inclusion of square cross section, side a, to a boundary 
at a distance z is given, to a sufficient degree of approximation, by 

EVs / Liv gl tae dee iaaiea tal chee (3) 
where f is the thickness, V the volume of the specimen and yg, is the energy per 


unit area associated with a 90° boundary. (Throughout this paper the terms £, 
E’, E; etc., represent energy per unit volume.) 
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Figure 4. Movement of a 180° boundary past a non-magnetic inclusion. (a) Approaching 
the inclusion, (4) just before attachment, (c) attached to the inclusion, (d) at position 
of minimum energy, (e) just before release, (f) after release. 


The corresponding energy diagram, shown in figure 2 (c), is for a rigid 
boundary in an iron-like crystal which, except for the presence of inclusions, is 
free from large strains. ‘lhe crystal orientation and domain structure are as 
shown in figure 1. It is assumed that, until the boundary reaches b (figure 2 (c)), 
the internal energy increases smoothly, so that a small finite magnetic field is 
required to move the boundary. At b the spike domain structure unites with the 
main boundary (figure 4 (4) and (c)) and the energy falls to c, beyond which point 
the energy due to the subsidiary domain pattern is given by equation (3), and 
the contribution to the total energy of the system, volume V’, by 


E'=E~HI=E,+44/2typ|z|/V-HI wae. (4) 


where E, is the energy associated with the 180° boundary. 
Thus the energy decreases linearly from c, toa minimum at d. The condition 
for equilibrium is given by 


+ ee ee 5 

Ox I w (>) 
for z, measured from the centre of the inclusion, negative and positive respectively. 
Clearly with a boundary to the left of the inclusion (z negative) this condition for 
equilibrium is never fulfilled for positive fields, and the boundary moves dis- 
continuously to d. It will move on from d when 


H>H,=24/2ty oY | ee (6) 


(unless H>H, when the boundary will move discontinuously across the whole 
of the inclusion and its associated domain structure). The boundary may break 
away at any point beyond e, provided that there is some small disturbance capable 
of displacing the boundary from its position of ‘unstable’ equilibrium. Whether 
or not the boundary would then move discontinuously to the next inclusion 
would depend on the relative magnitudes of the gradient of the (E, x) curve 
beyond e, and of the applied field. 
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The boundary movement producing a Barkhausen discontinuity may thus 
be brought about in one of two ways. In the first the discontinuity is produced 
as the main boundary unites with the subsidiary domain picture around an 
inclusion and moves to a position of equilibrium at the inclusion. Clearly the 
distance moved by the boundary (and hence the size of the discontinuity) will 
depend on the length of the original spike which is inter alia a function of the size 
of the inclusion. (If H is sufficiently large, the boundary may of course move 
discontinuously over the inclusion.) In the second process a discontinuity may 
be produced as the boundary breaks away from an inclusion and, provided 
H~>(0E/éx) beyond e, moves on to the next inclusion. The size of this dis- 
continuity will thus be a function of the distance between inclusions. 

In addition there is the effect of the change in magnetization associated with 
the disappearance of the spikes as the main boundary unites with the domain 
structure around an inclusion. ‘The effect of the presence of the spike structure, 
shown in figure +(a) and (f), is to increase or decrease the magnetization, 
depending on whether the boundary is to the left or right of the inclusion 
(= negative or positive). It can easily be shown that the net magnetization of 
the specimen is sensibly unchanged by the presence of the subsidiary domain 
structure of figure 4(c), as compared with that of the undistorted plane 180° 
boundary. ‘The change in domain structure as the main boundary attaches 
itself to the inclusion, and as it breaks away, is therefore associated with a 
reduction in magnetization, and with negative discontinuities. ‘These would 
normally be small (volume az,t) and would be masked by the effect of dis- 
continuities produced by movements of the whole of the 180° boundary (volume 
lz,t) with which they are coincident: e.g. with z,=10a=10-? cm, /=1 cm, 
f—(lcm, a2i—10-* cm* and /z,t=10-* cm® compared with the volumes of 
the measured discontinuities which lie in the range 10~!°-10°8 cm?. 

Although the shape of the energy curve associated with a single inclusion 
is considerably different from the corresponding curve in figure 2 (a), the type of 
magnetization curve associated with a general distribution of discontinuities will 
be similar to that already discussed. The critical field necessary to move a 
boundary past an inclusion is proportional to a and once the inclusion with the 
maximum value of a has been passed, the field will be large enough for the 
boundary to pass all the inclusions which follow and to move uninterruptedly 
over the remainder of the crystal. A magnetization curve such as that shown in 
figure 3 could thus be produced. 

It seems an inescapable conclusion that the effect of an inclusion on boundary 
movement is more localized than is assumed in the above treatment. In the 
following section this treatment is therefore modified to cover the problem of 
a boundary of which only a limited section is affected by the presence of an 


inclusion. 


3.2 Effect limited to a Section of the Boundary 


If the displacement of the main 180° boundary is to be limited to a particular 
segment the production of free poles cannot be avoided. One of the simplest 
examples is that shown in figure 5 and where a length of boundary is displaced 
through a distance g, uniformly through the thickness of the specimen. Free 
poles will be induced as shown, on the displaced section, and the energy of the 
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system will be increased. In addition to the boundary energy due to the sub- 
sidiary domain structure around the inclusion (equation (3)), the energy associated | 
with the main 180° boundary will be increased because of the increase in area 
associated with the displaced segments; there will also be a change in the 
‘magnetic’ energy corresponding to the HJ term in equation (2) 


Xo 
from centre line of 
crystal 


Figure 5. Displacement of a segment AB of the boundary through a distance q to ACB 
with the production of free poles. 


The treatment given below is for an iron-like crystal, as in the previous 
section: the distance of the undistorted boundary from the centre line of the 
crystal will be denoted by x) and the displacement of the centre of a section, 
length d, of the boundary by g so that «=2q/d (figure 5). The following 
assumptions will be made: (a) The effect of an inclusion on the motion by the 
boundary is mainly limited by the presence of the remaining inclusions to a 
section whose length d is small compared with the dimensions of the crystal J, t 
and w; () the dimensions of the subsidiary domain structure are small compared 
with d, and g/d <1; (c) the distorted boundary pattern and the subsidiary domain 
pattern pass through the thickness of the crystal ; (d) each Barkhausen discontinuity 
takes place independently and does not disturb the remainder of the boundary. 

The expression for the total energy per unit volume associated with the 
presence of a displaced section of the 180° boundary is 


kh’ = —HI,jtdq/V+E,+E£,+£, 

where &; is the boundary energy due to the subsidiary domain structure set up 

around the inclusions attached to the boundary and £, is the increase in the 

boundary energy associated with the displaced section of the 180° boundary. 

As the area of a displaced section will be greater than the corresponding undistorted 

boundary by a factor (1 +2q°/d*) then, assuming that the boundary energy per 
unit area remains unaltered, 

EV 27,000 )d. (8) 

E, is the energy associated with the free poles induced on the displaced 

segments of the boundary; this term may be also looked upon as representing 

a change in the demagnetizing energy due to the displacement of a section of 
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the boundary. As the angular displacement « is small the two half sections can 
be considered as parallel, and the problem is reduced to the evaluation of the 
energy due to two uniformly charged identical rectangles, lying in the same 
plane and similarly oriented, and touching. ‘The solution to this type of problem 
has been given in a comprehensive paper on the demagnetizing energies of 
magnetized rectangular blocks by Rhodes and Rowlands (1954), and it can be 
shown that for d t<1 the energy of such a system is, to a sufficient approximation, 


Suri igg  e°8 es abe Te wk. (9) 
where o is the charge density and 
C= 2iu, LGC se ean (10) 
this gives 
Be Oded tg ee acing (11) 


where IV is the volume of the specimen and L=In2. The total energy associated 
with the subsidiary domain structure is thus 


E’'V = 16L[,2tq? + 44/2yoot | = |+ 2vigotq?/d—Hlygtd ...... (12) 


i Sea athe at (13) 


where 


[2] = |x +9—~, 
The condition for equilibrium is given by 
dE’ /0qg=0=32L1,"tg + 4+/2yeot +4y:gtg/d—HIptd ...... (14) 
and the sign of the second term is negative or positive according as z is negative 
or positive. ‘The above expression gives 
tid yd £447 25, 
fou = SELTET Hid 
The second term in the denominator is small and this expression can be written 
HI gd + 4v/ 2y 9 
Yequil = Seo a a 
It will be seen that even without an attached inclusion the boundary will be 
displaced, over a length d, through a distance 
HI,d 
era bh 


so that on forming the subsidiary domain structure, the boundary segment will 
move discontinuously over a distance Ag such that 


Ne= Any O2LI pa). ee eee (18) 


Substituting the appropriate values yg) = 1-07 ergcm ®, J) = 1-72 x 108 e.m.u. and 
L=I1n2 this expression gives Ag=0-92 x 10-7 cm. (‘This may be compared with 
the thickness of a 180° boundary, 1:41 x 10-° cm.) ‘The corresponding volume 
over which a discontinuous reversal of magnetization takes place is v=Agtd/2; 
taking t=0-1 cm, then to give v= 10~!° cm’, d must take the value 1-25 x 10°? cm. 
The production of the larger discontinuities would require d to be of the order 
of millimetres and would involve the movements of a length of boundary 
comparable with the width of the crystal. ‘The effect would be similar to the 
movement of the rigid boundary considered in the previous section. 

An additional factor which must be taken into account is the change in 
magnetization associated with the change from the ‘spike’ to the pole free 
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subsidiary domain structure of figure 4 (c) and vice versa. It has been shown 
in the previous section that these changes should be associated with a negative 
discontinuity in the change in magnetization, corresponding to a reversal of 
magnetization over a volume of the order 10°-* cm®. ‘This would be considerably 
greater than the effect of the sections of the 180° boundary displacement, which 
occurs simultaneously, unless the length of boundary involved is again 
considerable. 

Since, in fact, the Barkhausen effect is produced by changes in magnetization 
in the direction of the magnetic field, it seems unlikely that changes in the 
subsidiary domain structures about an inclusion can be associated to any 
appreciable extent with the Barkhausen effect. It must be assumed either that 
the transition from the ‘spike’ structure to the pole free domain structure of 
figure 4 (c) takes place continuously or that it rarely occurs. 

The reason for the smallness of the boundary movement given by this 
treatment is the relatively small value of the boundary energy associated with 
the subsidiary domain structures (44 2y 9,f|z|) compared with energy due to 
the free pole energy represented by the first term in equation (12). In other 
words the ‘drag’ exerted by the subsidiary domain structure is not sufficient to 
produce any appreciable displacement of a small section of the main boundary ; 
in fact the displacement may be no greater than that produced by the tendency 
of a section of the boundary to move to the right in the absence of an inclusion 
(cf. equation (17)). 


§ 4. ‘THE EFFECT OF AN INCLUSION, WHOSE WIDTH a IS OF THE SAME ORDER OR 
LESS THAN THAT OF THE BOUNDARY 


4.1. The Rigid Boundary 


It is clear that when the width of the inclusion a is approximately equal to 
that of the boundary b, the subsidiary domain pattern discussed above cannot 
be formed; the boundary will then tend to take up a position such that the energy 
due to free poles induced on the inclusion will be a minimum as indicated in 
figure 7. ‘The free pole distribution on the surface of the inclusion will be 
determined by the direction of magnetization in the boundary (figure 6 (a)). 

Referring to figure 6 (a) and (4) it is convenient to express lengths as non- 
dimensional parameters, e.g. the ‘reduced’ distance from the centre line of the 
boundary is €, and the actual distance is &,, with b, a unit of length, in this instance 
1-30 x 10°® cm (Lilley 1950). 

It has been shown by Lilley that in a 180° boundary in iron the angle ¢ which 
the magnetization vector at a distance € from the centre of the boundary makes 
with the easy direction of magnetization is given by 

== (1+7')* sinh "(l= 1) cotd |) wee (£9) 
where j= 1/(1 +7’) and7z’ is a dimensionless parameter involving the coefficients 
of elasticity, anisotropy and magnetostriction, and has the value 0-0017 for iron. 
Curves showing the variation of 4 with € are given by Stoner (1953) and Lilley 
(1950); using equation (19) Lilley gives a value for the thickness of a 180° 
boundary in iron as b= 10-875). 

A more manageable expression for ¢ can be obtained from (19) by making 
the approximation (1+7’)=1; writing «= /7' this gives 

cot ¢d=a sinh(—&). 
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The ‘reduced’ free pole density at a point € on the surface of an inclusion will 
then be given by 
Iya sinh (— €) 


Be geiko Sie) enere te (21) 
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Figure 6. (a) Representation of the rotation of the direction of magnetization through the 
boundary. The origin is the centre line of the boundary; (4) displacement of a 
section of the 180° boundary relative to a small inclusion, a=why; q=vbpo. 
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Figure 7. Movement of a 180° boundary over a small inclusion. ‘The position of minimum 
energy will be at (6). The origin for yx is the centre line of the inclusion. 


The approximation will be made that the energy associated with the free pole 
distribution is the same as that due to an equal ‘total charge’ uniformly distributed 
over the appropriate surface. The average free pole density will then be 


ds [ee aw sinh € dé 22 
©) ewe (La? sink? o 


C= — 
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where w=a/bo, giving 


§+ 0/2 
o = —(Iy/w) | In [(1 +2? sinh? €)!? + « cosh €] ‘ = (1h/w)A(E, Gn ae eee =(23) 


It can be shown from the results of Rhodes and Rowlands (1954) that the 
energy due to two uniformly charged parallel sheets, width a, length ¢, separated 
by a distance a, with a/t<1 is given by 


OR GS (24) 


! it A. 
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Figure 8. Curves of the function A?(y, w)/w? for w=10, 20 and 30, plotted against 
| x|—w/2. The energy associated with the free pole induced on the surface of an 
inclusion within a boundary is given by 7tbo7J,?A?. The width of an inclusion 
a=wb, and the position ot a displaced segment with respect to the centre of 
the inclusion is ybpo (see figures 6 and 7). A?/w?-+1 as y+00. The free pole energy 
as the centre line of the boundary passes over the inclusion is not shown and would 
be represented by the continuation of the curves from | x | —w/2=0 to y=0, A?=0. 


With distances measured from the centre of the inclusion, so that y= —& 
(figures 6 and 7) the energy of the boundary associated with the free pole induced 
on the surface of the inclusion is 


(srta2I,2/«2) ; 


%+ o/2 


2 
In [(1 + a sinh? y)!? + « cosh y] \ = 7tby?I)?A?(x, w). 


x—w/2 


‘The form of the corresponding energy curve is shown in figure 8 with A%(y, w)/w2 
plotted against |y|—@/2 the distance of the boundary from the edge of the 
inclusion. So far as the movement of a rigid boundary is affected, the results 
will be essentially similar to that discussed in §3.1; the boundary would move 
forward to the energy minimum and break away at a critical value of the applied 
field, which would increase with increasing a and a magnetization curve such as 
that illustrated in figure 3 could be obtained. 


4.2. Effect limited to a Section of the 180° Boundary 


Making similar assumptions to those in § 3.2, with appropriate modifications, 
the expression for the energy associated with a section of the boundary passing 
over an inclusion (figure 6 (d)) is 


E'V =16L1,2tq? + 2yreotq?/d — HI ytqd + ry? 2A%(x, w). 20.0. (26) 
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The position of equilibrium is then given by 
OE’ /oqg=0= ( 32L1,7 + F180 a — Hid 2rth 2h AA’ 


d 
with TAN =d0A/dx. 
The term 4y19/d is small and may be neglected; considering initially small 
values of H the equilibrium position is given by 
O2E ame NIN (Oy Ogle ee tes (28) 
If the distance of the centre of the inclusion from the centre of the undistorted 
boundary is yod9, then with v=g/b) and y= y»)+v (28) becomes 
32Lv/7+2AA’=0 or 32E(y—y)/t+2AA'=0  ...... (29) 


ox 
oq 


a (27) 


where 
etn { (1+? sinh? (x + w/2)}¥? + a cosh (y + w/2) a5 
d \ [1 +? sinh? (y — w/2)]#? +0 cosh (y — w/2) } da Sexes (30) 
a = a sinh (y + w/2) a sinh (y — w/2) 4 
: [L+o?sinh?(y+o/2)}!2 [1+0? Sial? (2 ee (ab) 
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Figure 9. The main curve represents the function —2AA’(y,w) for w=20 and the 
straight lines represent (32L/7)(x— yo) for various values of yo. With the position 
of the main boundary given by the intersection of (32L/7)(x—xo) with the y axis, 
the position of the deflected segment will be given by the intersection of the 
straight line (32L/7)(x— yo) with the curve —2AA‘(x, w), e.g. as the main boundary 
moves from a to b and from b to c, the displaced segment moves from a’ to b’ and 
from b’ to c’. At some point e between a and b the system will be unstable and 
the section will move discontinuously from e’ to e”. A corresponding movement 
will take place as the boundary moves away from the inclusion at f’. 
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Figure 10. Variation of reduced boundary displacement Ag/b) with reduced width 
of inclusion w=a/bo. 
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In figure 9 the functions (—2AA’) and (32L(y—xo)/7) are shown plotted 
against y for w=20; the position of a section of the boundary when the main 
boundary is at x» is given by the intersection of the two curves (—2AA’) and 
(32L(x—Xo)/7). It is clear that for the particular value of width of inclusion w 
chosen (w =20), there will be regions of instability near y= —24-5 resulting in 
a discontinuous boundary movement Ag= 4-2), which will be independent of d 
the length of the boundary segment. The value of w=20 corresponds to a 
width of inclusion equal to about twice the width of a 180° boundary and may 
be taken to represent the probable upper limit to the value which @ can take, 
because with sensibly thicker inclusions the pole free subsidiary domain structure 
of figure 4(c) would be produced. When the width of the inclusion is less than 
a certain critical value, i.e. when w is.such that d(—2AA’)/dy <32L/7=7-06, 
there will be no instability and the boundary movement will be continuous. 
This will occur for w<10 approximately, as is shown in figure 10 where Aq/dp, 
obtained graphically, is plotted against w. 

The discontinuity near y= — 24-5 in figure 9 corresponds to a discontinuous 
boundary movement Ag~5-46 x 10-®cm, which is greater than the boundary 
movement (0-92 x 10-7 cm) discussed in §3.2, and might result in changes in 
magnetization of the order of those detected experimentally; for instance with 
t=0-1 cm, to give v=10-" cm®, d must take the value 3-7 x 10-4 cm (cine 
value d= 1-25 x 10-* cm given by the treatment in $3.2). With 2=10- cmutne 
corresponding value of d is 3-7 x 10°? cm. For smaller values of t, the approxi- 
mations made in this treatment would not be valid as the thickness of the specimen 
would then be comparable with the length of the boundary segment « (cf. 
assumption (a) in §3.2.). 

It is thus clear that with a, the width of inclusions, taking values in the range 
10b) to 20h) (1:3 to 2-6 x 10-° cm) and with suitable values for d (i.e. the distance 
between inclusions), a range of volume v of the correct order could be obtained. 

The effect of a finite applied field would be allowed for in figure 9, by the 
replacement of the straight line 66’ by the straight line gg’ representing the 
function 32L(y — x9)/7 — Hd/mIyby, with bg’ = Hd/2LIgby. The displacement of 
a section would thus be increased from y,,— x, to xv—x,. The size of a dis- 
continuity would be unaltered however, as the gradient of the straight line is 
unchanged. ‘The field at which a discontinuity occurs is given by 


H=[32L(y— xp) /7 + 2AA']nI,b,/d. 


§ 5. DiscussIon 


Of the mechanisms which have been considered here, it seems clear that the 
only process capable of producing Barkhausen discontinuities of the observed 
order of magnitude and sign, and which will result in a magnetization curve of 
the usual shape, is that which is associated with limited lengths of 180° boundary 
and involves inclusions whose width is of the same order as the boundary 
thickness, 1-3 to 2:6 x 10-5 cm. 

Inclusions below a critical size (width 1-3 x 10-° cm) will, on this hypothesis, 
produce no discontinuities ; they will impede the motion of the boundary but 
will do so continuously. Inclusions whose cross-sectional dimensions are 
sensibly greater than the boundary thickness will be associated with a subsidiary 
domain structure and their effect should be small. ; 
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The calculated discontinuous boundary movements lie in the range 10°® to 
10°° cm and are independent of the length of the boundary affected, within the 
limits of the assumptions made in the treatment. An approximate relation 
between the boundary movement Ag and the width of the associated inclusion a 
is, from figure 10, Ag= Ka, with K~3. The corresponding volumes over which 
the reversals in magnetization take place, 7 =Agtd/2=Katd/2, will clearly be 
dependent on the length of the boundary involved, which is of the order of the 
spacing between the neighbouring inclusions which delay the boundary. The 
number of inclusions of a given size @ and spacing d will probably increase with 
decreasing d, so that the smaller.discontinuities should be the more numerous 
—in agreement with the experimental results. An exact estimation of the number 
and size distribution of the discontinuities associated with volumes which are a 
function both of inclusion size and spacing, would require considerable information 
about the structure of a specimen which is normally not available. It is, neverthe- 
less, possible to make some general inferences from the investigation. 

The corresponding boundary movements produced by the ‘surface tension’ 
effect of the subsidiary domain structure associated with the larger inclusions is 
of the order 107 cm. 

The application of the results to inclusions which do not extend through the 
thickness of the specimen involves the consideration of a slightly different domain 
configuration but it can be shown that, to a sufficient approximation, equations (12) 
and (26) can be applied with ¢, the thickness of the specimen, replaced by ¢’ the 
thickness of the inclusion; a/t’<1, d/t’<1 (cf. condition (a) in §3.2). The 
expressions for the boundary displacement Ag are unaltered and the volume of 
a discontinuity is thus Agt’d/2. 

It has been shown that the size of the discontinuities should be independent 
of the applied field; this appears to be true for single crystals over that part of 
the magnetization curve where the (/, H) curve is linear and which corresponds 
to the region in which the boundary is moving across the crystal. In polycrystalline 
specimens it is to be expected that the results would be in the nature of a mixture 
of those from each individual crystal grain in the material. ‘The experimental 
results indicate that the large discontinuities occur near the coercive point, and 
the reason for this is not at all obvious. If it is assumed that each individual 
grain is magnetized independently then it would seem that the discontinuities 
produced in high fields are to be associated with the movement of boundaries 
across grains with the higher coercivities. If a high coercivity in a particular 
grain is the result of the greater resistance of the inclusions to the motion of the 
boundary then the size of the Barkhausen discontinuities should be corre- 
spondingly greater. A possible explanation is that the size (volume v) of the 
discontinuities produced by inclusions of a given size increases as the spacing 
between the inclusions increases whilst the coercivity might be expected to 
increase with the number of inclusions per unit volume (cf. equation (32)). ‘Thus 
those grains with the greater number of inclusions per unit volume would have 
a higher coercivity and should be associated with smaller discontinuities. . 

The reduction of the Barkhausen effect, and hence of the hysteresis loss in 
ferromagnetics, should require the reduction of the linear dimensions of the 
inclusions to below a critical size, of the order of the boundary thickness 
(~10-5 cm). <A physical treatment which simply reduces the size of | the 
impurities in a specimen might well make matters worse, if it results in a 
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reduction of the size of the larger inclusions into the critical range without 
any compensating reduction in the size of the inclusions at the lower end of 
the range. his is clearly a point of some importance in the problem of the 
production of low loss silicon—steel alloys. 


§6. CONCLUSION 


It is perhaps desirable to emphasize the statement made in the Introduction, 
on the considerable simplification necessary in problems of this nature (cf. Néel 
1946). ‘The model considered in the present paper is that of a thin single crystal 
of iron with its edges parallel to the [100] cube edge directions and with a single 
180° domain boundary passing along the length and through the thickness of the 
specimen. The effect of closure domains is neglected and it is assumed that 
inclusions and the associated domain structure extend throughout the thickness 
of the material. 

It has been shown that in such a specimen Barkhausen discontinuities are to 
be associated with the presence of inclusions whose width is of the same order 
as the boundary thickness. It is clearly desirable that the treatment should be 
extended to include the effect of inclusions of various shapes on boundary 
movements, but a satisfactory appreciation of the results of this work must 
depend on the extent to which information on the shape and size of inclusions 
in actual materials 1s available. 
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Abstract. ‘The modification of magnetic domain structures on {110! surfaces 
of single crystals of silicon iron by the presence of twin bands is examined by 
colloid deposition techniques. It appears that the structure is determined 
by the presence of free poles alternately of opposite sign on the interface between 
the twin and the crystal, giving rise to regular domains separated by 180° boundary 
walls. 


§ 1. INTRODUCTION 


HE majority of previous work on domain structures, as shown by colloid 
pattern techniques, has been carried out using large unstrained single 
crystals. A few investigators, however, have examined the effects of 
elastic and plastic strains on the domain patterns. Williams, Bozorth and 
Shockley (1949) have examined colloid patterns on plastically deformed permalloy, 
and have shown that the colloid concentrates in lines which were considered to 
be slip lines or lines of incipient cleavage. Dikstra and Martius (1953) and 
Dijkstra et al. (1954) have examined the effects of stress on the colloid patterns 
formed on {110} faces of a sample of grain-oriented silicon iron of small grain 
size, and showed that after plastic deformation the patterns observed were 
dependent on the state of residual stress. 
In the present communication, the influence on the domain structure caused 
by the presence of twin bands is examined experimentally. 


§ 2, SPECIMENS AND METHODS 


Investigations were made using grain-oriented 3}, silicon iron strips having 
individual grains of diameter 1cm approximately. Ideally, the (110) plane is 
the preferred surface plane, and the [001] direction lies in the rolling direction. 
The length of the specimen was parallel to the [001] direction, the width was 
0-8in., and the thickness was 0:015in. The samples had been used previously 
in an investigation of the fracture of silicon iron crystals by ‘Tipper and Hall 
(1953) and near the fracture edge, which was the trace of the (001) cleavage plane, 
a profuse collection of twin bands had appeared. ‘he crystals had broken in 
a brittle manner so that the grains were otherwise strain free. Figure 1 indicates 
the form and orientation of the specimens and also shows the (112) and (112) 
twins; these two modes are preferred because sgeney support the maximum shear 
stress during the tensile test. 

PROC. PHYS. SOC. LXVIII, I2—B 4A 


1034 R. Street and E. O. Hall |) 


: . 2 Z | 
Originally, the specimens had been polished on a buffing wheel and even|| 

in this state regular colloid deposits were observed on the (110) surface, affected | 

only to a small extent by residual strains. However, all the photographs given 


[001] [o010) {100} 


Figure 1. Principal planes and directions in an ideally oriented crystal. 


here were obtained after the specimens had been polished in a chromic—acetic | 
acid bath (Morris 1949). Although this rounded off the twin boundaries, they | 
were still visible microscopically. | 
The colloid of Fe,O, in soap solution was prepared as described by Elmore | 
(1938). ‘The colloid patterns were examined by means of a Vickers projection 
microscope in which the surface to be observed faces vertically downwards. 
The colloid on the surface was retained and spread uniformly over the crystal 
by a small piece of microscope cover glass held in position by surface tension 
forces. Facilities were available for microscopic examination by dark field 
illumination, which was the method adopted by Bozorth and others, but it was 
found more satisfactory to observe the patterns here using direct illumination. | 
Magnetic fields of variable magnitude and direction could be applied by means | 
| 

| 


of a small electromagnet, the poles of which were placed in direct contact with the 
specimen. 


§ 3. RESULTS 


The general form of the patterns obtained in zero applied field is shown 
in figure 2 (Plate I). ‘The twin bands are the parallel lines running across the 
photograph and the edges of the twins are marked in many cases by dotted lines 
of colloid deposit on both sides of the band. In the regions between the bands 
the colloid forms into a regular series of lines running parallel to the [001] crystal 
direction. In general there is little correlation between the lines of colloid formed 
on the two sides of a twin band. It should be noted here that the crystal faces 
were not quite (110) planes; a consideration of the crystallography shows that 
the (112) and (112) twins are not quite parallel, nor is the [001] direction exactly 
perpendicular to the trace of the twin band. However, the domain patterns of 
the type shown in figure 2 were only found on surfaces close to true {110} faces, 
i.e, within +5°; for example on one grain whose faces were 20° from (110) no 
such pattern was observed. 

Figure 2 is to be compared with figure 3 (Plate I) which shows the colloid 
deposit very near a fracture edge in a region which is free of twins. In regions 
which are still free of twins and at distances greater than about 2mm from the 
fracture edge, short irregular deposits are obtained which are very similar to 
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those observed on a (110) face by Kaya (1934). The regularity of the deposits 
between the twin bands and the occurrence of similar though less pronounced 
patterns near a free edge suggests that they are domains formed to reduce the 
magnetostatic energy of a free magnetic pole distribution. 

The nature of the domain pattern may be elucidated by examination of the 
patterns obtained when magnetic fields are applied in various directions. 
Figures 4, 5 and 6 (Plate II) show the appearance of the colloid patterns on the 
same region of a specimen when a magnetic field is applied in the [001] direction. 
In practice, since the twins appear very near the fracture edge, it was impossible 
to avoid a field component perpendicular to the plane of the photograph. Thus 
in figures +-6 there is a small vertical component of field intensity. Figure 4 
shows the appearance when the applied field intensity is zero; figure 5 was obtained 
with the field on, and figure 6 with the field reversed. The following points may 
be noted from these photographs: 

(1) With zero applied field the deposition of the colloid is confined mainly to 
the domain boundary walls. When field is applied there is preferential deposition 
of colloid on alternate areas between the domain walls. Reversal of the total 
field, and hence of its vertical component, results in an interchange of the dark 
and light areas. ‘This behaviour is typical of the behaviour of colloid deposition 
on a domain system consisting of alternate parallel and antiparallel orientations 
of magnetic vectors, lying in this case along the [001] and [001] directions. 

(11) On all three photographs, and in particular on those shown in figures 5 and 6, 
colloid striations are apparent which are perpendicular to the [001] direction. 
Williams, Bozorth and Shockley (1949) have pointed out that the striations always 
lie at right angles to the magnetic domain vectors. ‘This observation thus supports 
the evidence for the structure indicated in (i). 

(111) For zero field, short line deposits on the twin bands lie on a continuous 
straight line. On the application of the field, these short line deposits are 
displaced parallel and antiparallel to the [001] field direction and assume a 
castellated appearance; the sense of the displacements is again dependent on 
the direction of the applied field. Thus it appears that fields applied along the 
length of the domains can result in slight lengthwise growth of the domains into 
the twin bands. 

Figures 4-6 illustrate another feature which is commonly observed: the 
domains have a fine structure consisting of daggers penetrating the main domains 
whenever the twin bands have an obtuse angle of inclination to the (110) surface 
of observation (upper twin in these photographs). If the twin band inclines at 
an acute angle to the surface of observation (lower twin) the fine structure either 
does not appear or is very much less pronounced. 

Figures 7 and 8 (Plate III) show the colloid pattern when a field is applied 
parallel to the fracture edge, i.e. along the [110] direction. ‘The region is the 
same as that used for figures 4-6. This results in a complex breakdown of the 
pattern which on increasing the field from 20 to 100 Oe progressively spreads 
to the whole region between the twin bands. Figures 7 and 8 also show a 
rudimentary structure which is commonly observed both with and without an 
applied field within the twin band itself. ‘This structure consists of more or less 
continuous lines parallel to the [110] direction and has at the moment no adequate 
explanation. 
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§ 4. CONCLUSIONS 


For the (110) surfaces which have been examined here there is only one 
easy direction of magnetization (the [001] direction) which lies in the plane of 
observation. ‘Thus the structure which gives no free poles on this surface 
consists of domains which are magnetized alternately along the [001] and [001] 
directions. In most cases the domains extend to the twin band and produce 
free poles at the discontinuity in the crystal structure, resulting in dotted lines of} 
colloid at the twin interface. The dotted lines often appear on both interfaces 
between the twin band and the crystal, as may be seen for example in the doubled} 
dotted lines of colloid in figure 2. This observation indicates that to a large} 
extent the twin bands, if sufficiently broad, can effectively isolate one part of the: 
crystal from another. Assuming that the observed surface domains inasncieae 
parallel and antiparallel to the [001] direction penetrate throughout the depth of the: 
crystal (cf. Dijkstra et al. 1954), then the simple analyses given by Kittel (1949)) 
may be applied. Elementary considerations show that even though in the present} 
case the crystal is divided into oblique prisms the formulae derived by Kittel] 
for right prisms are directly applicable. ‘Two of the cases discussed by Kittel! 
are of interest: (a) the case when the crystal is divided by parallel planes into) 
slab domains magnetized alternately in opposite directions; (4) the case as in (a)) 
but where the magnetostatic energy is made zero by the introduction of triangular| 
prismatic closure domains. ‘These two cases are illustrated in figures 29 (6) and’ 
31 respectively of Kittel’s paper. For both cases the energy per cm? of crystal. 
and the equilibrium distance between the domain boundary walls may be 
calculated and are 


1:7]? o,, ]4/? rk Vie 
Case(a) w= 2 [FN ergenr*; Dy eee | 
3 Qa..K V2 a on -(1) 
Case (4) p= | = | érgemin®; p= |= | | 


where L is the length of the crystal measured along the [001] direction, K is 
the anisotropy energy, / is the surface pole density induced on the twin interface 
and o,, is the surface energy density of a Bloch wall. | 

From the observed domain patterns, model (a) is applicable, at least as a 
first approximation, and hence here w,/w, should be less than unity. The 
predicted proportionality of the domain width D, to L12 has been tested and the 
results are plotted in figure 9. The points indicated by circles were obtained from 
portions of the crystals bounded by relatively broad twin bands. ‘These observa-. 
tions are in moderately good agreement with the predicted relation. Two other 
points, shown as crosses, are displaced from the straight line and these were 
derived from the patterns formed on portions of the crystal bounded by relatively 
narrow twin bands; also in these cases there is a tendency for the boundary walls 
to be continuous across the twin bands. 

‘The slope of the line in figure 9 gives 7= 120c.g.s. units. From equations (1) 
the ratio w,/w,=(3-4)'?//K1? and substituting the value of K for silicon iron, 
given by Kittel (1949) as 2-8 x 10° erg cnr 3, w,/w, =0-00132 which is appreciably 
less than unity, as expected. The calculated value of J is much less than the 
spontaneous magnetization of silicon iron at room temperature and it must be 
assumed that if the model considered is truly applicable, flux closure occurs 
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within the twin bands. The rudimentary structure within the twin bands 
already noted in § 3 may in fact be due to such closure formations. In cases when 
a twin band is narrow, it is likely that flux closure is not entirely confined to the 
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Figure 9. Variation of domain width with domain length. 


twin. Appreciable interaction then occurs between domains on both sides of 
the twin band, and the effective length L is greater than that measured between 
successive twin bands. This would explain the anomalous points plotted as 
crosses in figure 9. 
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Abstract. Reconsideration of the behaviour of a macroscopic dipole on the lines} 
initiated by Debye suggests that, for molecular dipoles, there may exist ail 
mechanism, somewhat analogous to macroscopic turbulence, for which energy los | 
is related to density and not viscosity. In such circumstances the familiar Debye} 
formula for the relaxation time would need to be replaced by 70 (a°p/RT)"™ 
(where ais the molecular radius, p density, k Boltzmann’s constant, and T absolute: 
temperature). This relation is consistent with the results of experiment in the! 
microwave range. 


T is generally recognized that discussions of the properties of polar dielectrics) 

based on supposed analogies between the behaviour of macroscopic and 

molecular dipoles are not always of fundamental significance. Results 
obtained by such methods are no more than suggestive and may be misleading.| 
But if supported by experiment they may provide a fresh starting-point for more) 
rigorous analysis: the purpose of the present note is to place on record one such 
result. 

The concept of viscosity, long since abandoned in the theory of solid polar 
dielectrics, has been of only limited value for liquids. There are circumstances 
in which a correlation appears to exist between macroscopic viscosity and 
relaxation time, but there are others in which no such correlation is apparent 
(Smyth 1950). On the molecular scale this is not surprising. Moreover, even 
on the macroscopic scale the assumption of a completely viscous constraint 
cannot always be justified. It is then valid only for dipole movements at ‘low’. 
speeds: at much higher speeds, flow is entirely turbulent and energy loss would 
depend upon density and not viscosity: at intermediate speeds, it would be a 
function of both viscosity and density. 

This suggests that on the molecular scale a somewhat similar situation might 
perhaps obtain. It might be, as with viscous flow in which a dipole may be 
supposed to remain attached to its environment, that there is a molecular 
mechanism analogous to turbulent flow, in which a dipole becomes in some way 
detached from its environment. ‘This analogy must not be pushed too far: it does 
not imply that the motion of a molecular dipole is influenced to any significant 
extent by an external electric field; internal forces inevitably predominate. Polar 
molecules in solution are in motion with a mean energy of the order RT in every 
mode, but the way in which they move depends upon the nature of the polar 
molecule and of its environment. It would not, however, be unreasonable to 
expect that, in general, small polar molecules in a non-polar medium of low 
viscosity might move faster, and be associated with shorter relaxation times, than 
large ones in a medium of high viscosity: and that short relaxation times might 
correlate with density and long ones with macroscopic viscosity. 
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An experimental search for a correlation between relaxation time and density 
would best be undertaken in the microwave frequency range with the aid of 
dilute solutions of polar solutes in non-polar solvents of low viscosity. The form 
that such a correlation must take, if it exists, can readily be found by the methods of 
dimensionalanalysis. The quantities involved are 7 (relaxation time), 7 (viscosity), 
p(density), R7(k Boltzmann’s constant and 7 the absolute temperature) and 
a(the radius of a simple spherical, or preferably cylindrical, model of the polar 
molecule). If both viscosity and density are important it follows that 


a a°p uae a 1/2" 
sae Se f l(a) | 


For dipole speeds such that 7 is independent of p this becomes, for viscous 
conditions, 


T= BryakT. 


With 5 = 47 this is the familiar result due to Debye; too much importance must 
not, however, be attached to the quantity 47 in view of the approximation implicit 
in the use of the quantity a. For speeds such that 7 is independent of 7, the 
corresponding result for turbulent conditions is 


7=C(a%p/RT)!2. 


A, Band C are all dimensionless constants. It is convenient to replace 7 by its 
reciprocal f’, the frequency at which tané (the tangent of the loss angle) is a 
maximum, (tand)max. Values of f’ relevant to viscous, turbulent or experimental 
conditions will be identified as f’,;,.0cT/9, f'tum © (T/p)'” and f’exp- 

It follows from the Debye theory that (tan 5)max1/7. This relationship is 
not affected by the considerations of the preceding paragraphs. 

An adequate experimental check of the preceding theory must provide the 
following evidence. First, a demonstration that conditions exist consistent with 
F ium &(T/p)!?. Secondly, a confirmation of the view that such conditions have 
frequently been approached, and not infrequently encountered, in many published 
measurements ; and therefore, that the familiar relation f’,,,.0c T/7 is not relevant 
to the interpretation of such measurements. And, thirdly, that the magnitude of 
(tan d)max varies as 1/7. 

A quantitative study was undertaken with dilute solutions (1/100 g cm *) of 
the same polar solute in each of two non-polar solvents of very different densities. 
Benzene and carbon tetrachloride, with densities of about 0-9 and 1-6 respectively 
at 20°c, were employed as solvents: benzophenone was used as the polar solute, 
partly because some data regarding its behaviour had already been published by 
Jackson and Powles (1946). The effect of temperature was studied for carbon 
tetrachloride only and measurement was restricted to two temperatures additional 
to, and located nearly symmetrically about, room temperature. ‘The range 
readily available for experiment was limited, of course, by boiling and freezing 
points. A convenient upper temperature was fixed by the following consideration. 
Since carbon tetrachloride is more viscous than benzene at room temperature, there 
is a certain higher temperature (about 44°c, by interpolation) at which the para- 
meter 7/7 for carbon tetrachloride has the same value as that for benzene at room 
temperature. At this higher temperature, f’,,,. for carbon tetrachloride would be 
identical with that for benzene at room température. ‘The corresponding values 
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of f'n would, however, differ by a calculable amount. ‘The two additional 
temperatures were fixed, accordingly, at 44°c and —10°c. : 
An additional, confirmatory, experiment was done for a non-polar solvent of 


significantly lower density than benzene. n-hexane, with a density of about | 


0-7 at 20°c was chosen for this purpose. ‘This measurement was, to some extent, 


complementary to that made with carbon tetrachloride at —10°c. It was not | 
unreasonable to anticipate that for hexane the high frequency side of the | 
tan 6-log (frequency) curve might be somewhat higher, relative to the low- | 
frequency side, than for benzene or carbon tetrachloride. Conversely, for carbon 
tetrachloride at a sufficiently low temperature, the low-frequency side should be. 
the higher. Whether such distortions would be sufficient to introduce a significant | 
was a matter which could only readily be | 


discrepancy between f’;,,, aud /’ 
decided by experiment. 


exp 


The relevant quantities are listed in the table: they are expressed in the usual | 
units, with f in kMc/s, and are based on data given in the tables of Kaye and Laby | 


(1948). 
‘Temperature (°C) 
Solvent Parameter 
—10 20 40 os 50 
Benzene 4 x 10 6°5 
(B) (DE yO 45-1 
p09 (T/p)'? 18-2 
Carb. Tet. 7 x 108 16-3 9:7 7-4 6:5 
(Cay) (AE AMO 16:1 30:2 42:2 45:1 49-8 
p16 (T/p)1? 12-9 13:5 1533 
n-Hexane 7 Xx 108 Br 
(H) (i Ome 91-7 
p=0-7 (T/p)?? 21-0 
We 5 CAME 5 1B Be DOE 0-36 0-67 1-0 
Visc. Sen ee 2°6* 5-0* TAS 
flowt jf, H/f, B at 20°c 2-03 
fey lal 1550 
fn CAG, 1B ene OE 0-71 0-74 0-84 
Turb. fa OAB 5-2* 5:5* 6°24 
flowt Palate Brat 20°C 1-15 
iis H O25 


+f’, B at 20°c=7-4. 


The calculated values of f’, identified by asterisks in the bottom seven lines 
of the table, are consistent with the experimental results shown in figures 1 and 2. 
For carbon tetrachloride at —10°c the measured value is somewhat too low: the 
discrepancy is associated with a marked distortion which can be attributed to the 
increasing influence of viscosity at the reduced temperature. The shapes of the 
curves are as expected, and the anticipated linear relationship between (tan 5) max 
and 1/7 is confirmed by figure 3. 

The measuring technique was, in principle, similar to that developed by 
Roberts and von Hippel (1946). The form of the apparatus used was, however, 
very different; in some respects it was novel, and may be made the subject of a 


————————————— 
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future publication. In addition to the precautions usual with measurements 
of this kind, special care was necessary in order to avoid the possibility of errors 
peculiar to temperatures in the vicinity of 44 and —10°c. The liquid—air inter- 
face was defined by a mica window and significant errors can arise from spurious 
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reflections at this boundary. Such reflections can be produced at the higher 
temperature, with carbon tetrachloride, by bubbles consisting presumably of a 
gaseous decomposition product, and at the lower temperature by frost. 
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Abstract. ‘The various assumpttons implicit in the Peierls-Nabarro treatment 
of the core of an edge dislocation are critically reviewed. It is pointed out that 
the lattice barrier for dislocation motion, for the case where atom rows alternate 
along the slip plane, has twice the period and a much higher amplitude than 
for the case usually considered, where the atoms face each other across the slip 
plane. he resolution of this and other difficulties can be accomplished by 
arranging that the stress across the slip plane and its associated interaction 
potential be functions of the final, rather than the initial, position of each atom row. 
With this modification the lattice barrier has in every case the periodicity of the 
slip distance but the argument of the exponential factor controlling the height of 
the barrier is halved. ‘The physical implication of this last result must await 
a more detailed treatment of the dislocation core than has been previously 
attempted. 


§ 1. INTRODUCTION 


HOUGH the theory of dislocations has been increasingly successful in 
explaining the plastic behaviour of crystalline matter, the quantitative 
calculations on dislocation properties are in general limited to those aspects 
where elastic theory is valid and by-pass the core regions where large strains are 
encountered. One exception is the calculation by Peierls (1940) and Nabarro 
(1947) which treats the core region atomistically and estimates the potential 
barrier the lattice presents to the motion of a dislocation. Because of its unique 
position this estimate occupies an important place in the literature and, although 
some of the approximations in the method are questionable, the result has been 
widely quoted to illustrate the very small stress needed to keep the dislocation 
moving over the lattice barrier. Later work (Foreman, Jaswon and Wood 1951) 
has shown by suitable modification extending the range of the edge dislocation 
in the slip plane that the lattice barrier can be decreased to an even greater degree. 
It is the purpose of this paper to point out an apparently slight variation in 
the method which alters the end result substantially. The elements of the 
Peierls-Nabarro method will first be presented for the purpose of reference. 


§ 2. BarRRIER TO DisLocaTION MotrioN—PEIERLS~NABARRO MOpDEL 


Assume a simple rectangular lattice with interatomic distance 6 along the slip 
plane, taken to be in the x direction, and with interatomic distance a along the 
y axis at right angles to the slip plane, so that a is the interslip-plane distance. 
As a first step to forming the dislocation break the lattice at a slip plane and rejoin 


+ Now at Physics Department, Rensselaer Polytechnic Institute, Troy, New York. 
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after a displacement of $”. Let now the upper half undergo a compressive 
displacement u,(x) and the lower half an expansive eel u_(x) so that 


registry is re-established at large distances, or u(00)= —u_{ oo) =b/4, One 
defines a relative displacement function, 
b=th+u,—u_cehb+2u,(x—ab) sean (1) 


where «5 measures the position of the centre of the dislocation from a half plane 
of atoms above the slip plane perpendicular to the slip direction. So far two 
possibly critical assumptions have been made: (1) displacements in the y-direction 
can be neglected and (2) wu, equals —w_ even in the region of large strains. 
‘Two more are involved in the next equation which establishes the shear stress 
p,, felt by any row of atoms bordering the slip plane as a result of the material on 
the other side, 
bu . 22nd (2) 


P ey = oe sin ce bac neteens 


where , is the shear constant of the lattice. ‘The additional assumptions are: 
(3) the shear stress, defined as a function of ¢ from equation (1), depends only 
on the magnitude of wand not on its direction and (4) the dependence is sinusoidal. 
It has been shown by Eshelby (1949) and Leibfried and Liicke (1949) on the 
basis of elastic theory that p and w are related, 


lL [” du(s) ds (3) 

Pay m1—c)}_. ds sax ~ “2 | ene 
where o is Poisson’s ratio and wu is written for w,. To use this relation as valid 
in the core region constitutes an additional fifth assumption. An appropriate 
solution of the above equations turns out to be 


u(a)= = 5 tant (CONE 8) 


X a J 


for u. 

Investigation has shown that the part of the dislocation energy which depends 
on dislocation position, «b, arises from the interaction of atoms on opposite sides 
of the slip plane. By integrating equation (2) one establishes an interaction 
potential per pair of atom rows per unit length of dislocation, 


V(x ate me = (140085 =). DAN: (5) 


For the dislocation energy one takes one half the sum of the values of this potential 
evaluated at the positions of each of the atom rows adjoining the slip plane. Above 
the slip plane these rows have x=nb and below the slip plane «=(n+ 4)b. 
Accordingly for the dislocation energy (n= 4m) one obtains 


f= (ge) S 1-+e0s2 tant Cana} | 


m=— a 


7 (2He), a [ane letra Se (6) 


where y is a@/2b(1—c). The summation can be evaluated by applying Cauchy’s 
theorem to the contour integral below 


f cot mz dz iy 7 
(Qe—2P e489 2 | eee (7) 


R->« 
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The final result is 


bu 
Ko —.——. [1+2cos4zuexp(=—4ry)], us sas 8 
res gia p(—4zy)] (8) 
As a result the minimum shear stress to keep a dislocation moving is 
T 2u axa (9) 
ea OU ae 6) oo, 
mM (1 = oa) is / ey: 


The result for the barrier potential, equation (8), shows one apparent 
peculiarity, namely that the period of the potential is half the Burgers vector. 
Since it is almost certain that dislocation barriers must in general exhibit the 
periodicity of the Burgers vector, one looks for the feature of the model which 
gives rise to this behaviour in this case. The reason the dislocation has the 
same energy when its centre lies along a half plane in the compressed medium 
(~=0) as it does when it lies on a half plane in the extended medium (« =) is 
that one configuration can be obtained from the other by reflection in the slip-plane 
and reversal of the signs of all displacements wu. This reversal does not alter the 
dislocation energy since, as has already been pointed out in assumption (3), the 
model does not distinguish between the directions of w in determining p,,, and 
hence E. Perhaps the easiest way to disturb the peculiar symmetry of the 
situation under study is to go to the case where the atoms that border the slip 
plane no longer face each other in the undisturbed lattice but alternate in their 
position. After the first step in forming the dislocation, namely the relative 
displacement of $), the atom rows would again face each other at regular intervals 
of b along the slip plane. (Of course a dislocation of this sort corresponds to the 
removal of two half planes of atoms.) ‘The summation appearing in equation (6) 
is now a single summation over the integral values of m instead of half the summa- 
tion over integral and half integral values. ‘The resulting expression for FE is 


E= pete [ie 2eos 2a exp (2) acess (10) 
4n(1—o) 

Here the barrier has the periodicity of the lattice but also the quantity in the 
exponent has been halved. ‘That the ratio 7\,,/~ should be so greatly altered bya 
change in atom arrangement causes one to examine the model more critically. 

According to the Peierls-Nabarro model the trans-planar stress p,,, is a 
function of the quantity 4 which depends only on wv and 1s in turn a function only of 
x the position of the ion row before the u-displacement. Presumably this con- 
struction was a natural outgrowth of the original atomic arrangement where the 
trans- planar stress was visualized in terms of interactions between pairs of atom rows 
originally facing each other. It has the awkward consequence that the trans-planar 
stress as a function of position before the u-displacement is not a continuous 
function of final position. For example there would be a discontinuity in p,,, 
across the slip plane for atom rows that might come to opposing positions from 
different initial x. The same sort of difficulty is encountered with the interaction 
potential V (x) which would be the same for two initially opposing atom rows even 
though one row moved in toward the dislocation centre while the other was dis- 
placed outward. For an elastic model where the displacements are small these 
objections are unimportant but the solution of the Peierls-Nabarro dislocation is 
narrow and shows the importance of large strains. These difficulties can be 
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avoided if we take ¢ to be the same function of the final position x’ =x +u as it is of 
x according to equation (ly: With this revision both p ,,,and V become continuous 
functions of the atom row’s final position and represent not a pairwise interaction, 
but one between the row and the whole opposing slip-plane surface. 


§ 3. Mopir1ep PEIERLS-NAaBARRO MODEL 


According to the proposed modification 


Po (se ) sin] w+ 2ta0rt as ao mae (11) 
where x’=x+u. Since expression (4) for u was derived from elastic theory, we take 
its form here to be unaltered. With the simple rectangular lattice considered 
earlier the evaluation of E involves two separate summations, for the atom rows 
above and below the slip plane respectively : 


bewy - " id NP se 2 spt 
i (GE). >. E HC anees = b-«a 
where %, =nb+u(n—«), .....- (13a) x_'=(n+4)b—u(n+4-—a)...... (13d) 


and u(z)=— (x; ) tant (= ). hesseg (13c) 


‘The summations cannot be evaluated as before because the function representing 
the displacement is not single-valued in the complex plane. ‘The usual methods 
using contour integrals cannot be used effectively.t| A procedure which we have 
followed to circumvent this difficulty and to gain an approximate evaluation is to 
replace the correct displacement function — (6/27) tan-!(z/y) by another having 
the same value and slope at zero and infinity, 


u(z)= — tanh = paged (14) 
where the ratio of the new function to the original is always less than 1:23. The 
preceding methods can now be re-applied, in theory at least, to evaluate 
equation (12). It can be shown that both of the sums give rise to expressions of 
period 6 and that the same is true of E. 

In practice the zeros for the denominators include complex as well as pure 
imaginary numbers which complicates the evaluation of the residues, particularly 
for arbitrary values of y. ‘To avoid this difficulty we have chosen to work only with 
the amplitude of the potential barrier that the lattice presents to the dislocations, 


B2EG=0)\ Boat ss, due (15) 


A second approximation introduced here to render the calculation manageable is 
to expand both square brackets of equation (12) in powers of u/x and to discard the 
quadratic and higher terms. This device is of somewhat questionable accuracy 
but servesin a qualitative way to demonstrate the effect of the revision in the model. 


EY m tanh (m/z) 
E E rea "Tn Payee 
(0) — E(4) Se) ee en (16) 
where m= 2n. 


t The author is indebted to Mr. A. J. Foreman for pointing out this difficulty. 
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This sum can be evaluated from the contour integral 


IALE z tanh (2/7) cosec 73 

: etd an an a (17) 

J R>0 [(2/2)? + y"] 
Besides the residues at s =m there are also residues at z =i (s + }) 72y, which are all 
negligibly small, and residues at s= +27y. One obtains 


2a 


by ,mtanh(m/ry) 
Poi SS i) (CH =y~! cosech (2y7) [7 tan (2/7) coth (27) 


+ (ym) 1sec? (2/m)] 27! exp (—2yz) [23+ (0-49/y)]. eee. (18) 


It follows 


bn 
op a eee oy tay 2. -49/ 
BS Tees EXP 2p o (U4 9) ee ee (19) 
On the basis of an assumed sinusoidal potential E («) one obtains 

T n/p = [16(1 —o)]-1 exp (—2yz) [2:3+(0-49/y)]. ss... (20) 
In the table are listed the approximate formulae for 7,,,/u for the various cases 
considered here and their numerical values for y=0-5 and 0-7, corresponding to 
ao =0-3 and a/b equal to 0-7 and 1-0 respectively. The symbol in the first column 
denotes the model used, whether Peierls~Nabarro (P—N) or modified as here (M). 
In the next column is denoted the atomic arrangement, whether the atoms face 
each other (F) or alternate along the slip plane (A). There are no entries for the 
case M and A because to the approximation in which one considers only the 


term linear in w/x in the expansion of equation (15) the effect of the modification 
drops out and the results are identical with those for P—N and A. 


Arrangement Formula Tm/ 
peo of atoms for Ty/u y—=0r5 y=0-7 
P-N F 2(1—a)~1 exp (—47ry) 0-005, 0-0004, 
P-N A (1—o) + exp (—277y) 0-06, 0-017 
M F (1—o)+ exp (—277) 0-013 0-0032 


x [0-15-+(0-030/y)] 


One feels intuitively that the choice of atomic arrangement should not have a 
profound effect on T,,/. Since the use of the modified model is to reduce greatly 
the disparity between 7),,/ for these two cases (for y=0-7 the ratio goes from 
40 to 5-4), this is an additional argument for its validity (and also for the validity of 
the two approximations used in developing equation (19) from equation (12)). 

The most interesting implication of this result with the modified model is that 
the negative quantity appearing in the exponent of the original expression for 7), is 
too large bya factor of 2. It appears that the same arguments that apply here apply 
also for the modification considered by Foreman, Jaswon and Wood, since the 
same summations are involved for arrangements F and A. Adapting their 
formula (21) one obtains in a corresponding way 


ae 2k = K K* 1 
Tn = Too xP ( 2myay) ( 1+ 2 +) PA ts (2 ) 


where K =27(a)—1)(a/b)(1—c) and a, is the parameter a used by Foreman, 
Jaswon and Wood to extend the dislocation. (a)=1 reduces to the original 
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P-N dislocation.) If one assumes that 7,,,/4 is of the order of 10~° or smaller to fit 
with observed values of the critical shear stress, then on the basis of equation (21) 
above the lower limit on a) will come at 4 instead of 2 as estimated from ‘Table 2 of 
Foreman, Jaswon and Wood. Also the minimum width of such a mobile 
dislocation must be greater than 3d. 


§ 4. Discussion 


Though it has always been recognized that calculations of dislocation mobility 
were very sensitive to model, it has not perhaps been realized to what extent the 
predictions of the most frequently employed model depended on arrangement of 
atoms along the dislocation plane. ‘The revised model proposed here appears to 
be preferable both from the logic of its-construction and the consistency of its 
results, but the value of j/ 7, is far smaller than given by the original theory. 

It does not follow necessarily that real dislocations actually require such large 
stresses to surmount the lattice barrier since the analysis of Foreman, Jaswon and 
Wood (1951) has shown that this barrier drops very rapidly as the dislocation is 
extended. Very little has been done as yet to determine from theoretical models 
the atomic distribution of dislocation cores. The evaluation of the lattice potential 
for the dislocation hinges on a knowledge of the dislocation width and possibly 
other parameters measuring atomic relaxation. Even if it should be established 
that the stress to move dislocation lying along crystallographic directions is greater 
than the minimum critical shear stress, there is still the possibility that dislocation 
segments lying at an angle to the crystallographic directions may move first, as 
Seitz has suggested, liberating enough energy to pull the other segments over the 
barrier. 
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Abstract. ‘The pressure of a solid has been divided into two terms p, and py, 
of which the first is the static part due to a non-vibrating lattice at 7=0, and the 
second arises from the thermal vibrations. For all volumes measured at zero 
pressure the two are equal and opposite to each other. The static pressures of 
eight solid elements, aluminium, copper, silver, gold, lead, platinum, tungsten and 
molybdenum, have been obtained from their thermal pressures yE/V by the use of 
the above condition. The average Griineisen constant y has been calculated in 
the usual way from the thermal expansion and the specific heat data. These 
static pressures have been compared with the derivatives of the potential energy as 
derived from the inter-atomic potential used earlier by Fiirth, and a very close 
agreement has been observed between them. 


N his extensive study of the equation of state of solids Firth (1945) has made 

use of the equation of state which was derived from rigorous lattice theory by 

Born and Bradburn (1943) and Bradburn (1943) for elements with a face- 
centred cubic lattice under the assumption that the inter-atomic potential energy 
function has the form of a simple power law. He pointed out that, in spite of the 
fact that the actual inter-atomic force law was certainly of a completely different 
nature, a fictitious force law of the form mentioned can be used, provided that it 
resembles the real one in some general features and can be made to fit it in a narrow 
region surrounding the equilibrium by a suitable choice of the constants. He 
derived the exponents m and n of his force law from experimental values of the 
thermal expansion and the compressibility and of their variations with temperature 
and pressure, and in this way he was able to interpret most of the thermodynamic 
properties of a large number of solid elements on the basis of the theory. 

There are, however, two important limitations imposed in this work. In the 
first place classical statistics has been used, so that the equation of state is valid only 
above the Debye characteristic temperature. Secondly the values of the thermal 
expansion coefficient which have been used in the derivation of the exponents do 
not represent actual experimental observations but are the extrapolated values 
which a solid would possess at the absolute zero of temperature if it would obey 
classical statistics throughout. In view of the importance of the subject it would 
be an advantage if the law of force could be based on those properties of solids for 
which a large amount of accurate data is available. It would also be desirable 
that this be tested over a wide range of temperatures, not necessarily above the 
Debye temperature. 

It was suggested by one of us (Dayal 1950) that the specific heat and thermal 
expansion data could be used directly to derive and check the form of the potential 


IPAROW,, ARASINAS, CIOXC MEW, Eze 8) 4B 


1050 B. Dayal and R. S. Sharma 


energy function of crystalline solids. Since these properties have been the subject | 


of extensive experimental studies and data of a very high order of accuracy are 
available we have used them to test Fiirth’s power law and to derive more accurate 
values of the exponents m and n, wherever necessary. 

We take the following equation of state due to Griineisen (1926) as our starting 
point. 


ODN, oe eae 
p= (7), EY 


=Pit Pro. J 


Here y is the well-known Griineisen constant, —dlogv/d log V. We have put the | 


bar at the top to emphasize that this is not necessarily constant for all the vibration 
frequencies of a solid as postulated by Griineisen, but that it is a sort of an average 
quantity of the same type as the well known Debye characteristic temperature. £ 
is the thermal energy and © is the potential energy of the lattice. ‘The effect of 
temperature is included in the second term p, but the first term p, 1s independent 
of it and is equal to the static pressure at 7=0. The equation (1) has been directly 
used in the derivation of the following well-known Griineisen expression which 
gives the thermal expansion coefficient « of a solid in terms of its specific heat Cy 
and its compressibility xy at T7=0: 


Cyykg 
Vo (1 = REyko/ V5) Pee SO Od Or (2) 


This equation has been very widely used by the experimental workers to interpret 
their measurements of the thermal expansion coefficients. Here Vy is the volume 
of the solid at T=0, and k is a constant whose value was found by Griineisen to lie 
between 2 and 3. He showed that it is equal to }(m+n+3) where m and n are 
the exponents of the power law used by him. _ Its exact value is not very important 
at low temperatures on account of its occurrence in a small correction term. 
Experimental workers have generally used an empirical value for it, which fits 
best with their experimental data. 

The procedure adopted by us is to go in the reverse order from equation (2) to 
(1). yis calculated from equation (2) using the experimental values of C,,« and. 
This is then substituted in (1) to get the second term py. The volumes of the solids 
at different temperatures are then calculated with the help of the thermal expansion 
data. Since the experimental measurements are always made at atmospheric 
pressure which is practically zero in the scale of pressures with which we are 
concerned, these volumes are effectively volumes at p=0. For these volumes, 
therefore, we can put p=0 in equation (1) and we get p;} = —py=—yE/V. These 
values of p, are then compared directly with the pressures obtained from Fiirth’s 
equation of state for 7=0. As no term involving temperature is present no parti- 
cular statistics are involved and Fiirth’s law of force can be verified and its 
exponents checked without any limitation. 

In these calculations we have used experimental values of the thermal expansion 
coeficients found by Nix and MacNair (1941, 1942) as, in our opinion, they 
represent data of a very high order of accuracy. Moreover they have themselves 
used equation (2) in interpreting their data so that we can directly use their value of 
yinequation(1), ‘They have not given the values of y explicitly, but that of another 
constant Qy which is equal to Vy/yxg and from which y can be obtained by substitu- 
tion of the values of the other two quantities. They have not used the experimental 
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values of C, in their application of equation (2) but have obtained both C, and E 
from an empirically derived Debye function. It is found, however, that the values 
of C, obtained from this Debye function are not markedly different from the 
experimental values, so that the use of the Debye function does not vitiate their 
results. ‘The quantity k which occurs in equation (2) has also been determined 
empirically by the authors. Except in the cases of molybdenum and tungsten, 
the values of y used by them are reasonable and of the same order as those used by 
Griineisen. Since k occurs in a small correction term small differences in its 
magnitude do not cause any large error in the evaluation of y except at very high 
temperatures. We have therefore adopted the values of y as given by these 
authors except in the case of molybdenum and tungsten where the values of k as 
used by them are extraordinarily higher than those of Griineisen, being 6-83 and 
30-63 respectively as compared with the latter’s values, 2:23 and 2:28. 

In these two cases it is obvious that with the use of reasonable values of k no 
single y will explain all their data, and it must be concluded that it changes slightly 
with volume. We have, therefore, calculated y at different volumes using 
Griineisen’s figures for }(m+n+3). The y occurring in the correction term has, 
however, been evaluated from the value of Q, of Nix and MacNair. This method 
has not been tried with the other metals because it was not likely to give a value of y 
much different from that of Nix and MacNair. 

In order to compare the values of p, obtained by the above method with Fiirth’s 
equation we make use of the equation (5) of his paper (1945)} which on substitution 
of his expression for the heat of sublimation A yields the following expression at 
T = 0 for the pressure corresponding to any volume : 


a Amn 7 \—m/3 V \-@-my3 
oa n—m (7) | () = | ee a! rs (3) 


In the above expression m and 7 are the exponents in the following expression for 
the potential energy of a pair of atoms separated by a distance r, 7) being the 
equilibrium distance: 


ae umn LE A sae eed Nat Ar - 
so)= -(2) +5(2 ee oro 4) 


On replacing V by )+AV and using the binomial expansion we get from (3) 
in first approximation 


ee (5) 


; 57( mi) 
pV= 1 - ==, |} 4 


g V5 6 We 


This equation has been used for the calculations of p,, using the values of A, mand 
nas given by Firth. V, was extrapolated from the values of x. ‘These values of 
p, have been compared with those obtained from Nix and MacNair’s data on 
thermal expansion. Wherever agreement can be improved by using alternative 
values of mand 7 they are used in the calculation of p, from (5). 

The results of the calculations are presented in the table and it will be seen that 
the agreement between the two sets of values is very close. ‘The validity of Fiirth’s 
law of force (4) is thus established and it can be justifiably used in the evaluation of 
other thermodynamic properties of solids. 

+ We are obliged to Dr. Firth for pointing out a printing error in equation (6) of his 
paper. The exponent on the right-hand side of this equation should be —s/3. 
4 B-2 
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Substance le 
Aluminium 100 
A=67°6 kcal (g atom)! 200 
510-02 5sena2 300 
m=4 n=6°5 500 
Op) =400 800 
Silver 50 
A =67°6 kcal (g atom)~1 200 
SIONS on 300 
mM=4 5 W=7) 400 
Op = 2S 500 
1000 
Copper 150 
A=8-17 kcal (g atom)—! 200 
m=4 n=7 400 
Vo=7-1 cm? 700 
On= BOS 
Gold 100 
A=90-7 kcal (g atom)! 300 
(I=) i= 04! 500 
Vo=10:206 cm? 
On = 190 
Platinum 100 
A=124-7 kcal (g atom)! — 300 
(=I) =e 400 
V>—=9:148 cm? 500 
Lead 100 
A=47 kcal (g atom)-! 200 
Vv W279 srcane. 300 
Tis) alles 
Molybdenum 100 
A=156 kcal (g atom)! 300 
Vg=9-37A ems 500 
W= A) W=Te 
On =388 
Tungsten 100 
A=203-9 kcal (g atom)-! ~—- 200 
Vo=9:573' em? 400 
m=4:4 n=6°6 500 


0p=310 


Diet) 


2-4 


3-02 


24 


2-434 


E 


108 
S25; 
1049 
2180 
5100 


(cal (g atom)"') Furth 


E/V 


—p, (108 dyn cm) 
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An Optically Focusing X-Ray Diffraction Cameray 
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Abstract. An optically focusing x-ray diffraction camera is used to obtain low | 
angle diffraction photographs. Focusing is accomplished by total external | 
reflection either by one elastically bent optical flat to form a line focus, or by two | 
crossed flats to form a point focus. ‘The beam is partially monochromatized and | 
its intensity is high. Spacings greater than 600A have been resolved. 


§$ 1. INTRODUCTION | 

ow angle diffraction patterns are of interest in a variety of problems, for | 

example, in the study of long chain molecules, micellar texture of fibres, | 

particle size determination and precipitation in alloys. ‘Three different | 
types of camera have been constructed to obtain these patterns. 

In the first, narrow slit and pinhole systems are used to collimate the x-ray 
beam (which, in some cases, is monochromatized). Intensities are low and expo- 
sure times are long; nevertheless a number of authors have recorded spacings of 
several hundred angstr6m units (e.g. Bernal, Fankuchen and Riley 1938, Bear | 
1942, MacArthur 1943, Yudowitch 1949). 

In the second type, the beam is focused and monochromatized by reflection | 
from one or more curved crystals. For practical exposure times, Guinier (1939) _ 
finds that the largest spacing which can be resolved is approximately 150A, using — 
a single monochromator. ‘The resolution is considerably improved in double | 
crystal monochromator cameras (Guinier and Fournet 1948, Furnas 1952, 
Shenfil, Danielson and DuMond 1952). Intensities, however, are low owing to 
the inefficiency of Bragg ‘reflection’. Several difficulties are encountered with 
the use of monochromators, namely: large numbers of crystals must be examined 
in order to obtain a suitable specimen; accurate and laborious working of the 
crystal and crystal mounts is required; aligning techniques are difficult; 
resolving power is limited owing to dispersion, finite dimensions of source and 
scattered radiation; some crystals deteriorate after irradiation by x-rays, 
resulting in lowered reflectivity and an increase in scattered radiation. 

In the third type of low angle camera the x-ray beam is reflected from a plane or 
curved polished surface, X-rays incident at a sufficiently small glancing angle are 
totally reflected. The critical angle of incidence is approximately proportional 
to the wavelength so that the reflected radiation is partially monochromatized. 
For CuK radiation the critical angle is approximately 11’ for light glasses and 30’ 
for a gold reflector. Lead glass collimators have been used by Crowfoot and 
Schmidt (1945) and Lely and van Ryssel (1951). Henke and DuMond (1933) 
describe a camera in which the beam is focused by total reflection from an annular 
mirror in the shape of a truncated ellipsoid. The cross section of the beam at the 
specimen is a ring; the apparatus has therefore only a limited use. 


} This paper is based on a thesis which has been approved by the University of London 
for the degree of Ph.D. 


t Now at the National Physical Laboratory, Teddington. 
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Experiments carried out by Ehrenberg (1947, 1949 a, b) led him to suggest 
the use of curved reflectors for the production of intense x-ray beams suitable for 
diffraction work. Results obtained with a low angle camera incorporating one 
curved reflector have briefly been described (Ehrenberg and Franks 1952). 
A more detailed description of this camera and also of a point focusing camera 
with two crossed optical elements is given below. 


§ 2. A CAMERA WITH A SINGLE REFLECTOR 
2.1. Principle of the Method 
Ideally, the focusing element should be part of a cylinder of elliptical cross 
section. X-rays emitted from a source at one focus of the ellipse will reunite at the 
other focus. In practice, it suffices to bend a flat surface, the curvature being 
produced by the application of equal bending couples to a rectangular plate. 
Figure 1 shows the relative positions of source, reflector, specimen and film. 
The glancing angle 6 (very much exaggerated) is set so that the characteristic and 


Reflector 


X-ray Source 


Figure 1. 


longer wavelength radiation only is reflected. ‘The diffracted beams will be 
focused on the focal circle; owing to the depth of focus, sharp reflections will be 
formed at low angles ona film placed perpendicular to the beam and passing through 
the focus. ‘The intensity of the incoherent radiation scattered by the optical flat, 
due to imperfections of the surface, Compton scattering and fluorescent radiation, 
is large enough to obscure the diffraction patterns. It is therefore necessary to 
limit the width of this parasitic radiation by placing a guard slit as close as possible 
to the specimen. The broken lines in figure 1 show the extreme rays of this 
radiation and the area surrounding the focus within which no diffraction pattern 
can be recorded. 


2.2. The Dependence of Intensity on the type of X-ray Source 

If the foreshortened width of the x-ray focus is small (less than 10 microns), the 
source itself may be at the focus of the elliptic cylinder, without introducing a slit 
to limit the width of the beam. It is necessary, however, to place an object slit 
at the focus of the elliptic cylinder when larger sources are used. 

Franks (1954) has shown that the single reflector camera can be used with 
equal advantage either with a fine focus x-ray tube (Ehrenberg and Spear 1951) 
or a high intensity rotating anode tube. In both cases, the intensity per unit area 
of the focused beam at the film is proportional to the specific loading and height of 
the source. The products of these two quantities are of the same order of 


magnitude. 
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2.3. Determination of the Optimum Camera Constants 


A compromise must be sought between the conflicting demands of high 
intensity and high resolution. The resolution of a low angie camera may be 
defined by two quantities N and Ny. 

N is the first order visibility. It is equal to the largest lattice spacing which 
gives rise to a first order diffraction which can be detected. The diffracted beam 
falls just outside the central area of the film obscured by parasitically scattered 
radiation. 

Ny 1s the high order resolving power and is equal to the spacing for which 
successive orders can just be resolved. 

From a consideration of the geometry of the camera, N and Ny can be calcu- 
lated as a function of its dimensions and those of the source and can be correlated 
with the intensity per unit area / of the focused beam at the film (Franks 1954). 

‘The experiments were performed with a fine focus tube (foreshortened focus 
6 microns wide), emitting CuK radiation (A=1-5 A), and at the critical glancing 
angle for glass (@=3 x 10-3 rad). Using the numerical values, it is possible to 


calculate the length of the reflector, 2s, for which J has its maximum value (i.e. | 


s=5), for given values of N and c, c being the distance between the source and 
nearer edge of the mirror. 


5,2 X, 
(cm) (A) 
8000 


Figure 2 shows representative design data obtained from the computations, in 
which N=10004. J, 59, d are plotted against c, d being the distance from the 
specimen or guard slit tothe film. The graph of Ny against c (figure 2) is computed 
on the assumption that the widths of the higher orders are equal to that of the 
source. ‘I'he graph shows that the intensity increases to a maxi 
decreases, i.e. as the camera becomes shorter, but after a further decrease in c the 
intensity rapidly falls to zero. ‘This is due to the fact that the width of the focus is 


mum value asc. 


finite; as c decreases the width of scattered radiation decreases while simultane- 


ously sy decreases. Ata finite distance from the source, the width of the scattered 
radiation equals the width of the focus, but at this point sy vanishes, and con- 
sequently the intensity is zero. At the value of ¢ where I is a maximum the 
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distance d is less than lcm. Where precision measurements of spacings are 
required it is desirable to increase this distance. This requirement is effected at 
the expense of intensity. 


2.4. Description of the Focusing Camera 

The effective part of the apparatus is shown in figure 3. In constructing it, 
use was made of existing apparatus. ‘The reflector is a glass optical flat 4cm long, 
1-5 cm wide and 45mm thick. It is supported on one side by two ‘silver steel’ 
rods 1-27 mm in diameter, placed 5mm from each end. The rods are undercut 
in the middle to allow the x-rays to pass. On the other side a variable bending 
couple is applied by means of a micrometer screw which bears against the steel 
spring, which in turn presses against the edges of the reflector. The rods are 
loosely held in a support (not shown), against an accurately machined reference 
surface, a steel bar of cross section 1 inch square. 


/ Micrometer screw 


,  ,Anede of 
Optical flat : fine focus 
' 


Undercut supporting rod ptay ive 


Reference surface med 
OZZL LL Pivot 


X-ray tube clamp 


kk —5 cm—+ 10cm * 1Scm—_—_______| 


Figure 3. 


The guard slit is formed by two Pt flats } mm thick, screwed to a brass frame, 
and is set, with a feeler gauge, to a width slightly exceeding the beam width. ‘The 
backstop, a thin tungsten wire (0-3 mm in diameter), is placed immediately in 
front of the film, and is mounted eccentrically on a vertical spindle. By rotation 
of the spindle, the wire is brought into the path of the beam, thus preventing the 
film from being fogged during long exposures. The x-ray focus-to-film distance is 
30cm. (Once the main dimensions (d, L, s),2L being the distance from source to 
focus, have been specified, the width of the guard slit and diameter of backstop 
can be obtained very conveniently from a scale drawing, actual scale along the 
length of the camera and with a magnification of 100 at right angles.) 


2.5. Experimental Technique and Results 

A 5kw rotating anode tube of the type designed by Clay (1934) was employed 
in the preliminary experiments. Since the foreshortened width of the focus is 
approximately 1 mm, it was necessary to place an object slit (10 microns wide) near 
the tube. By using a feeler gauge in contact with the reference surface (figure 3), 
the slit was set so that the x-ray beam was incident on the reflecting surface at an 
angle of 3x 10-* rad: 

The grain of the conventional fluorescent screen prevents any change in focal 
line width from being observed. ‘The camera is focused visually by using a 
single transparent crystal of CsI—-Tl (Franks 1953), 0-2 mm thick, as fluorescent 
screen. The fluorescent spot is observed through a microscope (400 x ). 
Alternatively, the reflector can be focused by takinga series of trial photographs for 
different settings of the micrometer focusing screw. A typical photograph 
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obtained with the camera and rotating anode tube is shown in figure 4 (a) (Plate). 
It is the low angle diffraction pattern of collagen from a kangaroo tail tendon. The 
exposure time was 13hours, at 70 ma, 33 kvp; the second order (320 A) is resolved. 
The photograph is an enlargement, the magnification being indicated by the scale. 
This photograph and all the subsequent ones were taken with CuK radiation on 
Ilford industrial G film. The emulsion on one side of the film is removed after 
development since the patterns do not overlap when viewed at right angles to the 
plane of the film. 

All the other diffraction photographs shown below were obtained with a fine 
focus tube (Ehrenberg and Spear 1951), the x-ray source being placed at the focus 
of the reflection ellipse. ‘The dimensions of the foreshortened focal spot are 
approximately 40 x 6microns. ‘The camera and tube now form one unit and it 
is important to prevent any relative motion between these two components. ‘The 
camera is clamped to the tube and can be rotated about the x-ray focus using a 
slightly modified version of the clamping system described by Jeffery (1952). The 
axis of the pivot (figure 3), passes through the focal spot. ‘The camera is rotated 
until the reflected beam is brightest. A slit placed near the x-ray tube window 
eliminates stray radiation. ‘The photographs shown below were obtained with 
the tube running at 450 wa, 50 kv. 

Figure 4 (d) is the low angle diffraction photograph of collagen, using the same 
specimen as before. ‘The exposure time was 3 hours. Comparing the two 
photographs it can be seen that the exposure time is reduced by a factor of 
approximately 5. ‘his is in fair agreement with the value of the ratio of exposure 
times obtained theoretically. Figure 4(c) is the low angle photograph of a speci- 
men of tobacco mosaic virus gel prepared according to the method described by 
Bernal and Fankuchen (1941). The innermost reflection corresponds to a 
spacing of 132A. ‘The x-ray beam is perpendicular to the particle axis. 
‘he exposure time was 3 hours. 


2.6. Discussion of Experimental Results 


The calculated first order visibility of the camera is just over 700A. Films 
exposed for an hour or longer (e.g. figure 4(b)) show some fogging round the 
shadow of the backstop. This fogging is not directly due to the relatively 
intense incoherent radiation scattered by the reflector, but to the parasitic radiation 
scattered by the guard slit. The width of the incoherent radiation is sharply 
defined as can be seen from figure 4(d), a 15 minute exposure showing the 
diffraction photograph of collagen from a rat tail stained with phosphotungstic 
acid, the backstop being 0-125 mm diameter instead of 0-3 mm); the 640 spacing 
is now resolved. ‘The first order visibility for this short exposure agreed more 
closely with the computed value. The higher order resolution agrees with the 
calculated value and is of the order of 10000 A. 


§ 3. A CAMERA WITH Two REFLECTORS 
The camera described above gives a one-dimensional diffraction pattern only. 
Much more information would be contained in a two-dimensional pattern. This 
can be realized by introducing a second mirror perpendicular to the first, so that the 
pair of mirrors produces on the film a one to one image of the foreshortened X-ray 
focus 6 x 40 micronsinsize. Preliminary calculations showed also that the second 
mirror would bring about a worthwhile increase in intensity. ‘The arrangement of 
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the apparatus is shown in figure 5 and resembles the X-ray microscope of 
Kirkpatrick and Baez (1948). The usual formulae relating magnification, object 
and image distances are valid for x-rays reflected at grazing incidence. ‘The 
aberrations are least at unit magnification (Baez 1948). In the double focusing 
camera, aberrations are kept as small as possible by having both mirrors close to 
the centre of the system. 


Vertical 
reflector 


CA 


Horizontal 
reflector 


X-ray source 
Figure 5. 


3.1. Determination of the Optimum Camera Constants 

Since the focus is approximately rectangular, the resolution is highest in a 
direction parallel to the shorter dimension of the rectangle. It can be shown that 
for mirrors of equal length, the first order visibility is greater in this direction if the 
reflector near the x-ray tube is parallel to the length of the foreshortened focus 
(vertical). Results obtained with this particular arrangement are discussed below. 
The intensity is independent of the order in which the mirrors are placed. 

Figure 6 is a plan view, showing the geometry of the camera; the mirrors are of 
equal length. 


Vertical Horizontal 
mirror = mirror 


Guard slit Film 
gZ—| wy 


Figure 6. 


AB is the reflecting surface of the vertical mirror, length 2s. CD is the hori- 
zontal mirror, length 2s. EF is the width of the guard slit. O is the centre of the 
focused beam. 2L is the distance between source and focus. d is the slit (or 
specimen) to film distance. OG is the width of scattered radiation on one side of 
O, and is due to the horizontal mirror. 

The dashed symbols have the equivalent significance in the elevation (figure 7). 
The radiation O’G’ is scattered by the horizontal mirror only. A stop, the mirror 
stop, bisects C’D’ and absorbs very nearly all the radiation scattered by the 
vertical mirror. . , 
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From the geometry of figures 6 and 7, the horizontal and vertical first order 
visibility (N,, and N, respectively) can be calculated (Franks 1954). The varia- 
tion of N,, and N, with d, for various values of L and for s = 2 cmis shown in figure 8. 
The intensity per unit area at the focus is proportional to the product of the angular 
apertures of both reflectors. ‘The values of the intensity shown in figure 8 are in 
arbitrary units and were computed for s=2cm. (It can be seen from figure 6 
that the length of the first mirror AB may be increased by a length AK without 
affecting the first order visibility. ‘The corresponding increase in intensity does 
not normally warrant the use of reflectors of different lengths.) 


Vertical Horizontal 
mirror mirror 


i Mirror 


j Stop 
X-ray source 


K L 


Figure 7. 


‘he shapes of the curves of figure 8 do not vary much when plotted for widely 
differing mirror lengths and specimen-to-film distances. Nmax is the largest 
first order spacing which can be observed and 1s given by the peaks of the ‘h’ 
curves. 

The graphs of Nmax against L for different values of s are shown in figure 9. 
On the same graph, the intensity per unit area / is plotted against “ for the same 
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Figure 8. 


Figure 9. 
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values of s. The curves show that for a given first order visibility over the range 
calculated, the greatest intensity is obtained by using reflectors as large as possible 
with the corresponding optimum values of L and d. In general, increasing the 
mirror length increases the intensity but decreases the first order visibility. On 
the other hand, increasing the distance between source and focus decreases the 
intensity but increases the visibility. The intensity per unit area at the focus 
depends on the product of the apertures of the mirrors and does not decrease with 
distance according to the inverse square law. An increase in L therefore causes a 
relatively small decrease in the intensity; increasing s to reduce the visibility to its 
initial value will result in an increase in intensity. With the single reflector camera, 
the intensity increases inversely with L, the dependence on L being due to the 
divergence of the beam in one direction. The required increase of s with increasing 
L to maintain constant intensity is not compatible with the first order visibility 
conditions, so that the optimum values of sand L are small. 

In the double focusing camera it is therefore advantageous to work with large 
values of sand LZ for maximum intensity. Large values of s and L are associated 
with correspondingly large values of the optimum specimen-to-film distance ; 
this is very convenient experimentally and also allows measurements of the 
diffraction patterns to be made with greater accuracy. 


3.2. Description of the Double Focusing Camera 


The components of the camera were mounted on an optical bench (The 
Precision Tool and Instrument Co. Ltd.), which was supplied with bench saddles 
having lateral and vertical screw controlled traverses. A photograph of the 
camera is shown in figure 10 (Plate). The camera is clamped to a fine focus tube 
and stands on a concrete table top, 3in. thick. ‘The concrete slab rests on anti- 
vibration mounts screwed to an angle iron table. This massive construction 
is necessary to suppress the excessive vibrations from which the laboratory 
suffers. 

The optical elements were similar to those of the previous camera, but differed 
somewhat in detail. Optical flats of the same dimensions (4 x 1:5 x 0-45 cm) as in 
the single reflector camera were used. Figure 11 shows the horizontal reflector 
unit, the mirror stop and the guard slit. The force block was machined from brass 
rod. This construction allows the camera components to be brought closer to 
the reflectors. The force exerted by the micrometer screw is transmitted to the 


ye Micrometer screw 


Undercut 
supporting 
rod 


Slit contro! 


Figure’ 11. 
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spring via a 1/16in. ball bearing, to prevent any lengthwise movement of the 
reflector on rotation of the screw. 

A spring loaded movement of the guard slit is provided by two screws acting 
against the force set up by distortion of the thin part of the supporting rod. 

The vertical reflector unit is similar to the horizontal one and consists of a force 
block screwed to a vertical plate, which is clamped to a bench saddle. 

The film holder is shown in figure 12. The backstop is a bent tungsten wire 
attached to a vertical spindle, which is mounted on the film holder frame. The 
wire can be taken out of the path of the beam by rotating the lever fixed at right 
angles to the spindle and returned to its original position by use of the stop. ‘This 
is a useful device for obtaining the trace of the main beam. The backstop is 
correctly set in the path of the beam by means of the two traverses of the film holder 
saddle. 


Figure 12. 


The focus-to-film distance was made equal to 24cm. It can be seen from 
figure 8 that with 4 cm mirrors the maximum theoretical first order visibility is 
1100 A and the first order vertical visibility for the same specimen-to-film distance 
is 400A. Aligning of the camera components is greatly facilitated by use of the 
single crystal fluorescent screen and after some experience has been gained, the 
whole procedure takes no longer than half an hour. ‘The method used, was to set 
the reflecting surface approximately parallel to the direction of the beam, then to 
move the reflector laterally until the reflected beam flashed into view, the glancing 
angle of incidence then being slightly less than the critical angle. The reflectors 
were then bent until the beam was focused. It is important to realize that if this 
procedure is followed, changing the orientation of the reflector merely changes the 
position of the focus but does not affect it in any other respect. The optically 
focusing camera has a distinct advantage here over point focusing crystal mono- 
chromators in which the aligning procedure is tedious and requires great care. 


3.3. Experimental Results 


The photographs in figure 4 were taken with a specimen-to-film distance of 
3cm. Figure 4(e) is the low angle diffraction photograph of collagen from a 
kangaroo tail tendon; the exposure time was 3 hours. _ It is interesting to compare 
this with the corresponding photograph taken with the single reflector camera 
figure4(b). ‘The increase in length of the successive orders is clearly visible; it . 
due to the arrangement of the elementary fibrils (Bear and Bolduan 1950). “This 
effect was not observable with the single reflector camera. The first order (640 A) _ 
now resolved and the lower orders are very much overexposed, showing that sibs 
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intensity per unit area is greater than before. The intensity per unit area is 
increased by a factor of about 7 which is in fair agreement with the factor 10 deduced 
theoretically. ‘The increased lengths of the higher order reflections reduces their 
relative intensities. Figure 4(f) is the low angle diffraction pattern of rat tail 
stained with phosphotungstic acid, exposure time 10 minutes. There is no fogging 
round the shadow of the backstop. With these short exposures, spacings of over 
1000 A have been resolved. The behaviour of the camera parallel to the length of 
the line focus is demonstrated in figure 4(g). The stained rat tail is vertical, the 
exposure being 40 minutes. ‘The highest vertical spacing which can be resolved 
is about 500A. The higher order resolving power is reduced considerably. 
Figure 4 () is the low angle pattern of heat relaxed terylene (fibre horizontal); 
exposure time is 30 minutes. Figure 4(7) is the diffuse low angle scattering pattern 
of a single crystal of an Al—Cu alloy (3°, Cu), containing groups of Cu atoms 
separated out from the supersaturated solution (Guinier 1952). The exposure 
time was 3 hours. 

Figure +(7) is the low angle diffraction pattern of tobacco mosaic virus, showing 
the hexagonal packing of the virus rods, exposure time 3 hours. Figure 4(k) is 
the low angle diffraction pattern of a gliadin film, exposure time 12 hours. The 
film was obtained by evaporation ofa gliadin solution from Atle wheat. The normal 
to the film was perpendicular to the x-ray beam and at about 45° to the horizontal. 
The arcs superimposed on the 504 ring clearly indicate orientation parallel to the 
normal. Figure 4(/) is the diffraction photograph of decayed Manitoba gluten, 
exposure time 12 hours. The boundary of the intense low angle scattering 
corresponds to a spacing of 220A. ‘The sharp cut-off of the diffuse scattering 
coincides with an intense 50A ring. The diffraction effects from gliadin and 
Manitoba gluten have not been published before. Both specimens were kindly 
prepared by Dr. W. Traub of this College. 

Figure 4(m) is the low angle scattering pattern of coal from Skelton Grange, 
exposure time 1 hour. 

The use of the focusing camera for back reflection work has not yet been 
seriously investigated. Preliminary experiments however have yielded some 
promising results. Figure 4(”) shows a back reflection photograph of Al 
(4 grains per mm), which had been creep tested for 696 hours at 200°c, under a 
stress of Ltonin-?; the exposure time was 2 hours. ‘The specimen was kindly 
supplied by Dr. D. McLean of the National Physical Laboratory. 


3.4. Discussion of Experimental Results 


For short exposure times the first order horizontal visibility very nearly equals 
the theoretical value of 1000 A, but for longer times the visibility decreases owing to 
radiation scattered by the guard slit. ‘The vertical first order visibility is greater 
than the calculated value for short exposure times. ‘This is most probably due to 
the fact that the vertical parasitic radiation is scattered by the horizontal mirror 
only and is thus relatively weak; this mirror is irradiated by the beam reflected 
from the first mirror and not by the direct beam from the tube. ‘The higher order 
visibility may be increased suitably by enlarging the scale of the apparatus, and this 
also leads to an increase of the intensity for the same first order visibility. 

The comparatively short exposure times required with the double focusing 
camera compare very favourably with those of the low angle cameras mentioned in 
the introduction, for photographs of comparable resolution. 
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Abstract. ‘The path differences from point to point between an optical wave front 
and its mirror image are antisymmetrical with respect to the common line about 
which the inversion of the mirror image has occurred. Features of the wave front 
which depend only on even powers of the distance from the common line disappear, 
while features which depend on odd powers of the distance are doubled. Thus 
by suitable choice of the common line the comatic errors and the distortion in the 
wave front may be shown up independently of the effects of change of focus, 
spherical aberration, astigmatism and field curvature. The analysis may be 
carried out on interferograms made by comparison with a known reference 
wave front, or by the use of the interferometer described, which compares the 
wave front with its own mirror image directly. This interferometer may also 
be used as a shearing interferometer. 


§ 1. INTRODUCTION 


HE problem of analysing interferograms is notoriously difficult when 

many aberrations are present simultaneously. On the other hand, the 

patterns produced by a wave front in which only one or two aberrations 
are present can easily be interpreted. Some of the first investigations in this 
direction were carried out by Kingslake (1926), who produced the interferograms 
ona Twyman interferometer. In this instrument the wave front under investiga- 
tion is compared with a reference wave front of known shape; in order to simplify 
the analysis, the shape of the reference surface should be a perfect sphere. To 
produce a reference wave front of the quality required demands the highest 
standard of workmanship on the optical parts of the interferometer, some of which, 
at least, must be as large as the system to be examined. ‘The need for a reference 
wave front and the large, accurate optical parts to produce it was avoided in the 
shearing interferometer devised by Bates (1946, 1947). Not only is this inter- 
ferometer very compact and convenient for the examination of large optical 
systems, but the shearing principle makes possible a very great simplification 
of the process of analysis of the interferograms. More recent developments in 
the design and use of shearing interferometers have been described by Drew 
(1951) and by Brown (1954). ‘The latter gives some examples of the calculation 
of the primary aberrations. Shearing interferometers dispense with the 
comparison wave front by providing two sights of the system under test, so that 
the wave front produced by the system may be compared with itself. Any point 
on one wave front can be made to coincide with a point on any zone of the other 
wave front by altering the shear between the two wave fronts. In some cases 
a complete analysis of the shape of the wave front can be made by this procedure. 
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‘The present paper is concerned with the development of the principle of comparing 


two parts of the same wave front, or two parts of the same map of a wave front, 
in order to isolate and measure the comatic contributions to the wave front 
aberration. 


§ 2. ComaTIc ABERRATION 


‘The presence of coma or the related aberrations in an optical system is often 


objectionable because of the unsymmetrical nature of the image patch and | 


because the ‘centre of gravity’ of the patch may be displaced when the aperture 


of the system is changed. Other aberrations of a symmetrical nature may be_ 


more tolerable, although under some conditions (e.g. vignetting of the pupil) | 


an image shift may be produced by a change of aperture when only symmetrical 
aberrations are present. It is often useful, in any case, to be able to measure 
small amounts of comatic aberration in the presence of larger amounts of 
symmetrical aberration. ‘The asymmetry which distinguishes the comatic 
wave front aberrations is well brought out in the classification of the aberrations 
given by Hopkins (1950). This system employs the coordinates indicated in 
figure 1. ‘The optical system is shown dotted; the optical axisis OO’. PP’ isan 


Figure 1. Coordinate system for analysis of wave front aberration. 


oblique principal ray which cuts the pupil ABCD of the system in S. The 
obliquity of this ray is measured by the intercept O’P’ in the focal plane, and is 
expressed as a fraction o of the maximum value of O’P’. Q isa point in the 
pupil and has the coordinates r (expressed as a fraction of the maximum semi- 
aperture) and ¢, the angle SQ makes with the tangential meridian SB. Hopkins 
represents the total wave front aberration by the sum of a series of terms, each of 
which is the product of a coefficient and powers of r, ¢ and rcos g. ‘The comatic 
aberrations are those which involve odd powers of cosé. An investigation of the 
variation of the wave aberration over the pupil for a number of valucs of o should 
make possible the identification of the aberration terms present and the assignment 
of a value to each coefficient. When all the aberrations are present the task is 
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rather difficult, since there are five coefficients to be determined simultaneously 
for primary aberration only, and fourteen for primary and secondary together. 
By eliminating all the contributions to the aberration which depend on even powers 
of cos¢, the number of coefficients to be determined is reduced to two for the 
primary aberration only, or six when both primary and secondary aberrations 
are present. When the purpose of the investigation is to examine image quality 
only, these numbers are each reduced by one, since one term in each order specifies 
a distortion, which has no effect on the structure of the image of a small object. 
A further simplification is introduced in this paper by considering only a single 
value of the obliquity c. Each aberration term then takes the same form as one 
of the terms in each higher order, since these terms differ only in the power of the 
o factor. For example, spherical aberration terms of the form 4, o274, or,... 
occur. By fixing o, each of these terms becomes a function of 74 only, and the 
whole series may be summed and treated as a single term. The number of 
coefficients to be determined is thereby reduced still further. If we now write 
rcos¢=wx where x is the perpendicular distance of Q from the sagittal meridian 
AC of the pupil in figure 1 (a), the wave aberration at Q may be expressed as 
a sum of terms of the form a,,,,,x”r?” where each a is a constant for the optical 
system, and m and m are integers. Further, we can write r?=2 and the wave 
aberration at Q may then be expressed as 


Wrotal = > Qn eS Ce ERs (1) 


The first few terms of this series for which m is odd are 
~ = I ney ty 33 aye 3 
Deisintae == Aygh + Gy XS + Gyo XS" 4 Gay X A gkS2 4 Uy ZA vn hha ves (2) 


In this series, the first term includes all the distortion contributions of all 
orders. ‘The second term is sufficient to express the primary coma contribution, 
though the term will include higher orders if these are present. Similarly, the 
first four terms taken together are sufficient to express all the comatic and distortion 
contributions in the primary and secondary orders, and the six terms quoted are 
sufficient for the first three orders. 

In order to analyse the comatic aberrations into the contributions set out 
above, it is necessary to Measure Weomatic for a number of points in the pupil, 
and to solve the series of simultaneous equations obtained to find the constants 
Gy 41,---- This was done in two stages. Equation (2) becomes, after dividing 
through by x and rearranging (and dropping the subscript from ®omatic)s 


CON Gig iyo Oia e” 1 Gah? 4 a) Fag Gaye Pn) ee deele (3) 


In this expression w/x is expressed as a polynomial in x? in which each coefficient 
of x2” (where p is any integer) is a polynomial in z. For the example to be given, 
the two terms above were sufficient. Equation (3) was treated as a linear equation 
in w/x and x2, for a series of constant values of z, giving values of the polynomials 
in x for each value of z. ‘These two sets of simultaneous equations were then 
solved to obtain the coefficients a5, @,,,..., taking each polynomial as far as was 
justified by the measurements of w from the interferograms. If a complete 
evaluation of all the aberration coefficients of each order was required, it could 
be carried out by obtaining the coefficients dy9, a, -.., a8 above for each obliquity 
a, and expressing each coefficient as a polynomial ino. A series of simultaneous 
equations could thus be formed which permit a value for each of Hopkins’ 


aberration coefficients to be obtained. 
4C-2 
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§ 3. MEASUREMENT OF COMATIC ABERRATION 


In figure 1 (a), the point Q in the pupil has the coordinates x, Vz. Q’, the 
mirror image of Q in the sagittal meridian, has the coordinates —x, 1/2. 
Consequently all the terms in z,,,,; in which m is even will have the same value at 
Q and at Q’, while terms for which m is odd will have equal magnitude but 
opposite signs. ‘Thus if we are able to measure the total wave front aberration 
at two points symmetrically situated with respect to the sagittal meridian, the 
difference of the two will be equal to twice the sum of the individual comatic 
contributions, and all other contributions will cancel : 


7 
Weotal  & total = 20 ata: sgerene ie se (4) 


Measurements of the total aberration may be made from interferograms which 
are obtained by comparing the unknown wave front with a perfect reference 
wave front, as in the Twyman interferometers described by Candler (1951). 
Examples of the interferograms are given in figures 2 and 3 (Plate I), which were 
obtained with a camera lens of 20 inches focal length set at 10° off axis on the 
Twyman camera lens interferometer. In figure 2 the reference surface has been 
set parallel to the mean plane of the wave front. In figure 3 a tilt of the reference 
surface has been made to cause the bands to close up and to produce a pattern 
in which the order of interference increases progressively all the way across. 
Both interferograms are accurate maps of the unknown wave front, but the 
second is more easily measured, since a possible uncertainty in the order of some 
bands is avoided, and the points measured may be spread more evenly over the 
surface. It will be seen that the pattern is nearly symmetrical, indicating that 
most of the aberration consists of even-order terms. 

‘The measurement and comparison of the two sides of the interferogram may 
be combined if two copies of the pattern are prepared and measured in some form 
of comparison microscope. A microscope which had been specially constructed 
for another kind of related measurement, and was equipped with a pantograph 
for plotting directly the measurements as they were made, was adapted for the 
purpose. ‘This instrument has been described elsewhere by Gates (1954). 


§ 4. SEPARATION OF COMA PATTERN BY Morré FRINGES 


A quick way of separating the comatic parts of the wave front aberration can 
be employed if two transparent photographic copies of the Twyman interferogram 
are available. ‘The interferogram should have nearly parallel bands crossing 
the pupil in the tangential direction, as in figure 3. The two prints are put 
together face to face with the two sagittal meridians in coincidence, when the 
moiré pattern shown in figure 4 (Plate I) is obtained. The pattern is symmetrical 
in appearance about a vertical axis, though strictly the path differences represented 
by the pattern are of opposite signs on the two sides. The central band is one of 
maximum contrast, because the spacing of the bands in the two prints coincides. 
On either side there are successive bands of minimum contrast formed of points 
where a dark band of one print lies on a clear band of the other. ‘Thus each band 
is a locus along which there is an odd number of half-bands difference between 
the two sides. Because light passes twice through the system under test, each 
band represents the locus in the wave front, formed after a single traverse of the 
system, along which the comatic aberration is constant and has a value of an odd 
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multiple of } wavelength, referred to the sagittal meridian. This method, 
unlike the others described here, is not suitable for the measurement of comatic 
aberration much less than half a wavelength. 


§5. THE DousBLe ImaGre INTERFEROMETER 


In most two-beam interferometers, an original wave front is divided into 
two parts which are later recombined after one part has passed through the 
system to be tested. Under suitable conditions, interference will show up the 
aberrations and other defects in the system. ‘The interferometer to be described 
here is so arranged that one part 6f the wave front is reversed, and both parts are 
then passed through the system to be tested along similar paths. A second 
reversal of one of the two parts of the original wave front brings the two into 
coincidence so that interference can occur, but because of the reversal, only 
the asymmetrical variations of path in the optical system are detected. 

The interferometer is automatically compensated for use with white light, 
since the central rays of the two parts of the original light pencil follow exactly 
the same path but in opposite directions. Theoretically an extended source 
could be used, but in practice small errors in construction restrict the illuminating 
aperture which may be used. A note on this restriction and its estimation is 
given in the appendix. 


Figure 5. The double-image interferometer applied to the measurement of coma. 


One form of the arrangement is shown in figure 5, applied to the testing of 
a photographic lens. ABC and ABD are two exactly similar right angled prisms, 
each with one 60° angle, made by cutting a single prism in two. ‘The face AB 
of one of the prisms is coated with a semi-reflecting film and the two prisms are 
cemented at the faces AB in such a way that the faces CB and BD are coplanar 
within a very small limit. A small source is placed as shown, at 5, so that light 
enters the prism through the face AC and is divided at the interface AB into two 
beams of equal amplitude. ‘The two beams are totally reflected at AC and AD 
respectively, and emerge through the face CD on paths which converge slightly 
towards the system under test. A mirror M is set behind the system under test so 
as to focus a reflected image of the source S back on itself. ‘he mirror may be a 
sphere of any curvature set with its centre coincident with the second principal 
focus of the system. In testing lenses intended to be used with one conjugate 
infinite, the mirror must be plane and the system must be turned with the front 
towards the mirror. ‘This is the case which is illustrated in this paper. In the 
figure the prism is enlarged out of proportion for the sake of clarity; in practice 
the angle at which the two halves of the light beam converge is very much smaller. 
Successive positions of the parts of the original wave front XY are shown. ‘The 
wave front at 1 is split in the prism into two parts XY and X’Y’, which emerge at 
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a 


reflected at the mirror M, the two wave fronts again pass through the lens and 
emerge at 3. Here the two parts of the wave front are diverging, and each retraces 
in the opposite sense the path originally traced by the other. The two parts re- 
enter the prism, where each is further divided into two parts. One part of each 
returns towards S and is lost; the remaining parts of the two wave fronts leave the 
prism at 4 and are congruent. except for unsymmetrical components of path 
difference introduced by the lens. An eye looking into the interferometer prism 
from S’ sees two images of the pupil of the system, which are mirror images and 
which may be made to overlap by rotating the prism about an axis perpendicular 
to the plane of the figure. Rotation of the mirror M, also about an axis perpen- 
dicular to the plane of the figure, produces opposite tilts of the two reflected wave 
fronts at the position 4. This provides a control of the separation of the inter- 
ference bands which appear to cross the image of the pupil of the system. The 
pattern of bands is similar to that which would be formed by combining two 
copies of a T'wyman interferogram to form a moiré pattern, as described above ; 
a series of such patterns, obtained with the same lens at the same obliquity as in 
figures 2, 3 and 4, is shown in figure 6 (Plate JI). ‘The mirror M is set at progres- 
sively increasing angles through the series. Each of these patterns has been 
analysed as described above, combining measurements for each of the four similar 
quadrants of each pattern, in order to reduce the effect of the distortions in the 
pattern caused by errors of centring and other defects of workmanship in the 
construction of the lens. ‘The analytical expression for the comatic errors, giving 
the three most important terms, is given by each pattern and is also plotted for 
comparison. It will be seen from the resemblance that the three terms are 
sufficient to express the comatic aberration within a very small fraction of a wave- 
length. ‘The first term in each expression includes the effect of the tilt introduced 
in rotating the mirror M, and consequently is different for each pattern, but the 
other terms represent comatic aberration terms which depend only on the con- 
struction of the lens and the obliquity angle, and are therefore the same for all the 
patterns. 


2 as mirror images of each other. After passing through the lens and being 


$ 6. SHEARING INTERFEROGRAMS 


As already described, the two images of the pupil of the system may be sheared 
by rotating the prism, and at any state of shear the separation of the interference 
bands may be controlled by tilting the mirror M. Some examples of the patterns 
obtained are shown in figure 7 (Plate I). When the aberrations to be measured 
have zonal symmetry, or are symmetrical about the sagittal meridian, no change is 
produced as a result of the inversion of one of the images of the pupil, and the 
patterns which are produced are exactly similar to those which can be obtained 
from the types of shearing interferometers described by Bates, Drew and Brown. 
The prism is more compact than any of these interferometers, though it has the 
disadvantage that it is not possible to introduce a tilt of the wave fronts about an 
axis in the plane of the diagram in figure 5. 

It seems that prisms of this kind were first applied by Késters (1931) who points 
out that any combination of two exactly similar prisms can be used as an interfero- 
meter in the way described as long as one of the angles of the prism adjoining the 
common face is exactly half the angle which is opposite the common face. Thus 
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one type of prism which could be employed is the beam splitting cube which is 
already in use for other purposes. This consists of two right-angled isosceles 
prisms joined along their hypotenuse faces. 


§ 7. CONCLUSION 

This paper shows that a very great simplification of the problem of analysing 
a complex interferogram of an optical system can be made by separating the odd 
and even parts of the wave aberration. One interferogram is sufficient to deter- 
mine the total comatic contribution at each point in the pupil, and it has been shown 
how the aberration can be broken down into its constituent terms, with good 
agreement between the original wave front and the map obtained by plotting the 
sum of the major terms. The principle can be extended to deal with other types 
of aberration in a similar way; for example, the even order aberrations could be 
separated out from the complex interferogram, and intercomparison of two such 
maps sheared through 90° about the centre of the pupil will make possible the 
measurement of astigmatic contributions. Further investigations of this kind 
are planned. 
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APPENDIX 


Limitations to the Size of Source which may be used with the Double Image 
Interferometer 


As suggested in the paper, it is convenient to make the two parts of the prism by 
cutting a single prism intwo. ‘The two halves of the completed prism will then be 
symmetrical, except for the cement layer which adds to the optical thickness of the 
uncoated half prism. In addition to the small path difference introduced by this 
layer, there may be small misalignments of the two halves, and the layer may be 
wedged. The path difference is automatically compensated in the arrangement 
described, but the misalignments and difference of angles set a limit to the size 
of source which may be used. Fortunately, the size and shape of the source which 
may be used is easily found in practice. 

Figure 8 shows a section of the prism and represents the surfaces encountered 
by each of the two possible ray paths in figure 5. A wave front passing through the 
system from the region of P is reflected and returned towards P’. The transmis- 
sion through the system under test and the reflection isto be regarded as limited toa 
small region Q of the pupil of the system over which the phase variations introduced 
by the system are small. In these circumstances the two parts of the original wave 
front will coincide except for a small relative tilt introduced by differences in the 
angle of the two half prisms. ‘The tilt is of the magnitude 2 (n — 1)(y—a+B--5) 
where n is the refractive index of the material of the prisms, and «, f, y, dare the 
angles shown. 
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Similarly a section at right angles to the one shown gives an expression for the 
relative tilt of the two wave frontsin terms of the pyramidal errorsin the prisms, but 
the expression is not simple except for special cases. The variation of brightness 
seen in a region conjugate with Q (if Q is now regarded as moving across the whole 
pupil) will not be appreciable unless the two wave fronts arriving at P’ from each 
area Q are in phase over the whole region of P’. If there are angular errors, good 


(2) 


Figure 8. The alternative ray paths through the prism. ‘The boundary of the cement 
layer is shown by the broken line. (a) Clockwise path: two reflections at AB. 
Prism deviation = €,=(n—1) (y—a+2f—26). (6) Anticlockwise path : two trans- 
missions through AB. Prism deviation =€,=(n—1) (a—y). Relative tilt between 
the wave fronts in (a) and (b) =«,— €.=2(n—1)(y—a+f—8S). 


contrast in the interferogram will only be obtained by restricting P or P’. In 
practice this can easily be checked, since an extended source can be placed at P, 
and the relative tilt in the two wave fronts is shown by the interference bands seen 
in the region of P’. The largest aperture which can be employed isa slit of a width 
less than one band, oriented similarly to the bands in the pattern, and placed so as 
to coincide with the achromatic band in the case of white light testing. In the 
prisms actually used, it was found convenient to employ a pinhole rather than a 
slit, and this was usually about 0-5 mm in diameter. 
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Abstract. Maxwell’s equations are used to find a necessary condition which 
must be satisfied in order that the phase contrast microscope may function 
satisfactorily. [he method in the paper requires no restriction to be placed 
on the general shape of the object to be examined: in particular it need not have 
a grating-like structure. 


§$ 1. INTRODUCTION 


HE theory of the phase contrast microscope has been described in the past 
by a number of authors (e.g. Zernike 1942, Bennett et al. 1946, Frangon 
1950, Hopkins 1953). It works because, under suitable conditions, 
an object of variable refractive index (here called a phase object) produces 
approximately the same diffraction effects as a similar body of variable conduc- 
tivity (an amplitude object). But under these conditions the light diffracted 
by the phase object is 90° in phase ahead of that diffracted by the amplitude 
object. If the undiffracted light which has passed through a phase object is 
artificially delayed by 270° in phase then the phase object will produce inter- 
ference effects as though it were an amplitude object. When such a phase object 
is examined under a microscope the regions of large optical thickness will appear 
dark and those of small optical thickness bright. 
In this paper Maxwell’s equations are used to show that the effect occurs 
only when certain parameters are sufficiently small. Criteria will be found to 
determine whether only a small error has been made in the approximation. 


§ 2. MAXwWELL’s EQUATIONS 


Let pp be the permeability, ¢ the dielectric constant and o the conductivity of 
the given medium. ‘Then Maxwell’s equations are, in gaussian units, 


CT Oe) 
lod 
Sate ere |) © ep ae 1 
Voeck ape) (1) 


where E and H are the electric and magnetic intensities and j the current density. 
By Ohm’s law 
ied Oe ee teh (2) 
For monochromatic radiation of frequency w/27, E=€e'’ and H= Be 
so that 
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and 


or 


One expects no absorption effects and no diffraction of light when o=0 
and when p and « are slowly varying functions of position. The coefficients in 
the equation for € satisfy these conditions when there is no phase or amplitude 
object in the field. 

The equation for € then becomes 


vx (2 vxe) -Se=0 a. ae (6) 
be G 


with suitable boundary conditions to allow for the admission of light to the 
apparatus. Let the solution of (6) be €=€,(r), say. 

When an amplitude object is introduced, the conductivity is no longer zero 
everywhere, but equals dc (r) in a certain region S of space. ‘The equation for € 
still has the solution €=€(r) in the zeroth approximation, but the accurate 
solution is € = €,(r) + A(r) where 


ses 
vx [ov x(€.+8) | - S(e+9)+ ODE, eis. cl) ee ae (7) 
- 
or, by use of the fact that E = &, satisfies (6), 
‘ | 
vx (Gv xa) 2 SEE greg, TOPO (a le (8) 
LL é C 


The function A(r) must also satisfy the Sommerfeld radiation condition 
(cf. Baker and Copson 1950). 

Now let a phase object be introduced into the field instead of the amplitude 
object, then dc=0 throughout the medium, and the dielectric constant becomes 
« + de, where de =de(r) 40 in the region S._ If de(r) here is everywhere propor- 
tional to do(r) in the amplitude object then the two objects may be said to be 
similar. With the same boundary conditions as before €=€,((r) is still the 
solution of the equations in the zeroth approximation. ‘The complete solution 
isnow €= €((r) + P(r). 

By an argument similar to that given for the amplitude object, we find for 
the phase object that 


vx (lvxn)-S op. (ee) ee (9) 


A simple approximate relation exists between @ and 9) if, and only if, |@| 
and | 33 | are sma!l compared with |€,|, for then the terms €,+ Q and €,+ 9 on the 
right-hand sides of (8) and (9) can both be replaced by €,, and we have 

1 a 
vx (i vxa) Stan — ere, eee (10) 
fb Cc c 


and 


vx (l vxp) - p= Fe i. a (11) 
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Further, @ and 9 satisfy the same boundary conditions. If So and de are 
related by 
2 " : 27cde - da fe 
woe =47dc,  1.e. ae =4r6c or 5 = OA Bets (12) 

the amplitude and the phase object are equivalent. 9(= 27c/w) is the wavelength 
in vacuo of the incident light. 

Relation (12) shows that the objects can be made equivalent only for light of 
a given wavelength. Suppose two objects are equivalent at a wavelength 4, 
then, at a wavelength A) >A,, the phase object will produce the same diffraction 
effects as an amplitude object whose conductivity is lower, in the ratio A,:A 
than that of the amplitude object which was equivalent to it at wavelength A,. 

When the objects are equivalent the coefficients in equations (10) and (11) 
are the same, except for the factor —7 on the right-hand side of (10). It follows 
that A= —7}. But the electric vector of the light diffracted by the amplitude 
object is A= Qe” while the vector of the light diffracted by the phase object 
is P= Pe =iqe™=Ae'*?. Therefore, to this approximation, the two objects 
produce identical diffracted waves, but in the case of the phase object the waves 
are 90° ahead of those diffracted by the amplitude object. 

This approach is valid only when |€,| is much greater than |@| and || 
at points where dc or de is significantly different from zero. Ifthe vectors A and 9 
cannot be neglected on the right-hand sides of equations (10) and (11), then the 
simple relation between them does not hold and the basic approximation fails. 


> 


§ 3. THE VALIDITY OF THE APPROXIMATION 


In the neighbourhood of the phase object both wand « will have, approximately, 
the constant values pz, and €9, and diffraction effects occur because within the region 
S the dielectric constant is «7 +5e. We shall consider first what happens when 
the incident light is a monochromatic, plane polarized plane wave. ‘The effect 
of more general electromagnetic wave systems can be discussed afterwards by 
a superposition of the effects due to a series of such plane waves. 

Then €,= €, exp(—zk,.r), and equation (11) becomes 


oot 
—V x(V x #)+ 7) Lead 


w*N? 


5) 
co 


A 
= V9 + ye Hyde Ey exp (—iky -F) sae (13) 
where N=(€9)!? is the refractive index of the background medium, if there 
are no space charges, and fluctuations in « are large in linear extent compared with 
Ay, So that O=V.(e9 + 5e)9I—(ey + 5e)V -. ‘The incident light propagates through 
the medium with a speed c/ N=w/ky, and so wN/c=ky. ‘The wavelength of such 
light im vacuo is Ay = 27c/w = 27N/Ry. 

In the presence of the phase object the refractive index at a representative 
point r is changed to (1+/)N, where fis a function of r, whose value is assumed to 
be small compared with unity. Then N(1+f)?=po(ept+5e) or 2N*f= pode. 
Equation (13) can now be written 


2w2N? : : F 
V2 + ky? P= — f(r) €, exp (—tky r)= —2k,*f(r)€, exp (—tk,.r). 


C2 
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We define 4(k) by the relation | 
j(r)= | {f- pe $(k) exp (ck. r) dk. | 


Then equation (14) can be written 
V2P + 2D = —2h,?E, | | | 8(be) exp (kk) 7} dk 


with the solution 
| ~ ((( dk) exp i(k —ko). F} 
? — — 2 26 
23 = 2Ro €, ||| ko? —(k —ko) -(k — ky) k 


f ry d(k)exp(zk.r) 
= 2hk,?€, exp (—iky.r) ||| A sae dks Aly Sea (16) | 


It is understood that the principal value of the improper integral is to be taken 
in (16). Before using (16) to make the comparison between | 33| and | €, | we 
must work out some properties of the function ¢(k). Firstly, the origin O, where 
r=(, can be chosen arbitrarily.t| Secondly, since f(r) is real everywhere, 
f(r)=f*(r), and this holds for all r. 

Then 


ff d(k) exp (tk. r)dk= {I $*(k) exp (—ik.r) dk 


= jal $*(—k) exp (ik.r) dk 


for all r, so that 4(k)=4¢*(—k), for all k. 

We need to find the integral of f(r) along a path parallel to the incident light. 
Let Ox be parallel to ky. ‘Then we can write (15) in terms of polar coordinates 
k, 0, y% in wave-number space, or, better, in terms of Rk, u, 4, where w=cos 0. 
We find 

ro rl ln 
f(3,0, 0) =f(z) = | dle [ (Ry py) exp (ikux) Rdkdudyb. «0... (17) 


Since ¢(k)=¢*(—k), it Pella that (k, vw, %)=4*(k, —pu,7 +), and after 


some manipulation 


fl2)= |. ales ie tine d) ekp (oahu eidea ame (18) 
Addition of (17) and (18) gives that 


f(s)=43|- ae [4(F, 1b) + O*(k, ps h)] cos (Aye) h2dkdpadp 


Gh wae 


+h 


i [. i [A(k, yh) — P*(R, w, b)] sin (kuz)k?dkdudis 


roteoy eit 27 
== | | | [p(k, u,b) cos kuz —7(k, 1, b)sinkuz|R2dkdudib —...... (19) 
PO) ee —— 1 ee a! 


where $=p+ir, and p and 7 are real. Note that p(k, u,¥)=p(k, —p, 7+) 


while 7(k, u,b) = —7(k, —p, 7 +2). | 
Let | 


Zr n)=|“olkenbdih and 2nT(kyn)=[ “(pW dh 


+ But see Appendix. 
| is now used for cos 6. No confusion should arise with its use above for permeability. 
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Then A(f, -) is an even function and 7(k, .) an odd function of . Further 


rape 
f(z) =20 | | [R(A, jw) cos kus — T(k, 1) sin kuz] e2dkdye 
1 


/ 0) 1 — 


ae Bik ( ( R(R, je) sin easy, T(R, pw) cos kuz | | edkd i 
S)as = L247 XC 
~ 0 =1 fag J E = e5 
hgtecdins (20) 


The factor 1 in the integrands introduces no difficulty near p =0, as long as 
R(R, w) is finite and T(k,) is, differentiable there, for all k. For we have 
(sin kuz)/u>kz; and [T(k, w)]/u>[0T(R, w)/Ou],,-9 as w>0, since T(k, 1) is an odd 
function of « and so T(k, 0)=0. 


Further 
; “1 k, S1 a , kz y 
el SS a ee G 4)= re) 
4 za / —1 Ke Pea TIE kz 
an 
1 x 
lim | i en yn) ee (21) 
zZ>-— wor -1 bh 
Also 
a k Ruz 
lim | ESV ICOS TE du=( 
z>tov—l fe 


provided only that [7(k, )]/u, which is an even function of p, finite for .=0, 
can be expressed as a convergent Fourier series in multiples of 7 over the range 
—1<yp<l. 
Thus, finally, 

fal) ‘e ae 79) oO 

| Wises —27r | a ——— kdkdu + 277” i R(k, 0) kdk 

J = 0 I 0 
and 

| fiz aa ane | RLOV RG P= See (22) 


0 
The additional optical path along which the light travels from — co to the 
point z in the presence of the phase object is 


Ka)=N [ i) dz. 


The total additional optical path through the whole object is 


4n®N | R(k, 0)kdk =2L, say, 
J0 


so 
“0 “Oo er] 
(0)=N | f(z)dz=2nN | | ae H) kdkdu+ L 
— 425, Gere 


or 


We ee | i on Oy din 2 (23) 


Here /(0) is the additional optical path to the point O, where z=0. ‘The integral 
will occur again shortly. . 
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Now the solution of the equations for 39 is given in (16). We shall compare 
}~ and €, at the point O (r=0), remembering that this point can be chosen 
arbitrarily. In terms of k,u and ys 
ro pl p2n (hk, py, ) 
oT R*dkdudis 
0 ee k? — 2kRow 
2 1 R(R, pw) +77 (k, “) 


—47k,.*€, exp(—ik,.r 
Tk, *€, exp ( 0 ae k—2ko 


P = 2h, Ey exp (—tky- 1) 


dds | ose (24) 


Since R(k, 2) is even and T(k, 1) is odd in 


cl R(k, wp) +1T(R, 1) r1 R(k, 1) -iT(k, he 
— REA Rasa = d = 2 
: i k— 2kop i hy k+2R,p (% 
one R(R, 1») contd Tk Hy a 
A | aR PO eee HM. ed (255) 


We must now restrict ourselves to phase objects whose typical linear dimensions 
are large compared with the wavelength of the incident light. Then, by the 
general properties of Fourier transforms, R(k, 4) and T(k, /) are certainly signi- 
ficant only for values of R<k,(=27N/A,). The first term in (25) can then be 
neglected, with an error of the order of k/ky, where /=27/k is a typical length in 
the phase object. 

Thus 

sweat T(k, 
Jo 2ik, | 0 bate 
ip (Tey) The], i 7 They) 
if [Be Be aon Ge i 
+2Ry k-2Ropw ZR ae 


Ze 
since T(k, 4) = —T(k, —p). It follows that 


i pet Thu) 


provided that the distance of O from the centre of the phase object is much less 
than /,= N/?/A,. ‘This statement is justified in the Appendix. 


=ill 


yey! 
kdkdup= — > | | Lt) han 
2ko Jo J-1 


In fact 
yf Ne (Resin) 
I=-5 | | 2" edkd 
as 2Ry J, -1 -F . 
with another error of order k/ky, and finally 
atk, : : ee Lesa) 
Peso Eq exp (—tky-r) | |B eakdp 
or, by (23), 
: l(0)—L 
p= thy Ey exp (—iky r) sidtase (26) 


But 27N/ky=Ay and €, = Ey exp (—iky.r)=undisturbed wave, so that 
P= —7€ 27/10) Lip) ee eee (27)+ 
Thus 33=0 at the point on the incident ray where 1(0)=L, which is so placed 


that the additional optical path from — o to the point equals the additional 


t The properties of the magnetic vector can be deduced from (27) by means of the 
relation V x €= —iwpu B/c (u is the permeability). 
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optical path from the point to + co. We call this point the optical centre of the 
object for the given ray. 

In general equation (27) shows that, to the first approximation, the diffracted 
electric vector is parallel to the undisturbed vector €,, but is 90° out of phase with 
it, at points distant much less than /, from the optical centre. Here | 33 | and |€,| 
are in the same ratio as the length of the additional optical path from the optical 
centre to the point considered and 1/27 times the vacuum wavelength of the 
incident light. ‘The basic approximation holds if | {/(0)— L}/Ay | <1 at all points 
in the field, i.e. if the phase object introduces an additional optical path which is 
small, compared with the vacuum wavelength of the light used, along any ray 
parallel to the incident light. 

The result can now be generalized by a superposition of a number of incident 
plane waves, and we find the following: 

A phase object of mean additional refractive index » will, when examined 
under a phase microscope with light in a spectral range AQ around the wavelength 
Xp; produce approximately the same diffraction effects, advanced by 90° in phase, 
as an amplitude object equivalent to it for light of wavelength 5. The error 
made through equating the diffraction effects in the two cases is of the order of the 
largest of the three ratios AX/A, Ay// and n#/Ay, where / is the linear scale of the 
smallest fluctuations in the structure of the object and ¥ is its maximum thickness 
along any incident ray. 
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APPENDIX 
We shall discuss the condition under which one may write 


ro cl 


- Re) pa | EA) phat 
0 i fe i 


aon ee 
for small values of v. A rigorous derivation of the condition would be out of 
place here. It will be enough to indicate why the approximation is good only as 
long as the point O is not too far from the centroid of the distribution of refracting 
material. 

By definition 


wD 


jQn= | | d(k) exp (7k .r) dk 


sry 


so that, on inversion, 


Aa oF {[J fo exp(—ik.r)ar. 


With cylindrical coordinates z, p, x through the origin O in real space, and polar 
coordinates k, 6, % in wave-number space, we have 


d(R, bs b) Pater 


= oF | | | fe prxxX) exp{— tk[ sp + p(1 — uw)" cos (x —w)]} dz pdp dx 


where w=cos 6. 
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On integration over % we find 
| b(hs 1p) dob = Qn R(R, x) +17 (R, w)] 

Waritier tee 
1 (Gay alia 


abn 


x | “exp {—ikp(1 — 2)! cos (y—)} ab. 


“0 


fle, p, x) exp (—tkzp) dz pdp dx 
0) 


— flep.x) dx = 2n F(z, p); 


then, since Lire) lk) | 


Now let 


“0 


JU 

exp {—zx cos (@—«)} dé, 
0 
it follows that 


R(k, p) +iT(k, w) = 


! ihe e / 5 Nae 
aap! |, Bevp)exp(—tken)ulho(1 — 12)"*] ds pdp. 


On taking imaginary parts 
1 oO - oO 
Tit) =— Om | | F(ssp)Jolke(1 —p?)!7] sin (Aap) dz pdp. 
oe ~—ao-0 


If =) is the = coordinate of the centroid of the distribution of diffracting material 
then one can write T(k, 1) =G(k, u) sin kuz, where G(k,) varies only slowly 
with ». For large values of kg, the rapid variations are all contained in the 
sinkuz, term. In such a case 


[ iF ea z ij T(k, w+) 
iQ) el) a sal fad 


k dk dw + other smaller terms 


le pte 
ala cen), 
1D. il fs 


+ other smaller terms 
eh G(R, pw) sin kay | 


ss | | —_—_——_— cos (ka)v) k dk du 
Eh @ 6 0) b 
4-other smaller terms 
r oO mill ( 
ied | cos (k&qv) kdk | itp) du. 
0 v =i K 


The approximation holds only if 1—coskzgv is small, or kzgv<z throughout 
the range where the integrand is significant. In this application v= k/2k, and the 
condition is k®z9/ky<27. If / is the typical length of the fluctuations in the 
diffracting object, the mean value of R is k=2n/l. Finally, since the vacuum 
wavelength of the incident light is Ay = 27 N/ky the condition becomes Ao%/NE <1 
or alternatively, %//« Nl/Ay. Now the approximation needs to hold only at 
points within the diffracting object. The method in this paper therefore applies 
only if the ratio of the width of the object in the direction of the incident light 
to the linear extent of the typical fluctuations in the object is much smaller than NV 
times the ratio of the extent of these fluctuations to the wavelength of the light 
used, where N is the refractive index of the background medium. 
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Abstract. Refractive index determinations by the central illumination (or 
Becke line) method depend upon the diffraction of light by the specimen. The 
accuracy of the method is therefore influenced by the specimen dimensions and 
by the degree of defocusing of the microscope. Moreover, the method does not 
necessarily measure the refractive index of the surface regions of an inhomo- 
geneous specimen. 

It is also shown that it is possible to observe Fresnel diffraction bands with 
a spacing less than the conventional resolution limit. Consequently, such band 
spacings do not provide a reliable estimate of the resolution limit attainable in 
either a light or an electron microscope. 


$1. INTRODUCTION 


HE refractive index of a small transparent solid is usually determined by 

finding an immersion liquid of the same refractive index, the index of this 

liquid then being measured ona suitable refractometer. The most common 
method of detecting when the indices of the solid and liquid are equal is that of 
central illumination microscopy. In this method the immersed solid is illumi- 
nated by a narrow axial cone of light with the result that, when the microscope is 
defocused, a fringe pattern is seen at the edges of the specimen; under the 
conditions normally employed this pattern degenerates into a single bright band, 
the so-called Becke line. The index of the liquid is then changed until the 
fringe pattern disappears, whereupon it is usually safe to conclude that the index 
of the liquid is equal to that of the solid. (Not every disappearance corresponds 
to equality of refractive indices (Faust 1951).) 

Although Spangenberg (1921, 1922) suggested that the Becke line arose from 
the diffraction of light, the explanation given in modern textbooks is based upon 
geometrical optics. ‘The only exception known to the writer is the book by 
Rinne and Berek (1934), in which it is correctly stated that the Becke line can be 
regarded as arising from an asymmetrically diffracted wave originating at the 
specimen edge. ‘This asymmetry occurs whenever the edge EE’ of a homo- 
geneous object is inclined to the incident light direction (figure 1(a)), its sense 
usually being such that the major part of the diffracted light is directed towards 
the medium of higher refractive index. Consequently, ifthe plane pp on which 
the microscope is focused lies above the object (figure 1(a)), the fringe system 
on the high index side of the edge will be of greater contrast and visibility than 
that on the low index side, whereas if pp is below the object, the situation will be 
reversed, 
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When, however, the edge EE’ is parallel to the incident light direction 
(figure 1(b)), the amplitude of the diffracted wave is symmetrical about the 
incident direction. (The disturbance in the diffracted wave is A at the diffraction 
angle « and — A at the angle —«, the change of sign denoting a phase difference 
of 7 (cf. equation (6a)). Although the resulting fringe patterns are generally 
asymmetrical, they are, nevertheless, sufficiently well defined on both sides of 
the edge to be readily distinguishable from the patterns arising at an inclined 


edge (Faust 1951).+ 


2- (@ 2 (6) 
7 | ie || 
dad adiiiariia arising. agra P OTE Sa ae P 
Aya 
ae | Sint 
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(c) 
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\ / ‘ / 22 
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Figure 1. (a) The edge EE’ is inclined to the incident light direction (z axis), the asym- 
metrically diffracted wave being indicated by the variation of line thickness. Ona 
plane pp above the object, the fringes are clearly visible on the high index side of the 
edge (u>py). (b) EE’ is parallel to the incident light direction and the fringes are 
clear on both sides of the edge. In both (a) and (6) the phase retardation of the sheet 
is 7 and the incident light intensityis unity. (c) ‘Two symmetrically diffracted waves 
overlapping at a point above the centre of region G. (d) Object with a skin—core 
structure. 


Two factors, the finite source size and the use of a sub-stage condenser 
lead to the disappearance of the weaker diffraction fringes with the result that 
fats . . . . . . ? 

when EE’ is inclined to the microscope axis, one is left with a single bright band 
, 


the Becke line, which lies on the high or low index side of the edge according to 
whether pp is above or below the object. If, on the other hand, EE’ is parallel 
to the axis, a relatively bright band is often found on both sides of the edge. 
The light in the outer regions of the incident cone does, however, fall upon EE’ 
at an angle, thereby inducing an asymmetry in the diffracted light, and this might 
then lead to the appearance of a single Becke line provided that the object is not 
too thin. 

In this paper it is shown that the contrast of the diffraction pattern is influenced 
by the shape and dimensions of the specimen and by the degree of defocusing of 


+ It has since been discovered that a similar study was undertaken by Obreimoy (1945) 
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the microscope, and that this in turn affects the accuracy with which the index 
of the immersion liquid can be matched to that of the solid. (Saylor (1935) had 
attempted to correlate the accuracy with the specimen dimensions, but his work 
must be regarded as incomplete because no reference was made to the degree of 
defocusing.) The paper also contains an examination of the common belief 
that the Becke line method measures the refractive index at the surface of an 
optically inhomogeneous specimen; examples of such specimens are biological 
and textile samples in which the molecular orientation changes from one region 
of the specimen to another. 


§ 2. ‘THE FRESNEL—KIRCHHOFF TREATMENT 


It is assumed that a thin object of arbitrary structure is situated in the plane 
==0 and that it is illuminated by a parallel beam of monochromatic light propa- 
gated in the direction of the positive ¢ axis (figure 2). An aberration-free 
objective LL is focused on the plane pp, which can be either above or below the 
object according to whether the defocusing z of the microscope is positive or 
negative. ‘The plane p’p’, conjugate to plane pp, is the one that an observer will 
study by means of an eyepiece. ‘The intensity distribution on p’p’ can be 
calculated from the Kirchhoff diffraction theory. A simplification is introduced 
if one assumes that the object structure is unidimensional: the disturbance at any 
point on the plane z=0 is then completely defined by the complex quantity 
U,(7), 7 being the coordinate of the point measured in a direction parallel to the 
plane of figure 2. 


Figure 2. An object of arbitrary structure viewed by a lens of finite aperture. 


All the light diffracted through the angle « will be brought to a focus on the 
rear focal plane FF, where a Fraunhofer diffraction pattern will be formed. 
From the calculated disturbance on FF one can find the disturbance U’(x’) 
at P’ (coordinate x’) on the plane p’p’. When the lens aperture is infinite and 

4.D-2 
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the defocusing is zero, the expression for U’(x’) can be converted into the Fourier 
integral for U,(7) transformed on to the plane p’p’ (Menzel 1949). ‘The image 
and the object are therefore identical in both amplitude and phase, and structural 
detail will remain undetected if the object influences only the phase of the incident 
light. If, however, the microscope is now defocused, any changes in the optical 
thickness in the specimen will be observed as intensity variations in the plane p’p’. 
Following Menzel (1951) one may then show that, for an infinite lens aperture, 
the disturbance at the point P’ is the same as that at the conjugate point P 


(coordinate x) on plane pp, that is, 
ein/4 


woe U'(x')= Ula) = = a —_U(n)exp(~Hre®)de es (1) 


where v=(2/Az)!2(7—x). Equation (1) is the usual expression for the Fresnei 
diffraction produced on the plane pp by an object at the distance z away. 

The Kirchhoff theory is, however, open to a number of criticisms. It does 
not apply rigorously to diffraction at large angles nor, being scalar, does it explain 
any polarization effects. It is, moreover, assumed that the disturbance over an 
aperture in an opaque screen is the same as that occurring in the absence of the 
screen. Maréchal and Naudin (1950, 1951) have, however, found that near the 
aperture edge there is a region, only a few wavelengths wide, in which this 
assumption is not exactly fulfilled ; analogous results have been found by workers 
in the field of microwaves. In view of these criticisms this theory must be applied 
with caution when the object is very narrow or when the defocusing z 1s very small. 


§ 3. INFLUENCE OF LENS APERTURE 


If the lens is properly focused but of finite aperture, some of the light diffracted 
by the object will not enter the objective and will not therefore contribute to the 
Fraunhofer diffraction pattern. Under these circumstances a phase object will 
be visible in the plane p’p’, but the resultant image contrast is usually small 
(Hopkins 1952). It is therefore customary to defocus the microscope in order 
to enhance the contrast. ‘This point is emphasized in §§5 and 6, where it is 
shown that changes in the: defocusing affect the contrast much more markedly 
than do changes in the objective aperture. 

Consideration will now be given to the effect of the lens aperture on the 
resolution of closely spaced diffraction bands. By following the theoretical 
approach outlined in the previous section, one can show that the disturbance 
U(x’) on the plane p’p’ is proportional to 


Gate re 


U,(a) e-F® do, = | a dz. | U,(y) edn... (2) 
— 0 <i =, 0} Sy 
where k is the propagation constant 27/A. The limits of integration are 
1, =a+(2+2)e and n»=a—(s+2 9), where z, is the distance between LL and 
pp, this being a constant for a given combination of microscope objective and 
eyepiece (cf. figure 2). The term R represents the optical path between the 
centre of the object (7=0) and a given field point x’; to a first approximation 
in ~ it is given by 
R= file 2) ute” © Aol ane iene eee (3a) 


, 


= f'(x", 2) + 7 acotd singe ee . (3b) 
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where @ is the semi-angular aperture of the objective, and Vis the image distance 
LL-p’p’. 

If the object is a semi-infinite sheet with an abrupt edge at n=O; the 
Fraunhofer diffraction pattern in the plane FF corresponds to that produced 
by a two-element echelon (Wood 1934, Darbyshire 1934), and the resultant 
diffraction angles are sufficiently small for one to write 7,=7,=a. Itcanthen be 
shown that, for a given phase retardation 4 of the sheet, U,(x) is determined by 
the value of the real number #=asinaz/A. (For all values of 5 the major part of 
the diffracted light is confined to the range —1<m<1.) Hence, if m, x’ and z 
are fixed, an increase in the angular aperture 6 of the objective will lead to a 
decrease in the second term of equation (3 5), and the disturbance U’(x’) on p’p’ 
will more closely approach the ideal disturbance U(x) on plane pp. 

Rayleigh (1899) has shown that an image can be regarded as sensibly perfect 
even if, as a result of aberrations, the phase at one extremity of the wave surface 
is a quarter-period in advance of, and that at the other extremity a quarter-period 
in the rear of, the phase at the centre. Consequently, the diffraction pattern 
observed on p’p’ should not sensibly differ from the ideal pattern on pp provided 
that, for a given field coordinate x’, the second term of equation (3) is limited to 
the range —}A to +). 

This criterion offers an explanation of the experiment by Wegman (1950) 
in which he observed diffraction bands separated by less than half the theoretical 
resolution limit. The following information was given: the wavelength was 
49164, the defocusing was 0-25mm, the smallest detectable band separation 
resolution limit of 380004. From these figures it can be shown that, when the 
band separation was 150004, the coordinate x=0-007cm. As most of the 
diffracted light lay within the limits sing = + A/a, the variable term of equation (3) 
fell within the limits +0-007A/a. The objective used by Wegman originally 
possessed a numerical aperture of 0-8 and was presumably of 4mm focal length. 
As the numerical aperture was reduced to 0-13 by means of a diaphragm, the 
effective linear aperture a of the lens was approximately 0-‘5mm. ‘The second 
term of equation (3) was thus effectively restricted to the range —X/7 to +A/7, 
thereby satisfying the Rayleigh criterion. ‘This argument provides theoretical 
justification for the statement by Wegman that the separation of the diffraction 
bands cannot be regarded as a measure of the practical resolution limit of an 
objective. (The writer has observed fringes that were so clearly resolved that there 
was no indication that their separation (2:31) was almost the same as the resolution 
limit (2-1) calculated from the numerical aperture of the objective.) The chief 
factors limiting the resolution of the diffraction bands are the finite spectral line 
width and the imperfect collimation of the incident radiation; in the electron 
microscope the lens aberrations and circuit stability are also important factors. 
(u here indicates microns). 


§ 4. THEoRY APPLIED TO PHASE STRIPS 


Two types of specimen are considered in this paper. ‘The first is a phase 
strip with a rectangular cross section in the plane of figure 2; the other, which is 
dealt with in a later section, is that of a right cylinder with its axis normal to the 


plane of figure 2. 
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The theory of the phase strip is developed by considering an object consisting 
of three uniform regions Go(— ©<n<—b), G(—b<n <6) and G,(b<7< ©). 
Each is of infinite extent in a direction perpendicular to the plane of the paper 
and each is separated from its neighbour by an edge parallel to the microscope 
axis and therefore parallel to the incident light direction (figure 1(c)). ‘The 
disturbance on the plane s=0 immediately behind the object is thus given 
directly by U,(—7)=D,, D exp (—78) and D, exp (—78,), where Dy, D and D, 
are the amplitude reduction factors of the three regions and 0, 6 and 6, are the 
phase retardations relative to the light passing through Gp. 

From equation (1) the disturbance at a point P(x, z) on the plane pp is 


U(x) = Dy S7_. + D exp (—18)S7+ D, exp (+20))S)) © eee (4) 
in which 
ei™/4 B 
SS | exp (— $zmv?) du Wepre (ey) 
x v oD f i 2 
and 
r= =(2/As 4x 4b) 7, = = (22) "0 ee (50) 


For convenience equation (4) can be expressed in three equivalent forms. If 
the plane pp is above the object (i.e. if z is positive), these are 


U(«)=D,-A+A, x<—b 
U(x)= Dexp(—10)+A+ A, —b<x<b 
U(x) = D, exp (—18,)+ A— A, eS Bee (6a) 


where 


A=(D,)—Dexp(—28)]S;5, A,=[D,exp (—26,) — Dexp(—28)]S. 


The terms A and A, represent symmetrical waves spreading from the edges 
G,-G and G-G,. The diffraction pattern can therefore be regarded as being 
formed by the superposition of these edge-waves upon the disturbance that 
would be present were light propagated according to the laws of geometrical 
optics. 

By multiplying the disturbance U(«) by its complex conjugate, one can 
calculate the intensity on the plane pp; this is also the intensity /,, observed on 
p’p’ when the microscope objective is of infinite aperture. Should the lens be 
focused on a plane pp below the object, = will be negative and the observed 
intensity can then be derived from the relationship 

Tay |e] ,.050)) 1s 21 = 0,0) Ce eee (7) 

For a semi-infinite sheet (D=D, and 5=6,) the wave A, vanishes, leaving 
the wave A spreading from the point (j= —6, s=0). As the intensity at the 
point P(x, 2) is now determined by the magnitude of (x + b)/(A|z |)", the diffraction 
pattern will be of the same form on all planes z= constant, the scale of the pattern 
being proportional to |z|!? (Obreimov 1945, Kinder and Recknagel 1947). 
When, however, two boundaries are present, the form of the pattern is not inde- 
pendent of the degree of defocusing but depends upon the magnitude of 


TANG Ta gsm (2/A| 22. 
This is termed the reduced width because the form of the diffraction pattern will 


be identical for all objects with the same value of Ar, provided that the optical 
properties of the regions Gy, G and G, are unaltered. 
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In figure 3 are plotted the calculated intensity distributions for a rectangular 
strip G (6=7) immersed in a homogeneous medium (5)=5,=0). (The object 
1s regarded as non-absorbing, 1.e. Dy) = D= D,=1.) When Az is greater than about 
ten, the overlapping of the two edge-waves A and 4, is of little significance because 
of the rapid decrease in the amplitudes of these waves with increasing angles of 
diffraction. The observed diffraction pattern will therefore consist of two band 
systems, each of which will have nearly the same appearance as that formed at 
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Figure 3. The calculated diffraction Figure 5. As in figure 3, but the 
pattern of an isolated object of object is now bordered by dis- 
reduced width Ar (69=6,=90, similar media (59=0, 5=7, 
S=7). The intensity J, 1s 0,=47). 


plotted against 

Hr+7y)=—Q/Al 2). 
The incident intensity is taken as 
unity. 
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the boundary between two semi-infinite sheets differing in their phase retardations 
by = (figure 3(a)). As Az decreases, the overlapping of the edge waves becomes 
increaingly important and the pattern is strikingly modified (figures 3 (6) and (c)). 
When finally Ar is very small, the diffraction pattern will be almost identical with 
that which would be produced at the boundary between two semi-infinite areas 
with the properties Do, 0 and D,, 5,. This is illustrated in figure 3 (d) (Ar=0-1); 
since the regions Gy, and G, are identical, the pattern is of poor contrast and 
approaches the uniform intensity distribution of figure 3(e) (A7=0). 

These predictions were confirmed experimentally. Two pieces of No. 0 
coverslip were immersed in a liquid and arranged as in figure 4(a), the whole 
specimen then being protected by a large coverslip. The diffraction pattern was 
observed with a 25 mm objective (N.A. 0-21) focused on a plane 3 cm above the 
specimen. In order to obtain clearly defined diffraction bands a very carefully 
collimated beam was used, and this caused each scattering centre to superimpose its 
own marked diffraction pattern upon that under study. At a wavelength of 
54004 the patterns at the single edges be and b’c’ were symmetrical about a 
pronounced minimum (figure 4(4)). This showed that the edges of the glass 
were parallel to the microscope axis and that a phase difference of 7 was established 
between the light passing through the liquid and that passing through the glass 
(cf. figure 3(a)). At the double edge ab-a’b’ one can see the manner in which 
the pattern became fainter as Av was continuously reduced. 


Glass 


(a) 
Figure 4. The influence of the reduced width Ar on the fringe visibility. (Liquid areas 
are shaded in (a.)) 


The curves of figure 5 are based on the assumption that the specimen G is 
no longer surrounded by identical regions Gj and G,; instead the values 
69=0, S=7, and 8,=47 are assumed. When Ar is large, the pattern at the 
Gy-G boundary is the same as that shown in figure 3 (a); the pattern at the other 
boundary is identical with that which would occur were G a semi-infinite sheet 
introducing a phase retardation of $a with respect to the region G, (figure 5(a)). 
As Az is reduced the patterns at the two edges of the specimen merge until only 
one pronounced minimum can be observed (figure 5(d)). Although the intensity 
distribution is not then the same as that obtaining when Av =0 (figure 5 (e)), the 
eee is such that the two patterns could easily be confused when inspected 
visually. 
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‘Two coverslips were placed side by side in a liquid as in figure 4(a@) but in 
this instance the slips, corresponding to regions Gy and G,, were of unequal 
thickness. It was then confirmed that, for small values of Av, the diffraction 
pattern along the double edge ab-a’b’ was virtually determined by the relative 
properties of Gy and Gy, the nature of region G exerting but little influence. 


§ 5. INDEx MEASUREMENTS ON PHASE STRIPS 


The above conclusions have been related to the accuracy of the Becke line 
method of refractive index measurements. The object was in the form of a 
rectangular phase strip. In order to alter the index of the immersion liquid 
relative to that of the solid, the wavelength of the incident light was varied. 
This method, involving the use of a monochromator, enables the observer to 
change the index in a continuous, rapid and readily reversible manner. 


5.1. Homogeneous Specimens 


If a homogeneous specimen (index j., constant thickness f) is immersed ina 
liquid (index j;), the regions Gy and G, of figure 1(c) must be regarded as 
optically identical. The resultant diffraction pattern will then vanish whenever 
6=(27/A)(u—p,)t=2Nz. The integer N can be determined by noting the 
wavelengths of more than one vanishing point (Faust 1951); when N=0, the 
important condition =; is established. 

These vanishing points are not sharply defined. If the dispersion curve of 
the liquid intersects that of the solid at the wavelength A, the diffraction pattern 
will disappear between the two wavelengths A, and A,._ If A,—A, is not great, 
it may be assumed that the sensitivity of the eye is the same at both wavelengths 
and, consequently, that the contrast in the diffraction pattern is the same at these 
wavelengths. ‘The phase differences |6,,]= and |6,,| will therefore be equal. 
If the Cauchy dispersion formula is now applied to the refractive indices 4 and 
fz, it can be shown that little error is involved in taking A as $(A,+A,). For 
example, if A,=5000A and A,=55004, the correct value for \ is 5225 A whereas 
4A, +A,) is 52504; similarly if A, =5000A4 and A,=51004, the error is so small 
that $(A,+A,)—A=1A. One can therefore write A,—A=A—A,=dd. The 
minimum detectable difference d(j—j1;,) between the indices of the solid and 
the liquid is then proportional to w dA/\*, where w is the difference between the 
dispersions of the solid and the liquid (Faust 1951). 

Two pieces of coverslip, about 0-1mm thick, were immersed in a suitable 
liquid with their edges ab and a’b’ parallel and close together (cf. figure 4(a)). 
The narrow channel of liquid aba’b’ thus represented a rectangular object G 
immersed in a homogeneous medium. ‘This specimen was then illuminated by 
a parallel beam of light issuing from a monochromator and the various factors 
influencing dA were studied separately. 

(i) The numerical aperture of the objective. ‘The magnification and the 
defocusing were kept constant and the width of the channel aba’b’ was fixed at 
5 microns. It was then found that dA was independent of the numerical aperture 
in the tested range 0:1<N.A.<0:65. This conclusion was also true for a single 
edge (Ar= ~). 

(ii) The defocusing x was then changed in order to alter the reduced width 
Ar, the channel width again being kept at 5‘microns. ‘The measurements were 
made with three different objectives, the total magnification being maintained at 
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about 45 diameters. ‘The results are plotted in figure 6, on the right-hand side 
of which is marked the minimum detectable refractive index difference d(u — 41) 
associated with a given wavelength range dA. The wavelengths A, and A, were 
independent of the sign of x (cf. equation (7)), and the mean values of dA have 
therefore been plotted against | |. 


At 
5 0-2 0:1 0-09 0:08 0:07 
: = ar 


a (u-)* 10% 


0 5 i0 iS 20 25 
|2|(mm) 


Figure 6. The wavelength uncertainty dA as a function of the defocusing | 2| for a 
specimen producing symmetrically diffracted waves. 


The results for a single edge (At= «) lie on the dotted curve. On the side 
of decreasing || the steep rise is caused by the fact that the pattern shrinks to 
such small lateral dimensions that it is barely visible. (Theoretically, the edge 
should be invisible when z=0, but the restricted lens aperture and the finite 
specimen thickness cause it to be seen as a faint, narrow line.) ‘The gentle rise 
in the curve as |z| increases is to be expected because the incident light is neither 
perfectly collimated nor strictly monochromatic; consequently, the increasing 
lateral spread of the pattern will result in a deterioration of contrast. ‘The value 
of |z| that leads to the minimum in the curve will therefore depend upon the 
magnification of the microscope, the wavelength composition of the incident 
light, and upon whether or not a condenser is employed. 

The full curve applies to the rectangular specimen aba’b’. When Ar is large 
(i.e. when |z| 1s small) the waves from the two specimen edges overlap but 
slightly and dA will be the same as that for a single edge. As Az is reduced below 
0:4 the two edge waves overlap to an increasing extent, the contrast declines 
rapidly and the range dA rises continuously (cf. figure 3). 

(111) The object width 2b. According to figure 3 the contrast of the diffraction 
pattern is approximately constant for values of Av above about 0-5; below this 
value the contrast gradually diminishes. However, because of the complications 
mentioned in the previous section, a plot of dd against | z| produces a curve with 
a minimum. If, on the other hand, the defocusing is kept fixed whilst the 
object width is altered, then the resultant changes in Av should produce changes 
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of contrast in accordance with figure 3. This is confirmed by the results quoted 
in the first three lines of the table; these were obtained with a fixed defocusing 
of s=10mm, a mean wavelength of 5500 A, and a lens with a numerical aperture 
of 0-15. To each value of Az it is possible to obtain from figure 6 a corresponding 
value of dd (fourth line). However, this value can be compared with that shown 
in the third line only when it falls in the range for which the results on the single 
edge (dotted curve) are but slightly dependent on the defocusing |z|. For this 
reason no comparison value is given in columns 2 and 3; the comparison value in 
the final column was obtained by extrapolation from figure 6. 


26 (microns) 20 118 40 | 15 7 5 2:5 
Ar OO 2:24 0-75 0-40 0:28 0-13 0:09 0:05 
ax 10 oy 8 7 10 24 35 UD 
dx (fig. 6) 11 — — 10 10 18 28 87 


(iv) The specimen thickness. In an earlier paper (Faust 1951) it was shown 
that dA was proportional to the thickness ¢. Although the full significance of 
the degree of focusing was not realized at that time, the results are valid because 
the degree of focusing was kept constant and the same objective and eyepiece 
were used throughout. 

(v) The wavelength. ‘The term Az, depending as it does on A~!?, will not 
be appreciably influenced by wavelength changes. The range dA for a rectanguiar 
specimen should therefore depend on the wavelength in the same manner as for 
a simple edge, namely that between 5000 A and 60004 dX is roughly proportional 
to A* (Faust 1951); this has been confirmed experimentally. ‘The minimum 
detectable index difference is, however, proportional to dd/A® and will therefore 
alter but little throughout the visible spectrum. 


5.2. Inhomogeneous Specimens 
An example of such an object is provided by a semi-infinite sheet of index 
pv and thickness ¢, surrounded by a skin of index pg, thickness tg and width 26 
(figure 1(d)). This object is immersed in a liquid of index »,;. The resulting 
diffraction pattern will always be symmetrical about the centre of the skin region G 
provided that 
8, = (27/A)[(Ucte + 2ugtg) — ei (te + PRN ace ae ARTE (8) 


n being integral. If the position n=0 is found, the measured index p;, will be 
intermediate between that of the skin and that of the core. Hence, knowing the 
index of the skin, one can discover whether pg or pe 18 the greater. 

The successful determination of the skin index does, however, necessitate 
the fulfilment of certain conditions. If the reduced width Ar =(2/A|2|)!?2b of 
the skin is large, the patterns at the liquid—skin (Gy — G) and the skin—core (G — G,) 
boundaries will be readily distinguishable. Since the former pattern will disappear 
whenever 5=2N7z, the index of the skin can be determined by noting the dis- 
appearance corresponding to N=0 (i.e. wy,=ps). Tf, however, Ar is about 0-5, 
the patterns at the two boundaries will be barely distinguishable and a satis- 
factory determination of jg will not be practicable. If Ar is still smaller (0-1 or 
less), the observed pattern will hardly be influenced by the properties of the skin 
region G. ‘The pattern will therefore be of minimum contrast whenever 6, = 2n7; 
as shown above this leads to a value of j4;, between pg and pic. 
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These considerations show that, if the index of the skin is to be measured, 
then the reduced width Ar of the skin must not be much less than unity. This 
means that the defocusing must not exceed 16 microns for a geometrical skin 
width of 2 microns, or 4 microns for a skin 1 micron thick. Furthermore, not 
only must the defocusing be less than a certain value, but the numerical aperture 
of the objective must be adequate to resolve the patterns at the two boundaries 
of the skin. Consequently one cannot accept without qualification the widely 
held belief that the central-illumination method measures the surface properties 
of a specimen. 


§ 6. INDEX MEASUREMENTS ON CYLINDERS 


If, as was assumed in §§4 and 5, the changes in optical thickness are abrupt, 
the disturbance at any point on the plane z=0 is determined by the optical 
properties of the object at that particular point. No such simple approach is 
feasible with cylindrical and spherical objects. It is, however, possible to obtain 
a rigorous solution not from the Fresnel theory but from the electromagnetic 
theory of light. The result is usually expressed as an infinite series of Bessel 
functions but the convergence is extremely poor when the fibre radius is greater 
than the wavelength of the incident radiation (see Spohn 1920, Bouwkamp 1954). 

Because of these theoretical difficulties a purely experimental approach has 
been adopted in order to discover to what extent the conclusions of the earlier 
sections will apply to objects with gradual changes in optical thickness. ‘The 
test objects were glass fibres of different diameters (6, 13, 25 and 50 microns) 
but of the same refractive index and dispersion. 

As a result of the lens action of the fibre it is not to be expected that the 
wavelengths A, and A,, between which the fibre disappears, should be independent 
of the sign of the defocusing x. For example, a series of measurements on a 6 
diameter fibre led to the following results: A,;=5148+2A, A,=5317+2A for 
z= —0-6mm, and 4,=5134+434, A,=530243A for z=0-6mm. Although the 
differences A, —A, = 2dA agreed to within the experimental error, the mean wave- 
length was 14A shorter with the positive defocusing than with the negative 
defocusing. It is therefore advisable, when working to the highest accuracy, to 
make determinations with the microscope defocused in both the positive and 
negative senses. 

(1) The numerical aperture of the objective played only asmall role. At constant 
magnification (x 100) and constant defocusing the range dX for a 6u diameter 
fibre rose by less than 30°, upon changing from a numerical aperture of 0:25 to 
one of 0-65. Between numerical apertures of 0-1 and 0-25 no change in dA was 
detected. Saylor (1935), using a 30u diameter fibre, found that the index uncer- 
tainty d(u—j;,) had almost doubled upon changing the aperture from 0-25 to 
0-4, and had more than doubled when the aperture was increased to 0-85. 
Unfortunately these results must be regarded as inconclusive because there was no 
control of either the magnification or the degree of defocusing.t 

(ul) The defocusing z. ‘The presence in the field of view of an isolated object 
of arbitrary cross-sectional shape will produce a disturbance ona plane immediately 
behind the object. That is, there will be a region in this plane over which 
U,(y)1 (cf. equation (1)). The area of this region will be finite although not 
necessarily the same as that f the object (for example, with cylinders the diffracted 

+ This criticism can also be made of table 3 in the author’s (1951) paper. 
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light can spread beyond the geometrical limits of the specimen). It can therefore 
be deduced from equation (1) that the contrast in the diffraction pattern will be 
very small when the defocusing is appreciable. 

Three objectives with numerical apertures between 0-1 and 0-25 were used, 
and the magnification was held at x55. ‘The range dA was found to be inde- 
pendent of the sign of z and the mean values have therefore been plotted in 
figure 7. ‘These curves display the same characteristics as those of figure 6. 
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Figure 7. ‘The wavelength uncertainty dA as a function of the defocusing |z | for cylindrical 
specimens of different diameters. 


(i) The fibre radius p. ‘The curves also show that the range dA increases as 
the fibre diameter decreases. Although there is no unique relationship between 
dd and p for all degrees of defocusing, dA is roughly proportional to 1/p for values 
of | z| greater than 2 mm, that is, in the range for which the defocusing is relatively 
unimportant for a single edge (cf. figure 6). 

(iv) The wavelength. It was again found that dA was approximately propor- 
tional to A+, from which it follows that the accuracy of the index measurements 
is nearly the same throughout the visible spectrum. 

Inhomogeneous cylindrical specimens have been produced by coating glass 
fibres with thin collodion films. It was found that the measured refractive index 
depended upon the degree of defocusing and was not usually equal to that of the 
collodion film; with large defocusings the measured index did not even he 
between the indices of the glass and the collodion. ‘These findings are of impor- 
tance in the textile field; they emphasize the conclusion of § 5.2 that the central 
illumination method does not necessarily measure the index at the surface of a 
specimen, and they provide a better understanding of the refractive index deter- 
minations made with the Preston fibre refractometer (Freeman and Preston 1943). 
It is hoped to publish details elsewhere. 
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Abstract. ‘The axial component of velocity, averaged over a long time, of a 
material element of fluid in a straight circular pipe is shown theoretically to be 
equal to the discharge velocity defined as the discharge, averaged over a long 
time, divided by the cross section of the pipe. This prediction was confirmed 
experimentally by injecting in turn into a water pipe a large number of solid 
spheres of different sizes having the same, density as water. A satisfactory theory 
is developed to allow for the finite size of the spheres. The fluctuation in the 
time of travel of a particle between two fixed stations is examined, and it is shown 
how a few particles may be used to determine the discharge velocity within 
calculable limits of accuracy. 


§ 1. INTRODUCTION 


HIS paper has two purposes, representing the special interests of the 

co-authors. ‘The first is to establish a certain result about the average 

velocity of a material element of fluid in turbulent flow in a pipe, and to 
pave the way for a later investigation of longitudinal diffusion in the pipe. The 
second is to show that this same result makes available a practical method of 
determining the volume of water flowing through a pipe in large-scale hydraulic 
installations. 

The first of these two purposes is concerned essentially with the relation 
between two different ways of averaging the velocity of the fluid in the pipe. 
One way involves Eulerian quantities, namely, the averages over a long time of 
the fluid velocity at various fixed points, and the other Lagrangian quantities, 
which are associated with material elements of the fluid. In $2 we shall give 
a plausible argument to show that the velocity of any material element of the 
fluid, averaged over a long time, is the same as what we shall call the discharge 
velocity, defined as the volume flux at some cross section, averaged over a long 
time, divided by the cross-sectional area. This equality of the two very different 
kinds of average velocity is the central result of the paper. In §4 we describe 
experiments at the Engineering Laboratory, Cambridge, that confirm the result. 
The measurements of the Lagrangian average were not, of course, made with 
material fluid elements, but with solid spheres of the same density as the fluid 
and of various sizes, the extrapolation to zero size being made with the aid of 
a simple theory described in § 5. 

The second of the two purposes arises from the fact that in a test of a large 
water turbine the accuracy of the hydraulic flow measurements is usually much 
lower than that of the electrical. One method of determining the flow that has 
been used successfully, and that is related in principle to the method suggested 
here, is to inject into the pipe salt solution or radioactive liquid—anything 
miscible, of which the concentration in water at points downstream may be 
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measured——and to determine the time of arrival, at some position far downstream, 
of the maximum concentration of the injected liquid. The average velocity with 
which the position of maximum concentration has travelled is then taken as equal 
to the discharge velocity (Allen and Taylor 1923, Taylor 1954). Owing to the 
considerable dispersion of the injected liquid in the longitudinal direction it is 
necessary to observe continuously the concentration at some fixed point in order 
to determine the time of arrival of the maximum, and Allen’s salt-velocity method 
is not simple in practice. We have thought it worth while to explore the possibility 
_ of an alternative method, which involves observations of the time taken by small 
solid particles to traverse a known length of pipe. In the last section of the paper, 
the method is assessed in the light of our experiments, and a numerical example 
shows that the accuracy of this method. of determining the discharge velocity is 
cood. 


§ 2. THE RELATION BETWEEN THE MEAN VELOCITY OF A SINGLE PARTICLE AND 
THE DISCHARGE VELOCITY 


If a steady pressure gradient is applied to a long length of pipe, the resulting 
turbulent motion in the fluid is statistically steady and independent of distance 
along the pipe. Material elements of fluid can wander in the transverse plane 
over a finite area only, and the velocity of a material element, v(t) say, is 
necessarily a stationary random function of time ¢ as soon as the influence of the 
special choice of the element’s position in the transverse plane at the moment 
of release has been lost. ‘This stationary random function has a non-zero mean 
which we wish to determine. 

Now it is an exact result of ergodic theory that, when a random function v(f) is 
stationary with respect to ¢, the probability average (sometimes called the 
ensemble or stochastic average) of v(t) is equal, under fairly general conditions, 
to the average obtained from an integral over a large range of values of t. Hence, 
the probability average of the velocity of a material element of fluid in the pipe 
(obtained, in principle, by averaging the observations of the velocity of an element 
at a given (long) time after release from a given point in a large number of 
realizations or separate experiments) is equal to the average value, over a long 
time, of the velocity of an element in a single realization of the flow. Moreover, 
all the material elements in the pipe must have the same mean velocity, defined 
in either of the above two ways, since elements wander freely over the whole 
cross section and are not distinguishable from one another in any way. Therefore 
the probability average of the velocity of a material element is equal to the average 
of the velocities of a large number of different elements in any one realization, 
provided that the times at which these velocities are taken are spread over a large 
range. 

The discharge velocity, on the other hand, is an average, over a large number 
of material elements in any one realization of the flow, of the velocity of an 
element as it arrives at the final cross section where the discharge is measured. 
Provided that the discharge velocity is determined from a measurement of the 
efflux over a long time, the efflux will be composed of large numbers of material 
elements with statistically independent velocities; and we see, from the argument 
of the preceding paragraph, that the discharge velocity, the probability average of 
the velocity of a material element and the velocity of a material element averaged 
a sufficiently long time are all equal. ‘ 
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It should be noted that the average of the instantaneous velocities of a large 
number of elements in any one realization is not necessarily equal to the probability 
average of the velocity of a particle; in fact, if surges occur in the pipe, these two 
averages will definitely not be equal. The essential requirement for equality of 
two averages of the velocity is that each of them should involve either a large 
number of realizations of the flow or a large range of times, these two ensembles 
being equivalent because v(¢) is stationary with respect to t. 

The above argument is very plausible but hardly rigorous, and the primary 
purpose of the experiments described in the following sections was to test the 
prediction that the discharge velocity and the average velocity of a single element 
over a sufficiently long time are equal. No previous investigation of the velocity 
of a material element seems to have been undertaken, although Allen and Taylor 
(1923) and Taylor (1954) have reported observations of the velocity with which 
asmall quantity of injected salt solution travels down the pipe. They found that the 
velocity of the position of maximum concentration over a certain length of pipe 
was equal to the discharge velocity. ‘This result is not as easily predicted as that 
given above, since their lengths of pipe were not so long that the standard deviation 
of the time of travel of a single material element injected with the salt solution 
was a negligible fraction of the total time. Evidently the result with salt solution 
depends, at least in part, on the fact that after a sufficiently long travel a large 
number of elements of fluid containing salt are far enough apart from each other 
to be regarded as wandering independently, so that the aggregate of their positions 
defines the probability distribution of the position of a single material element, 
which is gaussian with coincident positions of the maximum and the mean. 


§ 3. DESCRIPTION OF EXPERIMENTAL APPARATUS 


Water at about 40 ft head was supplied to a control valve from a large elevated 
tank, the level in which was kept constant to +1lin. by a pump. From the 
control valve the water passed to the experimental pipeline, 160 ft in length 
and composed of commercial steel tubing, 2 in. in nominal internal diameter, 
which had been previously in use. In the initial part of the pipeline an orifice- 
plate was inserted, and the air—water manometer indicating the pressure drop 
across the plate was set at the same reading throughout all the tests. Further 
downstream, the injection apparatus (figure 1) was mounted on a T-piece, and 
this was followed after a length of 8 ft by an easy 180° bend. From this point 
a straight horizontal length of 84 ft was installed, in which the measurements 
of time were made. ‘The tubes were flanged, and before erection, the mean 
diameter of each length was determined by filling it with water and weighing the 
contents. The first timing slit A was placed 7 ft from the bend, and two others 
(B and C) were fitted at points 20-56 and 72-66 ft downstream from A. To 
ensure that the pipeline was always full, it terminated in an upward 270° loop, 
leading to a tank in which a sieve was placed to catch the particles. ‘The water 
then fell over a weir into a measuring tank, by means of which the time required 
for a known volume of water to issue from the pipe (this time being of the order 
of 100 seconds) was measured at intervals. ‘The discharge velocity U was 
5-01 + 0-03 ft sec. 

The particles were of diameters 0-1, 0-126, 0:2, 0:3, 0:4 and 0:6 in., and 
they were made of B.D.H. ‘ Sira’ adhesive wax, which has a relative density 0-98. 
The material was weighed out to give a sphere of the required size and shaped 
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into spherical form by rubbing between the hands. Grains of sand (and of lead 
shot for the largest size of particle) were then pressed into the particles until 
the measured terminal velocity in a large beaker of water was within the limits 


+0-01U. 


Figure 1. Injection apparatus. 


The injection apparatus consisted of three brass tubes D, E and F, sliding 
within each other and provided with handles. Watertightness was maintained 
by Gaco rings. ‘Tube F was prevented from moving by pressure from the 
isolating sluice valve, and E contained the particle. ‘Tube D served to hold the 
particle close to the discharge ports in E, and it was blocked at its lower end by 
a plug in which two holes were drilled. ‘To avoid the injection of air bubbles 
that would have actuated the timing instruments, the procedure of using the 
apparatus was as follows. After an injection, E was raised until the ports were 
only slightly uncovered, as shown in figure 1, this position being indicated by 
a distance piece inserted between the heads of Eand F. The tap G was opened; 
and when water emerged, E was raised to close the ports completely. The tube D 
was pulled out and the particle dropped into E; D was then replaced, and D and E 
were lowered on to the distance piece. The tap G was shut when it was certain 
that the tubes were full of water; and after the distance piece had been removed, 
injection was made by forcing D and E downwards. The process could be 
repeated at intervals of 10 to 15 seconds. Since the pipeline was of considerable 
length, the protrusion of E into the stream did not sensibly reduce the discharge 
velocity. For the smallest three sizes of particle a smaller version of the same 
design was used. 

Each detector unit of the timing apparatus, which was kindly devised by 
Mr. J. G. Yates, consisted of a 1-foot length of Perspex tube inserted in the 
pipeline. The curved surface was obscured with black paper except for a circum- 
ferential band 0-1 in. wide, and this cross section was watched by means of 
two 6-watt lamps, 90° apart and assisted by mirrors. The emergent light fell 
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on a gas-filled photoelectric cell, and the pulse produced in the photocell current 
by the passage of a sphere was amplified and used to control the timer. Pulses 
at the rate of a hundred per second were provided by the 50 c/s mains and fed 
to two electronic gating circuits, which were opened by a pulse from unit A 
and closed by pulses from B and C. The timing pulses were counted on two 
three-decade ‘Dekatron’ cold-cathode circuits; thus the time intervals A-B 
and A~C were recorded directly in decimal form in units of 0-01 second. 


§ 4. ‘THE OBSERVATIONS OF PARTICLE VELOCITY 


The time 7(«) taken by a single particle to travel between two points of 
observation distant v apart can be written as 


(G Cals Cae 2 ee Seo (1) 
where 7(x) is the probability average for particles of the kind considered. Then 
the average velocity of a particle over the distance x in a single realization of the 
flow is 


a att ne +e) op sen ete (2) 


‘Taking the probability average over a large number of realizations, and denoting 
it by U («) for spherical particles of radius «a where a is the pipe radius we have 


eee Gp ee Ree 3 

re) ee [reyes ©) 
‘The experiments, as analysed in §6, showed that t’?/[7T(x)]? «< 2a/x, with a 
constant of proportionality that varied between 0-14 and 0-04 according to the 
size of the particle. Hence the proportional error in calculating U(«) from 


U(a)=x%/T(x) nee (4) 
is 0-28 a x at most and is negligible in the experiments described here. 


About 100 observations of the time of travel were made of each size of particle 
over the distances x= 20-56, 52:10 and 72-66 ft, a total of 570 observations on 
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two different days being made of the 0-2 in. size. For each set of readings TG) 
was calculated, and then U(x) was determined from equation (4). Figure 2 shows 
the dependence of {U(«)— U}/U on a, the value of U being obtained from the 
measured discharge. It is clear that the experimental points lie about a curve 
passing through the origin, thus confirming the prediction that the discharge 
velocity and the probability average of the velocity of a single element of fluid 
are identical. A theory which accounts for the shape of the curve is developed 
in the next section. 


§5. THe Errect OF FINITE PARTICLE SIZE 


The theoretical result in §2 is concerned with particles whose dimensions 
are vanishingly small, and some modification is necessary when particles of 
finite size are used to follow the motion. It was shown that a material element 
of fluid wanders freely over all parts of the region within the pipe, and that the 
probability of finding it in a specified small volume is independent of the position 
of that small volume. But when the radius of the pipe is a and the particle is 
a sphere of radius «a, the centre of the particle is free to move down the pipe 
only within a cylinder of radius (1—«)a. It seems reasonable to suppose that the 
motion of the finite particle is such that the probability of finding its centre in 
a specified small volume is the same for all positions of that small volume inside 
a cylinder of radius (1—«)a, and is zero for positions outside it. It is also 
necessary to make some assumption to relate the velocity of the particle to that 
of the fluid, and it will be supposed as a first approximation that the mean velocity 
of particles whose centres are at a specified radius 7 1s equal to the mean velocity 
of the undisturbed fluid at the same radius. The particle ignores the annulus of 
thickness «a near the wall of the pipe where the fluid velocity is least, and we 
expect the mean velocity of the particle down the pipe to be greater than the 
discharge velocity. 

The difference between these two velocities can be calculated from the 
observed distribution of the mean velocity of the fluid across the pipe. For 
Reynolds numbers of order 10° as in our experiments, the profile of mean 
velocity outside the viscous sublayer is given by a relation of the type 


lg AS) Nt ot i ee (5) 


ul 


where uy is the mean velocity at the axis of the pipe, u(z) is the mean velocity 
at radius z=r/a, u, =(t)/p)! is the friction velocity, 7, is the shear stress at the 
wall and p is the density. Hence the discharge velocity U is given by 


“1 1 
Ge? | . zu(z)dz= uy — 2u, | oi (s)\dete. kien eee (6) 


The function f(z) is well known from a large number of experiments. Inserting 
into (6) the mean of measurements made by Stanton and Pannell and by 
Nikuradse, ‘Taylor (1954) found by numerical integration that 


= tg —A250 at 1) ee Cee (7) 
Since the probability density of finding the particle centre is uniform over 


the accessible part of the cross section, the mean velocity U(«) of a particle of 
radius a can be tound by averaging the same velocity profile over the circle of 
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radius s=1—«. Accordingly 


: 2 ps Digi lok 
U(a) = = , ua)ds=w)~ Ge | fle) de eee, (8) 
and it follows from (7) that 
= ~ = ayy pla 
Ula)=U _ 425-2 1-a)*], xf(z)ds (9) 
Uy/u,—4:25 
‘The experiments were performed at a Reynolds number R =2aU/v=6-6 x 104, 
where v is the kinematic viscosity; and for this value of R Taylor’s Fig. 2 for 
smooth pipes gives Uju,=20-2. From (7), uo/u,=24-5, and (9) was evaluated 
as a function of « with values of the integral taken from Taylor’s Table 1. The 
result is shown by the broken line in figure 2. 

The assumption used in this simple theory, that the mean velocity of a 
particle at any point of the cross section is equal to the mean fluid velocity at 
the same radius as the particle centre, is a reasonable approximation only when 
the particle is so small that the mean velocity gradient does not vary appreciably 
over distances equal to the particle diameter. Fora larger particle the assumption 
is in error as the curvature of the mean velocity profile is not zero. It is better 
to take the mean velocity of a particle as equal to the average value of u(z) over 
the area of the cross section occupied by the particle. Since the curvature of u(z) 
is negative, the mean velocity of a particle given by this assumption is less than 
that of the fluid at the same radial position as the particle centre. On this basis, 
with the same expression for f(z) as before, the mean particle velocity was 
calculated for various values of x and z. The resulting profile for each value of « 
was then integrated over the cross section of radius (1 —«)a, yielding the full line 
in figure 2. At the limit « =1, corresponding to a particle that fills the pipe, 
the first theory reduces to 

UG aU 24,0 Gone 
ated eee 
whereas the second gives the correct result U(«) = U. 

It must be emphasized that the above analysis is valid only for straight pipes, 
for (5) does not apply if they are curved. This inference is supported by the 
experimental results shown in 'Faylor’s ‘Table 3. 


§ 6. THE FLUCTUATION IN TIME OF TRAVEL OF A PARTICLE 

Any practical use of the timing of particles as a method of determination 
of the discharge velocity demands an estimate of the number of particles whose 
times must be measured if the discharge velocity is to be obtained within given 
limits. This estimate can be made when the standard deviation of the time of 
travel of a particle between two fixed stations of the pipe is known. 

Since the velocity of a particle, whatever its size, is a stationary random 
function of time as soon as the influence of the definite choice of the initial 
position of the particle is lost, some of the well-known results of the theory of 
turbulent diffusion (Batchelor 1949) are immediately applicable. In particular, 


that theory predicts that, if 
ct 


Med ae (11) 


‘ te 


X(t)= 
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where v(t) is the component of the particle velocity in the direction of the axis 
of the pipe at time ¢, and /, is the instant of injection of the particle into the pipe, 
the probability distribution of X(¢) for a given value of ¢ tends to the normal or 


gaussian form as t—¢,~> 0, and that in this asymptotic range 
£ [x*)- (X(2)}3] 92) P(e as Weems (12) 
Q “ 0 
where z. : 
Xb (F-15105 ie ae ce (13) 
RO}= [oO=set +2) ol. | We eee (14) 


The integral in equation (12) depends on the size of the particle and on the 
distribution of velocity of fluid in the pipe. ‘The latter is believed to be determined 
statistically by the radius of the pipe and the friction velocity u, everywhere 
outside the viscous sublayer; w, is itself determined by the Reynolds number R 
and the roughness of the wall. Hence, provided the existence of the viscous 
sublayer has no effect on the motion of the particle, we have on dimensional 
grounds that, when ¢—f, is large, 


5 [AO 14) ea) (15) 


where A’(«) is an unknown function of the relative sizes of the particle and the 
pipe. A’(«), made dimensionless with the quantities 2a and w,, has the meaning 
of a longitudinal diffusivity for the spherical particles. At the Reynolds number of 
the experiments, the thickness of the viscous sublayer on a smooth wall is not more 
than about 0-018a@ (Goldstein 1938), hence the above proviso was satisfied. 

Equation (15) can be converted to an expression for the dispersion of the time 
T(x) of travel over a given distance x, for 


AWA) 


= w= Taal) ~, Gl eee 1¢ 
TET Co 
when (X(t) (Xo)? <0) and | op =) ee (17) 
Consequently 
d Hy 9 2au, aif. » 
da adie a ria) a (18) 


as x» 00. Moreover, (16) shows that the probability distribution of T(x) — T(x) 
also tends to the normal form as ~— «©. Equation (18) implies that . 


[Pe Shera ae A 
re ie eT) (a) = aie Kg) SAV ome ee (19) 
showing that the spread of times of travel is a diminishing fraction of the mean 
travel time as the length of pipe is increased. ‘This fact corresponds to the known 
exact mathematical result that the probability average of the velocity of a particle 
is equal to the velocity of the particle in a single realization averaged over a 
sufficiently long time. Our experiments confirmed the relation (19), thus com- 
pleting the demonstration that the discharge velocity and the velocity of a particle 
in a single realization averaged over a sufficiently long time are identical. 

Our observations of the times of travel of particles enabled us to estimate 


2au, 


the value of K(«) for six values of x. The values of x[ T(x) — T(x) 2) fal T(x) 
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did not vary systematically with w over the range 123 <x/2a <436, showing that 
the asymptotic value had been attained; the average values of K(x) obtained 
from measurements at three values of » in this range are shown in figure 3. ‘The 
accuracy of these estimates is not high, and it is probable that more than 100 
readings of the time of travel of a particle of given size are needed to establish 
a smooth curve. Making use of Reynolds’ assumption that the lateral diffusivity 
of marked fluid is the same as that of momentum, Taylor calculated that 
K(0)= 10-1. His measurements at R22 x 104 with salt solution as the marker 
of the fluid agreed with this value, which is considerably larger than the values 
shown in figure 3 for particles of finite size. 


3 I ea 
\x 


LC () 


Figure 3. Effect of particle size upon the dispersion coefficient. 


A large number of observations (570) of the time of travel of particles of 
diameter 0-2 in. (g =0-1) was made in an endeavour to determine the probability 
distribution of the time of travel, and figure 4 shows histograms for x/2a= 123 
and 436. Gaussian curves having standard deviations 0-101 and 0-189 second 
calculated from the observations are superimposed on the histograms, and the 
agreement is good, especially at the larger distance, in accordance with the 
theoretical prediction. 
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Figure 4. Histograms of the times of travel of 570 particles of diameter 0:2 in, over 
distances (a) «=20°56 ft, (6) x=72-66 ft, compared with gaussian distributions. 


§ 7. THe PracricaL Use or THE METHOD 


In a practical application of the method as a means of obtaining the discharge 
velocity, the times of travel of a relatively small number, » say, of particles would 
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be determined. To estimate the accuracy that can then be obtained, we make 
use of the elementary theory of statistics. If 7,,(«) denotes the average of n 
observations of the time of travel of a given particle over a given distance, it is 
known that the standard deviation of 7,,(x) about the true or probability 


average 7x) is given by 


lV ipiA=TGAP ee (20) 
on = It n(*) (x)} ni sig fol searete 


where o is the standard deviation of single observations of the time of travel. 
Hence, making use of (19), we have 


as 2 (= K(a)) ee (21) 


When the probability distribution of T(«), and therefore of 7’,(«) also, is gaussian, 
the probability that 7',() differs from T(«) by more than an amount p7(x) is 


1—erf (27), =e (22) 


n 
where 


‘ DE pal ree 
ey = ae | : exp (— y*) dy. 

For example, suppose that 20 particles of diameter 2 in. are timed over a length 
x = 300-0 ft of a smooth pipe of diameter 2a = 2 ft conveying water at 15°c, and that 
the mean of the observations is found to be T',(x) = 30-00 seconds. For the purpose 
of estimating o,, we take U~10 ft sec}, ignoring the difference between U and U{«). 
Then-x = 0-083, K(@)=1-9-from figure 3, v=1-23 10 tr" Seta Goals. 
Uju=27:3° from?) “Laylors, Figs 2) and o,,/ T(x) =(0-0048 from” (21) 2 ihe 


probability that 7),(xv) differs from T(x) by more than 0-01 7(x) is thus 


0-01 
1 a ert 090482 => 0-038. 
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Abstract. 'Vhe equivalent parallel capacity C, and resistance R, measured 
between the aluminium base of an anodically formed oxide film and a porous con- 
ducting layer deposited on the exposed surface of the oxide vary considerably with 
relative humidity p. At low frequencies porous oxide films show a range of varia- 
tions of C, of the order of 1 to 100, increasing with p, and the corresponding range 
of variation of R, is of the order of 1000 to 1. Non-porous oxide films show very 
much smaller variations. Both C, and R, decrease with increasing frequency f 
for porous films. 

These observations have been related to an equivalent circuit based on the 
physical structure of the porous film. It is assumed that the principal effect of 
increasing relative humidity is to decrease the resistance down the length of the 
pore sides. A quantitative comparison confirms that this accounts both for the 
very large variations of C,, and R, with p and for their variation with /. 


§ 1. INTRODUCTION 


NSBACHER (1949) showed that the capacity of a condenser containing 
anodized aluminium oxide as the dielectric material was very considerably 
reduced when placed in a container which was then evacuated. ‘The 

change of capacity was ascribed to the removal of adsorbed water from the oxide. 
This observation led to a preliminary study of some of the electrical properties 
of anodized aluminium in atmospheres of varying relative humidity (Ansbacher 
and Jason 1953). It was found that, at a given temperature, the capacity and the 
leakage resistance of a condenser containing aluminium oxide as the dielectric 
material were functions of the relative humidity. The present paper describes 
further results, and provides a theoretical foundation for the observed effects. 


§ 2. MeTHODS OF ANODIZING 


When aluminium is anodized the physical structure and the thickness of the 
oxide layer so formed is dependent on a variety of conditions. ‘lhe temperature, 
composition, and concentration of the electrolyte and the anodizing time may be 
varied independently, and either the formation voltage or the current density may 
be controlled in any desired manner (von Zauscher 1935, Napier and Westwood 
1950, Bahn and Bottger 1953, Charlesby 1953). Thus, depending on the selection 
of these variables, a great variety of thicknesses, porosities and structures may be 
produced. In the work to be described, attention was principally directed to the 
four types of oxide layers anodized by the methods given in table 1. 
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The capacity and resistance measured at 1000c/s of oxide layers prepared 
in each of these electrolytes were measured in situ in the anodizing bath imme- 
diately after formation of the oxide film. The electrolyte served as one conductor 
and the aluminium sample, in the form of a rod, as the other. The samples 
(4cm long x 0-158 cm diameter) were then washed in tap water for a few minutes, 
rinsed in distilled water for several hours, and a porous conductive electrode of 
‘ Aquadag’ was deposited on the surfaces. After they had stood over phosphorus 
pentoxide for twenty-four hours, the capacity and resistance of each of these 
samples were again measured. These measurements are given in table 1. 
The film formed in ammonium -borate is known to be non-porous (Hass and 
Kehler 1941, Hass 1949). ‘The thickness of this film was estimated from the 
loss of weight of the sample after chemically removing the oxide, and an assumed 
oxide density of 3-32 gmcm73 (Boreskov ef al. 1952). The thicknesses of the 
porous films formed in the acid electrolyte were determined by direct measure- 
ments on other samples prepared simultaneously and their bulk densities were 
derived from their weight and dimensions. Table 1 shows that the capacity 
and the resistance of the non-porous sample formed in ammonium borate suffered 
comparatively little change when transferred from the electrolyte to a dry atmo- 
sphere, relative to the changes which are apparent with porous samples formed 
in the acid electrolytes. The strong dependence of these changes on the porosity 
is reflected in the effects of water vapour on the samples, described in the following 
section. 
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Figure 1. The influence of the type of — Figure 2. The influence of the type of 
oxide layer on the variation of capacity oxide layer on the variation of resist- 

ss . . . . oO 
with relative humidity at 20°c. ance with relative humidity at 20°c. 


This remarkable effect of humidity, giving rise to apparent dielectric constants 
of 1000 or more, which thus appears to be associated with the porosity of the 
layers, has been investigated in detail. ‘The effect is explained on the basis of 
the following observations. 
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§ 3. INFLUENCE OF ELECTROLYTE AND FILM THICKNESS 
Silk 


Measurements were made of the capacity and resistance at 1000c/s of 
various samples placed in an atmosphere in which the relative humidity was 
varied while the temperature remained constant at 20°c. The samples were 
always formed on rods and coated with an outer electrode of “ Aquadag’. 

Isotherms relating the equivalent parallel capacity C, and resistance R, to 
relative humidity p for the samples listed in table 1 are shown in figures 1 and 2. 
The difference between the non-porous sample prepared in ammonium borate 
and the porous samples prepared in the acid electrolytes is very apparent. It 
will be noticed that on approaching saturation C, and R, do not become equal to 
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Figure 3. Effect of film thickness d on capacity Coo 
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C, and R, (the capacity and resistance measured in the electrolyte) of the same 


samples. This is probably due to rapid changes occurring in the oxide structure 
on the cessation of anodizing. 


Dez: 


Samples of aluminium were anodized at constant current density in 


sulphuric acid for 30 minutes. Their thicknesses were proportional to the 


current density: 0-62 + 0-02 micron per macm- current density. The capacity 


and resistance isotherms at 20°c corresponding to layers of various thickness 
are shown in figures 3 and 4. 
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Figure 4. Effect of film thickness d on resistance Rp. 
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§ 4. DEPENDENCE OF CAPACITY AND RESISTANCE ON FREQUENCY 

The element used to investigate the effect of bridge frequency on the measured 
values C, and R, was anodized in sulphuric acid as before, but the outer 
conducting layer was formed of evaporated aluminium. On this was wound a 
helix of thin aluminium wire, reducing the resistance along the outer conductor 
to less than 1 ohm. This is always negligible compared with the transverse 
impedance of the oxide layer, so simplifying the theoretical treatment of the 
observations. 
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Figure 5. Effect of frequency on capacity Figure 6. Effect of frequency on resistance 
Cy of oxide layer. Ry of oxide layer. (For clarity, the 


corresponding curves for 100 c/s, 
600 c/s and 6 kc/s have been omitted.) 


Capacity and resistance measurements, made on this element in the range of 
frequency from 50c/s to 10kc/s at selected relative humidities from 0 to 1-0 at 
20°c are presented in figures 5 and 6. ‘These show that both capacity and 
resistance decrease with increasing frequency at all relative humidities. An 


interpretation of the effects shown in figures 5 and 6 is given in the following 
section. 


§ 5. ‘THEORY 

Electron microscopic examination of the structure of these porous films (to 
be published) indicates that the pores are uniformly distributed over the entire 
surface, parallel, approximately perpendicular to the surface and run through 
almost the entire oxide layer. ‘There remains a thin layer of oxide between the 
bases of the pores and the metal. A diagram of this pore structure is shown in 
figure 7. 

The overall thickness d of the oxide layer is determined by the charge passed 
in the course of the entire anodizing process, in accordance with Faraday’s 
law and the rate of solution of alumina in the electrolyte (Napier and Westwood 
1950, Huber 1948, Keller et al. 1953). For anodization at 30°c in 17:5% 
sulphuric acid at 50 ma cm? for 30 minutes, for example, dis 31-2 + 1:2 x 10-4em. 
The two other dimensions which principally determine the capacity and resistance 
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isotherms of porous oxide layers are those of the pore base thickness 6, and of the 
pore area S near the base. With the elements prepared in the above way, b is of 
the order of 1204 and the pore base area is approximately 10°% of the superficial 
surface area. Since the pore is possibly not exactly a right cylinder near the 
base the values of 6 and the cross section are only approximations, giving the 
order of magnitude of the pore base dimensions. _ : 
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Figure 7. Diagram of porous oxide layer structure. 


‘The following additional observations are relevant to the mechanism proposed 
to account for the electrical properties: (a) The characteristics are independent 
of the nature of the outer conductor, apart from its calculable ‘transmission line 
effect’ (Smythe 1950). (4) The measured capacity and resistance show hysteresis 
after exposure to relative humidities not less than 0-85. The extent and direction 
of the hysteresis is similar to that shown in the absorption of water by alumina. 
This suggests that the equilibrium values of the electrical properties are due to 
water adsorption, and hysteresis to water absorption. (c) The capacity at 
relative humidities not greater than 0-3 is equal to the capacity of a condenser 
distance d between plates, and of a mixed water—air—alumina dielectric calculated 
from the addition equation (Bottcher 1952, eqn (11.4), p.415). This is C, 
shown in figure 3. (d) In an atmosphere of relative humidity approaching 
100°, or in liquid water, the apparent dielectric constant on the basis of a 
thickness d rises to a value of more than 1000. 

This increase is far greater than can be attributed to saturation by water, 
or to any geometrical disposition of a mixed water—alumina dielectric (Bottcher 
1952, $64). Measurements of the dielectric constant of water in the adsorbed 
phase are scanty, but the observations of McIntosh, Rideal and Snelgrove (1951) 
for the capacity of water adsorbed on silica give a value of the dielectric constant 
which is not greater than that of the bulk liquid. In any case, the extremely high 
observed value is too large to be attributed to the modification of the alignment 
of the adsorbed water molecules on adsorption. 

We suggest that with increasing humidity, electrolytic conduction down the 
pore surface occurs, So that the outer condueting layer then follows the aluminium 
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oxide contours. The capacity is then largely determined by the contribution 
between the pore base and the metal. Since the distance 6 is very small, this 
capacity will be high. The dimensions of the pore base are quantitatively 
consistent with these high capacities observed at saturation, on the assumption 
that the dielectric is alumina. The individual variations from sample to sample 
of the saturation capacity are probably due to variations in the pore base thickness. 
A theory which accounts quantitatively on this basis for the observed electrical 
behaviour at all relative humidities is presented in the following paragraphs. 


Outer Conductor 


Metal 


Figure 8. Equivalent circuit of a single pore. 


The equivalent circuit of a single pore is shown in figure 8. ‘The capacity 
between two conducting layers, separated by a mixed air, alumina and water 
dielectric of thickness d is Cy. This may be calculated from the quantity of 
water adsorbed, by Bottcher’s equation (11.4). When the relative humidity is 
not greater than 0-3, Cy accounts for nearly the entire measured capacity. The 
leakage resistance through the full distance d of the oxide layer is Ry. The 
remainder of the equivalent circuit is due to the specific contribution from the 
pore. The area at the base of a pore, where 6 is small, provides almost the 
entire contribution to C,, the pore base capacity. The resistance R, is that 
along the pore side between the outer conducting layer and C,. This resistance 
is strongly dependent on the quantity of water adsorbed on the pore side surface. 
R, is the leakage resistance through the thickness 6 of alumina at the pore base. 

For a single pore, the parallel capacity equivalent to the circuit in figure 8 
is, at frequency f, : 

Cy= ios oan eae NG oe a ee ale 
(R, + Re)? +477 PAR ZRECS* 
and the equivalent parallel resistance is given by 
LAist RFP ky Ce 1 
R,~ (RAR + 4 PRERCE te R  vlspetwe (2): 


p 


Cpe owt oe (1) 


For a set of identical pores, represented by a number of the above circuit 
elements in parallel, two formally identical equations result, the symbols now 
referring to the entire oxide layer. 

. ‘The implication of these equations is that at low humidities at which the pore 
side resistance R, becomes large, C\,— Cy tends to zero, i.e. the contribution 
from the ‘pore effect’ is very small. As the relative humidity rises toward 
saturation, R, falls to a small value, so that C, tends to C)+C, and R, tends 
to R,. ‘The term 1/R, is negligible when f is small compared with the Severin 
times of the mixed dielectric of C). | 
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The data of figures 3 and 4 showing the dependence of C, and R,, on the 
thickness d provide a quantitative confirmation of equations (1) and (2). At 
relative humidities not greater than 0-3 the measured capacity C), 1s inversely 
proportional to the thickness d, and proportional to the quantity of adsorbed 
water. ‘These relationships are those of Cy, and the entire measured capacity Cy 
is due to this term. As the relative humidity rises above 0-3 towards Suneaen 
the contribution of Cy to C, is strongly dominated by the pore contribution. 
Cy is calculated from the quantity of adsorbed water (the values are plotted in 
figure 3) and subtracted from C, obtained experimentally, to give C= Cy. 
At the frequency used in these measurements (1000c/s), 1/Ry is negligible, so 
that (1) and (2) combine to give 


1 ; 1 
RAC =o) = 472f C,+ R2C, aC, Se pore (3) 
We shall assume that the variation of C,'and of R, with relative humidity is small 
compared with that of the pore side resistance R,; A, the right-hand side of (3), 
then becomes independent of relative humidity. In other words, the parameter 
R, has been eliminated from (1) and (2) to give a direct relationship between 
gba Ls 8 Sh OR ee 
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Figure 9. Theoretical relationship between R, and C,—C). 


The form of equation (3) is shown in figure 9. ‘The curve TUVW represents 
the equation, the parameter R, varying along this curve. ‘The point U, where 
R,=0, lies in the branch VT when 27fC,R,>1. . In this case, values of 
GC jC), such that 47°C, = Ca) Stine (C, — Co) tie on “VW, Sand ate 
explicit solution of (3) is 


A Vee 1 12 
Cy—Co= Bn2f? +4 | (<n) = anal swe) =) Ae ee (4) 


In all other cases the negative sign of the root is to be taken. In the data given 
in this section the negative sign condition always holds, 1.e. R, decreases as 
C,— Cp increases. ; 

For each of the five porous layers (figures 3 and 4) the experimental value 
of C,—C, is plotted against R,, (figure 10). The values of Cy— Co calculated 
by (3) from R,, are also shown. ‘The agreement is most satisfactory. ‘The values 
of the constant A for each curve are shown ‘in table 2, 
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Figure 10. Values of C,,—Cp plotted as a function of R,, for various thicknesses d of the 
oxide layer. Circles represent experimental values and triangles theoretical values 


Table 2. Pore-base Capacity and Resistance 


(1) (2) (3) (4) (5) (6) 

6-2 10 2352 19 000 55 1-04 x 10-4 
12-4 20 3-04 25 000 4:38 1-10 x 10-4 
18-7 30 82 15 800 5-0 0:79.10 
24-9 40) 5°5 40 000 2:53 1OLse tO 
312 50 9-2 118 000 1235 159° 105 


(1) Oxide thickness d(u); (2) forming current density (ma cm~*); (3) A; (4) C.(pr); 
(5) R(kQ); (6) C,R(Qr), 
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Since 4=47°/?C,+1/R,2C,, an approximate value of A may be obtained 
from the measured C,,— Cy and R, of a layer as the humidity tends to saturation 
(see equations (1) and (2)). However, this method has two objections: (a) the 
entire (R,,, C,,— Co) curve is then based on one experimental point; (5) even at 
saturation R, may not be zero. The values of A chosen are therefore the mean 
values obtained by substituting C,,—C, and R, in (3). The values of A would 
be given by the values of C, and R, shown in table 2. (The probable error in 
the estimate of these is + 10%, except for d=18-7u when it is +20%.) The 
product CR, is characteristic of the nature of the dielectric at the pore base and 
independent of its shape. It should therefore be constant. ‘Table 2 shows that 
the variation of C,R, with dis much less than that of either C, or R, individually. 
The calculated values of R,, the pore side resistance, at each of the points, are 
shown in figure 11. R, shows a marked decrease with increasing relative 
humidity. In general, R, also increases with d, that is, as the length of the pore 
side increases. Due to the sensitivity of these calculated values of R, to small 
errors in measurement, the values given are approximate, particularly at relative 
humidities of 80°, or more. 


Pore Side Resistance 2, (Q) 
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Figure 11. Calculated values of pore side resistance R, as function of p and d. 


5.1. Effect of Frequency 


Equations (1) and (2) indicate that the values of C,, and R, at a given relative 
humidity will vary with the frequency used in measurements. 

At relative humidities approaching 1:0 and frequencies above 1kc/s the 
resistance R,, along the entire length of an ‘Aquadag’ outer conducting layer 
becomes comparable with the impedance across the element. Although this 
‘transmission’ line effect can be calculated (Smythe 1950), it was found simpler 
to reduce Ry, as previously described. The curves relating R, to C, for this 
element at various frequencies (figure 12) follow equation (3), the value of the 
constant A varying with the frequency. ‘This implies that C, and/or R, is not 
independent of /. 

It has been noted that when 27fC,R, >1, the curve of figure 9 will have a VU 
branch. Thus at humidities approaching saturation (when the parameter 
R,- 0) and at higher frequencies, we may expect R, to increase while C,,—C, 

ie aa 
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increases, on approaching saturation. ‘This minimum in the value of R, is found 
near saturation in all the curves for frequencies greater than 1 kc/s (figure 1 
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Figure 12. Variation of C,, and R,, with p at various frequencies. 
§ 6. CONCLUSION 


The resistance and capacity of porous anodized aluminium oxide layers are 
related to the adsorption of water on the surface of the pores. "The remarkably 
large variations of the resistance and capacity—often observed to be several 
hundred-fold—are due to conduction down the pore side to the large capacity 
at the pore base. “The equation (4) derived from the proposed equivalent circuit 
gives reasonable agreement with the observations. However, although the 
relationship between C,, and R, appears to be adequately accounted for by the 
equivalent circuit, the absolute values of the parameters, such as R,, C, and R,, 
which enter into the equations, await independent determination. 
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Abstract. A curved crystal spectrometer of transmission type with a radius of 
curvature of one metre has been constructed, utilizing the (310) planes of quartz. 
The effective shen of the crystal plate has the dimensions 10 mm x 20 mm x 1 mm 
and subtends 0-00020 steradian at the focus. In order to ensure a high degree 
of stability the spectrometer is mounted on a strong U-beam. The spectrum 
is scanned by moving a slit in front of the radiative source along the Rowland 
circle, the direction of the diffracted beam being fixed in space. he y-rays are 
detected by means of a Nal(TI) scintillation crystal combined with a single 
channel pulse height discriminator. ‘The wavelengths and energies of gamma 
faivetram Au, SAS, “Ob, Yp. Lu, “eRe, “eRe, ir. and: "4Ir, obtained 
by pile activation have been measured. 


§ 1. INTRODUCTION 

HE principle of utilizing atomic planes perpendicular to the surface of 

a crystal for spectral analysis of very short wave radiation was first applied 

by Rutherford and Andrade (1914). The introduction of curved crystals 
proposed by Du Mond and Kirkpatrick (1930) and first realized by Cauchois 
(1932) has led to the construction of focusing spectrometers in which the rapid 
decrease of intensity of the diffracted beam with decreasing wavelength is 
compensated by the luminosity gain due to the curved crystal. In the first 
transmission type focusing spectrometer of Cauchois, intended for study of 
X-rays, an extended x-ray source was placed on the convex face of the curved 
crystal, the diffraction spectrum being recorded on a photographic film along the 
Rowland circle. In order to obtain the highest possible luminosity, necessary 
for measurements on y-rays, Du Mond (1947) made use of the reverse configuration 
placing the radioactive source in such a position that by moving it along the 
circumference of the Rowland circle the intensity variations of the diffracted 
beam could be recorded by means of a multi-cellular Geiger—-Miiller counter. 
The beam transmitted directly through the crystal was absorbed by a collimator 
of tapered lead sheets. Du Mond constructed at Pasadena a spectrometer for 
precision measurements of y-rays according to these principles with a crystal 
bent to a radius of 2 metres. ‘The y-ray sources consisted of thin activated metal 
foils, placed with the surface perpendicular or nearly perpendicular to the Rowland 
circle. With this instrument Du Mond e¢ al. (1948-1953) carried out measure- 
ments on the energies of y-rays from Au, 131], Co, Ir, 18?Ta, 1%°'T'a, Ra, Th, 
Rn, !87W, !8’Cs, and from the annihilation of positrons from ®'Cu. In the last case 
a thicker irradiated copper plate was applied behind a slit. By installing certain 
auxiliary optical equipment Muller et al. (1952) were able to make measurements 
on the instrument which permitted corrections for some mechanical flexures in 
parts of it. ‘hese corrections, together with some improvements in luminosity 
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and sensitivity, made it possible to increase the precision of the wavelength 
measurements. A preliminary report of the design of the spectrometer used 
in the present investigation was given by Andersson (1954). In this spectrometer 
the y-ray detector is a thallium-activated Nal scintillation crystal. A detector 
of this type was installed at about the same time in the Pasadena spectrometer, 
replacing the multi-cellular Geiger—Miiller counter formerly used. 


§ 2. GEOMETRICAL OPTICS OF THE SPECTROMETER 
The 1mm thick quartz crystal K (figures 1,2) was bent in a holder to a 
cylindrical surface with a radius of curvature of 1015mm. ‘The Rowland circle 
has the line AB as diameter where A is the mid-point of the neutral surface of the 
bent lamina and B is the centre of curvature of this surface’s mid-section. ‘Thus 
the atomic planes perpendicular to the crystal surface intersect, if produced, 
at B. After diffraction all rays emanating from a ‘real focus’ R on the circle 


Figure 1. Principal geometry of tocus- Figure 2. Principal geometry of the curved 
ing by means of a curved crystal crystal spectrometer. 
(transmission case). 


seem to come from the virtual focus V._ This holds exactly for the central part 
of the crystal; at the extremities of the crystal, however, the fact that the neutral 
axis does not coincide with the Rowland circle gives rise to an aberration. This 
aberration has been studied by Cauchois (1932). It results in a relative line 
broadening 

AA _ cos 6(1 — cos x) 

A “eos (athe) 
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where @ is the Bragg angle and 2% the angle subtended by the mid-section of the 
effective part of the crystal at the point B on the Rowland circle. For the present 
spectrometer AAA amounts to 0-00005. 


§ 3. KINEMATICAL DESIGN OF SPECTROMETER 


‘The spectrometer is mounted on an iron U-beam 200 cm long and 30 cm wide, 
placed on a concrete pillar erected directly on the rock and isolated from the 
remaining part of the institute building. Figure 2 is a schematic drawing of the 
spectrometer. ‘The detector is stationary and the beam striking it fixed in space. 
The design must then fulfil the following conditions: (a) the real focus R has 
always to be on the Rowland circle, (>) the virtual focus V must always be on the 
line of symmetry through the middle of the crystal and of the detector. 

The crystal holder may be rotated around a vertical axis through A, the middle 
of the crystal, by the arm AF, consisting of a steel rod 2cm in diameter fastened 
to the crystal holder. AB is the radius of curvature of the crystal and O the 
mid-point of AB. O isthe centre of the Rowland circle and the arm OR, of the 
same length as OA and revolving around O, forces the point R, the intersection 
of the slit jaws in front of the radiating source, always to follow the Rowland circle, 
thus satisfying condition (a). AR is realized by a U-beam, 130 cm long and 6:5 cm 
wide, which may be rotated around a vertical axis coinciding with that of the 
crystal holder. ‘This U-beam supports the radioactive source and the slit in 
frontofit. ‘The slit holder slides along the U-beam. In order to fulfil the second 
condition the angles VAB and RAB must always be equal, which is ensured by 
the two equal arms CD, and ED,, the former pivoted around a vertical axis C 
fixed to the main steel beam, the latter around a vertical axis E attached to the 
beam AR. ‘The arms CD, and ED, are connected at D,D,, and their common 
vertical axis of rotation D, D, slides along the arm AF. ‘Thus, when the beam 
AR is turned around the axis A through the crystal, the Rowland circle is turned 
through half the angle, and the virtual focus V always remains on the spectrometer’s 
axis of symmetry as demanded by condition (0). 

The movement of the U-beam AR about the axis A is controlled by a cross-slide 
arrangement and micrometer screw. ‘The beam is extended about 28cm behind 
the source holder and near the end is supported by a vertical steel cylinder I, 
(figure 3) attached to a carriage movable in the longitudinal direction of the beam, 
the guide for this carriage being placed on another carriage movable in a direction 
perpendicular to the spectrometer’s axis of symmetry. ‘The U-beam AR (figure 2) 
is pivoted around an axis R coinciding with the axis of the steel cylinder. ‘The 
turning of this beam, by which the whole spectrum is scanned, is thus achieved 
by moving the lower carriage, which is done by means of a precision screw with 
a pitch of 05mm. ‘The displacement of the carriage may be read on a cylindrical 
scale to 0:0001mm. The upper and lower carriage, as well as the source holder, 
all move on straight ball-bearings. All rotational movements are supported by 


circular ball-bearings. 
§ 4. THE CrysTaL HOLDER 


The quartz crystal, 1 mm thick and with the (310) planes (spacing 1177-63 x.u. 
at 18°c) normal to the flat face of the lamina, is clamped in the crystal holder with 
the (310) planes vertical. ‘The screws S, and S, (figure 4, Plate) press it between 
steel blocks B, and B,, which are very carefully turned and ground to a circular 
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cylindrical profile. In order to allow for adjustment the crystal holder 
(figures 4, 5, 6) is mounted in a gimbals arrangement. It is held in the cradle C, 
by means of the screws S;, $,. This cradle can revolve around a horizontal axis 
A,A, through the middle of the crystal, the movement being controlled by the 
screw 5;. ‘The axis has bearings in another cradle C,, revolving around an axis 


Figure 3. Perspective drawing of the y-ray spectrometer. 
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Figure 5. Horizontal section through Figure 6. Vertical longitudinal section 
the crystal holder. through the crystal holder, 


perpendicular to A,A, and in the direction ot the rayse “The rotation around 
this axis is controlled by means of the screw S,. Thewhole arrangement ismounted 
on a steel plate P, supported by a vertical cylindrical steel rod I, and may be 
rotated around the axis of the rod passing through the middle of the crystal 
‘T his axle passes through a ball-bearing attached to the steel beam U suppontin 
the instrument, and its motion is controlled by the steel bar AF cee: 2) Sages 
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is fixed to the axle I, by means of the screw Sy, (figure 3). Another ball-bearing 
permits the U-beam AR to rotate around the same axis. ‘The axle I, is divided 
into two parts connected by a nut Nj, the upper and lower parts of which have 
right-hand and left-hand threads respectively. By turning the nut the crystal 
holder may thus be raised or lowered. The lower part of the axle I, is slotted, 
as is also the lower end of the upper part of the axle. A steel pin in this slot 
prevents the crystal holder from rotating when it is raised or lowered by turning 
the nut N,. 


$5. THE Source HOLDER AND SLIT 


The source holder is screwed to a carriage which is attached to the arm AR 
(figure 2) and slides along the U-beam U, on a straight roller bearing (figure 3). 
Directly connected to the carriage is a short steel cylinder I, (figure 7) and above 
this a circular iron plate P,. A second equally large iron plate P; above the first 
rests on three adjusting screws S,, S, and S,), and supports the peripheral part of 
a large cylindrical ball-bearing with vertical axis. The iron plate P, 
(18cm x 26cm x 0-7cm) is fixed to the central part of the ball-bearing, and 
underneath it a lead plate P; (18cm x 26cm x 2cm) is fastened. The iron plate 
forms the bottom of the source holder box. The walls of the box are made of 
lead and are 4cm thick. The lid is of lead 3cm thick and is removable for 
insertion of the radiative source. All adjustments are made with screws outside 
the source holder box. It may be rotated about the axis of the ball-bearing by 
means of the micrometer screw S,, (figures 3, 7, 8), which is fixed to the arm M, 
this in its turn being connected to the outer part of the ball-bearing. ‘The source 
holder and the slit may be moved by means of the screw 5, (figure 8) in a longitu- 
dinal direction and by means of the screw S,; (figures 7, 8) ina transverse direction. 
The source material itself is contained in aluminium boxes, the inner walls of 
which are inclined to each other. The space between the walls is filled with the 
metal to be investigated, either in the oxide or metallic form, and after irradiation 
in the Harwell pile (pEPO) at a high neutron flux, the aluminium container is 
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Figure 7. Vertical cross section through the source holder. 
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pressed between the iron blocks K, and K, (figures 7, 8, 9, Plate) waabe radiating 
source thus becomes wedge-shaped with the narrower part towards the shit. . The 
total length of the container is 6cm. Owing to the limited size of the irradiation 
units in the pile, the container is divided into three parts, each 2cm long, 0:-4cm 
wide and 3-7cm high. Depending upon the strengths to which the sample may 
be activated, one, two or three sections of the container may be used. The 
effective sample height is 1-6cm. ‘The slit jaws K, and K, (figure 8) are made of 
steel blocks into which lead plates are fitted. The surfaces of these plates were 


Figure 8. Horizontal section through the source holder. 


carefully made plane. ‘The angle between them is 1-1°, this being the angle 
subtended by the crystal at R (figures 1, 2, 8), the point of intersection of the slit 
jaws. ‘The slit width may be varied by means of the screw 5,, (figure 8) which 
moves the slit jaws K, and K, symmetrically by a left-hand and a right-hand 
thread. ‘The parallelism of the movement of the jaws is achieved to a high degree 
of precision. ‘The position of the source may be adjusted in the transverse 
direction by means of the screw Sp. 


§ 6. THE COLLIMATOR AND THE SCINTILLATION DETECTOR 


As the intensity of the beam diffracted in the crystal is only a small fraction 
of the total intensity of the incident y-rays, it is necessary to ensure very good 
absorption of the undiffracted beam. ‘This is performed by means of a laminated 
collimator as first used by Du Mond. ‘The collimator is made of 40cm steel 
blocks screwed together. There are 20 steel lamellae, very accurately worked 
in a surface grinding machine. ‘The lamellae are 10mm high and 0-559 mm 
thick at the end nearest the crystal, tapering to 0-756 mm at the other end. The 
spaces between the lamellae are all of the same shape, and the collimator is 
arranged in such a way that the surfaces of the lamellae, if produced, intersect 
at the virtual focus. Its position may be adjusted by the screws S,, (figure 3) 
and another screw S,; on the opposite side of the collimator (not seen in the figure). 
‘Ihe collimator rests on a steel plate P, which is levelled by means of three screws, 
one of which (S,,) brings the lamellar planes parallel to the atomic planes of the 
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crystal. A U-beam Uy, supports the collimator and detector tube, which is 
housed in a lead cover 45cm thick. ‘The detector first used was an EMI 5311 
photomultiplier tube, and later a Du Mont 6292 photomultiplier tube in con- 
junction with a cylindrical NalI(Tl) crystal (diameter 13 in., height } in.). The 
scintillation pulses were recorded with a single channel differential discriminator 
of conventional design. 


§ 7. MeTHops OF ADJUSTING THE SPECTROMETER 

The upper surface of the large U-beam U, is very accurately ground under 
the source toa distance of 48 cm fromthe end. This was also done with the surface 
under the support of the crystal holder, and the two ground parts of the beam 
surface made parallel with the utmost possible care. These surfaces were first 
made horizontal by means of a spirit level. The crystal was then clamped in 
the crystal holder to a radius of curvature of about 100.cm and the accuracy of the 
bending tested by inspecting the image of an illuminated vertical slit obtained 
by reflection at the curved crystal surface, the slit being parallel to the generators 
of the curved surface. ‘The clamping screws were adjusted until the image of the 
slit became sharp. ‘The radius of curvature was then measured as accurately as 
possible, and a further test made by photographing an x-ray diffraction spectrum 
in a special arrangement. ‘The Ag K, lines were investigated on each side of the 
line of symmetry. When the curvature of the crystal had in this way been found 
to be correct the crystal holder was placed in the spectrometer and adjusted so 
that the horizontal axis of revolution A,A, (figures 4, 5) passed through the centre 
of the crystal. Next, the middle of the crystal, the slit and the collimator lamellae 
were adjusted to the same level with the aid of a cathetometer a few metres distant. 
In order to adjust the crystal so that its centre was on the vertical axis of revolution 
of the crystal table, the screw Sj, (figure 3) fixing the latter to the bar AF (figure 2) 
was loosened. An upright needle was placed on the crystal holder vertically 
above the centre of the crystal. Another needle on a tripod support was brought 
into position above the first, with the needle point in the centre of the circle 
described by the point of the other needle when the crystal table was rotated. 
By means of the adjusting screws S, and S, (figures 4, 5) and A, and A, the radius 
of this circle was reduced to zero, which meant that the axis of revolution passes 
through the centre of the crystal. 

In a similar way the source holder was adjusted so that the line of intersection 
of the surfaces of the slit jaws in their narrowest position coincided with the axis 
of the ball-bearing supporting the source holder, after this axis had been made 
vertical by adjusting the screws S,, Sy and S,, (figure 7). The source holder 
support was loosened with the screw S,,, the point of an upright needle was 
placed against the source holder vertically above the intersection of the slit jaws, 
and another vertical needle placed on a fixed tripod support with the point at 
the centre of the circle described by the point of the first needle when the source 
holder support was turned around the vertical axis. By means of the screws 
S,, and S,,; (figure 8) the point of the movable needle was adjusted to fall just 
under the point of the fixed needle. 

By turning the drum D (figure 3) the spectrometer was brought into its 
symmetry position, i.e. with the U-beam U,and the two rods corresponding toOR 
and AF in figure 2 above each other. A strip of black paper with a A-shaped 
hole in it was placed at the slit with its surface perpendicular to the longitudinal 
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direction of the spectrometer and with the point of the hole at the middle of the 
slit. ‘The latter was illuminated from behind and the image of the point made to 
coincide with the point itself by adjusting the screw S, (figures 4, 6). In this 
way the generators of the bent crystal surface were made parallel to the axis of 
revolution of the crystal holder. The distance AO (figure 2) was then made 
equal to half the value of the radius of curvature of the bent crystal, determined 
in the way described above. This was accomplished by loosening the junction 
L (figure 3) and regulating the distance between the axis of revolution of the crystal 
table and that of the arm J, (figure 3) at L, representing the radius of the Rowland 
circle, using gauge blocks (made by C. E. Johansson). The centre of the Rowland 
circle thus having been fixed the junction L was tightened and the distance between 
the axes of revolution of the crystal table and the slit holder made equal to the 
radius of curvature of the bent crystal by turning the nut N, on the arm I, 
connecting the axis through the centre of the Rowland circle with the carriage 
supporting the slit holder. Gauge blocks were also used for this adjustment. 
The radius of the Rowland circle was then equal to half the radius of curvature 
of the bent crystal. When this had been done, the crystal table was turned until 
the image of the slit obtained by reflection at the crystal fell on the slit itself, 
whereupon the crystal table was fixed with the screw S,, to the bar AF (figure 2). 
The collimator was then coarsely adjusted by an optical method so that the 
lamellar surfaces when produced intersected at the slit. 

Further adjustments were performed with a radioactive substance in the source 
holder. ‘The spectrometer position for a strong y-line having been calculated, 
pulses were counted for a series of settings around the calculated position. ‘The 
same procedure was followed for the position on the other side of the line of 
symmetry. By adjusting the screw S,, (figure 4) the crystal holder could be 
turned around a horizontal axis through the middle of the crystal and its centre 
of curvature. ‘The half-widths of the curves of counting rate against spectro- 
meter setting for a series of such crystal positions were determined, and the 
minimum value gave the position where the crystal’s reflecting planes were 
parallel to the slit. The curves obtained in this way also enabled the symmetry 
position of the spectrometer to be calculated. The spectrometer was brought 
to this setting, a counting-rate meter was switched in instead of the scaler and 
mechanical register, and the collimator adjusted to maximum deflection of the 
counting-rate meter. Again using the latter as detector, the source holder support 
was turned around the vertical axis of rotation until the position for maximum 
deflection of the counting-rate meter was obtained. ‘The adjustments of collimator 
and source holder were repeated until no further improvements could be attained, 
after which the source holder support was fixed. For all these adjustments the 
narrowest possible slit was used. 

The resolving power of the spectrometer depends upon the design geometry 
as well as upon imperfections of the crystal and faults made at the adjustment. 
‘The aberration arising because the neutral axis of the crystal does not coincide 
with the Rowland circle (see §2) and that due to crystal diffraction have only a 
small influence on the resolving power. ‘To the effect of the imperfections of the 
crystal and the errors of the adjustments must be added that of the height of the 
crystal and the width of the slit. For intensity reasons these quantities cannot 
be reduced below certain limits. The resolving power attained in practice seems 
to be determined mainly by the extensions of the effective source, Defining the 
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resolving power as the percentage width of a gamma-ray line at half maximum 
height, we obtain from the experimentally determined line profiles a resolving 
power of about 1°, for the energy region in question. 


§ 8. MEASUREMENTS 

After the radiative source had been placed in position in the source holder 
and its position adjusted by means of the screw S,, to give maximum radiation 
intensity at the detector, using the counting-rate meter with the spectrometer 
in zero wavelength position, the slit was set to a suitable width. Usually the slit 
widths varied between 0-10 and 0-15mm. The discriminator was then set to 
respond to pulse heights corresponding to the gamma radiation to be investigated, 
the spectrometer still being in the symmetry position. By choosing a channel 
width as small as possible the background was reduced to a minimum. ‘The 
counting-rate meter was replaced by the scaler and mechanical register, and the 
line profiles on opposite sides of the symmetry position were taken by counting 
the pulses for periods of 2-15 minutes, depending on the gamma radiation in 
question, over a series of different settings. The main screw of the spectrometer 
was always turned in the same direction in moving from one setting to another. 
From the line profiles the exact position of the two spectrometer settings for the 
y-ray linecould be determined. After several runs for each line the mean positions 
were computed, and the distance between the two positions of the carriage 
measured by means of gauge blocks. During the runs the temperature was kept 
constant to within +0-3° of 22°c. The errors given are maximum deviations 
from the mean values. 


Gold *8Au 


The 0-412 Mey radiation from !**Au has earlier been subject to very thorough 
measurements. ‘The first precision determination was performed by Du Mond, 
Lind and Watson (1948) with the Pasadena crystal spectrometer, and resulted 
in the energy value E,,,=0-4112+0-0001 Mev. Later Lind and Hedgran (1951) 
calculated E,,, = 0-4111+0-0004 Mev from measurements with a high precision 
two-directional focusing £-spectrometer as designed by Sv.rtholm and Siegbahn. 
Using the external conversion method they compared the 0-412 and 1-31 Mev 
energies of radiation from !**Au and °°Co, referring the Fy, value to the E,,, value 
1-3318 + 0-001 Mev, determined by Lind, Brown and Du Mond (1949) with the 
Pasadena crystal spectrometer. Absolute measurements on the '*Au 0-412 Mey 
line with the B-spectrometer combining measurement of K and L photo-electron 
lines from an external converter according to a method proposed by Siegbahn 
yielded the energy value Ey, =0-41155 +0-0004 Mey, showing a discrepancy 
with respect to the crystal spectrometer value. ‘This discrepancy was still more 
marked when Hedgran and Lind later (1952), using the B-spectrometer mentioned 
above, calculated F,,, firstly from comparison between the ThL line and the 
K internal conversion line of !8Au, secondly from a similar comparison between 
the ThL line and the L,,,(U) line for !8Au, based on the Hp-value for the ThL 
line which had been determined by Lindstrom from  {-spectrometer 
measurements. ‘The result obtained by Hedgran and Lind was 


E,,,=0-41175 + 0-00010 mev. 


After having carried out a new calibration of the Pasadena crystal spectrometer 
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with the aid of auxiliary optical equipment Muller, Hoyt, Klein and Du Mond 
(1952) made a new measurement of the '*Au 0-412 Mev line, using a source of 
5 curies initial activity. ‘Vhis strong source permitted measurement of second, 
and third-order reflections too. ‘The weighted mean value of ten runs in the 
first order, one run in the second order, and two runs in the third order obtained 
by Muller et al. was E,,=0-411770+0-000036mey. ‘This value is, within 
the limits of error stated, in excellent agreement with the /-spectrometer 
determination. As these two determinations, both carried out with the utmost 
care in totally different ways, agree so very closely, we must have confidence in 
the results. If the two Ey, values are assigned weights proportional to the 
reciprocal squares of the probable errors, we obtain E,,, =0:41176, + 0-00004, Mev. 
Of all y-ray lines the strong gold line is at present the one with the most carefully 
determined energy, and therefore very suitable as a standard line, to which other 
measurements may be referred. As gold may be easily and quite rapidly brought 
up to high activities in a pile, the gold line is very convenient as a reference line 
for measurements with crystal spectrometers. For these reasons the gold line 
has been chosen as a standard for all energy determination measurements of the 
present paper, using the weighted mean value of the best earlier measurements as 
given above. 

Several gold samples have been investigated. ‘The best measurements 
were obtained with a wedge-shaped foil of 2g weight brought up to an initial 
activity of about 10 curies, and the calibration was based upon these measurements. 
Six runs were made for the line profiles in the first order on each side of the zero 
wavelength position. As it appeared that the ascending and descending sides 
of the line profiles were accurately linear, except for the highest and lowest parts, 
the exact position of the y-ray line was determined by the intersection of the lines 
for the two sides of the peak, these lines being deduced from the observed points 
by the method of least squares. In this way the difference between the spectro- 
meter settings for the '**Au 0-412 Mev line on opposite sides of the zero wavelength 
position was found to be 6:3105+0-0024cm. From this value the distance 
between the axes of rotation of the crystal holder and of the supporting cylinder 
I, is computed to be 123-434cm, using the wavelength value 30-105 x.u. for the 
gold line. 


Arsenic “As 


The radiation from 26-8-hour ‘*As was first studied by Miller and Curtiss 
(1946) with a magnetic lens spectrometer. They observed one strong y-ray line 
of 0:57 Mev energy, one gamma line of medium intensity of 1:25 Mev energy and 
two very weak lines of higher energies. With a similar instrument Siegbahn 
(1947) determined the energy of the strong y-ray line to 0-548mev. Using a 
helical focusing magnetic spectrometer Wu, Havens and Rainwater (1948) 
obtained for the strong line the energy value 0-557Mmev. For the same line 
Marty-Wollman (1951), using a semicircular magnetic spectrometer, found the 
energy to be 0:567 Mev, and with a magnetic lens spectrometer Hubert (1951) 
obtained the energy 0-555 + 0-002 Mev. 

A sample of metallic arsenic irradiated in the pile and having an initial activity 
of 1-5c at the beginning of the measurements was investigated with the crystal 
spectrometer. ‘Ihe mean of two runs gave the wavelength 22-116 + 0-010 x,v, 
and the energy 0-5605 + 0-0003 mev for the strong line, 
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Antimony 1 Sb 


The radiation from 66-hour !Sb was first accurately measured by Cook 
and Langer (1948) who found a y-ray line with the energy 0-568 Mev. Glaubman 
and Metzger (1952) observed another line at 0-68 Mev, in cascade with the former 
one. Recently Cork et al. (1954) reinvestigated the !2Sb radiation. They 
found the strong line at 0:5660 Mev and five fainter ones at 0:0952, 0-553, 0-616, 
0-647, and 0-694 Mev, all of which they ascribe to !2?Sb. 

A pile-irradiated sample of antimony metal with an initial activity of 200 mc 
at the beginning of the measurement was analysed in the crystal spectrometer. 
‘he mean of three runs gave for the strong line the wavelength 21-982 + 0-007 x.u. 
and the energy 0-56393 + 0-00019 Mev. 


Ytterbium 1°Yb 


102-hour 'Yb has earlier been investigated by Cork ef al. (1950) who with 
a B-spectrometer made measurements on four y-ray lines, the strongest one being 
found to have the energy 0-396 Mev. Only this line could be accurately measured 
in the crystal spectrometer, using a sample containing more than 99-59, Yb,Os 
with an initial activity of 0-5c. Asa mean value of two runs we obtained for the 
strongest 1°Yb line the wavelength 31-358+0-009x.u. and the energy value 
()-39532 + 0-00012 Mey. 

Lutecium \"Lu 

Accurate measurements of the radiations from 7-day !’Lu were first made by 
Douglas (1949), and by Cork, Keller and Stoddard (1949) using f-spectrometers. 
The latter made measurements on two strong lines and found the energies to be 
0-1131 and 0-2086Mmev. For these lines Douglas obtained the energy values 


~ 2095 


Figure 10, Profile of the 0-208 Mev line of 77[,y at both sides of the symmetry position, 
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0-1122 +0:0006 and 0:2063 +0-0010 Mev. He showed that these gamma-rays 
are emitted in cascade, and was also able to determine the energy of the weak 
cross-over line, 0:3137+0-0015Mev. Since the present investigation was 
completed measurements by Marmier and Boehm (1955) with the Pasadena 
crystal spectrometer have been published, giving energy data for the three lines 
mentioned above and in addition for two very weak lines in cascade, the latter 
having the energies 0-071644 + 0-000020 Mev and 0-2500 + 0-0005 Mev. For the 
two strong lines Marmier and Boehm found the energies to be 0:112965 + 0-000020 
Mev and (0-208362 + 0-000020 Mev. ‘The energy obtained for the cross-over line 
was 0:32136 + 0-00010 Mev. 

A sample containing 98°, Lu,O, was irradiated in the pile. The initial 
activity was 1c. Four runs for the 0-113 Mev line and five runs for the 0-208 Mev 
line were performed. Other radiation could not be detected with certainty. 
The wavelengths and energies of the lines were found to be 109-627 + 0-024 x.v., 
corresponding to 0-11308 + 0-00003 Mev and 59-638 + 0-010 x.U., corresponding 
to 0:20786 + 0-00004 Mev. From these energies the energy and the wavelength 
of the cross-over line is 0-32094 + 0-00007Mev, corresponding to 38-625 + 0-009 x.u. 


Rhenium '*®Re 


‘The gamma radiation from 92-8-hour !*Re has been investigated by Beach, 
Peacock and Wilkinson (1949), using a semicircular B-spectrometer. ‘They found 
two y-ray lines, the stronger one with the energy 0-138 Mev. Metzger and Hill 
(1951), with a 6-spectrometer, found the energy of this line to be 0-137 Mev, and 
observed two further lines. Applying a similar technique Steffen (1951) obtained 
the value 0-136 + 0-001 Mev for the strong line. 

A sample of rhenium metal containing more than 99-9% Re was irradiated in 
the pile to an initial activity of about 2c at the beginning of the measurements. 
‘The mean of six runs for the strong !**Re line gave the wavelength 90-34 + 0-02 x.v. 
and the energy 0-13722 + 0-00003 Mev. 


Rhenium '85Re 


Investigation of the gamma rays arising from 16-9-hour !88Re with a B-spectro- 
meter by Richmond, Grant and Rose (1952) revealed a strong line at 
(152 + 0-001 Mev and a further three lines of higher energies. Using a double 
focusing f-spectrometer with a resolving power of 0-7°%, McMuller and Johns 
(1953) made measurements on eight y-ray lines, the strongest of which was found 
to have the energy 0-1553 + 0-0005 mev. 

The rhenium sample mentioned above was used for measurements on 
this line. ‘The wavelength was found to be 80-04+0-03x.u., the energy 
0-15487 + 0-00005 mev. 


Tridium 1°2Ir 


74-day '**Ir has been investigated accurately by Cork et al. (1951), who used a 
magnetic f-spectrometer to make measurements on 13 lines belonging to !%Ir, 
the strongest ones having the energies 0-6112, 0-6037, 0-4674, 0:3161, 0:3077, and 
0:2949 Mev. Bashilov et al. (1952) were able to identify 15 !2Ir lines and found 
the energies of the strongest ones to be 0-613, 0-605, 0-468, 0-317, 0-309 and 
0-296 mev. Muller and collaborators (1952) measured very accurately with the 
Pasadena crystal spectrometer energies and intensities for eleven !%2Ir lines, 


A Precision Curved Crystal Gamma-ray Spectrometer 1129 


For the four strongest lines they found the energies (-467984 + 0-000061, 
0-316462 + 0:000034, 0-308454 + 0-000033, and 0-295942 + 0-000031 Mev, and for 
two fainter cross-over lines 0-61287.+ 0-00061 and 0:60453 + 0:00059 mev. 

An iridium sample was irradiated in the pile for a week. The activity 
at the beginning of the measurements was about 700 mc, making it possible to 
determine the energy of the four strongest lines of !9?Ir and one line of Ir (see 
below). For the 0-468 Mev line we obtained as a mean of six runs, the wavelength 
26-491 + 0-007 x.u. and the energy 0:46795 + 0-00012 Mev. For the strongest 
line four runs gave the wavelength 39-:165+0-005x.u. and the energy 
0-31652 + 0-00004 Mev. ‘Three runs for the 0-308 Mev line gave the wavelength 
40-162 + 0-007 x.u. and the energy 0-30866+0-00006mev. The 0-316 and 
0-308 Mev lines were well separated, as were also the 0-308 and 0-295 mev lines. 
For the latter the wavelength was found to be 41-885 + 0-015 x.u. and the energy 
0-29596 + 0-00010 Mev. As pointed out by Cork et al. and by Muller and colla- 
borators, the 0-295 and 0-308 Mev as well as the 0-295 and the 0-316 Mev lines are in 
cascade, the energies of the cross-over lines may thus be calculated as 
0-60462 + 0:00016 Mev and 0-61248 + 0-00014 Mev. The corresponding wave- 
lengths are 20-503+0-005x.t. and 20:240+0:005x.u. The results of the 
measurements are generally within the limits of error in agreement with those of 
Muller and collaborators. 

Iridium 14 1r 


19-hour '*Ir has been investigated by Cork et al. (1951) who found the energy 
of the strongest line to be 0-3275 Mev, using a magnetic f-spectrometer. Baker, 
Bleuler, and Steffen (1952) observed two further lines, and found the energy of the 
strong line to be 0-326 Mev. Inthe crystal spectrometer measurements could only 
be made on this line, and as the mean of two runs we obtained the wavelength 
37-671 + 0-010 x.u. and the energy 0-32907 + 0-00008 mev. 


§ 9. CONCLUSION 

The precision gamma-ray spectrometer described was designed with special 
rigid foundations and with the movable system dimensioned to avoid mechanical 
flexures. For the present determinations the attainable resolving power was about 
1%. No absolute determinations have been attempted, all values being referred 
to the E,,, =0-41176, mev for the strong !*Au line. The results of the measure- 
ments hitherto made with the spectrometer are collected in the table, including 
some earlier measurements. ‘The errors given for the present measurements are 
maximum deviations from the mean values of the different runs. Where com- 
parison with results achieved by the Pasadena spectrometer is possible, i.e. for 
192Tr and for !77Lu, the agreement is as a rule satisfactory within the limits of error 
stated. 
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Abstract. ‘The shape, number and arrangement of spots are studied on electron 
diffraction photographs of beaten gold foil. Various disturbing effects, including 
preferred orientation and refraction, on the deduction of particle size by spot 
counts are considered. After allowance for these a particle size of 15004 + 50%, 
is obtained. 

Streaks and displaced spots are explained in terms of crystals with lamellar 
shapes and stacking faults on (111) planes. Heavily faulted lamellae of thickness 
less than 150 A and lamellar regions of hexagonal close packed gold are both found 
to exist. 


§ 1. INTRODUCTION 


diffraction rings from deformed polycrystalline metals, and from such 

patterns the particle size and distortion could be determined (for a summary 
of the results see Gay, Hirsch and Kelly 1954). It is difficult to obtain x-ray 
beams sufficiently narrow to resolve the spots from particles of diameter less 
than about 50004, and further, for such particles the exposure times become 
prohibitive. Photographs of beaten gold foil taken with an 8 beam show rings 
which are not quite resolved (figure 1, Plate I), indicating a particle size of about 
2000 A (Kelly 1953). In view of the difficulty of applying the x-ray technique to 
this range of sizes, the use of electron diffraction has been investigated. 

The use of electrons instead of x-rays for diffraction patterns has the advantages 
that paraliel beams of small diameter are readily available and that exposure 
times are short. A further advantage lies in the possibility of combining electron 
diffraction with electron transmission microscopy to examine the same area of 
specimen. Most studies of the fine structure of deformed metals have been 
confined to the examination of the surface structure by replica methods 
(Heidenreich and Shockley 1948, Brown 1952, Kuhlmann-Wilsdorf and Wilsdorf 
1953). Heidenreich (1949, 1951) has used transmission microscopy and 
diffraction to study the texture of cold-worked aluminium foil, but no quantitative 
deductions were made from the diffraction patterns. 

In the present work an attempt has been made to interpret the diffraction 
patterns in greater detail than hitherto, and to correlate the results with those 
from the micrographs. ‘The effects which have been observed in beaten gold 
foil are complex, and it has not yet been possible to account for all of them. This 


} A. K. is now at the Department of Physical Metallurgy, University of Birmingham; 
J. W. M. is now at 'Tube Investments Research Laboratory, Hinxton Hall, Cambridge. 


B using x-ray beams of small diameter it has been possible to obtain ‘ spotty’ 
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paper deals with information derived from the shapes of the spots on the diffraction 
patterns, and with the determination of particle size from spot counts. In a 
subsequent paper we shall deal with the micrographs and their correlation with 
the diffraction patterns. 
§ 2. EXPERIMENTAL 

Commercial beaten gold foil (~1000A thick) was etched with 10°%, HNO, 
and 10°,, KCN or KCN alone until it appeared greyish blue under the microscope 
and contained many pinholes. T'wo samples were used, the first 99-9°%, Au and 
the second 96°, Au, 2°, Cu, 2°,, Ag. The foils were mounted on copper grids and 
transmission electron diffraction patterns and micrographs were taken from the 
same areas (diameter 10,4), using the Metropolitan Vickers EM3 electron 
microscope operating at 70kv (A=0-045A). Figure 2 (Plate I) shows typical 
electron diffraction patterns. 


§ 3. ESTIMATION OF LOWER LIMIT OF PARTICLE SIZE FROM SHAPE OF SPOTS 


Assuming extinction and refraction effects to be absent, the shapes of the 
spots can be interpreted in terms of the spread of the interference function around 
the reciprocal lattice points as in the case for x-ray diffraction. For electrons, 
the wavelength spread due to variations in the accelerating voltage (<1 part in 
20000 in the EM3 instrument) and in the thermal energies of emission of the 
electrons can be neglected. 

It can be shown (Hirsch 1952) that the tangential width s» of the spots is 
given by 


Sp = = (d0 + 2d¢, sin 0) RAM siote (1) 


cos 

where Ry=specimen-film distance, 6= Bragg angle, d@= divergence of incident 
beam, dé, =Adr,/2 sin, A= wavelength and dr, == extent of interference function 
at right angles to plane containing the incident and diffracted rays (figure 3). 


Plane of Foil 


eciprace! 
lat tice 


Sphere of 
Reflection 


Figure 3. Definition of dr,, drs, dry. dr; is along OP; dry is along CP; dr, is at right 
angles to dr, and dry. 


For electrons @ 1s small, so that 
Seeg( QU eAGTs) utes (2) 

The radial width s, of the spots ts 
Ro 


cos? 26 © 


n= Ji etecd a? i rin Bernt ee (3) 
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where A, is a function of d0, dé, (=Adr,/2cos@) and dd(=Adr,/2 sin) and 
depends on the relative magnitudes of these quantities. (dr, 1s the width of the 
interference function along the vector joining the origin of reciprocal space to the 
reciprocal point, and dr, is perpendicular to dr, and dr, see figure 3.) 

If dr,, dry, dry are due entirely to the shapes of the crystals, generally dr, will 
be either greater than, or at least of the same order of magnitude as, dr,, and 
hence in either case, as @ is small, dé, >d¢,. With this assumption there remain 
only two possibilities for Ap (Hirsch 1952): 
if d0<dd,—d¢,, then Ap=d0+2dd,=d0+4 dAdr, 
or if dé + dd, — dd, Ap =dd,+ db.=ddv. 

When @ is small, on averaging the lengths and breadths of the spots around 
the ring, dr,=dr3, and hence sp=R,(d?+Adr,) in all cases, and either 
Sp=R,(d0 +Adr,) or Sp=Rydby. In the first case the averaged dimensions of the 
spots should be equal; in the second case s, should be much greater than sx 
since d0 >d¢, — dd. 

Table 1 shows a series of measurements for gold foil. ‘The results show that 
Sp~Sp, 80 that it can be concluded that 


Sp Sp — dU AGT) | eee (4) 

and hence that 
dl-<déby—dpy, ee (5) 

Average values of d@+Adr, for those photographs for which the values of dé 
could be estimated from the manufacturer’s data appropriate to the condenser 
lens current used in the experiments are shown in table 2. It is clear that the 
major part of the spot width is due to the divergence of the beam. Assuming 
that the additional broadening is entirely due to crystal shape, a lower limit to the 
linear dimensions a of the crystal in the plane of the specimen can be found. 
Thus, for one of the photographs from gold foil, Adr,;<0-5x 10-4; hence 
N/a<0:5 x 10-4 and @>1000A. Thus from the spot shapes alone a lower limit 
of particle size can be estimated. 


Table 1. Average ‘Tangential and Radial Spot Lengths 


Photograph Ring St e 
j (1) (1) 
2366 (111) Wi 134 
1070 (200) 170 159 
1070 (GD) 174 134 
1314 (200) 160 15 
1315 (200) 211 198 
1308 (200) 219 192 
Table 2... Angular Broadenings of Spots 
Photograph 2366 2358 2364 
d0+-Adr, (radian « 10-4) 2:2 1-6 1:5 
d@ from makers’ specifications 
(radian = 10-4) i 1 1 


On almost all the photographs the spots tend to be slightly elliptical, the axes 
of the ellipses sometimes having a constant direction at all points on the photo- 
graphs, and the ellipticity appears to be due toa slight asymmetry of the divergence 
(figure 4 (a), Plate I). Often, however, the ellipses have different orientations 
(figure 4(4)). There are several possible explanations for this observation. 
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It is hikely that dr, is generally much greater than dr, or dr, so that the interference 
function is in the form of a spike normal to the plane of the foil. If the foil is 
tilted or bent, the spike may make large angles with the direction of the incident 
beam, and it is easily seen that this will cause ellipticity of the spots, the direction 
of the ellipse depending on the angle between the surface of the reflecting sphere 
and the spike at the point of intersection. Other possibilities are that the particles 
are in the form of lamellae which make large angles with the plane of the foil, 
or that stacking faults occur. Further evidence for the existence of thin lamellae 
and stacking faults is given below. 


§ 4. STRAINS IN THE FOIL 
By an argument similar to that used to determine the lower limit of particle 
size, the elastic strains in the plane of the foil cannot exceed a value determined 
by ddé,(<0-25 x 10-4 radian). Now the range of strains 


8d/d=d.8(1/d)=d. dr, =(2d/d) cos bad, 


so that for the 200 planes, dd/d<2 x 10°. This value is of the same order of 
magnitude as that found for cold-worked metals (Gay, Hirsch and Kelly 1954). 
It is clear that if such strains were to occur, the broadening produced would be 
smaller than the divergence of the beam, so that it is not possible to measure the 
elastic strains. However, if the divergence could be reduced to approximately 
10-° radian, the strain broadening could probably be determined. 

It is likely that the foil may be elastically bent about an axis 1n its own plane. 
If the foil is bent about an axis parallel to dr, the spot will be broadened 
tangentially; the broadening will be }Ax/d? where « is the angle of bending, so 
that dAx/d? <dr,=(2 cos 6/A)d¢,. Hence x <(2d/d)?dé, =4 x 10-? radian for a high 
order plane (d~1 A). ‘This estimate will be required later. 


§ 5. EsrrmMaTIoN OF LOWER Limit oF FoIL ‘THICKNESS FROM OBSERVATIONS 
ON PAIRED SPOTS ON OPPOSITE SIDES OF THE RINGS 


Spots nearly always occur on opposite sides of the same rings, but the 
arrangement of spots is generally different on the two sides (e.g. figure 2 (4)), 
and the occurrence of such spots is to be expected from the large angular spread 
of the particles about their mean direction (see table 3), which is much larger 


Table 3. Range of Misorientations 


Photograph 2358 2366 1070 1307 1314 
Angular spread of arcs (”) 30 30 ae 20 20 


than the angles between the planes contributing to opposite sides of the same 
ring, i.e. 20. Occasionally, however, some of the spots on the (111) rings are 
reproduced nearly identically at opposite ends of a diameter (figure 2 (c)). “This 
suggests that the reflections derive from the same parts of the foil. ‘The explana- 
tion follows from figure 5. For a given orientation of a particle the lines dr, 
through the reciprocal points (111) and (i11) may intersect the sphere 
simultaneously, and the same crystal will reflect twice. ‘This can occur provided 


1 Az \u2 A : A 
1 ea a i Lat Senet ote Line a at 
2dr A {! (: = } 2dy4;°" Pad © dy)” 


where d,,,= spacing of (111) planes. 
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On the other hand, duplicated spots have not been observed on higher order 
rings and this fact may be used to deduce an upper limit for dry. Paired spots 
can only be recognized if a whole group of spots appears identically on opposite 
ends of a diameter of a ring. Apparent absence of paired spots therefore implies 
that the probability of their occurrence is so small that they cannot be detected. 
The number of reflections on a ring is proportional to d.dr,=dd¢,. It is easily 
shown that the number of reflections which will be paired is proportional to 
d(dr,—A/d?), so that the ratio of the number of paired spots to the total number 
of spots equals 1—A/d2dr,. The conservative criterion may be adopted that 
duplicated spots are not observed if this ratio is less than about §, i.e. if dr, <1-5A/d?, 
where d here is the spacing of that ring showing no duplicated spots which occurs 
at the smallest angle. Thus, for the specimen discussed above, drg<1-5A/dq41"; 
it follows that 8-3 x 10-°<d@r,<1-7 x 10-2. Hence dv, —=125 10 = 33) fae 
dr, is entirely due to particle size effects, the thickness ¢ of the crystal is about 
854. For most of the gold photographs no duplicated spots are observed on 
any of the rings, so that dry<1-5A/d,,,?= 1-25 x 10-7, and the thickness ¢ must 
exceed 85 A. 


reciprocal 
lattice 


Reflection 


Figure 5. Explanation of the occurrence of identical spots on opposite ends of ring 
diameters. The angles between dr, and the reflected rays have been exaggerated. 
for clarity; dr. is nearly parallel to the reflected ray. 


These criteria may be useful generally for estimating the thickness or limits 
of thickness directly from the diffraction pattern from specimens whose thickness 
cannot be otherwise determined. 


§ 6. DETERMINATION OF MEAN ParTICLE Size BY Spot Counts 


Assuming that the particles are randomly orientated the number of spots N 
on the ring corresponding to a Bragg angle @ is given by (cf. Hirsch and Kellar 
1952) 

IN = aINgpicosi@(ddseA) 0 ae ae (6) 
where N y=number of particles irradiated, p=miultiplicity factor and 
A=d¢,+d¢,=angle over which particles reflect. It follows from §3 that 
db,>d0>dd,; this will be generally true for electron diffraction. Hence, 
remembering that @ is small, 

Naa NGpapy eae ee" Vee pee (7) 
In the case of x-ray diffraction equation (6) can be used directly to give a fairly 
accurate value of N,; however, when equation (7) is applied to electron diffraction 
patterns, a number of difficulties are encountered. In the first place, a reflection 
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may be split into secondary spots due to refraction of the electron beam in passing 
through differently orientated facets of the diffracting particle. Secondly, 
there is an uncertainty in the estimate of dé,, which depends on the thickness 
and distortion of the crystals. Lastly, in specimens used for electron diffraction 
there is often a pronounced preferred orientation which invalidates the application 
of equation (7). In order to assess the importance of these effects the validity 
of equation (7) was tested by observations on diffraction patterns from specimens 


where the particles responsible for the diffraction spots could be counted on the 
corresponding micrographs. 


§ 7. REFRACTION 


Figure 6 (Plate II) shows the diffraction pattern and micrograph of the same 
area of a sample of MgO ona carbon support. The MgO crystals are seen to be 
cubes with sides varying between 300 A.and 20004. The diffraction rings consist 
of clusters of spots of characteristic shape. These groups of spots are due to the 
refraction of the electrons at the cube surfaces, and as different rays may pass 
through a different pair of faces, several spots will occur whose grouping depends 
on the plane of reflection and the orientation of the cubes (Sturkey and Frevel 
1945, Cowley and Rees 1947, Honjo 1953). Each group of spots therefore 
arises from one crystal and should be counted as one spot. In MgO it is easy to 
recognize these clusters on account of the simple constant symmetrical habit of the 
crystals, but in a substance for which the particle shapes are irregular, these 
clusters may not be readily distinguishable and the number of spots observed 
may be several times greater than the number expected from the simple theory. 
Even in such a case, however, it is generally possible to estimate the possible 
error arising from this effect (see §10). It should be noted that the probability 
of reflection is not increased by refraction; the probability still depends mainly 
on dd,, and if a crystal reflects at all then it is likely to produce most of the spots 
caused by refraction. ‘This is confirmed by the fact that most of the clusters on 
figure 6 consist of many spots. 


§ 8. Estimates OF dd, 
Where possible dé, should be measured experimentally by determining the 
angular range of reflection of the particles. If this cannot be done, upper and 
lower limits of dé, may be determined as follows. If the crystals are so thin 
that extinction is negligible, and if the crystals are perfect, dé,=d.dr,=d/t. 
With increasing t, dd, decreases, but if extinction becomes important the angle 
over which the crystal can effectively reflect reaches a lower limit with increasing 
thickness. This angle can be estimated approximately from the width of the 
intensity curve for a symmetrical Laue reflection, for which the intensity J 1s 
given (Zachariasen 1945) by 
sin? {A(1 + y?)!?} 


I= waesete. | py koe (8) 
where, for electrons, 
V 
nae a re (9) 


and 
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(MacGillavry 1940, Heidenreich 1949). V,,, is the Ak/ coefficient of the Fourier 
expansion of the potential of the crystal, # is the energy of the electron, and 00 is 
the deviation from the mean Bragg angle #. Equation (8) shows that the diffraction 
pattern consists of a series of fringes whose peak intensity, except for the central 
fringe, is governed by the envelope factor (1+ ?)"!. The intensity of this 
envelope is reduced to half its maximum value at y= +1. For thick specimens, 
and strong reflections, 4 may be large and several fringes occur within the range 
—l<y< +1; these will be sufficiently strong to give observable reflections on the 
diffraction pattern. Although the width of the individual fringes may be quite 
small, the total effective angular range of reflection for a crystal will be of the 
order of the sum of the widths of the strong fringes. The total width of these 
fringes will be approximately equal to half the range —1<y< +1, 1.e. to dy~1. 
Hence, from equation (10), the effective angular range of reflection of the thickest 
crystals will be 


j V nna Vinwi@nn — Tnx 
¢ he 


aE sn 2 VAX to 
where t,=XE/V,,,=‘ extinction distance’ (cf. Heidenreich 1949, 1951). “This 
value gives the lower limit of dé,; if the crystal thickness is less than fy, or if the 
crystal is imperfect, dé, will be larger than this limit. V,,, is given by 
300ed?,, 11 
7V 

in volts, where e= electronic charge, / = volume of unit cell, Z;= atomic number 
and /,=scattering factor of jth atom at u,, v;, w;. ‘Table 4 shows the values of 
Vix and ty calculated for various rings of MgO, and the corresponding upper 
limit of Ny. It appears that Ny<2200. 


Vim 


> (Z,;—f;) exp {2n1(hu, + kv; + lw,;)} 
J 


Table 4. Data for the Determination of Ny for MgO 
(a) Upper Limit of No 


: NE 
Akl dy (A) Vin ®) t= — (Ay dy (rad) p N No 
hkl 
(111) 2-425 1-02 3090 7-85 x 10-4 8 39 12400 
(200) 2-40 8-2 384 5-46 x 10-8 6 36 2200 
(220) 1-485 5-78 545 2-72 x 10-8 12 64 3920 
(222) _ 46912 4-4 715 1-69 x 10-3 8 23 3400 
(b) Lower Limit of Ny 
hkl Upper limit of dé, (rad x 10-2) Ni 
(111) 2:79 350 
(200) 2:79 430 
(220) 2-79 382 
(222) 2-79 206 


(c) Mean Value of Ny 
430< Ny< 2200 
N,=1300 + 900 


A different argument must be used to obtain the upper limit of dd,. Many 
of the cubes occur in orientations such that the beam traverses thicknesses from 
zero upwards, which would suggest the possibility of very large values of dd,. 
However, the intensities would be very low from those parts of the crystal which 
are very thin. An effective upper limit of dd, is however available from the 
argument of §5. Since no spots are paired on opposite sides of the ring, 
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dr, <1-5A/dy,,7; hence dé,<2-79 x 10-2 radian. The minimum values of No 
calculated in this way are shown in table 4. It appears then that the actual 
value of Nj should lie between 430 and 2200, so that N,=1300+4900. This 
agrees satisfactorily with the actual number of approximately 1000 crystals on the 
micrograph. ‘This example illustrates the kind of accuracy which can be expected 
from this method. Sometimes it is possible to estimate dd, more accurately, 
as will be indicated below. 


§ 9. PREFERRED ORIENTATION 


A further difhculty in the accurate estimation of No arises if there is preferred 
orientation in the specimen. This can often be very marked in gold 
(figures 2 (b), (c)). ‘he spots are clustered into arcs and the range of misorienta- 
tion obtained from the angular extent of the arcs is shown in table 3. ‘The results 
are of the same order of magnitude as those found using the x-ray microbeam 
technique for most deformed metals (Gay and Kelly 1953 a,b). The patterns 
suggest that the areas irradiated consist mainly of one original crystal. 

Many of the patterns show a preferred orientation of the (100) plane parallel 
to the plane of the foil (figure 2 (b)). | Occasionally other orientations are observed, 
for example that of figure 2 (c). It is likely that these other orientations arise 
from a bending or tilting of the foil so that its plane is not normal to the direction 
of the incident beam. 

The likely error in N, arising from preferred orientation is illustrated by 
observations on a thin layer of tin evaporated on to a collodion support. Both 
the diffraction pattern and micrograph (figure 7, Plate II) suggest that the refraction 
effect is small. However, the numbers of spots on the different rings did not 
agree with the trend of the multiplicity factor. ‘The variation of the number 
of spots suggested a preferred orientation of the crystals with [001] parallel to 
the plane of the specimen. ‘This was confirmed by tilting the specimen; the 
preferred orientation is however not very pronounced, so that at least an approxi- 
mate value of Ny may be determined by averaging the different values obtained. 
In this case the extinction distances calculated for the different rings all exceeded 
the thickness of the specimen which was found by interferometry to be 200 + 20. 
This distance therefore determines the lower limits of df,; with these values the 
mean upper limit of Ny is found to be 7400 (see table 5). No paired spots are 
observed so that the upper limit of dé, is 2-29 x 10°? radian. ‘The mean lower 
limit of N, is found to be 4100 (see table 5). The average of these two limits is 
5750; the number of crystals apparent on the micrograph is about 3000, although, 
if there are smaller crystals between the larger ones, the true figure may be 
considerably greater. In view of the uncertainty of this figure and the error due 
to the preferred orientation, this agreement to within a factor of 2 1s satisfactory. 


§ 10, PARTICLE SIZE OF GOLD 


While many of the photographs from gold foil showed the cube texture 
(figure 2(b)) in certain cases the crystals seemed to occur in reasonably random 
orientations (figure 2(a)). Table 6 shows the data obtained from two 
photographs. No significant differences were observed between the numbers 
of spots obtained from the two types of. gold of different purity examined. 
Duplicated spots were not detected, and as before, using this criterion and the 
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extinction distance, upper and lower limits of Ny were calculated (table 6). In 
order to reduce the error due to preferred orientation the resultant values were 
averaged to give a value of Ny=4700+2300. In this case, however, there 
remains the possibility of bending of the foil and this can cause a considerable | 
increase in the effective value of dé,. Using the upper limit to the angle of bending 
« found in §4, Nj»~4000 + 3000; thus the possibility of bending can reduce the | 
accuracy of the estimate considerably. In order to overcome this difficulty, 
the angular range of reflection was determined directly by tilting the electron | 
gun in the microscope through a range of angles, and observing the changes in the 
diffraction pattern. In this way it was found that df.~10-?, so that the mean | 
value of N, from both photographs is of the order of 6900. 


Table 5. Data for the Determination of No for Sn 
t=200+20A 


(a) Upper Limit of No 
hkl dy (A) dy (rack x 10-2) p N No 
(200) Ps) 1-475 4 358 12100 
(101) 2°81 1:40 8 249 4450 Mean No 
(220) 2-08 1-04 | Zl 10150 7400 
(CAL 2-02 1-01 16 232 2870 J 

(6) Lower Limit of No 
hkl Upper limit of dd, (rad « 10-*) No 
(200) MOY) 7820 
(101) 2-29 2720 Mean No 
(220) 2-29 4600 f 4100 
(211) 2-29 1270 | 


(c) Mean Value of Ny =5750 
(the possible error of this value due to preferred orientation is uncertain) 


Table 6. Data for the Determination of Particle Size in Au 
(a) Upper Limit of No 


Photo Photo 
1 AE (A) 3064 2364 
ARLE dng (A) View VY)? Viney dp, (rad)  p N No INV ANG 
(GE) Begisy pos EO, oes) NO) Wile SEW NE 3330 4950") Meas 
00) 2-035 5 20:22) [SO 305s 10s Ones cmnO0S0) N 257 6560 N 
(220) 1:44 14-32 220 6:55 x10-* 12 432 11000 6820 410 10420 | 7310 
(Bilt) Wwe 1 Peill!s 257 4:75 x10 24 400 7010 | 
(6) Lower Limit of No 
hkl Upper limit of dd, Photo 3064 Photo 2364 
(radians) No No 
(111) Ze Se Ome sien 2900 } M N 
(200) 2-87 x 10-2 2765 | Mean Ny 2980 ate 
(220) PAST MOH" 2510 2074 2380 j 
(311) 2:87 x 10-2 1160 | 
(c) Mean Value of N, 
From photograph 3064 2074< Ny< 6820 or Ny=4500 4 2400 
From photograph 2364 2753<No<.7310 or Ny=5000+ 2300 
Mean value from both photographs N,=4700 + 2300 


Mean value of Ny allowing for possible bending 4000 + 3000 
Mean value based on experimental value of d6,.—10-2, 6900 
Diameter of aperture 10 

Mean diameter of particle in plane of foil a=1070 A 
Allowing for refraction, a~1500 A (+ 50%) 
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In the case of the foil, N,= A/a? where A is the diffracting area of the foil 
in the beam and a the diameter of the particles in the plane of the foil. For 
the two photographs discussed above the whole area in the aperture appears to 
be diffracting and the area of holes is negligible. Hence A is equal to the area 
(diameter 10j) selected by the aperture. Using the mean value of N, deduced 
above, a is found to be 10704. 

It is possible that owing to the refraction effect (see above) several spots are 
produced by one particle. Occasionally ring splitting is observed as in figure 2 (A) ; 
this effect could be due to refraction, although stacking faults could also produce 
it. In figure 2 (a) no such splitting occurs and the effect of refraction is negligible. 
In figure 2 (b) frequent splitting is observed and the number of spots could be 
increased by at most a factor of 3 by this effect. This leads to an upper limit of 
particle size determined from this photograph of 18504. We may take the 
average particle size to be of the order of 1500 A+ 50%. 


§ 11. SrreaKs 

It has already been mentioned that diffuse streaks pass through many of 
the spots (figures 2 (a), 4 (6), (c)). These streaks occur both with etched and 
unetched specimens of pure and impure gold. The nature of the streaks 
suggests that they are due to rods in reciprocal space. In general the reflecting 
sphere intersects the rods at an arbitrary angle, and only if the orientation of the 
crystal is such that the rods are tangential to the reflecting sphere can the direction 
of the rods be determined. It is reasonable to assume that this is the case for the 
longest streaks observed. ‘The angle between the streak and the normal to the 
reflecting plane then gives directly the orientation of the rod. ‘Table 7 shows 
experimentally observed angles for the (111) and (200) rings, and the values 
expected if the rods are along [111]. The two sets of values are in good agreement, 
showing that the rodsarealong[111]. Very occasionally other streaks are observed, 
e.g. radial to (111) and (200). The rods in reciprocal space may be due either 
to crystals in the form of thin plates (i.e. lamellae, generally parallel to the (111) 
plane) or to stacking faults on (111) (Edwards and Lipson 1942, Wilson 1942, 
1949, Barrett 1950, Paterson 1952, Warren and Warekois 1953). Experimentally 
it is found that streaks radial to the (111) ring occur only very rarely compared 
with the other orientations given in table 7. This suggests strongly that many 
of the streaks are due to stacking faults, for stacking faulting on a given set of (111) 
planes cannot affect the reflection from that set. Further confirmation that 
many of the streaks are due to stacking faults lies in the fact that they are usually 
associated with displaced spots. 


Table 7. Angles between Streaks and Normals to Reflecting Planes 


hki Observed angles Angle between hki and (111) 
(111) TOE, Dis DU Os, HD WO SX 
(200) 507750607505 50 54° 44’ 


It is convenient to discuss first the occasional radial streaks or radially elongated 
spots on (111) which are probably due to lamellae. Some of the streaks appear 
to consist of regularly spaced faint spots. These faint spots are likely to be 
due to the subsidiary maxima of the interference function (Rees and Spink 1950, 
Uyeda, Ichinokawa and Fukano 1954). Nearly all these spotty streaks are 
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unsymmetrical about the main spot. Such unsymmetrical streaks can be 
explained if the rods in reciprocal space are not tangential to the reflecting sphere, 
and if at the same time the crystal is bent (Uyeda 1953). It is not possible to 
obtain an accurate estimate of the lamellar thickness from the spacings of the 
spots, as the exact orientation of the rods is unknown, but an approximate upper 
limit to the thickness can be deduced and is found to be of the order of 300A. 
The direction of the streaks suggests that the lamellae are generally parallel 
tot it), 

Next we consider the streaks due to stacking faults; these can be interpreted 
in terms of the theory of Paterson (1952) who calculated the intensity distributions 
from crystals with a random distribution of deformation or growth faults. 
A single deformation fault causes the stacking sequence of (111) planes to change 
from ABCABCABC...to ABABCABC... whereas a single growth fault produces 
the sequence ABCABACBACBA..., which corresponds to the stacking sequence 
across a face-centred cubic twin-boundary. 

In both types of faulting the reflections are broadened, streaks are produced 
and the position of the peak is displaced, the broadening and displacement 
depending on the probability of occurrence of faults. Most of the streaks found 
on the photographs do not decrease rapidly in intensity with distance from the 
peak, as would be expected on Paterson’s theory (figure 4(d), (c)). On the 
contrary, one, or sometimes several irregularly spaced, weak diffuse maxima 
appear along these streaks. ‘This means that the faulting giving rise to these 
streaks is not random but that in local regions in the crystal the probability of 
faulting is very high, thus producing a diffuse displaced spot. The appearance 
of several faint maxima suggests the existence of several regions with different 
probabilities of faulting. A further proof that most of the long streaks observed 
are of this nature is the fact that the streaks are not symmetrical about the spots ; 
for example, for the (111) ring the streaks run generally towards (200) and vice 
versa (see figure 2(a)). If the faulting were random the streaks should be 
symmetrical about (111) and (200), while the displacements of the peaks from the 
faulted regions should be from (111) to (200) and vice versa (Paterson 1952). 
The fact that the streaks associated with the (111) and (200) rings run 
predominantly towards each other is also further strong evidence that many 
of these streaks are due to stacking faults, and not due to thin lamellae. 

It is possible to deduce the faulting probability of the heavily faulted regions 
from the displacement of the diffuse peaks. If the probability of faulting «=1 
the peak occurs at the position of the reflection from a hexagonal close-packed 
crystal with / odd; further increase of « results in the movement of the reflection 
to the position expected from the face-centred cubic crystal in the twin orientation. 
It appears that many of the streaks and displaced spots correspond to values of « 
between } and 3, while a few streaks suggest values of «>4; in almost every 
case where a streak starts on (111), a reflection occurs on (200) in the correct 
orientation for twinning, but no case has been clearly identified where the streak 
is continuous from a spot on (111) to another spot on (200). The evidence on 
twinning remains therefore inconclusive; in particular, no uniquely identified 
twins of appreciable thickness have been observed. All the available evidence 
thus points to the conclusion that the faulted regions are a consequence of 
deformation, and are not due to growth faults originally present in the crystals; 
for such faults would naturally lead to continuous streaks and spots symmetrically 
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placed about the hexagonal close-packed reflection position, for example the 
(1011) reflection between the (111) and (200) rings. No such pairs of spots 
occur. The integrated intensity of the diffuse streaks is generally less than 
about 1/10 of that of the strong undisplaced spots; the breadth of the streak 
(measured normal to its length) is of the same order as that of the spots. ‘This 
indicates that the faulting occurs in lamellae parallel to (111) extending over the 
whole width of the crystal, i.e. ~1500 A, but that the thickness of the lamellae is 
generally less than 150 A. 


§ 12. Extra Spots 
It has already been mentioned that spots occur which do not lie on the rings 
of the face-centred cubic lattice (figure 2 (a)). Some of these are displaced by 
random amounts and can be accounted for by stacking faults. In addition extra 
spots occur on well-defined rings; these rings occur at the positions expected 
from a hexagonal close-packed structure with axial ratio 1-633 (see table 8), 
i.e. a structure in which the close-packed layers are arranged in the sequence 


ABAB... rather than ABCABC....+ 
Table 8. Diffraction Rings due to Hexagonal Close-packed Lattice 


hkil d(obs) (A) d(calc) (A) 
(1010) 2-50 2°525 
(1012) 1-71 1-72 
(1013) 1-33 1-33 
(2022) 1-10 1-105 
(2023) 0-97 0-978 


The diffraction rings from a hexagonal close-packed lattice fall into three 
groups: (1) h+2k=3N-+1, / odd (where N is any integer), (2) h+2k=3N +1, 
/ even, (3) h+2k=3N, l even. If a face-centred cubic crystal suffers random 
deformation faulting, and if « =}, the lines of the face-centred cubic lattice move 
to the positions of the lines of group (1); the lines of group (2) do not occur. 
The occurrence of lines (1012), (2022) (see table 8) which belong to this set 
proves that a true hexagonal phase exists. [his phase could also be produced 
by faulting (but not by random faulting); it corresponds to a stacking fault 
occurring on every second plane of the face-centred cubic arrangement. It may 
be added here that Troiano and Tokich (1948) found that the cubic phase of 
cobalt could be transformed by plastic deformation into the hexagonal phase. 

The spots of group (2) are weak and in the form of elongated ellipses. 
Measurements of the orientations of the longer ellipses indicate elongation in 
reciprocal space along [111]. (Thus, for example, the angle between the streaks 
on the hexagonal close-packed lattice line (1012) on figure 4(c), between the 
(200) and (220) rings, and the line joining the centre of the photograph to the 
streaks, is approximately 35°, in good agreement with the calculated angle of 39° 
between (1012) and (0001).) This could be due to deformation faulting of the 
phase, or due to the lamellar shape of the crystals, or probably to both. ‘The 
width of the spot normal to its length is of the same order as that of the face-centred 
cubic lattice spots, indicating that the hexagonal close-packed phase extends 
over the whole width of the crystals. Rough estimates of the intensities of the 


+ We are indebted to Dr. J. Sawkill for drawing our attention to these hexagonal close- 
packed lattice rings. 
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stronger spots suggest that the thickness of these hexagonal close-packed regions 
is about one-third of that of the face-centred cubic crystals (i.e. ~500A or less). 
Comparison of the number of spots on the hexagonal close-packed diffraction 
rings with those on the face-centred cubic rings with the same multiplicity factor 
shows that about one crystal in ten is hexagonal close-packed. The appearance 
of very weak spots on very long exposures shows, however, that many more 
smaller hexagonal close-packed crystals occur, the intensities from which are too 
weak to be measured on the photographs. 

The spots on rings of group (1) are on the whole considerably more streaky 
than those of group (2). ‘This difference cannot be accounted for by lamellar 
shape, growth or deformation faulting of the hexagonal phase; as many of the 
streaks are not symmetrical the explanation is doubtless that they are produced 
by random deformation faulting of the face-centred cubic phase with «= 3. 


§ 13. CONCLUSIONS 

‘The results show that it is possible to obtain information about the structure 
of cold-worked gold from a detailed study of the number, shape and arrangement 
of spots on the transmission electron diffraction pattern from a thin foil. A lower 
limit of particle size (~1000 A) is deducible from spot shape alone and an order 
of magnitude estimate of the average size (~1500A) can be made by counting 
spots on a given diffraction ring. ‘The accuracy of this estimate is limited by 
effects arising from preferred orientation, refraction, stacking faults and strains 
in the foil. By using a selected area of diameter 2 u instead of 10, it should be 
possible to obtain patterns with the same number of spots as on figure 2, from 
particles one-fifth of the size of the gold particles, 1.e. from particles of mean 
linear dimension ~300A. ‘The accuracy of particle size and strain determination 
could be improved considerably with a beam divergence of 10-> radian. Although 
the estimate of size obtained is very approximate, the alternative method of 
determining particle size by observations on the breadths of the diffraction lines 
will be even more inaccurate in cases where any of the disturbing effects mentioned 
above are present. ‘The method is complementary to electron microscopy, 
where, as in the case of gold foil, it is sometimes difficult to determine the size 
of the particles by direct observation. 

The particle size of beaten gold foil determined by electron diffraction is in 
good agreeinent with that suggested by the x-ray patterns (~2000 A) (Kelly 1953), 
and is considerably smaller than that found for other cold-worked metals (~1 2) 
(Gay, Hirsch and Kelly 1954). 

‘The particles have generally a preferred orientation with a [100] axis normal 
to the foil; the spread of orientation (~30°) in an original grain is of the same 
order as found for other metals (e.g. Gay, Hirsch and Kelly 1954). A study of 
identical spots on opposite ends of diameters of rings can give information about 
the thickness of the specimen. 

Streaks and displaced spots have been interpreted in terms of stacking faults 
and (less frequently) crystals in the form of thin lamellae. Heavily faulted 
(~~3) lamellae occur parallel to (111), and their thickness is less than about 
1504. A true hexagonal phase in the form of lamellae parallel to CLL) Sof 
thickness about 500 or less, is also found. ‘These lamellae extend over the whole 
width of the face-centred cubic crystal. No definite evidence of twins of 
appreciable thickness has been obtained. 
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These deductions from the electron diffraction patterns can be utilized fully 
in understanding the nature of plastic deformation in gold only when taken in 
conjunction with the results of the electron microscopic studies, to be described 
in a subsequent paper. 
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D.C. and Pulsed Emission from L-Cathodes 
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RIGHT (1949 a, b) and Feaster (1949) have shown that the difference 

between d.c. and pulsed emission in an oxide cathode is due to a decay 

effect with a time constant of the order 10-3 to 10°-* second at tempera- 
tures of about 1000°c and longer at lower temperatures, the pulsed emission being 
about two orders of magnitude greater than the d.c. emission. ‘They were further 
able to show that if perfectly clean anode conditions are obtained the d.c. and pulsed 
emissions are the same, thus indicating that the decay effect is due mainly to 
‘ poisoning ’ of the emission by ions returning from the anode or anode—cathode 
space. Bombardment of the cathode by positive ions denudes the surface of the 
oxide cathode of its monolayer of barium (Wright 1953). An alternative 
explanation for the difference between pulsed and d.c. emission from an oxide 
cathode given by Nergaard (1952) is that it 1s due to diffusion of barium ions 
away from the surface whilst emission is being drawn. 

The observation reported here is that a difference between pulsed and d.c. 
emission exists also in L-type cathodes (Lemmens, Jansen and Loosjes 1950) 
though to a smaller degree than in oxide cathodes. Indications of the effect 
existing in L-cathodes have been observed by Schaefer and White (1952) who 
noted that if the temperature of an L-cathode is lowered, the emission at a 
constant saturating voltage falls to a minimum and then gradually rises to a 
steady value. This is presumably the cathode recovering from the greater 
‘ poisoning ’ effects experienced at higher current densities. — 


Cathodes | and 2 
| on pulse 


L-Cathode | ondc 


Emission (amp cm?) 
Ss 
| 


600 800 i000 1200 
Cathode Temperature (°c) 


Figure 1. 
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Figure 1 shows plots of d.c. and pulsed emission against temperature for an 
L-cathode made by Philips (Eindhoven) and one made by the author. Each of 
the test diodes had a 7 mm diameter cathode and a 2-0 cm diameter copper 
(O.F.H.C.) anode placed 1 mm from the cathode. Direct water cooling of the 
copper anode enabled up to 3 a cm? d.c. to be drawn from the cathodes. This 
limit was set by the fact that when the anode dissipation was greater than a 
kilowatt local boiling of the cooling water occurred however great the flow. 
Since the thickness of the anode was 7 mm this implies that during the d.c. 
experiments the temperature of the surface of the anode was never greater than 
160°c. ‘The valves were baked at 400°c for half an hour, the cathodes outgassed 
and a barium getter evaporated on to the bulb before sealing off. Temperature 
measurements were made with an optical pyrometer focused on small holes 
drilled into the sides of the porous tungsten discs and were taken, after correction 
for absorption in the glass envelope; as true black-body temperatures. After 
activation of the cathode, the valves were aged by running for many hours with 
500 volts p.d. between anode and cathede and an emission near the value of the 
space charge limited current until repeatable results were obtained. The main 
ditference between the two cathodes was in the porosity and thickness of the 
tungsten barrier. Defining porosity by P=(1—V,) x 100 where V.,=volume of 
tungsten per unit volume of material, the values of P for the cathodes used were: 
cathode 1, P=46°,, thickness 1 mm; cathode 2, (Philips) P~30°%,, mean thick- 
ness 0-7 mm. ‘The resistance of similar porous tungsten plugs to air flow was 
also measured and found to be approximately in the ratio 1: 1-5. The method 
of measuring the d.c. emission from the cathodes was to plot the current against 
the voltage on log—log graph paper and to take the current at the break away from 
the straight line corresponding to the space charge limited condition. At high 
emission densities (greater than 0-5 a cm~?) the results are slightly modified by 
work function cooling of the cathode, but the break away point is still clearly 
defined and the temperature of the cathode was measured when drawing that 
current. 

It is seen from figure 1 that the pulse emission values for the two types of 
cathode are the same but the d.c. emission curves depart from the pulse curve at 
about 500 ma cm? and 100 ma cm~? respectively. 

Lemmens ef al. (1950) used a molybdenum anode inside the valve envelope 
which could be cleaned thoroughly by eddy current heating and, up to the limit 
set by back heating of the anode, detected no difference between pulsed and d.c. 
emission. Espersen (1952) also used a water cooled copper anode but made no 
mention of this decay effect. 

In an L-type cathode the only reasonable explanation for the difference between 

ulsed and d.c. emissions is ‘ poisoning’ by positive ion or gas bombardment of 
the cathode surface which removes part of the monolayer of barium on tungsten. 
In the cathode where the rate of replenishment of barium is greatest the effect 
of such barium removal is less marked. 

A corollary of this work is that in demountable systems or valves where there 
is likely to be excessive ion bombardment of the cathode, it is better to use the 
more open porous tungsten barrier. ‘This enables the emission to be maintained 
at the cost of somewhat greater barium evaporation and shorter ultimate life. 

The poisoning effect due to ion bombardment has also been observed by us 
on the electron image of an impregnated L-type cathode (Levi 1953). This 

4 H-2 
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cathode was activated by heating only. When the accelerating and modulating 
voltages were applied, the cathode image first gave a uniform appearance 
(figure 2, Plate) and then the centre portion became much darker in the course 
of a few seconds (figure 3, Plate). ‘The centre could always be re-activated by 
removing the h.t. supply for a short time. 
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The Measurement of the Coherence of a Light Wave by means of a 
Lloyd Mirror 
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Baker (1953) and by Arnulf, Dupuy and Flamant (1953), shows that the 

coherence of a wave front can be found by performing a Young’s inter- 

. ference experiment on it and measuring the fringe visibility for a succession of 

pin hole (or slit) separations. ‘The purpose of this note is to draw attention to the 

advantages offered by a Lloyd mirror experiment as an alternative method for 
measuring coherence. 

In the Young experiment, small sections of the wave front at +w and —w 
(figure 1 (a)) are isolated and allowed to interfere. The visibility V,, of the result- 
ant fringe system is then equal to | y,, | the coherence or correlation in phase between 
the points +w. If, instead, a Lloyd mirror (figure 1 (6)) is employed with d/2 
small compared with the distance of the plane of observation from the source, 
the rays +w are again able to interfere. As in the Young experiment |y,,| is 
found by measuring the fringe visibility at w in the plane of observation. How- 
ever, as the intensities of adjacent maxima (and minina) are unequal we put 

V=2h-h+ bV2b+h+ Js] | 
where /, and J/; are the intensities of adjacent minima and J, is the intensity of the 
intervening maximum. According to calculations following the method of | 
Hopkins (1951), V,,” differs from V,, by less than 0-001 in practice. In addition, | 
as 

arg y,, = 20N —(2ndsinw)/A 


where N is the order of interference, arg y,, can readily be obtained by finding the 
displacement of the fringes with respect to the mirror, or better, by finding their 
displacement with respect to a set of reference fringes (MclIraith 1955); 


‘ THEORETICAL treatment by Hopkins (1951), confirmed experimentally by 
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If unpolarized light is used V,’ fails to equal |y,,| at other than very small 
angles owing to the difference between the phase changes on reflection for the 
components polarized parallel and perpendicular to the plane of incidence. Thus 
using the optical constants of aluminium (Schulz 1954, Schulz and Tangherlini 
1954) we find that when w= 2°, 6° and 30°, V. ‘/V.=0-98, 0-90 and 0-27 respec- 


oO 


tively. ‘Therefore, unless w is small, the light must be polarized. Readily 
available polarizers should be adequate for this purpose as V,’/V,, >0-98 for 
w <30° when 1°, of the light is unpolarized. 


(b) 


Mirror 


Wave Front Slit or 
Pin Hole 


Figure 1. Measurement of wave coherence. 


The fringe visibility is almost independent of the coefficient of reflection of the 
mirror and its surface roughness. Thus when |y,,|=1, V,,’ drops to 0-98 when 
either the coefficient of reflection drops to 0-67 or when 4° of the light is scattered. 

When visibility is measured at large values of w the order of interference may be 
as high as one thousand thus necessitating the use of spectrally pure light. To find 
the suitability of a particular source, pieces of glass of different thickness were 
placed in the path of the rays reflected from the mirror at grazing angles. The 
fringes formed adjacent to the edge of the shadow of the glass were matched by 
eye with fringes of the same intensity and spacing in the unobstructed field where 
the visibility was known. ‘This, with the optical thickness of the glass, made it 
possible to find the visibility due to spectral impurity alone as a function of the 
order of interference to within5°,. ‘The results obtained using the mercury green 
line from the Philips H.P. lamp and the G.E.C. 250 watt Osira lamp with their 
outer bulbs removed are as follows: 


Current A.C. Voltage Order of interference at 

ee Ga) (volts) Ve=0:5  7=098 10009 
EER: 0-80 oa] 3100 750 130 
Osira 2°5 94 12000 2800 500 


When the intensity of the H.P. lamp is reduced by a factor of five by cooling the 
order of interference is increased by a factor of three. Hence the Osira lamp and 
the cooled H.P. lamp are suitable sources for this work at values of w as large as 30°. 

As it was not possible to measure intensity and hence visibility reliably with the 
equipment available, an experimental test reported earlier (MclIIraith 1955) of the 
relationship between the width of a virtual slit formed by reflection at a cylindrical 
surface and the position of the first zero of visibility was repeated with the source 
close behind the object slit. It was thén found that the width of the object slit 
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deduced from the position of the above zero agreed with the directly measured 
value to within the experimental error of 2%. ‘This also shows that reflecting 
cylinders are convenient tools for transforming narrow angle diffraction patterns 
into wide angle patterns. The aberrations thus introduced do not affect the 
measurement of arg y,, provided the reference and unknown sources occupy the 
same position. 

‘Typical exposure times when a Wratten 77A filter and a polaroid polarizer are 
used with a virtual slit lcm high, 10°4cm wide and 20cm from a Selochrome 
plate are ten minutes for the uncooled H.P. lamp and fourteen minutes for the 
Osira lamp. 

The advantages of the Lloyd mirror over the Young interference experiment 
are as follows: 

(i) A single exposure of a photographic plate contains detailed information on 
the dependence of y,, on w and thus replaces a complete series of Young experi- 
ments. 

(ii) Measurements of arg y,, can be made much more readily than with the 
Young experiment where very precise measurements are needed to locate the centre 


(a) 


of the fringe system. 

(iii) When the Young experiment is performed without a collimating lens 
light losses due to diffraction are such that the Lloyd mirror fringes are much more 
intense despite the use of a filter and a polarizer. When a collimating lens is used 
the Lloyd fringes are at least equal in intensity to the Young fringes if the source 
contains narrow spectral lines. 

(iv) The difficulties associated with the manufacture of the two fine parallel 
slits, which replace the pin holes in the Young experiment when more intense 
fringes are required, are avoided. 
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Replacement of Ti in BaTiO, Ceramic by Si and Ge 
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HEN some fraction of the Ti ions in barium titanate is replaced by 
larger quadrivalent ions, such as Sn and Zr, the main effect is to displace 
the ferroelectric transition to lower temperatures (Dungen et al. 1952 
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Cofteen 1953, Smolenskii e¢ al. 1954). We have replaced some of the Ti ions by 
the smaller quadrivalent ions Si and Ge, and examined the resulting ceramics 
electrically and structurally. The National Lead Co. (1951) have previously 
examined the effect of up to 2°,, SiO, added as an impurity to BaTiO, and found 
that the permittivity peak was depressed without being displaced. They did not, 
however, study the effect of replacing substantial fractions of the Ti ions by Siions. 

In the present work three compositions were prepared, using raw materials 
from the same source and the same processing technique. ‘The ceramic composi- 
tions tested had the molecular formulae: BaTiO;, Ba(Tiy.9Gey..)O, and 
Ba(Tip.g Sip.;)O3. These weré produced from BaCO3, TiO,, GeO, and SiO, in 
the usual way by prefiring at 1120°c for 3 hours, pressing to 5 tons in-? with an 
organic binder, and finally firing at 1200°-1350°c for 3 hours, the temperature 
required fora maximum density being found bytrial. A reduction of firing temper- 
ature was observed for the substituted materials, BaTiO, firing to a maximum 
density of 5-54 gcm- at 1340°c, Ba(Tiy., Gey.,) O, to 5-48 gcm-? at 1200°%C and 
Ba (Tip.g Sig.;)O3 to 5-56gcem™ at 1300°c. The optimum x-ray densities are 
6:03, 6:10 and 5-98 gcm > respectively. 

X-ray powder photographs of the ceramics revealed a single tetragonal phase 
present in all three cases. These x-ray lines were somewhat diffuse for all three 
materials. This can perhaps be attributed to the crystallite size in the fired 
ceramics. No shift of high-angle reflections could be detected, indicating an 
unchanged unit cell size in the substituted materials. These results suggest 
that in substitution Si and Ge are analogous to Zr and Sn in occupying T' sites, 
surrounded by an octahedron of O ions. This is noteworthy, since in pure silicates 
and germanates O ions are tetrahedrally disposed round the quadrivalent 1on, 
whereas in BaZrO, and BaSnO, (which have the same perovskite structure as 
BaT10,) the O ions are octahedrally disposed. 

The dependence of small-signal permittivity on temperature for the three 
materials is shown in the figure. It may be noted that the principal effect is a 
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reduction of the sharpness of the permittivity maxima at the transitions at 120°c 
and 10°c, without displacing them appreciably to higher or lower temperatures. 
The fact that the two substituted materials have curves lying close to each other 
indicates that the effects of Si and Ge are about equivalent, ion for ion. 
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Hysteresis loops were measured at 50 c/susing a peak field of 28-3 kvcm™, and 
values of remanent polarization, coercive field and ‘total’ permittivity (slope of the 
line joining the extremities of the loop) were measured. ‘Their values are given 
in the accompanying table. 


Material BaTiO, Ba(Tio.gGeo.1)O3 Ba(T'ig.9 919.1) Os 
Remanent polarization (4c cm~*) Bos) 4:6 1-3 
Coercive field (kv cm~!) 7-4 So) 3-4 
Total permittivity 5540 3160 3550 
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Surface States on Germanium 
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MS. received 22nd March 1955, and in amended form 13th Fuly 1955 


HE direct current voltage characteristics of tungsten contacts on various 

resistivities of p- and n-type germanium have been obtained. The 

tungsten was in the form of a 200, diameter whisker, etched electro- 
lytically at the tip to a 150° cone. A load of 15 g was applied to each contact. 
The germanium specimens, cut from a single crystal ingot in which a large range 
of p- and n-type resistivities occurred, were etched in CP4 (Haynes and Shockley 
1951). ‘The sign of the majority carrier in each specimen was determined by 
measurements of the Hall effect. 

The electrical characteristics are shown in figure 1. here is a definite 
trend as we pass from low resistivity p-type, through intrinsic, to low resistivity 
n-type material. On 1:5Q2cm p-type germanium there is rectification in the 
p-type direction. Slight p-type rectification also occurs on the 6-9 Q cm sample, 
and on the 25 Q cm specimen the characteristics are symmetrical. It is probable 
that heating at the contact accounts to a large extent for the small departures from 
linearity of the characteristics on these two samples. The 40 and 60Q cm 
p-type specimens show rectification in the direction corresponding to n-type 
material. ‘The n-type specimens all show marked n-type rectification. 

‘These results are in agreement with the surface states theory due to Bardeen 
(1947). At the surface of a semiconductor such as silicon or germanium 
additional energy levels exist; it is assumed that there is zero net charge in the 
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levels when they are occupied by electrons to some level in the forbidden gap 
lying a height ¢) above the valence band at the surface. If the height ¢ of the 
Fermi level above the valence band in the interior of the semiconductor is greater 
than «9, a potential barrier to electrons is formed at the surface when equilibrium 
is established between the surface and the interior. If ¢ is less than ¢, a barrier 
to holes is formed and if ¢ equals «) there is no potential barrier at the surface. 
When the surface state density is large, the band structure at the semiconductor 
surface is unaffected by the presence of a contacting metal. 
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Figure 1 (a). ‘TTungsten—p-type germanium Figure 1 (6). ‘Tungsten—germanium 
.I/V characteristics. I/V characteristics. 


On the basis of this model an estimate of «y, may be made from the observed 
electrical characteristics. [he lowest degree of rectification is observed on 
25 QJ cm p-type material; thus for this resistivity ¢ is approximately equal to «. 
¢ may be calculated from the known mobilities zy and y, of electrons and holes 
in germanium, combined with the relation between the densities of electrons and 
holes observed by Morin and Maita (1954) for germanium in the intrinsic range. 
Assuming an effective mass for holes of 0-3 m, (Benedict 1953), ¢ for 25 Q cm 
material is 0:27 ev. ‘Thus we conclude that ¢, lies about 0-27 ev above the 
valence band. 

For high resistivity p-type germanium, ¢ is greater than «, and a barrier to 
electrons, similar to that on n-type material, is to be expected, although in this 
case the compensating positive space charge is due to holes. Such a barrier may 
account for the n-type rectification observed on the specimens of high p-type 
resistivity, since an appreciable proportion of their current carriers are electrons. 
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Modulation of the Surface Conductance of Germanium by Pulsed 
Electric Fields 


ByuGi_ Gal LOM 


Department of Physics, University of Reading 
Communicated by R. W. Ditchburn ; MS. received 9th August 1955 


N a recent paper describing measurements of surface conductance (Low 

1955) it was pointed out that the results obtained indicated that the surface 

of n-type germanium, which during the experiments was in contact with a sheet 
of mica, was positive with respect to the bulk (see figure 1 (a)). Normally, it 
is found that the free surface of n-type germanium is negative with respect to 
the bulk as shown in figure 1 (6). This negative potential at a free surface and 
also the fact that the height of the resulting Schottky barrier appears to be inde- 
pendent of metals placed in contact with the germanium is attributed to the 
action of surface states (Bardeen 1947). Such states would be expected to be 
equally effective in maintaining the surface at a constant potential with respect 
to the bulk in the presence of an insulator, and so it seemed desirable to investigate 
this problem further. 


(a) (db) 


Figure 1. Potential energy profiles at the surface of n-type germanium for (a) surface 
positive with respect to the bulk, and (6) surface negative with respect to the bulk. 


The original experiments consisted of measuring the conductance changes 
observed subsequent to the application of an external electric field to the 
germanium surface. ‘T’he field was applied by means of a metal plate placed 
parallel to the germanium surface and separated from it by a mica spacer. By 
applying rectangular voltage pulses to this condenser-like system and displaying 
the resulting conductance variations on an oscilloscope it was observed that the 
initial conductance changes decayed to quasi-stable values with time constants 
of tens of microseconds. In addition it was found that the quasi-stable 
conductance values decayed further to zero, but owing to the long time constants 
involved (seconds or minutes) the pulse method could not be used to observe 
this process and approximate measurements only were made by means of an 
ordinary Wheatstone bridge circuit and galvanometer. The results, indicating 
that the surface of n-type germanium was positive with respect to the bulk, 
were obtained by applying negative pulses to the metal plate and germanium 
system. Under these conditions the quasi-stable conductance values observed 
were less than the original equilibrium conductance. As the induced charge 
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was positive, this was consistent with the loss of mobile electrons and indicated 
that these carriers predominated in surface conductance. The magnitude of 
the decreases in conductance, however, were such that they could be accounted 
for only by assuming that the concentration of electrons in the conduction band 
increased close to the surface, i.e. that the surface was positive with respect 
to the bulk. 

Further experiments of this type have been carried out and the results 
have confirmed the original observations. ‘The use of a high voltage pulse 
generator has enabled greater fields to be applied and considerable quasi-stable 
conductance decreases have been found. ‘The larger decreases observed can be 
understood only if it is assumed that the germanium surface was about 0-06 volt 
positive with respect to the bulk (this figure was calculated by an approximate 
method based on the analysis given by Schrieffer (1955)). Experiments have also 
been carried out using thin sheets of polystyrene as insulating spacers. The 
results obtained were similar and again indicated that the surface of the 
germanium was positive with respect to the bulk. 

It is now considered that this change from the negative potential which is 
normally found at a free surface to the positive potential indicated by the above 
measurements is not due to the proximity of the insulating spacer but arises 
during the experiment as a result of the action of surface traps which are associated 
with time constants of seconds or minutes. (The presence of such traps is 
implied by the slow decay of the quasi-stable conductance values to zero.) ‘The 
change in surface potential can be accounted for by the following mechanism. 
Figure 2 shows diagrammatically a normal n-type germanium surface separated 


Surface Barrier Bulk 
traps region semiconductor GC & 


Metal plate 


qirs 


28 


Figure 2. Diagram showing arrangement of metal plate and germanium during an experi- 
ment and approximate equivalent circuit discussed in text. 


by an insulator from a metal plate. This system may be roughly represented by 
the electrical circuit shown beside it. The condenser C, corresponds to the 
capacity between the metal plate and the surface traps, while C, represents the 
electrostatic interaction between the traps and the germanium. (For the sake 
of simplicity only one set of traps will be considered.) The resistance k gives 
a measure of the capture cross section of the traps, and consequently the product 
RC, has a value of seconds or minutes. Hence, as the repetition frequency of 
the pulses in the present experiments was 50 c/s only a small fractional change 
in the charge on the part of the circuit representing the surface traps can take 
place between pulses, and during an experiment this portion of the circuit 
will acquire an almost constant charge. Calculation shows that this charge is 
approximately given by C,V/f where V is the voltage of the pulses and if is the 
duty cycle, i.e. pulse length times repetition frequency. ‘This expression 1s not 
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expected to apply at all accurately to the actual metal plate and germanium system 
as (a) the condenser C, does not represent the relation between potential and 
charge when the effect of space charge in the germanium is taken into account, 
and (b) the relation between the potential of the surface traps and their rate of 
loss or gain of charge is by no means linear as is implied by the use of the 
resistance R. The error introduced by approximation (4) is expected to be 
large compared with that due to (a), and arguments involving trapping rates 
indicate that the elimination of approximation (6) would lead to a mean trap 
charge considerably exceeding C,Vf. It is believed that this charge may well 
be sufficient to produce the change in surface potential necessary to account for 
the large quasi-stable conductance decreases observed. 

Confirmation that the surface traps do charge up in this manner during an 
experiment was obtained by measuring the mean change in resistance (by the 
use of an ordinary moving-coil ohm-meter) of the specimen when pulses were 
applied. For high voltage negative pulses a mean decrease in resistance was 
found corresponding to an increase in surface conductance of about 
7x 10-° ohm!. Calculation shows that the effect ot the decreases in conductance 
which result during each pulse is negligible in comparison with this figure, so 
that this increase may be taken to be the result of a change in surface potential 
arising from positive charge induced in the traps. An approximate calculation 
shows that this change corresponds to the surface potential being increased from 
its usual negative value (figure 1 (4)) to 0-07 volt positive with respect to the bulk, 
which makes it possible to interpret the results described above. ‘The mean 
change in surface conductance measured in this way was found to increase with 
pulse voltage, pulse length and pulse repetition frequency, in accordance with the 
above mechanism. 

Further support for the above model was obtained from measurements of 
the change of contact potential on illumination of an n-type germanium surface 
which was in contact with mica but to which no pulsed field was applied. The 
method used to make this measurement is shown diagrammatically in figure 3. 


Conducting 
glass 


Electronic flash 


Germanium 


Electrometer 
valve 


Figure 3. Schematic diagram of the method used to measure the change of contact 
potential on illumination. 


Short pulses of light from an electronic flash tube were focused by means of a 
condenser lens through a sheet of conducting glass and the insulating spacer on 
to the germanium surface. The changes of contact potential resulting from the 
light pulses gave rise to e.m.f’s which appeared on the grid of the electrometer 
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pre-amplifier and hence were recorded by the oscilloscope. The results 
obtained were of the same sign and order of magnitude as the signals observed 
when measurements were carried out by the same method on a free germanium 
surface, the sign of the effect in both cases being consistent with a barrier of 
the type shown in figure 1 (6). 

The above discussion is in terms of positive induced charge on germanium 
but it is clear that the mechanism described will also operate when the induced 
charge is negative. 
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A Mercury Safety Valve for Electrolysis of Heavy Water 


By.R, MeCHAUDHRI 


Physics Department, Government College, Lahore, Pakistan 
MS. received 26th July 1955 


N an electrolysing cell of small capacity care must be taken that the electrolyte 
is not split due to sudden changes of pressure over the electrolyte in the two 
sides of the cell. A mercury safety valve has been designed to minimize this 

difficulty. It maintains a constant pressure in the cell enabling the electrolysis 
of heavy water to continue for hours without attention. 

The safety valve is shown in the figure. It consists of a Pyrex glass tube 
about 100 cm in length, 1 cm in diameter with a wall thickness of about 1-5 mm. 
Its lower end dips into a mercury cup resting on an adjustable stand. A second 
Pyrex tube of slightly smaller diameter is slipped inside it leaving a narrow 
annular space between the two. The lower end of the inner tube is closed and 
flattened making it wider than the bore of the outer one. It is held in position 
by a bulb blown with an uneven surface at its upper end and sitting in a cavity 
in the outer tube. ‘The bottom flat end and the bulb prevent it from moving up 
or down to any appreciable extent. ‘The outer tube is closed at the upper end 
by a Pyrex glass flask of about 500 cm* capacity and a hooked Pyrex glass capillary 
1 mm in bore at its top connects it to the pumping side and the reservoir. 

A narrow Pyrex glass tube sealed on one side of the outer tube serves as an 
inlet for heavy hydrogen. 

As the tube is exhausted mercury rises in the annular space to a height equiva- 
lent to that of the atmosphere and its level in the cup is adjusted so that it just 
covers the side joint of the inlet tube. Heavy hydrogen produced by electrolysis 
bubbles through mercury against the constant atmospheric pressure while 
oxygen escapes to the atmosphere. ‘The bubbling of heavy hydrogen causes the 
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splashing of mercury drops which may enter the flask through the narrow openings 
left between the inner and outer tubes but they will have very little chance to 
enter the glass capillary hook and pass on to the reservoir. Heavy hydrogen, 
however, flows freely to it. 
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As hydrogen has to bubble into a vacuum, it may overshoot and disturb 
the equilibrium pressure of the cell which would allow air to rush in through the 
oxygen delivery tube, if it is open to the atmosphere. It is, therefore, just dipped 
in a cup of mercury which acts as a valve preventing air rushing in but allowing 
oxygen to escape. 


My thanks are due to Mr. Abdul Latif 'laseer for preparing the figure and 
Mr. Ghulam Safdar for assembling the heavy hydrogen plant. 


CORRIGENDUM 


On the Jet lormation by Explosives with lined Hemispherical Cavities, by 
SAMPOORAN SINGH (Proc. Phys. Soc. B, 1955, 68, 785). 


On page 788 the sentence before equation (6) should read: Let the cylindrical 
coordinates of R be (7, 3) and the coordinates of P’, the original position of R in the liner. 
be (3D cos a, M’) where M’ is defined by T=M'/U4. 

In equation (9), the third term in the last bracket should be ly’ tan A/V. 


REVIEWS OF BOOKS 


Stebenstellige Tafeln der elementaren transzendenten Funktionen, by F. Loscu. 
Pp. viii+335. (Berlin — Gottingen — Heidelberg: Springer-Verlag, 1954.) 
DM. 49.80 (87s. 2d.) 

‘The functions in tables I and I] are: angle 4, sinx, cosx, tan, sinh, cosh x, 
tanhx, Inx, e*, e-*, sin! x, tan} x, sinh"! x, cosh! x, tanh-! x, coth-1 x, where 
these functions are real. In both tables ¢ is given in degrees, minutes, seconds 
and 2D of a second. ‘Table I gives the remaining functions to 9D_ for 
x =(0(0-0001)0-1; table II gives them to 7 D for x=0-1(0-0005)3-15, « = 3(0-01)10, 
x=10(0-1)20 together with tanx for x=1-5680(0-0001)1-5730, tanh-!x for 
x=0-9980(0-0001)1 and coth"'x for x=1(0-0001)1-0020. Table III gives 
several of the same functions as I and II, to 7 D for ~=0(1)100. Table IV gives 
xx to 12D for x=0(1)100. Table V gives sindxz, cosé4xm to 7D for 
x=0(0-001)0-5. ‘Table VI gives exp(+4x7), sinhixz, cosh4x7 to 7D for 
x=(0(0-01)2; table VII gives the same functions of «7/180 to 7 D for x =0(1)180. 
Table VIII gives angle in degrees, minutes and seconds and also in degrees and 
decimals of a degree, as a function of angle in radians; table IX is the inverse of 
table VIII. ‘Table X gives about 20 important constants and (as exact ratios) 
Bernouilli numbers as far as Byy (Boy in Glaisher’s notation) ; factorials as far as 15 ! 
are also given. 

English readers will naturally compare these tables with the second volume of 
Comrie’s 1949 edition of Chambers’ Six- Figure Mathematical Tables; these are 
six-figure or six-decimal, whichever is the less, whilst Losch’s gives not less than 
seven decimals. Again, Comrie’s are tabulated only in the first quadrant, for 
the circular functions. On the other hand, Losch’s tables omit the reciprocal 
functions altogether and do not tabulate the circular functions against angle in 
degrees. Losch’s notes on interpolation are meagre in the extreme, not going 
beyond the ill-conceived recommendation of the Newton—Gregory forward 
formula. The contrast with Comrie’s masterly introduction is as striking as the 
contrast in price. First differences are given where interpolation is supposed to be 
practicable and it is not perhaps surprising that the author gives up as soon as 
\’’ becomes significant. No guidance is given to the reader as to how to enter 
such a table as e” at x ~5, say, where, of course, special methods are available. 

According to the preface, the razson d’etre of the tables is that Hayashi’s 
tables (Berlin : Springer 1926) are nolonger available. It might have been added 
that they reached a level of unreliability rivalled only by the extensive “correc- 
tions”? issued by Hayashi himself in 1932. We are told, however, that the 
present tables have been abbreviated from ten-decimal values, which had been 
checked by differencing. The quality of the paper is good and the type is clear, 
except that the italicized differences leave something to be desired in this respect. 

J. C. E. JENNINGS. 
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Figure 2. General view of domain pattern (T indicates a twin band). 
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Figure 3. Domain pattern near a twin-free fracture edge. 
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Figure 4. Domain pattern with applied field zero. 
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Figure 6. Domain pattern with field reversed parallel to [001]. H~20 Oe. 
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Figure 7. Domain pattern with zero field. 
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Figure 10. Photograph of double reflector camera. 

1, Fine focus x-ray tube; 2, tube slit; 3, camera clamp; 4, levelling screws; 5, vertical 
reflector; 6, horizontal reflector; 7, mirror stop control; 8, vertical guard slit 
adjustment; 9, guard slit; 10, film holder; 11, optical bench saddle; 12, microscope; 
13, horizontal adjustment for microscope; 14, optical bench; 15, vertical saddle 
traverse control; 16, horizontal saddle traverse control; 17, concrete table top. 
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Figure 3. Same as figure 2, but 


with a tilt of the reference 
mirror. 
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Interferograms with increas- 
ing shear, made with the double- 
image interferometer. 


Figure 4. Moiré pattern formed by 
combining two copies of figure 3. 
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Figure 6. Interferograms from the double-image interferometer, compared with the 


patterns obtained by plotting the sum of the three most important aberration terms 
(20 in. Aviar lens, f/5-6, as in figures 2, 3 and 4), 
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Figure 4. The crystal holder. 


Figure 9. Source holder without lid. 
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2 (a) Figure 1. X-ray micro-beam (8 diameter) trans- 
mission photograph of beaten gold foil. 
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Figure 2. Electron diffraction transmission patterns of beaten gold foil. 
(a) Beam diameter 10. Typical‘ random’ orientation. Streaks can be seen between 
the (111) and (200) rings, and extra spots, from a hexagonal phase, can be seen 
between the (200) and (220), and the (220) and (311) rings respectively. (6) Beam 
diameter 104. Strong (100) preferred orientation. (c) Beam diameter P/V 
Different orientation. ‘The arrangement of spots on opposite ends of the diameters 
on the (111) ring is nearly identical. 


Figure 4. (a) Elliptical spots; the orientation of the ellipses is constant around the rings. 
(6) Elliptical spots marked with arrow; the orientation of the ellipses is variable. 
Streaks and displaced spots are clearly visible. (c) Streaks on (111) and (200) rings 
and elliptical spots on (1012). 
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Figure 6. (a) Electron diffraction transmission pattern of magnesium oxide (beam 
diameter 10). (6) Enlargement of a diffraction ring showing clusters of spots due 
to refraction. (c) Electron micrograph of the same area (diameter 10) of the 
specimen as used for (a) x 7000. 

Figure 7. (a) Electron diffraction pattern from an evaporated layer of tin (beam diameter 
10). (6) Electron micrograph of the same area (diameter 102) of the specimen as 


used for (a) 7000. 
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